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1 | INTRODUCTION

In many applications of sciences and engineering, we need to consider an elastic object formed
with multiple materials which leads to a linear elasticity system with discontinuous coefficients whose
values reflect the difference between materials. To be specific and without loss of generality, we con-
sider an elastic object forming a domain Q C R? separated by a smooth interface curve I into two
subdomains Q~ and Q% each of which is occupied by a different material. Thus, the Lamé parameters
of Q are piecewise constant functions in the following forms:
A it XeQ, u it XeQ,

A= H= (1.1)

AT if X e QF, ut if X e QF.
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As usual, we assume that the u= (u;, u)” is modeled by the planar linear elasticity equations:
—dive(u) =f in Q" UQ*, (1.2)
u=g on 0Q, (1.3)
where f=(f1,f2)T and g=(g1,g2)" represent the given body force and the displacement on the

boundary, o(u) = (0;;(w))1 <;, j<2 is the stress tensor given by

O','j(ll) = A(V . u)5iJ + 2[46,’1(“), with 6,’j(u) = % (gzl + azj) (14)
j i

being the strain tensor. Furthermore, the discontinuity in the Lamé parameters requires the displace-
ment u = (uy, u>)7 to satisfy the jump conditions across the material interface I":

[u]r = (u* —u?)|r =0, (1.5)
[e(n]r := (6" (N - ¢~ )N)|r = 0, (1.6)
where u* = u|gs, 6°(0’) = o(w)|@s, s = —, +, and n is the normal vector to I'.

We call (1.2)—(1.6) an elasticity interface problem for determining the displacement u = (u, u3)”.
Elasticity interface problems have a wide range of applications in engineering and science, such as the
inverse problems [1-3] in which one needs to recover the location or geometry of buried cracks, cavities
or inclusions, and the structure optimization problems [4, 5] in which one aims at optimizing the
distribution of different elastic materials such that the overall structure compliance can be minimized,
and additional elasticity problems can be found in [6-9], to name just a few.

Finite element methods [10-12] and discontinuous Galerkin methods [13—15] have been devel-
oped to solve elasticity interface problems, and these methods perform optimally provided that their
mesh is interface-fitted [16, 17]. However, in some applications such as those inverse/design problems
mentioned above solved by shape optimization methods, the shape or location of the interface usually
involves large changes in the computation. In general, it is nontrivial and time consuming to gener-
ate an interface-fitting mesh again and again; therefore, solving (1.2)—(1.6) on interface-independent
(noninterface-fitted) meshes has attracted research attentions. Both the finite element approach and
the finite difference approach have been attempted. For example, an unfitted finite element method
using the Nitsche’s penalty along the interface to enforce the jump conditions is presented in [18,
19], and some immersed interface methods (IIM) based on finite difference formulation are pre-
sented in [20-22] which handle the jump conditions through a local coordinate transformation between
subelements partitioned by the interface.

Immersed finite element (IFE) methods are developed for solving interface problems with
interface-independent meshes. The key idea of an IFE space is to use standard polynomials on nonin-
terface elements, but Hsieh—Clough—Tocher type [23, 24] macro polynomials constructed according to
interface jump conditions on interface elements. There have been quite a few publications on IFE meth-
ods, for example, IFE methods for elliptic interface problems are discussed in [25-32], IFE methods
for interface problems of other types partial differential equations are presented in [33—41]. In particu-
lar, for planar-elasticity interface problems described by (1.2)—(1.6), a nonconforming linear IFE space
on a uniform triangular mesh is discussed in [21, 42, 43]. A conforming IFE space is developed in [21,
44] by extending the IFE shape functions in [21, 42, 43] to the neighborhood interface elements. A
bilinear IFE space on a rectangular Cartesian mesh is discussed in [45]. A nonconforming IFE space
using the rotated Q; polynomials is presented in [46] which leads to a locking-free IFE method. Most
of the IFE methods for the planar-elasticity interface problems are Galerkin type, that is, the test and
trial functions used in each of these methods are from the same IFE space, but the Petrov—Galerkin
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formulation can also be used, for example, a Petrov—Galerkin IFE scheme is developed in [47] that
uses standard Lagrange polynomials as the test functions.

This article focuses on two issues in the research of IFE methods for interface problems of the
planar elasticity. First, we develop a unified construction procedure for the shape functions of the IFE
spaces defined on a triangular or rectangular mesh with the linear, bilinear, or rotated Q; polynomials.
By this procedure, the coefficients in an IFE shape function satisfy a Sherman—Morrison linear system
from which the unisolvence of the IFE shape functions can be readily deducted. Second, we derive a
group of multi-point Taylor expansions for vector functions satisfying the jump conditions specified in
(1.5) and (1.6) for the planar-elasticity interface problems, and we then employ them in the framework
recently developed in [48] to show the optimal approximation capabilities for the IFE spaces consid-
ered in this article. However, the major challenge in applying it to the analysis of the approximation
capability of the IFE spaces developed for the elasticity interface problems is the coupling of the two
components in the displacement through the jump conditions. Because of this coupling, a multi-point
Taylor expansion for each component (which is a scalar function) of the displacement individually is
difficulty, if not impossible, to be used in the analysis of the approximation capability of the proposed
vector IFE spaces. To deal with this challenge, more sophisticated identities have to be developed for
transferring the quantities of a vector function from one side of the interface to the other according to
the jump conditions, and these identities are nontrivial extensions of their scalar counterparts. To the
best of our knowledge, this is the first time the approximation capability of IFE spaces formed with
vector functions is analyzed, and this is an important step toward to the establishment of the theoret-
ical foundation for IFE methods that can solve interface problems of the linear elasticity system with
interface-independent (such as Cartesian) meshes.

We note that the unisolvence results established in this article can be used to show the existence
of the IFE functions satisfying nonhomogeneous jump conditions such as those in [47] because coef-
ficients in such an IFE function are determined by a linear system with the same matrix as the one for
determining the coefficients in the IFE function satisfying the related homogeneous jump conditions.
These IFE functions are not suitable for constructing IFE spaces because of their nonhomogeneity;
therefore, their research is beyond the scope of this article. However, they can be used together with the
homogeneous IFE spaces developed in this article to deal with the planar-elasticity interface problems
with nonhomogeneous jump conditions in a homogenization technique such as one of those proposed
in [28, 49].

This article consists of five additional sections. The next section is for some basic notations and
assumptions. In Section 3, we establish a few fundamental geometric identities and estimates related to
the interface. In Section 4, we derive the multi-point Taylor expansions for a vector function u satisfy-
ing the jump conditions (1.5) and (1.6) along the interface. In Section 5, we derive a Sherman—Morrison
linear system for determining the coefficients in IFE shape functions on an interface element, study
properties of these shape functions, and prove the optimal approximation capabilities for the IFE spaces
considered in this article. In the last section, we present a group of numerical examples to illustrate the
approximation features of these IFE spaces.

2 | PRELIMINARIES

We now describe terms and facts to be used in the discussion. Let Q@ C R? be a polygonal domain formed
as union of finitely many rectangles/triangles, and without loss of generality, we assume Q is separated
by I' into two subdomains Q* and Q~ such that Q = Q+ U Q-. For a measurable subset QCQ we
define the vector Sobolev space WEP(Q) = [WAP(Q)]? where W-P(Q) is the standard Sobolev space,
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and the associated norm and semi-norm of W*?(Q) are such that for every u = (u1, u;)" € WP (Q),
lull, g = lurll, g+ el and [ulg,5=1D%ill,,q+ D0l ,5 |al=k @)

The related vector Hilbert space is denoted by HX(Q) = W2(Q). Let CX(Q) be the collection of kth
differentiable smooth vector functions. When Q° = QN Q* # @, s = =+, and k> 1, we define

PW(Q) = {u : u € WFP(Q%), s = +: [u]r = 0, and [o(u)n] = 0}, 2.2)

PCt,(Q) = {u : ue CKQY),s = +; [u]r = 0, and [c(w)n]r = 0}. 2.3)

Here, the definition implicitly implies that the zeroth- and first-order trace of u are well defined onT".
We then define the following norms and semi-norms associated with these spaces:

2 2

lulle,a = D (lull g+ luill,g). and ul,g= > (uil,, g + uile,a)-
i=1 i=1
”u”k’oofg = E?g{max{”ui”k!wﬁ—’ ”ui”k!w’fp}}a and |u|k,oo,§ = g?g{max{luilk,oo,ﬁﬂ |ui|k,oo,§+}}'

Also we denote the corresponding Hilbert space PH (S~2) = PWk’z(ﬁ) with the norm |||, & = Il .5

and the semi-norm ||, & = ||, , - Furthermore, for any vector function v = (v1, )T € H! (£~2), letVv
be its 2-by-2 Jacobian matrix where the ith row is the row vector Vv;, i=1, 2.

Let 7, be a Cartesian rectangular or triangular mesh of the domain Q with a mesh size &> 0.
An element T € T, is called an interface element if the intersection of the interior of T with the
interface I' is nonempty; otherwise, it is called a noninterface element. Let Thi and 7;" be the sets
of interface elements and noninterface elements, respectively. Similarly, let £ and & be the sets of
interface edges and noninterface edges, respectively. In addition, as in [50, 51], we assume that 7},
satisfies the following hypotheses when the mesh size £ is small enough:

Hypothesis 1 The interface I" cannot intersect an edge of any element at more than two
points unless the edge is part of I

Hypothesis2 IfT intersects the boundary of an element at two points, these intersection
points must be on different edges of this element.

Hypothesis 3  The interface I' is a piecewise C? function, and the mesh 7;, is formed
such that the subset of T in every interface element T € 7,/ is C2.

Hypothesis 4 The interface I" is smooth enough so that PC2,(T) is dense in PH2,(T)
for every interface element T € 7}/

We will discuss IFE spaces formed by linear polynomials on triangular meshes and bilinear or
rotated Q; polynomials on rectangular meshes. For each element 7 in a mesh 7, we introduce
an index set 7 ={1,2,3} when T is triangular or 7 ={1,2,3,4} when T is rectangular. Then, the
local finite element space is denoted by (7, Iy, X7), with I = [Span{ 1, x, y}]z, [Span{1,x,y, xy}]z,
or [Span{1,x,y,x*—y?}]*> for the linear, bilinear, or rotated Q; polynomial space, respectively,
and the local degrees of freedom X7 ={wr(A;)) : i€I,yre€lly}, where A;s are the vertices
of T for the conforming linear and bilinear cases, or midpoints of edges of T for the noncon-
forming linear (Crouzeix—Raviart elements) and rotated Q; case. For these finite element spaces,
according to [10, 52-54], there exist vector shape functions y; r €Ily, i=1, 2,...,2| I| such that
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Iy =Span{y; 7,1 <i<2IIl} with

)

i=|T]+1,....21T], 24

s

5[,/', . 0
y/i,T(Aj) = 0 L= 1’ ’l 1 I’ and Wi,T(Aj) = 5

i—|Zlj>

lW; 7lkeor < Ch7¥, k=0,1,2. 2.5)

In addition, we will use a vectorization mapping Vec: R™*" — R™*1 guch that for any A = (a;;)/~] =17
VeC(A) = (a115 s 5aml7012’ e ’am2’ s ’aln, s ’amn)T,

and a Kronecker product ® : R”*" x RP*9 — R"P*"4 such that for any A = (a;;);Z} =, € R™" and
B e RP*4, there hold
ere holds 4B - alnB]

A®B= 2.6)

amlB cee am,,B

A well-known formula [55] about the Kronecker product and the vectorization operation is the
following:
Vec(CDE) = (E" ® C)Vec(D). 2.7
Throughout this article, we use the notation /,, to denote the n-by-n identity matrix and 0,,x , to denote
the m-by-n zero matrix for positive integers m and n, and to simplify the presentation, we adopt the
2

notation d,, = - k=1, 2, for partial derivatives with x| =x, x, =y. Also, as usual, we will use C to
Xk

denote generic constants independent with the mesh size £ in all the discussion from now on.

3 | GEOMETRIC PROPERTIES OF THE INTERFACE

In this section, we derive a group of geometric properties on the interface elements for estimating
interpolation errors of vector-valued functions. These properties are extensions of those developed
in [48] for scalar functions. Let T be an interface element and / be a line connecting the intersection
points of the interface I with 7. Let n(X) = (,(X),%(X))” and t(X) = (i(X), =711 (X))T be the
normal and tangential vectors of I at a point XernT, respectively, and let the normal and tangential
vectors of [ be i = (111, 7,)" and t = (1, —71;)7, respectively. Consider the following matrices:

A+ 29X pn®) pn®) A&
X)) W X) (4 + 2u0(X)

N*® )? — - - s ==, 3.1
0 () 0 wm® 0 ’ G-
0 -mX) 0 n1(X)
(A" +2u)ny p'ngy p'ng Ay
N = Ay wny p'ny (A + 2p*)ny R 32)
—Nny 0 n
0 -n, O ny
By straightforward calculation, we have

Det(NS()?)) = Det(ﬁs) = u A +2u%), s==+. (3.3)

Hence both the matrices N* ()N() and N are nonsingular, and we can use them to define
M=(X) = (NTCO)'N(X), M (X) = (V- (X)T'NF(X), (3.4)
M =NY'N, M =WN)N" (3.5)

These matrices have the following properties.
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Lemma 3.1 Foreveryu € PC2,(T) and X €T T, there holds

Vec(Vut(X)) = M~ (X)Vec(Vu™ (X)),  Vec(Vu™ (X)) = M*(X)Vec(Vu* (X)). (3.6)

Proof.  To simplify the notations, we denote n()~( ) = (711, 7,)" in this proof. By direction
calculations, we have
A+ Zy“)ﬁldxlul + y"ﬁzdxzul + ﬂ‘vﬁz()xl u; + ﬂ‘vﬁl()xz up

c'(uX)) n(X) = |, - P e s SV :
A l’lzaxlbtl +u l’l]()x2bt1 +u l’llaxl uy + (A°+2u )I’lz()xl Uy

3.7)

From the continuity jump (1.5), we have Vu;} t()~() =Vu; t()N(), i=1, 2. Combining this
with the stress jump (1.6) leads to N~ (X)Vec(Vu~ (X)) = N*(X)Vec(Vu* (X)) from which
we have (3.6) because of (3.4). n

Lemma3.2 Thevectors a; = [—71p,0,71,0]" and ay = [0, =715, 0,717 are eigenvectors
of M), s =+, or —, such that

M) =i, i=1,2. (3.8)
Proof.  The identities in (3.8) follow from direct calculations. [

As proved in the following lemma, the matrices M’ constructed on [ can be used to approximate
the matrices M* constructed on the interface 'N7T, s=+ or —.

Lemma 3.3  There exists a constant C independent of the interface location such that
for every interface element T € T, and every point X € ' NT, s ==, we have

Il <C I <C, (3.9)
and

|\M*(X) - M’|| < Ch. (3.10)

Proof.  We only prove the case for s = —, and the argument for s =+ is similar. Since
[m]| = 1 and In(X)|| = 1, we have ||N || < C and ||[N~(X)|| < C. Besides, we note that

IVFE) M = — — JadjV* @I < €, and [N = —
Det(N*(X)) Det(N )

ladj(N |l < C,

because Det(N ‘()N()) =Det(N ) = u~ (4~ 4 2u~) and each term of the adjugate matrices
is bounded by some constants C. Then, (3.9) follows from applying these estimates in the
inequalities below:

IM=CONl < NN E)IN-GOI and 1M 1] < [N INT .
For (3.10), we note that
IM~(X) =M || = [N X)'N-X) - NN
= (VX)) V- X) = N )+ (VAT VT = NFEX)N)TIN|
<CIN"X) =N [+ CIN" = N*X)||
<Ch

in which we have used the estimate IIn()N() —1|| < Ch given in Lemma 3.2 of [48]. L]
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In addition, we consider the following set
T =U{,nT : [ is a tangent line to['N T}, (3.11)

which is the subelement swept by the tangent lines to I' N 7. We note that this set is equivalent to the
one considered in [50]. Following an idea similar to that used in [48], we can show that this is actually
a small set in the following lemma.

Lemma 3.4 Assume h is small enough, then there exists a constant C independent of
the interface location, such that |Ty, | < Ch’.

Proof.  Let k be the maximal curvature of I'n 7. By the assumption, we can follow the
idea in [48] to assume # is sufficiently small such x4 < € for some € € (0, 1/2). Let D and
E be the intersection points of ' and 97, and recall [ is the line connecting D and E. Let X
be one point in 7',,. According to the definition (3.11), there exists a point Y € I" such that
XY is tangent to I'. Denote X and Y, as the projection of X and Y onto /, respectively.
Let 6 €[0, z/2] be the angle between XY and L According to Lemma 3.2 in [48], we
have | YY |< 2(1 —2¢2)73/2kh?. Using the fact | XY |< Ch and simply geometry, we
obtain | XX | |=| YY, | + | XY | sin(@) < Ch* + Chsin(6). In addition, using (3.5) in
[48], there holds

sin(9) = (1 — (@ - n(¥))»)'/?
<A+ =2)3)ch(d — (1 + (1 = 2eH)73222pH)1/?
<A+0=2eH)3) 4 =1+ 1 =232 2ep (3.12)

where we have used hx <. It shows that | X X |< C(1 + k)h?* with C depending on &,
that is, the distance between X and DE is bounded by C(1 + x)h%. Since | DE |< Ch,
we have |Tiy | <C + ). m

4 | MULTI-POINT TAYLOR EXPANSION

In this section, we present a multi-point Taylor expansion for the piecewise smooth vector functions
satisfying (1.5) and (1.6) on interface elements and derive the estimates of the remainders in the expan-
sion. The multi-point Taylor expansion idea was first employed in [29] for showing the approximation
capabilities of the linear IFE spaces for the elliptic interface problems through the Lagrange type inter-
polation operator. Similar ideas were then used to study approximation capabilities for the bilinear [FE
spaces [27, 56] and nonconforming IFE spaces [32, 50]. Recently, by generalizing this technique, the
authors in [48] developed a unified framework to show the approximation capabilities of various IFE
spaces, and we now extend this technique to IFE spaces of vector functions for solving the elasticity
interface problems.

In the following discussion, for every T € 7/, let I partition T into 7% and let / partition T into

Ti. Define T = T NTHU(T- nT+) which is the subelement sandwiched by I" and /. From [29], we
know | T < CH>. In addition, as in [50], for every X € T\T,, the segment A;X intersects with 'N T
either at only one point when A; and X are on different sides of I' N T or no point when A; and X are
on the same side. Then, we define T3 = (TS NTH\ Tipe), s==x,andletT, =T\ (Tx UTS).

We further partition 7 into two sub index sets It ={i : A;,€T*} and I-={i : A;€T"}. For
every XeT, we let Y;(t,X)=tA;+(1-0X, t€[0,1], i€. Let?; = 7(X) € [0,1] be such that
)N’l- = Y;(%;, X) is on the curve "' T if X and A; are on different sides of 7. We start from the following
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theorem that gives the expansion of u(A;) about X if A; and X are the same side of I, that is, A; € T*
and X € T§, s ==.

Theorem 4.1  For every interface element T € Th’ and u € PC%,(T), assume A; € T*,
s=d, then

@A) =’ X) + (A = X)) @ b)Vec(Vu' (X)) +Ri(X), i€ I, VX € TS, “.1

1 2
where RI(X) = / (1- t)%us(Y,-(t,X))dt, iel’, VX eT;. “4.2)
0

Proof. Since A;€T° and X € T, we know that Y;(+,X)€T*,Vt€ [0, 1]. Apply-
ing the standard Taylor expansion with integral remainder to the components of
uX) = (1 (X), u2(X))T, we have

w’A) =0’'X)+V'X)A, - X)+RIX), iel’, VXeTi s==. 4.3)
Then, we obtain (4.1) by applying the vectorization on each side of (4.3) and using the
2. 7)ywith C=1,, E=A; - X, and D=Vu'(X). m

In the discussion from now on, we denote s ==+ and s = F, which means s and s’ always take
opposite signs when they appear in the same formula. And in the following theorem, we describe how
to expand u(A;) about X if they are the different sides of I', thatis, A; € T° but X € TY.

Theorem 4.2  On every interface element T € T,f and u € PC2,(T), assume A; €T,
then
u'(A) =u'(X) + (A; — X)" ® ) Vec(Vu'(X))
+ ((A; — IN’,-)T ® L)(M® — Iy)Vec(Vu' (X)) + RiI(X),i € 19 VX €T, s = +, 4.4

where R} = R}, + R}, + R, with
R} (X) = [y'(1 - DS w (i, X)dr,
RL(0) = £(1 = 0 S w' (v, X)), @.5)
R;(X) = (1 =T)((A; = X)T @ LYM(Y)) — L) [’ SV ec(Vw (Yi(t, X))dt.

Proof.  Without loss of generality, we only discuss the case A;€T* and X € T;.
Following a procedure similar to that used in [29], we have

7 1
ut(4) =u (X) + / 4w X))dt + / 4 (i X))dt

= u"(X) + Vu" (X)(A; — X) — Vu (Y)(A; = Y) + Vut (V)4 - 1))
71‘ d2 1 d2
+ / (1= H=—u (Y(t,X))dt + / (1 = H=—u*(Yi(t, X))dt, (4.6)
0 dt 7 dt

where the last two terms are actually R;; and Rj;. For the second and the third term on
the right hand side of (4.6), by applying (2.7), we have
Vu™ (X)(A; = X) = (A = X)" ® L) Vec(Vu™ (X)),
Vum(T)A = ¥) = (A = T)" @ I)Vee(Vu™(¥)). @7
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For the fourth term on the right hand side of (4.6), by applying (2.7) and Lemma 3.1, we
have

vut(Y)(A; — ) = (A = )T ® L)Vec(Vu*(Y;))

= (1 =T)((A; = X" ® L)M~ (V) Vec(Vu~(¥))). (4.8)
Moreover we note that
7
Va (Y;) = / %Vu_(Yi(t, x))dt + Vu (X). 4.9)
0
Finally, expansion (4.4) follows from substituting (4.9), (4.8), (4.7) into (4.6). [

For X € T+, we consider another group of expansion which only involves the first derivative of u.

Theorem 4.3  On every interface element T € Th", u e PC2(T), for each X € T+, we
have

1
u(d;) = uX) + Ri(X), with Ri(X) = / %u(Yi(t,X))dt. (4.10)
0

Proof.  The proof follows from a straightforward application of the same arguments
used in [50] that only relies on the continuity of u. [ ]

We proceed to estimate the remainders in (4.2) and (4.5) in terms of the Hilbert norms associated
with PH3,,(T). For every scalar function u, let V2u be its Hessian matrix. Then we note that

&2 A= X"V A - X)
ﬁu(Yi(tax)) = [(Al _X)772u2 (Al _ X)] > (411)
T2
4 u(ri X)) = [Eﬁ - QT;Z;] - (4.12)

Therefore, we have

Lemma 4.1 Let u € PC2,(T), there exist constants C> 0 independent of interface
location such that
IRllos < CHlulyr, i€ T, s =,

. . . ’
IR llo.rs < Ch*|uloz, IRLllors < Ch*lulyy, i€, s=x. (4.13)

Proof.  LetR{ = (R, R¥)T, then according to (4.11), using Minkowski inequality and
the fact ||A; — X|| < h, we have

1 2 2
REX) = ( / < /0 (1 —t)(A[—X)TVZM;(Y,»(t,X))(A,-—X)dt> dX>
7

1 2 2
sc#/o (/T(l—r)2 D |axkx,u;f|2> dt < CR|ujlor, j=1,2,
. k=1

where we have used arguments similar to those used for the Lemma 4.1 in [48], and these
estimates lead to the first estimate in (4.13). The derivations for the estimates of R}, and
RY, are similar. m
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Lemma 4.2 Let u € PC2,(T), there exist constants C> 0 independent of interface
location such that

IRSllor: < Ch*|ulyr, i€ I, s== 4.14)

Proof. LetRY = (RY,R%)". Using (4.12), (3.9), the fact [|A; = X||<hand 0 < 1 —
T:(X) <1 —1t, we have

1

Z P b 2 2
IR o, < c?| [ ( [a-03 3 xkx,u,wr) ax| .
7\ Jo

ki=1 j=1

Then, applying the Minkowski inequality and Lemma 4.1 in [48] to the inequality above
yields

1

2
IR llo.7s sc#/ (Z Z/(l—t)zldxkx,ujlde> dt < Ch*(|uylar + |uzloz),

ki=1 j=1

from which (4.14) readily follows. ]

In addition, since u € [H?(T*)]?, the Sobolev embedding theorem indicates u € [W!- ¢(T*)]?, s ==.
Therefore we can bound the remainder R; in (4.10) in terms of W' %-norm.

Lemma 4.3  There exists a constant C independent of the interface location such that
when h is small enough there holds

IRillo.z. < Ch|ullyer- (4.15)

Proof.  We note that T, = Tu T;u, and it is a small set such that |7 | < Ch® when the
mesh is fine enough because |T| < Ch* [29] and |T+ | < Ch? by Lemma 3.4. Note that
= (R!,R»)", and, by using (4.12), we have

1
RX) = / Vi (Y1, X)) (A; — X)dt, j=1,2.
0

Then, applying arguments similar to those used for Lemma 3.2 in [50] and using the fact
|T«| < Ch?, we have ||R’||0T < Ch2||uj||1 6. for j=1, 2 from which (4.15) follows. =

5 | CONSTRUCTION OF IFE SPACES

In this section, we construct local IFE spaces corresponding to their related finite element spaces
(T, Iy, X7) described in Section 2. As usual the local IFE space on every noninterface element 7 is
the standard vector polynomial space, that is,

Si(T) = Span{y; 7, Wiy i €1}, (5.1

where y; 1 are given by (2.4). We note that a procedure to construct the local IFE spaces formed by
piecewise linear polynomials on interface elements is discussed in [43, 45], and a similar procedure
is presented in [45] for the local IFE spaces formed by piecewise bilinear polynomials. However,
according to the example presented in [45], the linear system for determining an IFE shape function in
these procedures can be singular in some cases. We now propose a new procedure so that the bilinear
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FIGURE1 Typical nonconforming linear elements [Color figure can be viewed at wileyonlinelibrary.com]

(a) Case 1 (b) Case 2
FIGURE 2 Typical conforming linear elements [Color figure can be viewed at wileyonlinelibrary.com]

A Ay As, Ay

D

(a) Case 1 (b) Case 2
FIGURE 3 Typical bilinear elements [Color figure can be viewed at wileyonlinelibrary.com]

or the rotated Q; IFE shape functions on every interface element can always be uniquely determined
by the local degrees of freedom X7.

5.1 | Local IFE spaces

Without loss of generality, we consider a typical interface element T € 7, with A, =(0,0)7,
Ay =(h,0)", A3=(0,h)" when the conforming linear polynomials are discussed on a triangular T,
A =h2,0)7, Ay=(h/2,h/2)T, A3=(0,h/2)" when the nonconforming linear polynomials are dis-
cussed on a triangular T, A = (0,0)7, Ay =(h,0)7, A3=(0,h)", A4=(h,h)T for the bilinear case on
a rectangular T, and A; = (h/2,0)7, Ay =(h,h/2)T, As=/2,h)T, Ay=(0,h/2)" for the rotated Q;
case on a rectangular 7. We further denote the vertices of the rectangular element by M = (0, 0)7,
My =(h,0)", M3=(0,h)", and M4 = (h, h)T, when the rotated Q; elements are considered. According
to [48], by considering rotation, there are six possible cases of the interface element configuration for
the nonconforming linear case, two possible cases for the conforming linear and bilinear cases, and
five possible cases for the rotated Q) case, as illustrated in Figures 1-4.

On an interface element 7', we consider the elasticity IFE functions as piecewise vector polynomials
in the following format:
prX) ey, if XeT,

X) = -
$r0 pr) elly, if XeT',

(5.2)
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FIGURE4 Typical rotated Q; elements [Color figure can be viewed at wileyonlinelibrary.com]

with ¢F(X) and ¢7(X) satisfying that

o7l = ot (for the linear case), (53)
o7l = ¢t d(¢p7) = d(¢7), (for the bilinear/rotated Q; case), '
o™ (¢p7)(F) n=c"(¢p7)(F) n, (54)

where F is a point on / which will be specified later and d(y) is a vector formed by the coefficients
of the second degree term of y €Iy, that is, the coefficient of xy for a bilinear polynomial or the
coefficient of x*> —y? for a rotated Q; polynomial. Given a set of nodal-value vectors v;, i€ 1, we
further impose the nodal value condition:

or(A) =v;. (5.5)

Let Wi r=[wir.Wit 1|, r], i€T which is a 2-by-2 matrix basis function and let L(X)=0 be the
equation of the line / with L(X) = n - (X — D). It is easy to see that ¥; 7(4;) =6, ;I>, i,j€ 1. Without
loss of generality, we assume that IZ*]>1Z~I. Then by (5.5), (5.3), we can express (5.2) as

¢7(X) = ¢5X) + L(X)co ifXeT,
PO =34t = 3 W0+ 3 W0 if XeT, (5:6)
ISy A =y A

i

the stress tensor (5.4)—(5.6), we obtain

where ¢ = (¢}, ¢3)T and ¢; = (¢!, ¢})T, i € I~ are to be determined. Applying the jump condition for

0~ (Leo)(F)n = 6(¢7)(F)n, (5.7
where 6(v)(X) for a vector function v is defined as follows:
5V) = Gy(Mhisijez, 8(V) = AV - N8+ 2fie;(v), with 1= A* =", A= p* —p".  (58)
Also, in 6(¢3)(X), the function ¢7 is a polynomial so that it can be evaluated for any X, and this
meaning applies to similar situations from now on. By direct calculations, we have
WA+ pu7)+u (A + o) ] [c(l,

o (Leo)(F) = [ AT + 1) ﬁ%(/l_ ) 4 ] = Kcy. (5.9)

<
Then we note that
(A=+2u7) O

K=0P 0", with P~ = [ _
0 H

] , 0=[mt], (5.10)

which is obviously nonsingular. Hence ¢y is determined by

co = K'6(¢pT)(F)n. (5.11)
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Next we apply the nodal value (5.5) for j€ I~ and (5.11) to (5.6) to obtain
Kej+ L(A) D 6(Pire)(F)R = Kv; — L(A)) D 6(P;rv)(F)R, jE€ T (5.12)

eI~ iel+
We now put equations in (5.12) into a matrix form. To this end, we first let (ji, j», ..., jiz1) be a permu-
tation of (1,2, ...,1Z1) such that j, € I~ for 1 <k <IT”Ibutj, € I* forIZ~1+ 1 <k <IZl. Consider three
vectors ¢, v—, and v* such that

1~ 2|11~ — 1~ 2|11~ 1 ivas
e=lo ] € R v = v L e RITL v =yl e RITL

We adopt the following notations:

K=1I- @K e R T = [14,)L]L € R, (5.13a)

Y = [, 77| R2T7Ix2 @Jr =[P, |Z] R2|z+|x2 5.13b

(¥ 1= € ; (W Jiziz-1+1 € ; (5.13b)

with ¥; = [6(y; ) (F)i 8(y/j+,m)(F)ﬁ]T eR>™?, 1<j<|I. (5.13¢c)

For any vector r € R?*!, we note the identity o(W;rr)(F)n = @iTr. Hence by using the matrices defined
in (5.13a)—(5.13c¢), we can represent equations in (5.12) as follows:

(K+L¥ He=h, (5.14)
with b=Kv- —L¥  v*. (5.15)

We note that the coefficient matrix in (5.14) is a generalized Sherman—Morrison matrix formed by
matrices K, L and ¥. Here, we proceed to discuss the unisolvence for the bilinear and the rotated Q;
IFE functions, that is, the invertibility of the matrix in (5.14), which can be always guaranteed with a
suitable choice for F' through the proposed new construction procedure. The discussion for the linear
case will be left to Remark 5.3.

First, for the rotated Q; IFE functions in Case 1 as illustrated in Figure 4a, we note that there is
no ¢;, i € I~ coefficients in the formulation (5.6) and ¢ is uniquely determined by (5.11), and this
means that the unisolvence for this case is always guaranteed. To discuss other cases, we define two
parameters d and e for describing the interface-element intersection points D and E for those typical
rectangular interface elements illustrated in Figures 3 and 4:

o We let d=||D—A|/h, e=||[E—A|I/h for Case 1 in Figure 3 and d=|D—M,|/h,
e=||E—M,||/h for Case 2 and Case 3 in Figure 4.

o We let d=||D—-A|/h, e=||E—As|/h for Case 2 in Figure 3 and d=|D—-M,|/h,
e=||E — M;||/h for Case 4 and Case 5 in Figure 4.

We start from some estimates for the following two auxiliary functions:

gn(X) = ), LAWwir(X) -1, g(X) = ) LA)Vyir(X)- L. (5.16)

€1~ iel-

Lemma 5.1 On each rectangular interface element T € T}, let Fy=1,D + (1 —ty)E
such that

e when it is a bilinear element in Case 1 illustrated in Figure 3, assume ty =e¢/(d +¢),
e when it is a bilinear element in Case 2 illustrated in Figure 3, assume tp=1—e¢ if d>e,
top=1—-dife>d,
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ga(Fo) — gH(Fy) =

e when it is a rotated Q; element in Case 2 or Case 3 illustrated in Figure 4, assume tg= 1
when d>e or tg=0 when e >d,
e when it is a rotated Q; element in Case 4 or Case 5 illustrated in Figure 4, assume ty = 1/2.

Then
(1 — gu(Fo))* — g2(Fo) 2 0, g2(Fo) — g7(Fo) > 0, (5.17a)

gn(Fo) € [0,1], g:i(Fo) € [-1,1]. (5.17b)

Proof.  Here, we only provide a proof for the Case 1 of the bilinear elements and similar
arguments can be applied to other cases, see more details provided in the appendix. By
direct calculation, we can verify that

4d3e3(d + e — de)? > 0:
(d? + e2)2(d + e)?
—d?e*(*(1—d) — d*(1 — e))? + (2(1 — d) + d*(1 — e + €2))*(d + ¢)?

1= g,(Fo))* — g2(Fo) = >0,
(1 = gn(Fo))” — gi (Fo) Tt P+ o) >
which lead to (5.17a). For (5.17b), the first inequality is just a special case of Lemma 5.1
in [48] and the second inequality is a consequence of (5.17a). .
Lemma 5.2 The matrix in the linear system (5.14) is nonsingular if and only if the
following matrix is nonsingular:
S(F) = P 4 [u + 28u(F) fg,(F)] _ (5.18)
Hgi(F)  ugn(F)
Proof.  Note that the matrix in (5.14) is in a generalized Sherman—Morrison format.
Since K is invertible, the linear system (5.14) is nonsingular if and only if the matrix
L+¥Y 'K 'L=h+ Y LAY K™ = (K +y L(Aj)‘I‘j> K- (5.19)
JEL- jer-
is invertible. Then by using (5.10), we can directly verify that
K+ S LT ) of = p- 4 |G+ 28 (F) ggm] (5.20
¢ < Py f> ¢ Ag(F)  Agu(F) )
which leads to the conclusion of this lemma because Q is invertible. [
Lemma 5.3  With the Fy specified in Lemma 5.1, we have
Det(E(Fp)) > 2(min{u™, u~})>. (5.21)

Proof. By (5.18) and direct calculations, we have
Det(E(Fo)) =4"u* (g — &1) + A"~ ((1 = gu)* — 87)
+ AU (1= g + 1) + AT H(u(1 = gn) + 87)
+ 208 + 20077 (1= gu)* + 4" 1™ (1 = gu)gn,
in which g, = g,(Fo) and g; = g,(Fy). Then, applying estimates in Lemma 5.1 to the above,
we have Det(E(Fy)) > 2(u*)*ga + 2(u™)*(1 = g,)* > 2(min{u*, u~})%. .

Finally we can prove the following main theorem in this section.
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Theorem 5.1  (Unisolvence). Let T € T} be a rectangular interface element with F=F,
specified in Lemma 5.1. Then given any vector v € R X1 for the bilinear and rotated
Q; elements, there exists one and only one IFE shape function satisfying (5.2)—(5.5).

Proof.  The proof is directly based on Lemmas 5.2 and 5.3. (]

Remark 5.1 According to the generalized Sherman—Morrison formula and (5.19),
(5.20), we can give an analytical formula for the coefficients ¢ in (5.14) as

¢=K b-K LL+¥ K DY 'K b
K 'b-K 'LKQ"="'0¥ 'K 'b. (5.22)
Here it is important to note that K is a diagonal block matrix formed only by the 2-by-2
matrix K and E is also a 2-by-2 matrix so that their inverses are easy to calculate

analytically. Hence, if preferred, there is no need to solve for ¢ numerically because
of (5.22).

Remark 5.2 When F = (D + E)/2, the linear and bilinear IFE shape functions given by
(5.6) with the coefficients determined by (5.11) and (5.14) coincide with those in [45].

Remark 5.3  For the linear IFE functions, because each side in (5.4) is a constant vector
which is therefore independent of the location of F, the new construction procedure pro-
posed above is the same as the one considered in [43, 45], that is, the one in Remark 5.2,
regardless of the choice of Fy. In this case, the authors in [45] identified a specific inter-
face element configuration such that the conforming linear IFE shape functions cannot
be uniquely determined by the Lagrange type degrees of freedom, that is, the nodal val-
ues, and they also showed that the unisolvence can be conditionally guaranteed by some
assumptions on the Lamé parameters (Theorem 4.7 in [45]). The immersed noncon-
forming linear elements, that is, the linear Crouzeix—Raviart IFE elements, also have a
conditional unisolvence, which can be discussed similarly as Theorem 4.7 in [45].

Remark 5.4  In the bilinear and rotated Q; cases, the unisolvence of the IFE shape func-
tions depends on suitable choices of the point F stated in Lemma 5.1. It is easy to see
that a small perturbation of a suitable choice of F = F given in Lemma 5.1 can also yield
det(E(F)) > 0 since the E(F) in (5.18) is a continuous function of F for a fixed interface
location in an element. This means that each choice of Fj is not unique and Lemma 5.1
only provides sufficient conditions for the unisolvence. We also note that, because of the
continuous dependence of ¢ given in (5.22) and ¢ given in (5.11) on F, a small perturba-
tion of F = Fy should lead to a small change of the coefficients, and thus the corresponding
IFE shape functions will not change much.

By taking the nodal value vector v to be unit vectors, we construct the IFE shape functions
satisfying the weak jump (5.3) and (5.4) and

51'" . Os .
(.bi,T(Aj):{OJ i=1,...,]T|, and d)i’T(Aj):{é i=|T|+1,...,2|T]. (5.23)

i—|I|y»

The local IFE spaces on interface elements 7 € 7, are then defined as

SW(T) = Span{dir. sz @ i € I). (5.24)
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The local IFE spaces defined by (5.1) and (5.24) can be used to construct an IFE space over the whole
domain Q according to the need of a finite element scheme. For example, by enforcing the continuity
at the mesh nodes, we can consider the following global IFE space:

Si(Q) ={v € [L*(Q))* : v|r € Su(T);
v|r,(N) = V|1, (N)VN € N, VT, T, € Ty, such that N € Ty n T, ). (5.25)

5.2 | Properties of IFE shape functions

In this subsection, we discuss some fundamental properties of the proposed IFE shape functions. We
tacitly assume that, on each interface element T € T,f, ¢ir,1 < i <2 | I | are the bilinear or
the rotated Q; IFE shape functions constructed according to Theorem 5.1 or they are the conform-
ing/monconforming linear IFE shape functions which uniquely exist according to their degrees of
freedom under some conditions on the Lamé parameters, see Remark 5.3.

Theorem 5.2 (Boundedness). There exists a constant C such that the following
estimates are valid for IFE shape functions on each interface element:

Birleor < Ch™, k=0,1,2, 1<i<2|T]|, VT E€T;. (5.26)

Proof.  For the bilinear or the rotated Q; IFE shape functions, we note that (5.10) yields
IIK|| < C. And (5.13a) shows ||L|| < Chbecause ILl,« .7 < Chand ||@S|| < Ch™'.Sowe
have ||b|| < C, of which the constants C only depends on Lamé parameters. Next (5.17b),
(5.21) suggest ||=!|| < C. So by the (5.22), we have ||c|| < C and then use (5.11) to show
|leoll < Ch~!. Therefore, ||coL|lo,c0.7 < C and leyLlj o .7 < Ch™! because ILly, .7 < Ch
and ILl}, » 7 < C. In addition, it is easy to see lcpLly, ., 7 =0, since L is a linear function.
Finally, applying these estimates and (2.5) to (5.6) leads to (5.26). Similar arguments can
be used for the linear IFE shape functions. n

For simplicity of presentation, we denote the following matrix shape functions:

D, 7(X) = [¢ir(X), Pivin)r(X)], i €T. (5.27)

Theorem 5.3  (Partition of unity). On each interface element T € T,', we have

D Oir(X)=h, Y 0®ir(X) =050, ) 0y Pir(X) =00, j. k=12 (5.28)

i€l i€l i€l

Proof. By direct verifications, we can see that vector functions ¢'=(1,0)" and
¢”> = (0, 1)7 satisfy the weak jump (5.3) and (5.4) exactly; hence, they are in the IFE space
S, (T). Then the unisolvence of the IFE function leads to the first identity in (5.28). And
the second and third identity in (5.28) are just the derivatives of the first one. ]

Remark 5.5 The first identity in (5.28) is proved in [45] for the linear and bilinear IFE
shape functions by direct verifications.

For the proposed IFE shape functions, we consider the following 2-by-4 matrix functions:

A-X) = (A = X)" @ (@700 + Y (A = X @ (@7 (X)NM — 1), (5.29a)

i€l €T+
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ArX) = D (A = X)T ® (@F00) + Y (A — X)) @ (@ (X)M " — L), (5.29b)

€1 =
where X;, i € T are arbitrary points on /, and we further use them to define
ATX) = ArX), A X)=AXM'. (5.30)
First we show that both A=(X) and A*(X) are well defined that is, they are independent of X; € I,
iel.
Lemma 5.4  The matrix functions A~ (X) and A*(X) are independent with the points
X, el, iel.
Proof.  Let X; and z be two points on /. Then, by Lemma 3.2, we have
(A = X)" ® (@XM’ = L) = (A; = X)T ® (@XM — 1)
= IIX; = X [0}, ] [or, a2 (M' — 1) = 0, 5=+, (5.31)
where, as in Lemma 3.2, a; = (—7,0,7;,0)7 and @y = (0, -7, 0,7;)”. Hence, by (5.29)

and (5.30), functions A~(X) and A*(X) are independent of X;, i € T. .

Lemma 5.4 allows us to consolidate X;,i € T in A~(X) and A*(X) into a single point X € L Then,
by using (5.28), we rewrite these two functions as follows:

AX) =D A-X"@P XM + ) 4i-X @O, X) ~(X-X) @M . (5329)

i€l~ eIt
AX) =Y @-X @XM + Y (A -X @[ X) - X -X)®h,  (532b)
i€l- SIS

For every fixed X, we consider the following piecewise 2-by-4 matrix function:

W . =+
V(X) = {(X '®L MXel, (5.33)
(X -XT QM it XeT .

Lemma 5.5 On every interface element T € T,', each column of V(X) is in the local
IFE space Su(T).

Proof.  Clearly, each column of V(X) restricted on either T orT isinthe correspond-
ing polynomial space IT7. Furthermore, we note that V=(X) = V*(X) and

w vt e [0V e
[ax2v+] =L=MM = [ax;v—] M,

which, together with the fact d(V)=0,x4, shows each column of V satisfies (5.3) and
(5.4) simultaneously; thus, it is in the corresponding IFE space. (]

Theorem 5.4  For every interface element T € T, we have the identities Ay =054
and A_ =05y4. And let U = [15, 055 2], P =[0542, 1], forj, k=1, 2, s==, we also have

DA - X" ® @0, B0 + Y (A = X) ® 0, DICONM — L) = I, (5.34a)
i€l i€l
DA = X" ® 0, BICO) + X (A = X) ® 0y DN — L) = Ops. (5.34b)

i€l iers
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Proof.  We construct a piecewise defined 2-by-4 matrix function:

AG) = AX) if XeT , (5.35)
Sl Atx) ifXeT. '

According to (5.32b) and (5.32a), the first two terms in A~(X) and A*(X) are the linear
combination of the IFE shape functions with the same coefficients. Lemma 5.5 shows
that their last terms together form a function in the local IFE space. So each column of
the piecewise defined matrix function (5.35) belongs to S, (T') for every interface element
T. In addition, by (5.29b) and (5.29a), we can see that A(A;) =0,x4, i € I. Hence, by the
unisolvence of IFE functions, we know that each column of A(X) must be 0,,; which
leads to A+(X)=0,44 because M is nonsingular. Furthermore, (5.34a) and (5.34b) can
be obtained by differentiating (5.29b) and (5.29a). n

5.3 | Interpolation error analysis

In this subsection, we use the results above to show the optimal approximation capabilities of the
proposed IFE spaces by estimating the errors of the Lagrange type interpolation operators. Again, we
assume the conditions for the unisolvence of IFE shape functions are satisfied, that is, F' = Fy given in
Lemma 5.1 in the construction of the bilinear and rotated Q IFE shape functions and the conditions on
Lamé parameters are satisfied, see Remark 5.3, in the construction of the conforming/nonconforming
linear IFE shape functions. We also assume the mesh size 4 is small enough such that the geometric
estimates in Section 3 hold. To study the approximation capabilities, we consider the following local
Lagrange type interpolation operator: I, 7 : C°(T) — S;(T) with

Z YirXu@y), if TeT/, .
IuX) = 621 DGOy, i T €T Vu € C(T). (5.36)
i€l
The global interpolation operator I, on C°(Q) can be defined in a usual piecewise manner such that
)|y =Iyru, VYT €T, Vue CYQ). (5.37)

Applying the standard scaling argument [10, 52, 54] onto each component of the vector function
u=(u;, )" € H*(T), we can show that for all the noninterface elements, there holds

i — willor + Allyru; — wily gz + W\ yrui — wilor < Ch?|ular, i=1,2, VT €T (5.38)

To estimate the interpolation errors on an interface element T € 7}/, the two components of u have
to be treated together with the jump (1.5) and (1.6). In the following two theorems, we derive some
expansions of the interpolation on 7 € 7}/, and one key idea is to use the second-order expansion on
T3 (a major subelement) and the first order expansion on 7 (a small subelement).

Theorem 5.5  On each interface element T € T/, assume u € PC2,(T), then, for any
X; € I, the following expansions hold for every X € T5:
hru(X) —uX) = ). ©ir(X)EX) + FX) + Y @ rORIX), s = *, (5.392)

€Ty i€l

3y (Inru(X) —u() = ¥ 9, PirOEIX) + F}X) + Y 0, s CORIX). s =+, (5.39b)

iers i€l
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O I u(X) = Y 9 PirCOEIX) + FiX)) + Y. 0y @i r ORI(X), 5 = £, (5.39)

€Ty i€l

where j,k = 1,2, Ri(X) are given in (4.2), (4.5) and
E/(X) = ((A; = )T @ L)YM*(Y;) = M)V ec(VU' (X)),
Fi(X) = —((Y; = X)" @ L)M' — L)V ec(Vu'(X)). (5.40)

Proof.  The argument is similar to [48] by applying the fundamental identity Theorem
5.4 onto the interpolation operator (5.36). Expanding the nodal values u(4;), i € I, about
X € T{ in the interpolation operator (5.36) by (4.1) and (4.4), we obtain

liru(X) = Y, @ (XuX) + <Z @, 7(X) (A1 = X)" ® 12>> Vee(Vu' (X))

iel iel
+ ( Y i (X)((A; = ) @ )M - 14)> Veo(Vu'(X) + ) @;7(OR].  (5.41)
ier” iel
Note that for any vector r € R?*!, there holds
Q7 X" @ L) =1" @ ©i7(X). (5.42)

Then we apply Theorem 5.4 onto the second term in (5.41) to have

iel i€l

yru(X) = ) @ r(X)u(X) - < D (A - X" @ ©ir(X)N(M' - 14>> Vec(Vu' (X))

+ ( D (A =T @ i r(X))M* — 14)) Vec(Vu'(X) + ) ®;7(OR}.  (5.43)
i€l i€l
Then, (5.39a) follows by applying partition of unity, the fact A; —X; = (A;— )N’i) + ()N’l- -X)),
and the identity (5.42) and (5.43). For (5.39b), we apply (4.1) and (4.4) to Oy Inru(X) =
Y 0, @;7(X)u(A;) to obtain

i€l

Oy Inru(X) = ) 0, ir(X)u(X) + (2 0 @17 (X)((A; — X)T ® m) Vec(Vu'(X))

i€l i€l

+ < Y 0, @ir(X)((A; = Y @ L)M* - 14>> Vec(Vu'(X) + ) 0, @i 7(XR.

iers i€l

By using (5.28), (5.34a) and (5.42) in the above, we have

0y Inru(X) = PVec(Vu' (X)) - < 3 (A - X)" ® 0, @1 (X)) - 14)> Vee(Vu' (X))

ieTs

+ < D (A =T ® 0, s COXM — 14)> Vee(Vu'(X)) + ), 9, @7 (COR;,
iers i€l

which is in the same format as (5.43) because F'Vec(Vu*(X) = O u(X). Therefore, (5.39b)

follows from arguments used to derive (5.39a) from (5.43). Finally, (5.39c) can be derived

very similarly by applying (4.1) and (4.4) in axjxklhyru(X) = Eieléwk(b,-,r(X)u(Ai) and

then using (5.28), (5.34b) and (5.42). n
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Remark 5.6 'We note that (5.39c¢) is trivial for the linear IFE shape functions ®; 7 since
each side is simply a zero vector. And the nontrivial one is the bilinear case with j=1,
k=2 and the rotated-Q,; case withj=k=1orj=k=2.

In addition, for X € T+, we consider a simpler expansion as the following.

Theorem 5.6  On each interface element T € T}, assume u € PC
expansions hold for every X € T

iu(T), the following

Iiru(X) = uX) = Y ;7 (X)Ri(X), (5.44a)
i€l
Oy, (I 7u(X) = u(X)) = =0, u(X) + Y. 9 ®; rOR,(X), (5.44b)
i€l
axjxk(lh,Tu(X) - ll(X)) = _axjxku(X) + Z axjxkq)i,T(X)iii(X)’ (5440)
iel

where j, k=1, 2 and l~2,~ is given in (4.10).

Proof.  They can be directly verified by applying (4.10) to the interpolation operator
(5.36). n

Now we are ready to derive estimates for the interpolation error.

Theorem 5.7  There exists a constant C independent of the interface location such that
the following estimate holds for every u € PHZ,(T):

nrw = ullogs +hlIyzu —uly s+ | ru —ulo s < Ch*(lulr+lulyr), s =+, VT € T (5.45)

Proof.  Firstby (3.10) and ||A,~—)~’,~|| < Ch, we have ||E}||ors < Ch2|u|1,T, iel, s=
+. Noticing ||1~/,'—K‘|| < Ch? from Lemma 3.2 in [48], we have I llors < Ch2|u|1,T, i€
I, s = . Now putting these estimates, Lemmas 4.1, 4.2 and Theorem 5.2 into (5.39a)
and (5.39b), for s==, j=1, 2, we have

nru—ulloz < Y, CAIEllo: + [Fllor) + Y CIR lor: < Ch(luliz + lulo).

ey ieT
105 1,70 — Oxullors < Z Ch ' (1Ello.rs + ¥ llo) + Z Ch IR} llo.rs < Ch(luly 7 + |ul27).
i1 iel
In addition, by (5.39¢), for j, k=1, 2, we have
195, In70 = O ulloz: < N0y ullor: + D) Ch2AIES o + 1Fllor) + D, Ch72IIRS o7
i1y i€l
< C(lulir + |ul27).

These estimates lead to the desired result for u € PC2,(T). Then the estimation for u €

PH,-2,,,(T) can be obtained from the density Hypothesis 4. [ ]

Theorem 5.8 There exists a constant C independent of the interface location such that
the following estimate holds for every u € PH3,,(T):

Iru—ullor, + Al ru—ulyz, + K |ru—ulyr, < CR(ullier + lullar), VT €7, (5.46)
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Proof. By the same arguments used for the proof of Lemma 4.3, we know that
[T+ < Ch? for a mesh fine enough. Then, according to (2.5), Lemma 4.3 and Theorem
5.6, for j, k=1, 2, we have

- ) - -
1@ rRillo,r, < Ch7llulligr, 0y PirRillor, < Chllullier and |[[0xy PirRillor, < Cllullier-

Besides, the Holder’s inequality implies

1 1
2 ; 3 6
</ (axj“m)de> < </ 1%dX> (/ (ax/-utn)()dx) < Ch””m”lﬁ,T,m =1,2,
T, T, T,

where we have used the fact [T | < Ch>. For the second term, it is easy to see that

2
(/ (a"r‘kuf)zdx> < Cllullor, j.k=1,2.
T*

By applying the estimates above to (5.44a)—(5.44c), we have (5.46) for allu € PC,~2,,,(T).
Again the result for u € PH3,,(T) follows from the density Hypothesis 4. ]

Finally, by combing the results above, we can prove the optimal approximation capabilities for the
proposed IFE space through the following error estimation for the global interpolation operator.

Theorem 5.9  There exists a constant C independent of the interface location such that
the following estimate holds for every u € PH?,(T):
1w —ulloq + Al —uli 0 + K| u —uly 0 < Ch?|ul)20, (5.47)
where | -1} n o and | - |5, o are the usual discrete semi-norms defined according to the
mesh Tj,.
Proof. By putting (5.45) and (5.46) together over all the elements T, we have

|17ou —ullog + Allu —uli 40 + A —uly e < Ch*(|lullag + [lulli60)-

we have (5.47). n

Then using the inequality ”W”ip,ﬂ < C||w||§’Q for any we W"?(Q) from [57],

6 | NUMERICAL EXAMPLES

In this section we demonstrate the optimal approximation capabilities of the IFE spaces by numer-
ical examples. We use an example similar to that given in [45] in which the solution domain
is Q=[—-1,1]x[—1,1] and the exact solution u to the elasticity interface problem described by
(1.2)—(1.6) is

_ _( )_ _a2b2ral
uy (x1,x2 = .
1 _ _
= e ) l if XeQ,
| 2 1,42 ] ?r(h
uy(xy,x
ur ) = |02 _ 6.1)
uz(x1,Xx2) 272
] [ (- )
ui (x1,x2) i i .
= 1 .
+ 2752
us (x1,x2) @Y 1 _ 1\ 252
| Up (X1, X2) | ot Gl K b

L L
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TABLE 1 IFE interpolation errors and rates for the bilinear IFE functions

h [[a—=Iully, 0 Rate lu—1I,ul o Rate
1/10 5.6990E-1 6.8680E+0

1/20 1.4528E-1 1.9719 3.4933E+0 0.9753
1/40 3.6502E-2 1.9928 1.7544E+0 0.9936
1/80 9.1372E-3 1.9981 8.7822E-1 0.9984
1/160 2.2851E-3 1.9995 4.3924E-1 0.9996
1/320 5.7132E-4 1.9999 2.1964E-1 0.9999
1/640 1.4283E-4 2.0000 1.0982E-1 1.0000
1/1280 3.5709E-5 2.0000 5.4911E-2 1.0000

TABLE 2 IFE solution errors and rates for the bilinear IFE functions

h [la—wyllo, @ Rate la—uly o Rate
1/10 6.6120E-1 6.8668E+0

1/20 1.6880E-1 1.9698 3.4932E+0 0.9751
1/40 4.2380E-2 1.9938 1.7545E+0 0.9935
1/80 1.0599E-2 1.9995 8.7833E-1 0.9982
1/160 2.6485E-3 2.0007 4.3933E-1 0.9995
1/320 6.6160E-4 2.0011 2.1972E-1 0.9997
1/640 1.6493E-4 2.0041 1.0991E-1 0.9994
1/1280 4.1100E-5 2.0047 5.4990E-2 0.9990

where A" =1, At=5 u =2 and u*=10, a=b=x/628, a1=5, ar=7 and r(x;,x) =
(x3/a* + x3/b*)'/2, the interface T is a circle defined by the zero level set r(xj,x)—1=0 and
Q = {1, x2)7 :r(x1,x2) <1}, QF ={(x1,x2)T : r(x1, x2) > 1}. We note that the exact solution (6.1) is
simply a constant multiplier of the one used in [45], and here we used a circle with different radius
as the interface. All the numerical results presented below are generated by the proposed bilinear IFE
space on Cartesian meshes. The errors are measured in both the L? and semi-H' norms over a sequence
a meshes with the size specified by h.

We first present the numerical results for the interpolation operator I,u defined by (5.36) and (5.37)
in Table 1. The convergence rate r is estimated from the errors computed on two consecutive meshes.
As expected, the numerical results clearly show that the interpolation errors converge optimally.

Next, for the IFE solution to the elasticity interface problem, we consider an IFE Galerkin scheme
discussed in [43, 45]: find u;, € S;,(2) such that u, =1,g on 0Q,

a(ay, vi) = L(vp), Vv, € Spo(€2), (6.2)
where S;, o ={v, €S}, : vlyo =0} and

a(u, vp) = ) / 2ue(uy) : e(vy) + Adivu)div(vp)d X, and L(vi) = ) / fovidX. (6.3)
T T

TeT, TeT,

Errors of the IFE solution are listed in Table 2 in which, again, we use the errors generated from two
consecutive meshes to estimate the convergence rate. The data in this table clearly demonstrate that
the IFE solutions u;, also converge to the exact solution u optimally.
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APPENDIX A: SOME TECHNICAL DETAILS FOR THE PROOF
OF LEMMA 5.1

The proof is based on direct calculation of which we provide the detailed results for all the cases in

Figures 3 and 4. Note that the first inequality in (5.17b) is just a special case of Lemma 5.1 in [48] and
the second inequality is a consequence of (5.17a). So we only need to discuss (5.17a).

Bilinear elements
Case 2. Because of the symmetry, we assume d > ¢ and take 1o =1 —e.

1
2(Fo) — g2(Fp) = —2d*(~1 d(1 + 2e — 4¢? —1+426%))?
8i(Fo) — & (Fo) (1+d2_2de+62)2(( (=14+e)+d(l +2e—4e”) +e(—1+2e))

+ (@ (-1+e)+d*’(1+2e—=3%) —*(=2+ > +d(1 —3e — &> + 3¢*))?) = 0;

(1 — gu(Fo))* — g2(Fy) =07 a= 12de oy (—Qd*(=1 +e) + d(1 +2¢ — 4e*) + e(—1 + 2¢%))*

+(-l+d1+e)+d*Q2-3e)e+e* —e* +d(1 —e—e* +3¢%))%) > 0.
Rotated Q; elements

Case 1 in Figure 4 is trivial since there are no unknown coefficients involved.
Case 2 Note that 1 >d>1/2>e>0. Then

5 2 (e — 2de)*(4d> — 4d* — 3e*> — 4de(2 + e) + d*(3 + 16¢ + 4¢?))
2(Fo) — Fo) = > 0;
gn(Fo) — g7 (Fo) TRLIWED
2 2 _ 1 52 62 4 4, 02 2
(1 — gu(Fo))~ — gr(Fo) R TOEEWED (32d°e” — 16d°e” — 3e” + 24de” + d“e“ (7 + 32¢ — 8e”)
+8d%e(1 + e — 12¢* — 4¢%) + 4d*(1 — 4e — 66> + 16¢° + 4e*)) > 1
Case 3 Note that 1 >d >e>1/2. Then

B

1

2 2 — 5 6 3 4 3
gn(Fo) — g1 (Fo) —W(Sd —4d° + 8d(—1+ e)e’ — 3e” — 8d e(1 + 6¢)

+2d2%e*(13 + de — 2¢*) + d*(=3 + 8e + 24¢%)) > 0;
1

(1= gu(F0))” = gH(Fo) = 3555 (8d” = 4d° + 8a%(1 — 6)e = 3¢* + 8de’(1 +¢)

—2d%eX (=13 + de + 26%) + d* (=3 — 8e + 24¢2)) > &
Case 4 Notethat 1 >d>1/2>e>0. Then

Sl

2 2 _ 1 6 5 4 2 3 2, 3
gn(FO)—g,(Fo)—4(1+d2_2de+82)2(—d +2d°(1+e)+d*(10 —6e +e”) —4d°(4 +2e — e + ¢”)

+d?(11 +24e — 126 + 4> + ¢*) + (6 + 3¢ — 8¢ + 2¢° + 2¢* — &%)

+2d(—=1 = 9e +4¢* — 3¢* + %)) > %;



1268 Wl LEY GUOET AL.

1
4(1 +d? —2de + €2)?
+d?(B = 126* + 4% + ") +2d(3 — 9e + 12¢% — 4¢° — 3e* + ¢°)

(=d® +2d°(1 + ) +d*(2 — 6e + €*) —4d>(2 — 2e — &* + &%)

(1 = g.(Fo))* — g1 (Fp) =

—e(2—1le + 16¢* — 10€® — 2¢* + &%) > %.
Case 5 Note that 1/2>d >0and 1/2>¢>0. Then

d* +2d(—1+e)+ (=2 +e)e)*(1 —(d — e)?)
2(Fn) — o2(F, =( > 0:
gn( 0) gz( 0) 4(1+d2—2de+€2)2 = Y,
—(d®+d*(-2+e)—de® — (2 +e)e?)? + (2 +3d> —2e + 3¢ —2d(1 + €))* _ 1

A1 +d>—2de + 2)? =4

(1 = gu(Fo))* — g (Fo) =




