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ABSTRACT. We carry out error estimation of a class of immersed finite element
(IFE) methods for elliptic interface problems with both perfect and imperfect
interface jump conditions. A key feature of these methods is that their par-
titions can be independent of the location of the interface. These quadratic
IFE spaces reduce to the standard quadratic finite element space when the
interface is not in the interior of any element. More importantly, we demon-
strate that these IFE spaces have the optimal (slightly lower order in one case)
approximation capability expected from a finite element space using quadratic
polynomials.

1. Introduction. The main purpose of this article is to carry out error estimation
of a class of quadratic immersed finite element (IFE) methods for elliptic interface
problems: find a function w(z) such that

= (B)) = f, x€(0,1), (1.1)
u(0) = wug,u(l) =uy, (1.2)
[u]]lz=a = A, [Bu]lg=a = B at z=aq, (1.3)

where the solution domain Q = (0, 1) is separated by the interface x = « into two
sub-domains, the coefficient 3(x) is a piecewise smooth function such that

| 87 (2), z€(0,a),
3 =1 G 2e o)
The methods and their related analysis considered here can be easily extended to

more sophisticated cases in which, for example, there might be multiple interfaces,
and the involved differential equation might contain certain nonlinearity. The need
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to efficiently solve elliptic interface problems appears in many applications, see
[6, [T, 22, [18, 27, 28] for only a few specific examples.

Numerous methods, such as finite difference (FD) methods [16], B0, B3], finite
element (FE) method [2], and collocation methods [29], have been developed to
solve elliptic interface problems. As proposed by [3], a general idea of solving
interface problems or boundary value problems with rough coefficients is to use a
finite element space constructed specifically according to the problem to be solved.
One way to implement this idea in a finite element method is to align element edges
of the partition along the interface (the so called boundary conforming partition),
and consequently the resulted finite element method can produce approximation
with an optimal convergence rate [2 [, [I0].

However, the finite element methods based on boundary conforming partitions
are awkward for those applications such as the optimal shape design problem [I3]
TH] in which an interface problem has to be solved repeatedly, each time with a
different interface I' (either due to variation in its shape or position) because all of
those quantities involving the partition have to be generated over and over again.
Also, there are many applications such as those in [27, B2] that require to solve
interface problems efficiently over a structured (preferably a Cartesian) partition.
For these types of applications, [4] implements the fundamental idea of [3] using
linear polynomials with a partition independent of the interface. This idea has
been further developed as the so called immersed finite element methods [8, 211, 23],
4, 25, 26].

The main differences between the IFE methods and the standard FE methods
for interface problems can be summarized as follows:

e To achieve the optimal accuracy, the partition used in a standard FE method
has to be formed according to the location of the interface, but the partition
of an IFE method can be formed independently of the interface.

e On the other hand, the basis functions in a standard FE method are formed
independent of the interface, but some of the basis functions in an IFE method
will incorporate the interface location and the interface jump conditions.

There have been publications about IFE spaces using linear [, 23, 24 25] and
bilinear [26] polynomials. A class of quadratic IFE spaces have been introduced
only recently [§] from which we can see that these quadratic IFE space have many
desirable features such as

e They have the partition of unit of the local nodal basis functions.

e They are consistent with the standard quadratic finite element space in the
sense that they reduce to the standard quadratic FE space when the discon-
tinuity in the coefficient disappears or when the discontinuity happens on the
edges of the elements in the partition.

Moreover, the extensive numerical data presented in [§] suggest that these quadratic
IFE spaces have the optimal or slightly lower order approximation capability ex-
pected from a finite element space using quadratic polynomials. We point out that
a class of immersed elements has been proposed in [3] and quadratic elements in this
paper are very different from [B]. In [3] the immersed elements are constructed by
jump continuities and moments (related to the mixed finite elements), but those in
this paper are constructed using high order jump continuity or hierarchically based
on the linear elements. As long as linear IFE is concerned the approaches in [3] and



ERROR ESTIMATION OF QUADRATIC IMMERSED FINITE ELEMENT METHODS 809

ours below are equivalent and thus generate the same linear elements, but the error
analysis and numerical implementations are different.

Recently, the authors of [0] considered a spherical interfaces dynamos modeling
where the interfaces are known spheres in the universe, and our 3D linear IFE
constructed in [ZI] can be extended to this case to provide a useful alternative
approach for such important problems in astrophysics. The authors of [5] studied
a simple PDE model for a pulsed amperometric ion working mechanism, where
the quadratic jump interface conditions are derived, the solution decomposition
and numerical method are provided in [I7], our IFE here can also be employed
in such case to give a more accurate numerical solution techniques. The so-called
WPE method [31] is proposed for Fokker-Planck equations in bimolecular transport
process with interfaces when the motor potential is discontinuous function, IFE
discussed below can also be used for such equation with a proper homogeneity.
Recently higher order IFE with mixed setting for 1D elliptic problems has been
studied [1].

Our goal here is to present the pertinent analysis to theoretically confirm our
numerical results about the accuracy of these quadratic IFE spaces presented in [§].
In addition, we also discuss how to apply IFE methods to solve more complicated
interface problems such as those with imperfect interface jump conditions.

This paper is organized as follows. In Section 2, we derive the error estimates
in Sobolev norms for the interpolant in these quadratic IFE spaces. Section 3 is
dedicated to the applications of the IFE spaces to solve standard elliptic interface
problems and their extensions. We use the estimates in Section 2 to derive the
error estimates for the IFE solutions for the elliptic interface problems. The results
in both Sections 2 and 3 confirm that the IFE solutions to the elliptic interface
problems considered here definitely have the optimal (or slightly lower in one case)
approximation capability expected from a finite element space using quadratic poly-
nomials. As specific examples to show that the IFE spaces discussed here can be
applied to other problems, we will discuss interface problems with non-homogeneous
jump conditions, interface problems with imperfect interface jump conditions.

2. Errors bounds for the IFE interpolants. Since the accuracy of the finite
element solution is closely related with the accuracy of the interpolant constructed
in the finite element space used, it is important to derive the estimates for the
errors in the IFE interpolants. Without loss of generality, our discussion focuses
on the IFE spaces for the interface problems with homogeneous jump conditions,
ie.,, A= B =0in [3). All the results obtained can be extended to the cases in
which the jump conditions are non-homogeneous, and the related discussions are
presented in Section 3.

Deriving the error estimates for the IFE spaces in the H! and L? Sobolev norms
are the main task of this section. From now on, we use the following modified
Sobolev spaces for those functions satisfying homogeneous jump conditions at the
interface: for k > 1, we let

HENQ) = {vel?Q)|ve H*0,a) N H (a,1), [v)sza = [V ]s=a = 0},

with the norms defined by

1/2
ke = (0B 0.0 + lreny) 5 k20,
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The related space Hf ,(€2) formed by those functions of H¥(€2) with zero boundary
values can be defined as usual. We will also use ||-||, to denote the norm of the
usual Sobolev space H"(S) defined over a set S.

2.1. The linear IFE space. In this section we consider the interpolation accuracy
of the IFE space based on linear polynomials. The original implementation in two
dimension can be found in ] and its one dimensional version is discussed in [23].
Both of these article present some preliminary analysis on this IFE space. Our goal
here is to carry out the error estimation on the interpolation error of this IFE in
the Sobolev norms suitable for deriving error estimates of the related IFE solution
for interface problems.

First, let us recall the definition of the one dimensional linear IFE space [23].
Without loss of generality, let us consider a uniform partition of Q = [0, 1]:

O=z0<z1 <~ <zNy =1,
hi:Ii—Iiflzh,i:1,2,"',N, (21)
%:Uﬁalei:(l, ei:[.fbi,.IiJrl], i:0,1,2,"' ,N—l.

At the node z;, we define a piecewise linear function ¢;(x) such that

oia) ={ & 15T and lea = 186]]a0 =0

It is easy to see that function ¢;(x) is uniquely determined by the conditions above.
Then the linear IFE space is defined as

S,ll(Q) = span{¢;,j =0,1,--- ,N}.

Since it is obvious that ¢; € HL(£2), we have S} (Q) C HL(Q).

We call the element e; a non-interface element if o ¢ (z;,x;41); otherwise we
call it an interface element. The definition of the linear IFE space S} () implies
that on each non-interface element we use the usual linear polynomials, but on the
interface element e; we use piecewise linear polynomials defined by the sub-intervals
(xj, ) and (o, zj41).

Now, for any u € C°([0,1]), we consider its interpolation in S} (Q2):

TIhu(x) = Z u(z;)di(x).

N
=0

First, we can easily show that I u can be represented in terms of the linear Lagrange

cardinal polynomials on each element.

Lemma 1. The interpolation operator Iy, is given for a € (z;,x;11) by

—u(w;)Ljr1(z) +u(zjs1)Lj(z), o€ [vj,xj11], for all j,
Thyu(z) = u(z;)Ljo(x) + unaljae(x), x € [xj,al, (2.2)
Un,aLlj+1,0(%) +u(@jr1)ljr1(z), = €[, x)41]

where up, o 15 the value determined by the interface jump conditions and is given by

Uh,a = A_1(5+“j+1L3‘+1,1(0<) — B7u L (@),
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with
A = ﬁfL;,a _ 5+L;+1)a = aﬁ—xj + xjf:_ . >0,
Liol) = =% Lia() ==
Lira(z) = 2:72: Livia(z) = % and  Ly(a) = =2,

With this lemma, we can show that the linear IFE space has the usual approxi-
mation capability expected from a finite element space using linear polynomials.

Theorem 1. For any u € H2(Q), there exists a positive constant C > 0, indepen-
dent of h and u such that

= Tnulloa +Allu = itllia < Cohllu”[fo.a- (2.3)
where p = max{f~/ 6%, 3 /3~ }.

Proof. Let fh,a be the standard Lagrange linear interpolation operator defined on
the partition formed by nodes z;,7 =0,1,---, N and additional node x = a. Thus
Inu(z) and Ij, qu(z) are identical except on the interface element e; = [z, z11].

Since u—Ipu = (u—fhyau)—l—(fhyau—lhu), it is sufficient to estimate (Ip, qu—Ipu)
on the interface element only. It is easy to see that

. 0, z & (x5, Tj41),
Ihau = Ihu = (u(a) — un,a)Ljalx), z € [zj, (2.4)
(w(@) —un,a)Ljt1,a(2), =€ [a,xj11].

Thus we only need to estimate the difference u(a) — up, . By a simple calculation
and the interface jump conditions of v we find that

U(Oé) — Uh,a = A71{67 (fh,au - u)/(ai) - ﬁJr (ih,au - u)/(aJr)}'

Let e = Iy ou — u, then e(z;) = e(a) = e(z;41) = 0, we thus see that there exist

¢ € (zj,a) and n € (a,z;+1) such that
N 1/2
< (o —x;)Y/? (/ |u"|2d:c> :

4
/ e (x)dx

n Tj+1 1/2
/ ¢ (x)dz| < (xj41 —a)'/? (/ |u”|2d:c) .

1 (o — 7)) (741 — @) (= x)) (741 — @)
A o ﬁ_($j+1 — CY) + ﬁ+(a — $j) S min{ﬁ_, ﬁ"'}h ’

it follows from the above two inequalities that

1/2
« Tj41
[u(e) — up.of < Ch3/? </ |u”|2d:c—|—/ |u”|2d:c> ,

J

|(In.aw —u)'(a7)]

|(In.au—u)'(a®)] =

Hence, by noticing that
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which and 4] imply that

||ih,au - Ihu”O,a + h”jh,ocu - Ihu”l,a

N . 1/2
< Ch? (/ |u"|2d:c—|—/ |u"|2d:c> .

J

Finally the proof can be completed from the above inequality, the standard error
estimates of Ipu, and triangle inequality. O

2.2. A hierarchical quadratic IFE space. We now consider the interpolation
accuracy of the quadratic IFE space that is hierarchically formed by multiplying
two linear IFE functions satisfying the interface jump conditions, see [§] for more
details and basic properties of this quadratic IFE space. The extensive numerical
experiments reported in [8] indicates that this IFE space does not have the optimal
order of accuracy associated with quadratic polynomials, but data there strongly
suggest that the order of accuracy of this IFE space seems to be O(h®/2) in the L?
norm and O(h*/?) in the H? norm. The analysis in this section gives a positive
answer to these expectations.

Consider the partition 75, of Q defined by () in which each element ej has
three nodes:

lk1 = Tk, th2 = Tpp1/2 = ufﬂl, th,3 = Tht1-

Assume that e; is the interface element. On a non-interface element ey, we let
Yr,i(z),7 =1,2,3 be the quadratic polynomials such that ¢y ;(tx:) = 1, ¥ (tkr) =
0,1 # k, and let

Si(er) = span{vp1, Y2, Y3}

On the interface element e;, we let 15”(90),2 = 1,2,3 be the piecewise quadratic
polynomials hierarchically formed from the linear IFE functions as follows:

Pia(x) =ha(@)hs(@), Yia(r) =la(x)las(x), ¥js(@) =ls1(2)ls2(x). (2.5)
where

li‘tizl,li‘t‘:O,
. (x)_{ @z +ag, T <a, ;](k7) ,J(lw) (2 6)
DIV b by, x> ay ’
! 0 [li,j]m:a = 07 [ﬁléyj]m:a =0.

We now let
Silej) = span{j1, bj2, i}
The hierarchical quadratic IFE space S, () is then defined as follows: v € S;,() if
e veC(Q). )
o vle, € S7(ex), k#j, vle, € Si(e)).

By simple calculations we can see that vle; € 5',21 (ej) is uniquely determined by its
values at t;;,7 =1,2,3 and the interface jump conditions:

[Wliza = [BV)e=a = [020"]s=a = 0.

Please refer to [§] for more details and basic properties of this quadratic IFE space.
Without loss of generality, we assume that z; < 7112 < a < xj41. For any

u € H3(Q2), we let Iru(z) be its interpolant in Sy (€2).
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We now consider an auxiliary partition Ty, whose elements are formed by z;,i =
0,2,---,N and r = « together with the middle nodes x; /2,7 =0,1,--- ,N — 1
in each of the elements except for the elements (z;,«) and (o, z;41). We then
introduce a Lagrange-Hermite interpolant of u on 7, as follows. On a non-interface
element e; of 7, we let fh,au(:v) be the usual Lagrange quadratic interpolant of u
defined by the nodal points of e;. On the two elements adjacent to the interface
point «, we let

o) = { R e, e e, 27
where
L) = IR =g ST
i) = GTRMEETIL =Gt
foole) = BT T s = SR

For the above polynomials, we have the following estimates:

>, h? * 9 Ch
L2(@)ds < O [ (L ()2 < — (2.8)
z; (= j11/2) z; (@ —2j11/2)
Tj+1 8 Tj+1 1
[ Hao@)Pde = Sagn =), [ (o @) do = g5 - )%, (29)
Tjt1 4 1 Tjt1 1
/a (Hp o)) ?dz = EE—— /a (Hi (@) de = g (@j41 —a). (2.10)

Lemma 2. The quadratic IFE interpolant Iyu(z) € Sy (Q) has the following repre-
sentation:

Inau(z), T & (zj,7541),
Inu(z) = ¢ u;Lj(x) + ujH/QLjH/Q(x) +uogLo(z), € (z,a), (2.11)
o Hao(2) + U Ho,1 (%) + ujr1 Hjp1(2), @ € (0, 2541)

where i, and @, are defined by

o = A;HBT(BY) Han"()[u; L) + ujprjoL jo(e)] (2.12)
+BH (B i H 1 (@) — (B7)* (uy L () + ujyr oL j11p2(a)]},
—r 1 - T ) " — T
U, = BPH (o) {(B7)[u; L () + ujyr2L” 1 /2(@) + tlia L o ()]
—(B7)[aaH" a0(a) + ujr H jy1 ()]} (2.13)
As = =B (BY)Lo()H" o1(a)+BY[(B7)°L" o(a) = (BY)°H a0(a)]. (2.14)

Proof. Applying the jump conditions [B(Ipu)]s= = 0 and [B2(Ipu)"]s=a = 0 we
have

B {uiLi(@) + ujyr2L 1 jo(a) + e Ly (@)} = By, (2.15)
(B7)*{u;L;" () + wjr1/2Lj12" (@) + o Ls" ()} (2.16)
= (87 {tiaHa,0" () + tip,Hat" (@) + ujy1 Hjpr" ()}
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This is a linear system for %, and 4/, and the determinant of its coefficient matrix
is As. It can be easily shown that As > 0; hence this system must have a unique
solution and the piecewise function defined by the second and the third formulas in
([ZT) are uniquely determined by w;, u;11/2,uj41 and the three jump conditions at
«, which must be the interpolant of u on the interface element e;. Therefore 1)

is proven.
The rest results of this lemma follow from solving the above linear system for @,
and then use ZIO) to represent . O

By the standard analysis, we know that

Hu — Ihou ot h Hu — Ihou ’1 < CORP [[u"|lg.q - (2.17)

Hence, to estimate the error in I u, we can consider the difference between I, u and
Ij, qu because Inu — u = Inu — Ip qu + In ot — u. Because of Lemma Bl we have

(v = (@) L) S
ta — u(@))La(2), v € (x5, a),
(aa _u(a/)Ha)Q(,’E) (218)

+(tg —v'(@*))Han(x), € (a,zj41).

Ihu — Ihﬁau =

Hence we only need to estimate Ipu — I h,ot on the interface element, and this can
be done by studying (i, — u(a)) and (u), —u'(a™)).
By straightforward calculations, we can have

_ _ 1 _ _ _ _

o —u(a”) = As {7 (B2 HY (@) (@7) = (B7)24Te"(@7)  (2.19)
+H(BF)e (@) = (B7)? 5" (@) + (57)u" (o) }

1 -2 - +)2 +
G 2H () {(B7)%" (™) = (B7)%e"(aT), (2.20)
+(ia —u(a=))((87)*La(e) = (67)Hy o(a))
+H(B7)* " (a7) = (6%)u" (@)},
where e(z) = Iy, qu(z) — u(x). From the standard error estimates about quadratic
interpolation we can see that

:\
I
:\
B
&
I

e ()] < (o = xj410) (@ — 2) 20" | 120 00
le" (a7 )| < (a—2)" 2 [Ju" | L2000 (2.21)
le” (@) < (zj1 — ) 2|0 || 20y )

Applying the estimates in ZZ1) to @, — u(a~) we have
o —u(a”)| < Aig, |67 (B7)2Hy () (a7) — (87)*8%e"(@7) + (57)%" (aT)]
o {(0720" a7 + (5 u"(a)]} (2.22)

< Ch¥?(a— zir1y2) lull3 o + Chla — zj11/2) |lull3 , -

Here we have used the facts that
1

As

W ()] < Cllu" oo+ 1u"llg.0] < Cllulls,a-

< Clzjp —a)(a—zj12),
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Apply &8) and ZZ2) to the second formula in [ZI) we can have
||Ihu — fh,aUHL?(zj,a) + h||(Ihu — fh,au)/”L?(mj,a) S Ch5/2||u||3,a. (2.23)
For the estimation on the interval (o, zj41), we first note that

|ta — u(a)|
< A IF P @) - (5P )+ (57 )
+AL5 {(B7)287 |[u" (@) + (8%)° |u"(a)]} (2.24)

< CRP (x40 — @) [[u" ||y o + Ch(zj1 — a) [lully, ,

here we have used the fact:

1
A_g, S C(Ij+1 — a)2.
Also, using Z20) and ZZ7), we have
|ag, —u'(at)]
< Olajpr —a)(a—2))? + Clajn — o) (w1 — ) (2.25)
+C (Ij+1 - Oé) |u0¢ - u(a)| + C|u0¢ - ’U,(Oé)| + O(:EjJrl _ OZ) ||u||3 N
(o = Tir1/2)(a — x)) Tj+1 — & ’
< C <h3/2 Lp3ed T2 h) s
B Tjt1 — “
here we have used the facts that
xri+x;
Zj < Tjt1/2 <oa< Tjt+1, Tj41/2 = JTJH

Now using (Z2H), 24, &), and ZTI0) in EIJ), we have
1w = Inatl|£2(a,m;,0) + 2l Tnt = Tnaw) | 22 (0ge,00) < ChY2||ulls,a.  (2.26)

Finally, using Z23), 28), and ZIF), we can obtain an error estimate of Iu €
Sr(2) in the following theorem which confirms our numerical experiments about
the order of accuracy of interpolant formed in the hierarchical quadratic IFE space

8.

Theorem 2. Assume that u € H3(0,1) and Iyu € Sy (Q) is its interpolation. Then
there exits a positive constant C > 0, independent of h and w, such that

1w = ullo,a + Pl Ihu = ulli,a < CH¥/2|fulls,q.

O

2.3. A quadratic IFE space with an extra jump condition. We now consider
the quadratic IFE space with an extra second order derivative jump condition, see
below and [§]. On each non-interface element ey, this quadratic IFE space uses the
standard local quadratic finite element space SZ(ex). On the interface element e;,
it uses local nodal basis functions 1, ;(z),i = 1,2, 3 defined as follows

) 'l/)j)i“wj)a] € Py([z;, 04])71/)j,i|[a,zj+1] € Ps([a, zj41]) where Ps is the set of poly-

nomials of degree up to 2.
o Pii(tji) =1, Yiu(tjn) =0, I #].
o [Vjilo=a = [B@bgz]w:a =[B yz]w:a =0.
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We let
Si(ej) = span{thj1,¥j2,V53}.

We then define the quadratic IFE space S, () with an extra jump condition as
follows: v € Sy () if

e v e C(Q). _
o vle, €Si(er), k#j, vle, € S3(e;)).

Please refer to [§] for other properties of this quadratic IFE space.

Lemma 3. The quadratic IFE interpolant Inu(x) € Sy(Q) has the same represen-
tation given in (Z11) with

Uo = AFHB BT Hon"(@)[u; () +ujia oLy jo(@)] (2.27)
+67 (6 w1 H" j1a(a) = 87 (ui L (@) + ujyryo L j12())]},
1
’l_l,/a = m {67 [’U,jL”j (OZ) + Uj+1/2LNj+1/2 (OZ) + ’l_LaL”a (Oé)] (228)
—BFuaH" o 0(a) + ujp H 11 ()]},
As = —ﬁ_ﬁJrLg(a)H”a,l(a) +BHB L o(a) — BTH" 4 0()]. (2.29)

Proof. The arguments are similar those used in Lemma [ except that we use a
different set of interface jump conditions: [B(Iu)]z=a =0, [B(Ipu)"]s=a =0. O

We now assume that u € H3(Q) also satisfy [Su”]z—o = 0. Then, from (Z27),
[22]), and the interface jump conditions of u, we have

Uo —ua = A7 {B BTH"s1(a)e (a7)+ (B)%e (@) =B BT (a7)}, (2.30)
and

—/ / . 1 - " — "

Uy — U (04+) = m {5 e’(a )—5+€ (Oﬁ) (2.31)

+(aa - Ua)(ﬁ_LHa(Oé) - ﬁ+H”a,O(O‘))} )

where e(z) = Iy ou(z) —u(x). Using the same arguments we can see that |Ta — Uq)|
and |u/, — v/ (a™)| have similar estimates as [Z22), ZZ4), and [ZZH) except for
the last term in each of them. Then, following arguments similar to those used for

E23) and ZZ4), we have
||Ihu — fh,aUHL?(zj,a) + h||(Ihu — fh,au)/”L?(mj,Q) < Ch3||u/1/||L2(mj,:cj+1)- (2.32)
and

||Ihu — ih,au||L2(a,Ij+l) + h||(Ihu — fh7au)/||L2(a,Cl)j+l) S Ch3||um||L2(1j)Ij+l). (2.33)

Finally, applying (ZI7), &32), and €33) to lyu — u = Iyu — Inu + Iyu — u, we
can obtain the error estimate for Ipu(x) as stated in the following theorem.

Theorem 3. Assume that u € H3(0,1) is such that [Bu”] = 0 and Iu € Sp() is
its interpolation. Then there exits a positive constant C' > 0, independent of h and
u, such that

17hw = ullo.o + 2|l Tnu — ull1,a < CR?[Julls,a-



ERROR ESTIMATION OF QUADRATIC IMMERSED FINITE ELEMENT METHODS 817

3. Applications of the IFE spaces and imperfect contact interfaces. In
this section, we consider applications of the IFE spaces discussed in the previous
section to interface problems. Our goal is to demonstrate that the related IFE
solutions have the same orders of accuracy as their interpolation counter parts.
Another topic is to extend the IFE methods to other types of interface problems.
As specific examples, we discuss interface problems with non-homogeneous jump
conditions and interface problems with imperfect interface jump conditions.

3.1. The accuracy of the IFE solutions to interface problems. We first
consider interface (C2)-([C3) with homogeneous boundary and interface jump con-
ditions. The weak form of this interface problem is: find u(z) € Hg () such
that

Ag(u,v) = (f,v), wEe H&a, (3.1)

where Hg () is the subspace of H](Q2) whose elements have zero values on the
boundary of €2, and

A (u,v) = /Oa B (z)u'v'dx + /1 B (x)u'v'dz, (3.2)

and (-,-) is the standard L? inner product.

Let V3 be the space formed by functions with zero boundary values from one of
the IFE spaces discussed in the previous section. The IFE solution to the interface
problem generated from this IFE space is the function uj € Vj;, such that

Aa(un,vn) = (f,on),  vn € Vp. (3.3)

First we note that these IFE methods are conforming methods because V;, C
H{ ,(Q). Secondly, the bilinear form Aq(-,-) is obviously symmetric, bounded,
and coercive. Then, by the usual finite element error estimation procedure for
linear elliptic boundary value problems and the error estimates obtained for the
interpolants in the previous section, we can easily obtain the error estimates for the
IFE solutions stated in the following theorem.

Theorem 4. Assuming that the exact solution u(z) to the interface problem has
the required regqularity implied in the estimates below, then the IFE solutions to the
interface problem have the following error estimates:

Ch? ||u||2a , when V), = H&,a N S,ll(Q),
[ —unlly +hllu—unlly o <3 CR2|ully, , when Vi = Hj, N SR(Q),
Ch3 ||u||3)a , when Vy, = H&)a NS3(9).

O

The IFE spaces discussed in this paper can also be used to handle interface prob-
lems whose jump conditions are not homogeneous even though functions in these
IFE spaces are constructed according to the homogeneous jump conditions. This
can be achieved through the usual homogenization procedure. For example, let us
consider the general interface problem ([C2)-([L3) with nonhomogeneous boundary
and interface jump conditions. We can first construct a piecewise smooth function
1) as follows

[w]m:a — A7 [ﬁw/]w:a - 37 ¢(0) = Uo, 1/1(1) = uj. (34)
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Now letting U = u — v, we can see that U is the solution to the following interface
problem with homogeneous boundary and interface jump conditions:

- (B)U"Y = F, xe(0,1), (3.5)
U]=[pU"] = 0 at z=a, U0 =U®1)=0. (3.6)

where F' = f + 3'4)’ is a piecewisely defined on (0, ) and (a, 1).

Thus by letting U, be an IFE solution of 3 ) we can obtain the IFE
solution up, = Uy, + ¢ to the interface problem ([C2)-([3) with the accuracy stated
in Theorem Hl

For quadratic element case studied in §2.3, a piecewise quadratic function 1 can
be constructed by

[w]w:a = Au [ﬁwl]w:a = -87 [ﬁw”]m:a = [f]w:ou ¢(0) = Uo, d](l) = ux.
so that u = U + ¢ with U satisfying the homogeneous jump interface conditions.
Thus the IFE can be applied to compute numerical solution Uy, of U (which satisfies
a corresponding different equation with homogeneous jump conditions), then IFE
solution wuy, is defined by uy, = Uy, + 1.

Also, we would like to point out all the discussions and results above can be read-
ily extended to the case in which the boundary problem has finite many interfaces.

3.2. Imperfect contact interface problems using linear elements. In this
section we consider using IFE spaces to solve an interface problem with “imperfect”
contact conditions at the interface, see [I4] and references therein for more details
about this type of interface problems.

Specifically, we consider the problem in which we want to find a function u such
that

- @)y = f, xe(0,1), (3.7)
[Upma = A8 U/ () = AgTd/(ah),  wu(0)=u(l)=0, (3.8)

where A > 0, 3 = 8~ for x € (0,a) and 3 = B+ for x € (a,1) are positive
constants, and f € L2(0,1). In fact A > 0 is a physical constant related to the
gap of the imperfect contact of two materials. The main difference between the
standard interface jump condition and the imperfect jump condition [BF) is that
the jump in v is unknown a-priori at x = a.

Let H1*(0,1) be space defined by

H2A0,1) = {ueL?0,1)|ue H(0,0) NH (a,1),
[Wo—a =AB"W (a7) = ABTW (@)} .
As usual, we use H&’Q(O, 1) to denote the space formed by functions from H1*(0,1)
whose values on the boundary are zero.

First, we introduce a bilinear form related with our imperfect interface problem:
for u, v € HL*0,1) we let

a 1
Aar(u,v) = % —|—/ B~ (z)u/v'dx +/ Bt (z)u'v'dz. (3.9)
r=o 0 o
Then the weak form of B1)-BJ) is to find u € Héi (0,1) such that
Agr(u,v) = (f,v), forany ve H&’Q(O, 1). (3.10)

Simple calculations can show that this bilinear form has the usual coercivity and
boundedness as sated in the following theorem.
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Theorem 5. Assume that f € L*(0,1), then the weak problem (ZI0) has a unique
solution that satisfies

CHlulla < Ao (u,u) < CIIfl,
for a positive constant C' > 0.

O

All the IFE spaces discussed in the previous section can be extended to handle
this imperfect interface problem. Without loss of generality, we present details
about extending the linear IFE space. As before, at the node z;, we define a
piecewise linear function (;53\(:10) such that

Aoy b =y,
R
[07]o—a = MG (67)'(a7) = ABT(¢)' ().
Then we define a linear IFE space for the interface problem (B)-(BX) by
S’,ll”\(Q) = span{qﬁ?,j =0,1,---,N}.
Now, for any u € H2*(0,1), we let Inu(z) € Si’A(Q) be its interpolation, and let
fhﬁau be the standard piecewise linear Lagrange interpolation of u defined on the
partition formed by z;,j =0,1,--- , N and a.

Again, we assume that e; is the only interface element. On this element, there
are two constants u; and u}' such that

u;Ljo(x) +up Lja(z), z € (x5, q),
Thu(z) = +r ’
uy Ljt1,0(@) + ujriljtin(@), « € (a,2541)
In fact, it follows from the jump interface condition that v; and u}r satisty
up —up = AT (Ihu)'(a7) = A8 (Lo +up L),
“;r —u; = ABF (Ihu) (o) = )\ﬁ+(“;r _Ij+1,oz + Uj+1L;‘+1,1)-
Solving this linear system for u; and u}L we have

—AB7u L o (1= ABY LYy o) + A8 wjpa Ly

up = < (3.11)
u+ . )\6+Uj+1L;-+171(1 + )\B_L;Q) - )\ﬁ_UjL;-)O (3 12)
1 - A ’ :
1
Ay = =ML, LA+ AL, )+ AB7L,. (3.13)
On the other hand, we have
Tpou(z) = ujLjo(x) +u(a™)Lja(z), T € (), ),
“ u(@®)Ljt1,0(z) +ujp1Ljpri(z), @ € (a,2541).
Hence
) 0, x & ej=(x,T541),
Ihwu—1Inau=1< (u;f —u(a”))Lja(x), z € (zj,0), (3.14)

I
(uf —w(@)Ljs1a(z), € (0,zi41),

and it is therefore important to estimate the differences of u; — u(a™) and u} —
u(a™).
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By a simple calculations and the jump conditions satisfied by u, we can see that

Ji+ oy
uf —u(at) = LF2TS (3.15)
Ay
where
Ji = =M€ (a), a=ABT€E (o), Js=NB7 e (ah))L],

with e = I}, ou — u. Because e(z;) = e(a”) = e(at) = e(x;11) = 0, we can follow
the standard procedure to obtain

Al < ABT(a—x;)'/? 10"l L2 (2,0 5
[l < AT (@i — )2 U | 2oy 0
| /3] NB B (@01 — ) P (o —a) 7" 4" 2 (1)) -

Hence, it follows from (BIH) that

IN

uf —u(a™)| < ORM2 (w540 = ) (10" ]] p2((ay.00) + 181 L2 (s 1)
which leads to
[ Ipu — fh,au||L2((O¢,Ij+1)) + h||(Ihu — ih,au)/HLz([a@jﬂ])
< Ch2 (HU’HHLZ(zj,a) + ||UH||L2(a,zj+1)) )
Applying a similar estimate to u; — u(a™) we can obtain
nw = Inaullz2(a;,0) + 0l (Tnt = Tnat) || 20 0
< Ch2 (||U’N||L2(Ij,a) + ||U‘N||L2(O¢,Ij+1)) .

We can now derive an error estimate for Ipu(x) in the following theorem.

Theorem 6. Let u € H&)’Q(O,l) be such that ulg.) € H?(0,0) and ula,1) €
H?(a,1). Then there exits a positive constant C > 0, independent of u and h, such
that

1Tt = ullo + Al = ullr.a < CH2ul 2.0

Proof. The result can be obtained by applying the estimate above to ([BId), error
estimates for the standard linear interpolation, and triangle inequality. o

Now, we consider the IFE solution u, € Si’A(Q) N Hé)’i((), 1) for the interface
problem B)-(BX) defined by

Agx(up,vp) = (f,on),  for any v, € Spn H&y’i(O, 1). (3.16)

Theorem 7. Assume that the weak solution u of ([F1)-(Z38) is such that ul,q) €
H?*(0,a) and u|(q,1) € H*(o,1). Then there exits a positive constant C > 0, inde-
pendent of u and h, such that

llu = unllo.a + llu = unlla < CR?|Julf2,q-

Proof. The estimate can be derived from Theorems Bl Theorem @, and the routine
procedure for finite element error estimation of elliptic problems. O
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Remark 3.1. As before, following a similar homogenization procedure, we can
use the IFE space above to solve those interface problems with non-homogeneous
imperfect contact interface conditions, i.e.,

[U)pma — AU (@7) = A, [u]zea — AT (aT) = B, u(0) = ug, u(l) = us.

3.3. Imperfect contact interface problems using quadratic elements. It is
easy to see that the hierarchical quadratic elements are not applicable here due to
the nature of the contact interfaces, thus we only consider the quadratic element
with an extra jump condition at the second order derivative [fu"],—, = 0. Following
§2.3 and §3.2 above, The quadratic IFE interpolant Iu(z) € 5,21’)‘ is defined by
ih,au(x)v T ¢ (‘ijxj-i-l)v
Ivu(z) = ¢ ujLj(x) + ujp120Lj11/2(x) +up La(z), =€ (25,a), (3.17)
u Hoo(2) + g Hoa(2) +ujsr Hjr1(z), @ € (0, 241),
where 5’,21”\ is the quadratic IFE element spaces with imperfect contact interface

conditions [BX) and the extra second order derivative jump condition. It follows
from the jump conditions ([BH) and [B(Ipu)"]z=a = 0 that

U}r —uy = /\»Bf{UjL;(a) + uj+1/2L;‘+1/2(04) + U?fo(a)}v

u}r —uy = DYCAR T

B [ui LY (@) + wjpr 2Ly 1 o (@) +uf Li(a)]

= ﬁJr[“;ng,o(a) + U Hy 1 (@) +ujp1 Hi 4 (a)).
The above is a linear systems for u}r, u; and @), and the determinant of this system
is given by
Do = —N3TLO[BTHy y + N(B7) Hyl o] = ABT[8T Hyl g — 67 L] > 0,

which is positive for all A, 3 > and z; < ;41,2 < @ < zj41. Thus the interpolation
operator Ipu is well-defined. The analysis on the error estimates for the interpo-

lations and IFE solution can be carried out in a similar fashion presented in the
previous sections, we therefore omit the proofs of the following results.

Theorem 8. (I) Let u € H&)’Q(O, 1) be such that u € H3 ,(0,1). Then there exits a
positive constant C' > 0, independent of u and h, such that
1Ihw = ullo,o + bl Inu = ull1,a < CR?[lull3,a-

(II) Assume that the weak solution u of [BZ1)-E3) is such that u € Hg ,(0,1) .
Then there exits a positive constant C > 0, independent of u and h, such that the
IFE solution up, € Si’A of (3.16) (with Si’A replaced by S,QL’)‘) satisfies

[l = unllo,o + hllu = unll1,a < Ch?|lulls,q-
|
Remark 3.2. It is clearly seen that the homogenization procedure similar to that

described in §3.1 can also be extended to the quadratic case when the second order
jump is not zero.
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