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We present a unified framework for developing and analyzing immersed finite-element (IFE) spaces for
solving typical elliptic interface problems with interface-independent meshes. This framework allows us to
construct a group of new IFE spaces with either linear, or bilinear, or the rotated-Q; polynomials. Functions
in these IFE spaces are locally piecewise polynomials defined according to the subelements formed by
the interface itself instead of its line approximation. We show that the unisolvence for these IFE spaces
follows from the invertibility of the Sherman—Morrison matrix. A group of estimates and identities are
established for the interface geometry and shape functions that are applicable to all of these IFE spaces.
These fundamental preparations enable us to develop a unified multipoint Taylor expansion procedure
for proving that these IFE spaces have the expected optimal approximation capability according to the
involved polynomials.
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1. Introduction

This article presents a unified framework for developing and analyzing a group of immersed finite-element
(IFE) spaces that use interface-independent meshes (such as highly structured Cartesian meshes) to solve
interface problems of the typical second-order elliptic partial differential equations:

—V-(BVu)=f, in2 UL, (1.1)
u=g, onas2, (1.2)

where, without loss of generality, the domain £2 € R? is separated by an interface curve I' into two
subdomains 271 and 2, the diffusion coefficient 8(X) is discontinuous such that

B ifX e,
ﬂ(X)_{ﬁ+ if X € 27,

where B are positive constants. In addition, the solution u is assumed to satisfy the jump conditions:

[ulr =0, (1.3)
[BVu-n],. =0, (L4)

where n is the unit normal vector to the interface I”, and for every piecewise function v defined as

v iftx e,
VvH(X) if X € 2,

we adopt the notation [v]|r = v*|r — v7| .
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Itis well known that the standard finite-element method can be applied to interface problems, provided
that the mesh is formed according to the interface (see Babuska, 1970; Bramble & Thomas King, 1996;
Chen & Zou, 1998, and references therein). Many efforts have been made to develop alternative finite-
element methods based on unfitted meshes for solving interface problems. The advantages of using
unfitted meshes are discussed in Bordas et al. (2010), Moumnassi et al. (2011, 2014) and Nadal et al.
(2013). A variety of finite-element methods that can use interface-independent meshes to solve interface
problems have been reported in the literature (see Barrett & Elliott, 1987; Melenk & Babuska, 1996;
Babuska & Zhang, 1998; Dolbow et al., 2001; Babuska et al., 2003; Bastian & Engwer, 2009; Efendiev
& Hou, 2009; Guyomarc’h et al., 2009; Guzman et al., 2017) for a few examples. In particular, instead
of modifying the shape functions on interface elements, which is an approach to be discussed in this
article, methods in Burman et al. (2015, 2017), Hansbo & Hansbo (2002) and Wang et al. (2016) employ
standard finite-element functions, but use the Nitsche’s penalty along the interface in the finite-element
schemes.

This article focuses on the IFE methods, whose basic idea was introduced by Li (1998), for those
applications where it is preferable to solve interface problems with a mesh independent of the interface,
e.g., the particle-in-cell method for simulating plasma particles (Lin & Wang, 2002; Kafafy er al., 2005;
Kafafy & Wang, 2007), the problems with moving interfaces (He et al., 2013; Lin et al., 2013a) and the
electroencephalography forward problem (Vallaghé & Papadopoulo, 2010). IFE methods for interface
problems of other types of partial differential equations can be found in Adjerid ef al. (2015), He et al.
(2013), Hou et al. (2012), Li & Yang (2005), Lin ef al. (2011, 2013a,b), Moon (2016) and Yang et al.
(2003).

The IFE spaces developed in this article are extended from the IFE spaces constructed with linear
polynomials (Li et al., 2003, 2004; Gong et al., 2007/08; Kwak et al., 2010), bilinear polynomials (Lin
etal.,2001; He et al., 2008; He, 2009) and rotate-Q; polynomials (Zhang, 2013; Lin et al., 2013b) using
the standard Lagrange-type local degrees of freedom imposed either at element vertices as usual, or at
midpoints of element edges in the Crouzeix—Raviart way (Crouzeix & Raviart, 1973). We note that the
local linear IFE space on each triangular interface element constructed here with the Lagrange local
degrees of freedom imposed at vertices is very similar to the one recently introduced in Guzman et al.
(2015). The IFE spaces in this article are new because, locally on each interface element, they are Hsieh—
Clough—Tocher-type macro finite-element functions (Clough & Tocher, 1966; Braess, 2001) defined with
subelements formed by the interface curve itself in contrast to those IFE spaces in the literature defined
with subelements formed by a straight line approximating the interface curve.

Our research presented here is motivated by two issues. The first issue concerns the general O(h?)
order accuracy for a line to approximate a curve which is a fundamental ingredient for the optimal
approximation capability of those IFE spaces in the literature. We hope the study of IFE spaces based on
curve subelements can shed light on the development of higher-degree IFE spaces for which the O(h?)
order is not sufficient. For examples, those techniques incorporating the exact geometry for constructing
basis functions (Sevilla ez al., 2008; Lian et al., 2012; Nguyen et al., 2015) may be considered. The second
issue is the attempt to unify the fragmented framework for developing and analyzing the IFE spaces in
the literature. For IFE spaces based on different meshes, different polynomials and different local degrees
of freedom, we show that their unisolvence, i.e., the existence and uniqueness of IFE shape functions,
can be established through a uniform procedure related with the invertibility of the Sherman—Morrison
matrix. We have derived a group of identities for the interface geometry and shape functions that are
applicable to all of these IFE spaces, and this enables us to derive error estimates for the interpolation in
these new IFE spaces in a general unified multipoint Taylor expansion approach, in which IFE functions
defined according to the given interface actually simplify the analysis because we only need to apply the
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484 R. GUO AND T. LIN

same arguments to two subelements formed by the interface, while the analysis for the IFE spaces in
the literature has to use a different set of arguments to handle the subelements sandwiched between the
interface curve and its approximate line. Also inspired by Guzman et al. (2015), we have made an effort
to show how the error bounds explicitly depend on the maximum curvature of the interface curve and
the ratio between S~ and B, which are two important problem-dependent characteristics affecting the
approximation capability of IFE spaces. We note that the dependence of constants in the error bounds on
the ratio between B~ and B7 in our article is similar to the one discussed in Chu ez al. (2010), and we
think this coincidence follows from the fact that we analyze the approximation capability of finite-element
spaces with Lagrange-type degrees of freedom.

This article consists of five additional sections. In the next section, we describe common notations and
some basic assumptions used in this article. In Section 3, we derive estimates and identities associated with
the interface and the jump conditions in an element. From these estimates, we can see how their bounds
explicitly depend on curvature of the interface and the ratio between 8~ and 8%, and how the mesh size
h is subject to the interface curvature. In Section 4, we present generalized multipoint Taylor expansions
for piecewise C? functions in an interface element. Estimates for the remainders in these expansions are
derived in terms of pertinent Sobolev norms. In Section 35, first, we establish the unisolvence of immersed
finite-element functions constructed with linear, bilinear, Crouzeix—Raviart and rotated-Q, polynomials,
i.e., we show that the standard Lagrange local degrees of freedom imposed at the nodes of an interface
element can uniquely determine an IFE function that satisfies the interface jump conditions in a suitable
approximate sense. Then, we show that the IFE shape functions have several desirable properties such as
the partition of unity and the critical identities in Theorem 5.11. Finally, with a unified analysis, we show
that the IFE spaces have the expected optimal approximation capability. In Section 6, we demonstrate
features of these IFE spaces by numerical examples.

2. Preliminaries

Throughout the article, 2 C R? denotes a bounded domain as a union of finitely many rectangles. The
interface curve I" separates £2 into two subdomains £2* and £2~ such that 2 = 2+ U 2~ U I'. For
every measurable subset, 2 C £2, let W*?(£2) be the standard Sobolev spaces on §2 associated with the
norm || - || , ¢ and the seminorm |v|, , 5 = [|D*V|ly, 5, for || = k. The corresponding Hilbert space is

HY(£2) = Wr2(£2). When £2° = 2 N 2° # @, s = +, we let

PH (2) = {u: ulg: € H*(£2°), s = =+; [ulr =0and [Vu-n]r =0on " N 2},
PCk (2) = {u: ulgs € CY(2*), s =+; [ulr =0and [BVu-n]r =0on "N 2}.
The norms and seminorms to be used on PH (£2) are
=1 o+ 11 1 Ps=1Fpe+1-Fg
I leooe = max(ll - ot s I leooz=)s |+ lkooe = Max(l - [ oog+ s |+ koo

Let 7, be a Cartesian triangular or rectangular mesh of the domain §2 with the maximum length of
edge h. An element T € 7, is called an interface element, provided the interior of T intersects with
the interface I'; otherwise, we name it a noninterface element. We let 7, and 7," be the set of interface
elements and noninterface elements, respectively. Similarly, & and & are sets of interface edges and
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noninterface edges, respectively. In addition, as in He er al. (2009), we assume that 7, satisfies the
following hypotheses when the mesh size 4 is small enough:

(H1) The interface I" cannot intersect an edge of any element at more than two points, unless the edge
is part of I".

(H2) If I" intersects the boundary of an element at two points, these intersection points must be on
different edges of this element.

(H3) The interface I” is a piecewise C? function, and the mesh 7}, is formed such that the subset of I”
in every interface element T € 7, is C2.

(H4) The interface I' is smooth enough so that PC?,(T) is dense in PHZ, (T) for every interface element
T eT,.

On an element T € 7, we consider the local finite-element space (7', Iz, Z‘}J ) with

Span{1, x, y}, for P, or Crouzeix—Raviart (C—R) finite-element functions,
IT; = { Span{l, x, y, xy}, for O, (bilinear) finite-element functions, 2.1
Span{1,x,y,x* — y*}, for rotated-Q, finite-element functions,

ZP={yf(M,) i €I, Yy e Iy}, (2.2)

where Z = {1,2,--- ,DOF(T)}, DOF(T) = 3 or 4 depending on whether T is triangular or rectangular,
M;,i € T are the local nodes to determine shape functions on 7 and the superscript P is to empha-
size the Lagrange-type degrees of freedom imposed at the points M;s. For P, and Q, finite elements,
M; = A;,i € T, where A;’s are vertices of T. For C-R and rotated-Q; finite elements, M; is the midpoint
of the ith edge of T for i € Z. It is well known (Crouzeix & Raviart, 1973; Ciarlet, 1978; Rannacher &
Turek, 1992; Brenner & Scott, 1994) that (7, ITr, X}) has a set of shape functions ¥ (X), i € Z such that

Vi) =85 iz, =C [V, =Ch e 2.3)

where §;; is the Kronecker delta function.

Throughout this article, without loss of generality, we assume that 87 > 8~ andlet p = B~ /B8% < 1.
In addition, on any T € 7, we use D, E to denote the intersection points of I" and 97, and let [ be the
line connecting DE.

3. Geometric properties of the interface

In this section, we discuss geometric properties on interface elements that are useful for developing and
analyzing IFE spaces. Let T be an interface element. As illustrated in Fig. 1, for a point X on I"' N T,
Welet n(X) = (n,(X),n,(X)) be the normal of I" at X, and we let X, € [ be the orthogonal projection
of X € I' N T onto the line /. Also, for the line /, we let n = (7, n,) be its unit normal vector and,
consequently, t = (i2,, —7,) is the vector tangential to /. Without loss of generality, we assume the
orientation of all the normal vectors are from 7~ to 7. In addition, we let k¥ be the maximum curvature
of the curve I".

For T € 7}, without loss of generality, we can introduce a local coordinate system such that the point
on I' N T can be expressed as (£, n) = (&, w(&)) for a suitable function w such that, in this local system,
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FiG. 1. The local system.

FIG.2. The geometry of an interface element.

D is origin and its x-axis is aligned with [, as shown in Fig. 2. We start from the following lemma, which
extends similar results in Li ef al. (2004):

LEmMMA 3.1 Given any € € (0, ﬁ), assume hk < €, then for any interface element T € ’271" , there hold

w(€)] < 2(1 — 2€2) > 2ch?, (3.1)
W ()] < V2(1 — 2%~ kh, (3.2)

Proof. In the local system, let &¢ be the coordinate of the point E. And by the mean value theorem, there
is some &, € [0, &¢] such that o’ (&) = 0. Consider a function g as well as its derivative

6= —28 _ and gey=—2E
VTt @ @) I+ @ENH?
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Note that g'(£) is the curvature of I" at &; hence, we have |g'(§)| < «. Then, by g(&) = 0, we have
19®)] = (f; ¢ (s) ds‘ < JE1g@)lds < v2kh = +/2e, which implies o/ (£)] < % By the
definition of «, we have |o"(£)| < (1 — 2€%)73%.

Now using the Taylor expansion for w around D leads to w(§) = ' (0)€ + %w”(é)éz for some
€ € [0,&;]. Note that @ (&;) = 0 shows @'(0) = —10"(&x)&:. Thus, we have w(§) = —10"(Ep)&xE +
1"(€)&* and therefore, |w(§)] < 2[|0”[|oh? < 2(1 — 2€2)~*2kh?, which yields (3.1). Using the Taylor
expansion again for o’ around &), we have o' (&) = o (£) (& — &) for some & between &, and £. Finally,
we obtain | ()] < V2[l@"[|h < V2(1 — 2€%)73/?h. O

We note that the argument in the lemma above is similar to Chu ef al. (2010, Assumption 3.14) with a

minor difference that a local polar coordinate system is used on the interface element in Chu et al. (2010).
The following lemmas provide estimates about various geometric quantities defined at pointson I" N 7.

LEMMA 3.2 Given any € € (0, g), assume hx < €, then for any interface element 7' € ’Z;f and any point
X € I' N T, the following inequality holds:

IX — X, || <201 — 263k, (3.3)

and for any }?1, )~(2 e I' N T, we have

In(X) — n(X)| < V2(1 + (1 — 263 )ich, (3.42)
nX)  -nX) > 1 —2(1 + (1 — 26332222, (3.4b)

Proof. Estimate (3.3) directly follows from (3.1). For (3.4a), we assume )?1 = (&,w(&)) and )~(2 =
(&, w(&,)) in the local system, respectively. Then, we have

Il()?l) _ 1 (_W/(El)) n(gz) . 1 <—W/(§2))_
T+ wE)? L] T+ wE))? L]

By the calculation in Lemma 3.1 and mean value theorem, there is some § € [0, &¢] such that

w (&) w(&) | (€)]
_ = d — &| < V2kh,
'\/1 + (W,(Sl))z \/1 + (W,(&))z (1 + (w/(g))2)3/2 |‘5;:1 §2| K
and§ € [0, &] such that
1 o' (§)]]0" ()]

€ — &] < 2(1 —2€*) " *ekh.

1
'ﬂ+W@W_A+W@W_a+w@mW

Then, (3.4a) follows by applying these estimates in the local coordinate forms of n(il) and n()?z).
Furthermore, by (3.4a) and

InX)) — n(X)|? = InX) | + n(X) > — 2n(X) - n(X,) = 2 — 2n(X)) - n(X,),
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we have (3.4b). ]

REMARK 3.3 Note that there exists a point X1 (&,w(&)) € ' N T such that w'(&;) = 0, Wthh means
n(X]) = n. Hence, by Lemma 3.2, we have the following estimates for an arbitrary point XelnT:

V2(1 + (1 =223 )kh, (3.52)
1 —2(1 4+ (1 =2e)73)232R2. (3.5b)

In(X) — |
nX)-n

A\VARRV/AN

The two lemmas above have suggested a criteria about how small 4 should be according to the
maximum curvature « of I" so that the related analysis is valid. Therefore, for all discussions from now
on, we further assume that

* his sufficiently small such that for some fixed parameter € € (0, ﬁ/ 2) and k € (0, 1] of one’s own
choice, there holds

h < min

Vi 5} (3.6)

V214 (1 =222 « |

Obviously € is the proportion by which we should choose the mesh size & according to the interface
curvature «. Also, by (3.6) and (3.5b), we have

nX) a>1-=¢, (3.7)

which shows how much the angle between the normal of " N 7 and n can vary in an interface element
T € T, alarger value of k € (0, 1] allows n(X) to vary more from n up to, but not equal to, 90 degrees.
Therefore, we will call k¥ the angle allowance.

In the rest of this article, all the generic constants C are assumed to possibly depend only on the
parameter € and &, but they are independent of the interface location, 8% and the curvature «.

We now consider some matrices associated with the normal of interface I and the normal of /. First,
forany X € I' N T, we use the normal n(X) to form two matrices:

% iy(X) i, (X)>
N'(X) = Y s = =+.

0 (ﬂ‘ X AR
Since Det(N* ()N( )) = B°,s = =+, these matrices are nonsingular; therefore, we can define another two
matrices at the point X e I’ N T:

SR — (v - - (B ) (o - Nl)@&)ﬁ_@)

M) = (V)N (X)_(w—l)nx(X)ny(X) ) + pi2 (%) o8
o e (R 1pR®) <1/p—1>nx<X>n)<X)>

M) = (V) TN = ((1/p—1)nx(x>n @ w2® +1/pi®) (3.9)

For matrices M~ ()? Yand M ()? ), we recall from Li er al. (2004) the following results:

VutrX) =M~ X)Vu X), Vu X)=M"X)Vu"(X), VXNT € I', Yu e PC2(T). (3.10)
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In addition, for Xeln T, we can use the normal vectors n()? ) and n to form the following matrices:

e 7 _7, B
N &) = (ﬁfﬁf&) ﬁ‘ﬁﬁy()?))’ =+

By Remark 3.3, we have
Det(N'(X)) = p'n(X) -2 > p'(1 — i), 5=+,
which means N ()N( ) are nonsingular when 4 is small enough; hence, we can use them to form
MX=N X)'N&, M@=N X)'N X, 3.11)

LEMMA 3.4 For the mesh 7, with h sufficiently small, there exists a constant C independent of interface
location, 8% and «, such that for two arbitrary points X;,i = 1,2 on I" N T, we have

a

. IM~ (X))l < C, ||M+(3?2)||<; (3.12)

M XDl <C, M X)) <

EEe!

and
— ~ o~ — o~ g Ck
M (X)) =M (X)) < Ckh, M (X)) —M"(X)| < Th' (3.13)

Proof. (3.12) can be verified directly. We 0n1y~ prove (3.13) for the — case and the arguments for the +
case are similar. For simplicity, we denote n(X;) = (7, 1;), I = 1,2. Then, by direct calculations, we
have

— < [Ty — i+ p(ind, — 73 — D)y, — sy
M (Xl) _ M_(Xz) — (nlyn) nzy + p(nlxnx n2x) (p )(nlynx n2xn2}) )

(IO - 1)(ﬁ1xﬁy - ﬁZx;lZy) ;llxﬁx - ”%x + p(fllyﬁy - ﬁ%»)

L= ®) (i, + pind (p = D
n-n(X,) (p — Dnny  niy + pigyny J°

By the triangular inequality, (3.4a), (3.5b), (3.6) and p < 1, we can verify that || M (il )—M~ ()N(Z) | < Ckh
for a constant C independent of interface location, 8% and «. 0

The following lemmas provide a group of identities on interface elements.
LEMMA 3.5 For the mesh 7, with & sufficiently small, the following results hold for all Xerl:

e M (X)and M (X) are inverse matrices to each other, i.c.,

MM X)) =1, M XM X)=1. (3.14)
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e Matrix (M (}? )7 has two eigenvalues 1 and p with the corresponding eigenvectors t and n(}? ),i.e.,

(M‘()?))TE =1 (M‘(}?))Tn()?) = on(%). (3.15)

* Similarly, matrix (1\_/IJr ()~( )T has two eigenvalues 1 and 1/p with the corresponding eigenvectors t
and n(X), respectively, i.e.,

(A_/I+()~())Tf =1 (M+()~())Tn(§2) = %n()?). (3.16)

Proof. First it is easy to see that M ()M (X) = N X)"'N' )N (X))"'N (X) = I. Next by
direct calculation, we have

e U < iy ) + pin i X)  —iiii, (X) + pﬁxﬁy(f())
7 (X) + 7y ity (X) mi(X) + piyit(X) At (X) + piyity (X)

from which we can easily verify that (M (X))"t = t and M (X))"n(X) = p n(X). The results about
M (X))T follow from the fact M (X))' (M (X)) =1. O

LEMMA 3.6 Let 7), be a mesh with £ sufficiently / small. Let P € £2 and X be an arbitrary pointon ' N T.
Then, the following vectors are independent of X e I:

M X)) -D'P-X) and M (X)—D'(P —X).
Proof. For two arbitrary points X; € [,i = 1,2, X; — X, is a scalar multiple of t. Hence, by Lemma 3.5,
M X)—D'P-X)-M X)-D'P-X) =M X)—-D'X, —X,) =0,

which leads to M _(X) —D)"(P—X,) = (M~ (X) - )" (P —X,). Therefore, (M (X) —I)" (P — X) does
not change when X € [ varies. The result for (M (X ) —I)T(P —X) can be proved similarly. ]

4. Multipoint Taylor expansions on interface elements

In this section, extending those in He (2009), He ef al. (2008), Li et al. (2004), Xu (1982) and Zhang
(2013), we derive multipoint Taylor expansions in more general formats for a function u € PC2,(T) over
an arbitrary interface element T € 7,, in which u(M;), i € T is described in terms of u and its derivatives
atx € T°,s = £. We also estimate the remainders in these expansions. As in He ef al. (2008), we call a
point X € T an obscure point if one of the lines X_M, ,1 <i < DOF(T) canintersect I" more than once. To
facilitate a clear expository presentation of the main ideas in our analysis, we carry out error estimation
only for interface elements without any obscure points. For the case containing obscure points, we can
use a first-order expansion for u and use the argument that the measure of obscure points is bounded by
o).

First, we partition Z into two index sets: Z = {i : M; € T*}and Z~ = {i : M; € T~} according to
the locations of M;,i € Z. For every X € T, we let Y;(¢t,X) = tM; + (1 — t)X. When X and M; are on
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M3

M, D

F1G. 3. The expansion of u in a rectangular interface element.

different sides of I, we let 7, = 7,(X) € [0, 1] such that ¥; = Y;(%, X) is on the curve I' N T, see Fig. 3
for an illustration in which the rotated-Q; finite elements are considered. When M, and X are on the same
side of I, by the standard second-order Taylor expansion of u € PC2 (T), we have

int

(M) =uw'(X) +VirX) - (M; —X) + R(X), i e T*,s = £ VX € T*, @1
1 d2
with R} (X) =/ (1= 1) 5w (G, X)) dr, i € T VX € T°. 4.2)
0

In the following discussion, we denote s = +,s" = T, i.e., s and s’ take opposite signs whenever a
formula have them both. When, M; and X are on different sides of I", the expansions in He (2009), He et al.
(2008), Li et al. (2004) and Zhang (2013) can be generalized to the following format for u € PC2 (T):

int
£ M) =’ X) + Vi X) - (M; — X) + ((MS(?,—) — 1) Vi'(X)) - (M; — Y)
+R(X), ieT" VX €T, (4.3)
with
R(X) = R, (X) + R,(X) + R (X), i € T¥ , X € T",
Ry(X) = [Ii(1— r)%(y,-(t,X))dt, RL(X) = f;il(l 0 v, X))dr, i e T, X €TY,  (4.4)

dr?

RL(X) = (1—1) fgf (M (Y) — DV (Yi(1,X)) - (M; — X)) dt, i € T, X € T,

where M"(T/i) are from (3.8) and (3.9). We proceed to estimate remainders in (4.1) and (4.3).

LEMMA 4.1 Assume u € PCZ,(T). Then, there exist constants C > 0 independent of the interface
location and ¥ such that

/ (1 = O |ug,a, Vi (6, X)*dX < Cluly 7, s = £Vt €[0,1], (4.5)
TS
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where d,d, = x or y.

Proof. LetM; = (x;,v;),i € Zandleté = tx; + (1 —t)x and n = ty; + (1 — t)y. For each fixed ¢t € [0, 1],
define

T’')y={M;+ (1 —tX | X € T*}. 4.6)
Since T*(t) C T,s = %, we have
/ (1 = 0)*|ugq, (Y (1,X))? dX = (1= 0%uz (€M1 =072 dEdn < |uly,
s TS (1)
which leads to (4.5). ]

By a direct calculation, we have
d2
@us(Yi(t,X)) = M; — X)"H(Y;(t,X))(M; — X), s = %, 4.7

where

, s =4,

(Y1, X)) = (u;;(Yi(t,x)) u‘,iy(Yi(t,x))>

W (Y1) w,(Y,(2,))

is the Hessian matrix of u*. We are now ready to derive bounds for the remainders in the following
lemmas.

LEMMA 4.2 Assumeu € PC?

- (), there exist constants C > 0 independent of the location of the interface
and B* such that

||R?||0,Tf < Ch2|u|2,T, iel’, s=4, (4.8)
IR lors < CH¥ular, IR llors < CRubyr, i€, s == 4.9)
Proof. According to (4.2) and (4.7), for s = &£, we have
1
1 2 2
1R o = ( / ( | a=on - om0 - x dr) dX>
s \Jo
I 3
<ar | ( [ 0= 0P it 00 1, Ot X 1, (e X)) dX) d.
0 T$ o

Then (4.8) follows from Lemma 4.1. Estimate (4.9) can be derived similarly. (l

Moreover, note that for i € I“/,X e T and t € [0,7,(X)], it can be verified that

T (M (¥ = DV (Y, X) - (M; — X)) = (M; — X)TH,(Yi(t, X)) (M* (V) = )T (M; — X).  (4.10)
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LEMMA 4.3 Assume u € PC

2 .(T), there exist constants C > 0 independent of the interface location and
B such that

. c R
IRGllor- < CR*|ulyr, i€Z¥, [IRSllor+ < ;hzlulz,r, iel”. (4.11)

Proof. We only provide the proof of |R5llor- and the argument for ||R llo,r+ is similar. According to
(4.10) and the fact 0 < 1 —7;(X) < 1 —t for any ¢ € [0,7(X)], we have

Nl

2

1;(X) -
IR los- = / (1 =70 ( / (M,-—X>THL,<n<t,X>>(M(Y,-)—1>T(M,-—X>dr) ax
T— 0

2
< CH? (f (/ 11— 1] (Jug, (Y2, X))| + Jug, (Yi (2, X))| + |uy, (Y, X))|)dt) dX>

1

< Ch2 (1 — 0 (Ju (Yi(t, X)) P+ ug (Y1, X)) P + |uay, (Yi(2, X)I?) d ) dr,
where we use the fact p < 1. Then, applying the estimates in Lemma 4.1 to the above leads to (4.11). [

5. IFE spaces and their properties

In this section, we discuss IFE spaces constructed from the related finite elements (7', [Ty, X }’ )forT € 7,
described in (2.1) and (2.2). We will first address the unisolvence of the IFEs on interface elements. We
will then present a few fundamental properties of IFE functions. Moreover, we will show that these I[FE
spaces have the optimal approximation capability according to the polynomials used to construct them.

5.1 Local IFE spaces

First, on each element T € 7, the standard finite element (7, ITy, Xf) leads to the following local
finite-element space:

SP(T) = Span{yl : i € T}, (5.1)

where ¥, i € T are the shape functions satisfying (2.3). This local finite-element space is then naturally
used as the local IFE space on every noninterface element T € 7,". Therefore, our effort here focuses
on the local IFE space on interface elements. We will discuss the unisolvence, i.e., we will show that
the local degrees of freedom XF can uniquely determine an IFE function with a suitable set of interface
jump conditions. The unisolvence guarantees the existence and uniqueness of IFE shape functions that
can span the local IFE space on interface elements.

Let T € 7 be a typical interface element with vertices A;,i € Z. Without loss of generality, we
assume

=(0,0), A, = (h,0), A3 = (h,h), (T is a triangular element),

= (0,0), A, = (h,0), A; = (h,h), Ay = (0,h), (T isarectangular element), (5.2)
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and the edges of T are denoted as

by = A1A,, by = A)As, by = AzA,, (T is a triangular element),
by =A1Ay, by = AyA;, by = A3A4, by = A4Ay, (T is arectangular element).

(5.3)

On each interface element 7', we consider IFE functions in the following piecewise polynomial format:

LX) =¢;(X) ey if XeT,

(0 = 5.4
oro {¢’T’*(X)=¢>;(X)em if XeT™, G4H

such that it can satisfy the jump conditions (1.3) and (1.4) in an approximate sense as follow:

b7l = b1l (T is a triangular element), (5.5)
b7l = df 1, d(pr) =d(¢7), (T is arectangular element), '
B~ Vé; (F) -n(F) = BTVe¢; (F) - n(F), (5.6)

where d(p) denotes the coefficient in the second-degree term for p € I1y and F is an arbitrary point on
I' N T. For an IFE function ¢ such that

or(M) =v;, i€l (5.7

we can first expand ¢ on the subelement with more degrees of freedom, i.e., on 7" with the assumption
that ]I+| > ]I" without loss of generality, and the condition (5.5) then implies that

dL=(X) = ¢L T (X) + coL(X) if XeT",
P X — T T )
Pr 700 =Y V00 + X vt (X)) if X € T, G
where the function
LX)=n-(X—-D) 5.9

is such that L(X) = 0 is the equation of the line / and VL(X) = n.
Recall from Remark 3.3, VL(F) -n(F) =n-n(F) > 1 — k > 0, when # is small enough; hence,

1 1

1 1
0<u<<——1) . (5.11)
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By condition (5.6), we then have

Co= L (Z VYl (F) - n(F) + Y vVl (F) - n(F)). (5.12)

i€z~ iezt

Putting this formula for ¢, in formula (5.8) for ¢% (X) and setting q&i “(M;) = v; for j € I~ leads to the
following linear system for ¢;,i € 7~:

Z (wif’T(A/[j) + “v‘/”il,)T(F) : n(F)L(Mj)) Ci
€T
=V = Z (VM) + uVy [ (F) -n(F)L(M)) vi, jeI . (5.13)

iezt

Since lpr(Mj) = §;, fori,j € 1, we can write the linear system (5.13) in the following matrix form:

(I +undyHe=h, (5.14)
where ¢ = (¢))iez-»
y = (VY (F) -nF), -, 8= (LM))s- (5.15)
and
b= |v;,— uLM) Z VY (F) - n(F)y, (5.16)
jezt i€Z™

are all column vectors. We proceed to show that ¢’T’ (X), i.e., its coefficients ¢, ¢ are uniquely determined.
We need the following two lemmas. Let y = (Vl/f,-,r (Fp) - ﬁ)id,.
LeMMA 5.1 For all the interface elements, we have y T§ € [0, 1]. And for the linear and bilinear Yir,i €T,
there holds

IL(M)| < 2h\/p"8 VieI . (5.17)

Furthermore, for the bilinear ¥, r,i € Z, if F is chosen to be such that F', is the midpoint of the line DE,
then

IL(M)| <2hp"8 Viel . (5.18)

Proof. We only give the proof for the case in which 77 is the rotated-Q; polynomial space, the interface
element T is such that 7= = {1} and Z* = {2,3,4} with D = (hd,0) and E = (0, he) for some
d € [1/2,1] and e € [0, 1/2]. Similar arguments apply to all other cases. First, n = (e,d)/+/d* + €.
Hence, F, = (td,e(h — t)) for some t € (0, h). By direct calculation, we have

e Cod) 201 — T
% 6_h(d2+e2) [h(e —2d) — 2(2¢ h)de](2 d)e. (5.19)
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Note that
_r, €—2d+2de (1 I
yg_dz—_'_ez E_d ec[0,1] if t=0 and
s e—2d—2de (1 d)ec[0.1]if t=h
= - ) 1 = £]
Y d*+e? 2 ¢

which leads to ;7T8 € [0, 1] because ;7T8 is a linear function of ¢ according to (5.19). And (5.17) and
(5.18) follow from similar calculation. O

LEMMA 5.2 For h small enough, we have
14+ py™s>1—4pvk. (5.20)
And for the linear and Crouzeix—Raviart v, r,i € Z, if F' is chosen such that n(¥’) = n, then
Ll+uy™s=14up’s > 1. (5.21)
In addition, for the bilinear ¥, r,i € Z, if F is chosen such that F, is the midpoint of DE, then
1+ up8 > 1+ up’8(1 — 4v2V5). (5.22)
Proof. By Lemma 3.2, (2.3) and Remark 3.3, we have

VY[ (F) -n(F) = VY[ (FL) -
SN(VYH(F) = VY[ (F) -n(F)| + VY (FL) - (n(F) —n)|
SNOVYFE) = VYL ED - InE)| + IV ED - [(F) —n)
<414+ A —=2eH3), i e,

which implies ||y — 7|l < 2(1 + 2(1 — 2€2)~3?)k. For all the types of finite elements considered in this
article, by ||L|lcor < «/Eh, we have ||§]| < V2h and therefore,

py'8 = up s+ pn(r" —¥Ns = up’s —4V2(1 + (1 - 263 yicph,
which yields (5.20) by the Assumption (3.6). Furthermore, for linear finite elements, if F is chosen such
that n(F) = n, then y = y; thus Lemma 5.1 and (5.11) imply 1 + "8 > 1. For the bilinear finite

elements, if F' is chosen such that F', is the midpoint of DE, then by (5.18), we have

py'8 = pup"s + pu(y" —pHé = pup’s — pd(1 + (1 —2¢*) ) 2hp’s)
> upT8(1 —8(1 + (1 — 2™ ¥*kh),

which leads to (5.22) by the Assumption (3.6). O
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THEOREM 5.3 (Unisolvence) Let 7, be a mesh satisfying (3.6) with i specified therein for linear and
Crouzeix—Raviart ¥, 7,i € 7 and

Vi < b for bilinear ¥;,i € T, (5.23)
4\/5’ i,T» s .
and for some A € (0, 1)
— 1—2)
Vi < p(—’ for rotated- i€l 5.24
SI-Gtmp O Vir (5.24)

In addition, we assume F and F, are chosen such that estimates given by Lemma 5.2 hold. Then, given
any vector v = (v, v2, v3,v4) € R* for the bilinear and rotated-Q, case (or v = (v, v,3) € R for the
linear and Crouzeix—Raviart case), there exists one and only one IFE function ¢4 in the form of (5.4)
satisfying (5.5)-(5.7).

Proof. For linear and Crouzeix—Raviart ¥;7,i € Z, by (5.21) in Lemma 5.2, we have 1 + uy’§ # 0.
For bilinear ¥, 7,i € Z, by (5.23), we have 1 — 4v/2V/ic > 0, which leads to 1 + uy”8 # 0 because of
(5.22) in Lemma 5.2. Similarly, for rotated-Q, v, r,i € Z, by (5.24), we have

4vk (1
1 —dpvi>1-— “/E_(——l)z,\, (5.25)
1—k \p

which, by (5.20) in Lemma 5.2, leads to 1 +up 78 # 0 again. Hence, by the well-known results about the
Sherman—Morrison formula, the matrix in the linear system (5.14) is nonsingular, which together with
(5.12) lead to the existence and uniqueness for coefficients ¢;,i € Z~ and ¢, of 5 (X). O

REMARK 5.4 Theorem 5.3 provides guidelines on the choice for the angle allowance parameter k needed
in (3.6) for bilinear and rotated-Q; ¥, ,i € Z. In the bilinear case, condition (5.23) suggests an upper
bound for k£ which is nevertheless independent of p. In the rotated-Q; case, condition (5.24) leads to the
following upper bound for i: vk < ﬁ which depends on p, and this restriction on ¥ becomes more
severe when p approaches O.

REMARK 5.5 Under the conditions given in Theorem 5.3, we can apply the Sherman—Morrison formula
to express the solution to (5.14) explicitly as

(y"b)é

—p— 5.26
M1+WT6 (5.26)

CcC =

which facilitates both analysis and computation for these IFE spaces.

On each interface element 7', Theorem 5.3 guarantees the existence and uniqueness of the IFE shape
functions qbf , 1 € T satisfying (5.4)—(5.6) such that

¢ (M) =8, i.j e, (5.27)
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where §;; is the Kronecker delta function. Therefore, we can define the local IFE space on each interface
element 7 € 7, as

SE(T) = Span{!, : i € T). (5.28)

5.2 Properties of the IFE shape functions

In this section, we present some fundamental properties of IFE shape functions.

THEOREM 5.6 (Bounds of IFE shape functions) Under the conditions given in Theorem 5.3, we have the
following estimates:

*  For rotated-Q, and Crouzeix—Raviart ¢/, i € ZVT € T,
P C
|¢,‘T|k,oo,T < —h"k=0,1, (5.29)
’ p

where C depends also on A for rotated-Q; case.
* Forlinear ¢, i e IVT € T},

c C _
|¢fT|k,oo,T+ < ﬁh k, |¢fT|k,oo,T* < ;h k, k=0,1. (5.30)
* For bilinear ¢, i e ZVT € 7,
P —k P C
1B rlkoor+ < Ch55 1P 7 lkoor— < ;h , k=0,1. (5.3D)

Proof. For convenience, we let € = (¢;);cz be the unit vector constructing the basis functions d)f > Which
couldbe (1,0---,0),(0,1---,0),---,(0,0--- ,1)ande” = (¢))jez-.Letw = Zj€I+ lej{’T(F)-n(F)ej.
Then, (5.16) implies b = e~ — uwd and plugging it into the Sherman—Morrison formula (5.26) leads to

B w+ypyTe)d
= - — 5.32
= TR TS (5.32)

and plugging (5.32) into (5.12) yields

o Pt y'e)

5.33
14 puy’s (5.33)

Since ||V1pi’}||ooj < Ch™',i€eZ, |Lloor < Ch, |VL|wr < C for some constants C independent of
the location of the interface and 8%, we have ||y || < Ch~', ||8]| < Ch, |b|| < C and |w| < Ch™".

When d)f r» 1 € T are rotated-Q; polynomials, we can apply (5.11) and (5.24) to (5.32) to obtain:

(5.34)

_ 1 1 (wl+llyllle”DIsI _ C
lell < lle” |l + 1% (— - 1) - < —.
—k\p I-E(L-1) T

(4

6102 I4dy 0€ Uo Josn yoa | eluBiA A LG22y . ¥/28Y/L/6ENYENSqe-O[oIE /RUlEWI/WO0Y"dNO™DILSPED.//:SA))Y WOl PaPEOjUMOQ



A GROUP OF IMMERSED FINITE-ELEMENT SPACES 499

Applying similar arguments to (5.33), we have ||cy|| < C/p. Constant C in these inequalities depends
on A. Finally, (5.29) follows from applying these bounds for ¢ and ¢, and the bounds for standard finite-
element basis functions v; r to the formula of qﬁf r given in (5.8). When ¢f | € I are Crouzeix—Raviart
polynomials, we apply (5.11) and (5.21) to (5.32) and (5.33) to obtain:

b}

1 1
lell < lle”ll + ——= <; - 1) (wl+llylille” DSl <

C
1—« 0

1 1 C
leol = 7= <; - 1> (wl+liyllleDIsN < s (5.35)

Then, (5.29) in this case follows from the same arguments used above for the rotated-Q, case.
When ¢fT, i € T are linear polynomials, using (5.17) and Lemma 5.2 in (5.32), we have

) C
lell < € + cl“—” < C+Cmax (1, ) < — (5.36)

S ups =

Also, estimate in (5.35) is valid. Then, estimates in (5.30) follow from applying (5.36) and (5.35) to (5.8).
Finally, when ¢f > I € 7 are bilinear polynomials, we can apply (5.18) and Lemma 5.2 in (5.32) to

have

uy's

le] <C+C <C,
1+ (1 —4/2V0)up’s

(5.37)

because 1 — 44/2+/k is a positive constant by the condition (5.23). Also, the estimate for ¢ is similar to
(5.35). Then, (5.31) follows from applying these bounds for ¢ and ¢, to (5.8). U

LEMMA 5.7 (Partition of Unity) On every interface element 7' € 7,', we have

> (X)) =1VXeT, (5.38)
i€T
\ <Z ¢>,-’}(X)> = Z Vol (X)=0 VX €T. (5.39)
i€ i€

Proof. Letp(X) =) ., ¢fT (X) and g(X) = 1. Obviously both p(X) and ¢(X) are in the format of (5.4)
and they satisfy (5.5) and (5.6). Furthermore, it is easy to verify that p(M;) = 1 = q(M,),i € Z. Hence,

3¢5 X) = p(X) = g() = 1

i€

according to the unisolvence stated in Theorem 5.3. Property (5.39) follows from (5.38) directly. 0
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Now, on every T € 7,/, choosing arbitrary points X; € 1,i € T, we can construct two vector functions
as follows:

A =Y (M = X)plF ) + Y (M (F) — DT (M — X)¢l, (X), ifX e T, (5.40a)
= i€~

AyX) =D (M= X)pl (X)+ > (M (F) = D' (M, = X)¢ly (X), ifXeT . (5.40b)
i€eT ieTt

I_t follows from the Lemma 3.6 that the two functions in (5.40) are independent of the location of
X; € l,i € 7. Furthermore, from the partition of unity stated in Lemma 5.7, we have

A =Y Mgl (X) =X + > (M (F) — DT (M; — X)Ly (X), (5.41a)
i€l ieT—

A (X) =Y Mgl (X) =X+ Y (M (F) = D' (M; = X)¢lr (X), (5.41b)
i€l ieTt

which imply that each component of A;(X) and A,(X) is a polynomial in I1; because qbf +(X) € Iy,
s = =&, for i € Z. We consider two auxiliary vector functions

ATX) = A, (X), and A~ X) =M (F)) A,(X). (5.42)
Let d(A*),s = & be the vector of the coefficients of the second-degree term in each component of A°.
LEMMA 5.8 AT and A~ are such that d(A1) = d(A7).

Proof. Letd(¢/;") = d(¢/;) = d;, i € T. By the partition of unity, Y, d; = 0. By using (3.14) given
in Lemma 3.5 and using Lemma 3.6 to interchange X i» I € T with a fixed X € [ and, we have

d(A7) =Y (M (F))'Mid;+ Y (I =M (F))"(M; — X)d,

ieT ieTt

="M () Md; + > Midi — U~ M (F))'X Y d;
i€~ ieZt iezt

=Y Mdi+ Y (M (F) —D'Md; + (I —M (F)'X Y d,
i€ €™ €™

=Y Md;+ Y M (F) - D' (M; — X))d,
i€Z €T~

which is exactly d(A™). O

LEMMA 5.9 A% and A~ satisfy the condition (5.5), i.e., AT(X)|; = A~ (X)|,.
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Proof. Since A*(X),s = + are independent of points X; € I,i € Z, we can replace these points by an
arbitrary X € [ without changing values of A*(X), s = %. Then, since ¢f o satisfies (5.5), applying (3.14),
we have

ATX) =Y M =Xl X) + > (M (F) — D (M; — X)oply (X)

i€ i€l
="M, =Xl X+ M (FNT Y (M, — Xl X)
ieZt i€I™

=M (F) <(M (PN Y (M; =Xl 00 + Y (M = X)) ()?))

iezt ieZ—

=" (F))’ (Z(M,- —X)pl X))+ (M (F) =D > (M; — X)oly 0‘0),

ieT iezt
which is exactly A~ (X). O

LEMMA 5.10 A" and A~ satisfy the condition (5.6), i.e., ¥ VAT (F) -n(F) = B~VA ™ (F) -n(F), where
the gradient operator is understood as the gradient on each component.

Proof. Again, Lemma 3.6 allows us to exchange X;,i € Z for an arbitrary point X € [ in the discussion
below. By (5.6), (5.39), (3.14) and (3.15), we have

BYVAT(F) - n(F)

= " MB VL (F) -n(F) + M (F) =D Y (M, — X)B~ VoL, (F) -n(F) — Bn(F)

ieT i€Z™
= D MB VG (F)-n(F)+ Yy XB V!, (F)-n(F)
ieTt €T~
+ (M (F)T Y (M; — X)B Vel (F) - n(F) — n(F)
ieZ™
= > M = X)B Vel (F) -n(F) + (M (F)" Y (M; — X)B~ V¢l (F) - n(F) — pn(F)
iezt ieT—

=" (F))’ ((M_(F))T Y (M = X)B Vel (F) - n(F)

iezt

+ ) (M= X)B V! (F) - n(F) — F (M (F)" - n(F))

i€eZ™
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=M F)’ ((M‘<F)>T D (M = X)B Vel (F) - n(F)

iezt
+ Z(Mi - X)B~Vé/ (F)-n(F)—p~ - n(F)> =B VA (F) -n(F). O
THEOREM S.ﬁ_ On every interface element T € 7,/, we have
M= X)¢l (X) + Y (M (F) = D' (M; = Xl (X) = A/(X) =0VX € T~,  (5.43a)
i€T iezt
> M- Xl (X) + Z(M+(F) —D'(M; = XD (X)) = Ax(X) =0V¥X e T, (5.43b)
iez —

and

> (M — X)dagpl X)+ Y [(AT (F) —D"(M; — X))o,¢!7 (X)] —e=0VXeT , (544a)

i€ i€zt
> M = X)oupl X)) + Y [(AT (F)—D"(M; - )_(i)E)Sd)fT*(X)] —e;=0VXeTt, (544b)
i€eZ i€l

where d = 1,2, 0, = 0,,0, = 0, are partial differential operators, and e;,d = 1,2 is the standard dth
unit vector in R2.

Proof. We define a piecewise vector polynomial on 7 as

AT X) ifX eTT,
AX) = {A—(X) ifXeT .

First, the restriction of each component of A to 7°,s = &£ is a polynomial in I17. By Lemmas 5.8-5.10,
the components of A also satisfy (5.5) and (5.6). In addition, we can easily see that A(M;) = 0,i € T.
Therefore, by the unisolvence stated in Theorem 5.3, we have AT (X) = A;(X) = 0 and A~ (X) =
(Zl_l+ (F)TA,(X) = 0. Since (1\_/IJr (F))T is nonsingular, we have A,(X) = 0. Therefore, (5.43) is proved.
The proof for (5.44) can be accomplished by differentiating (5.43) and applying (5.41). ([

5.3 Optimal approximation capabilities of IFE spaces
As usual, the local IFE spaces on elements can be employed to define the IFE function space globally on
£2. As an example, we consider
Si(2) = {v € L*(2) : v|y € S (T);
V|Tl (M) = V|7‘2(M) VM € ./\/h,VTl, T, € ,Th such that M € T, N TQ}, (545)
where WV, is the set of nodes in the mesh 7}, and this implies every IFE function in this space is continuous

at every node in the mesh. However, as observed in Lin et al. (2015), every v € S,(§2) is usually
discontinuous across the interface edges. When the interface is a generic curve, the discontinuity of
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v € §,(82) also occurs along the interface curve because these IFE shape functions are defined according
to the actual interface. These features ensure the H' regularity of v € S,,(£2) in the subdomain of £2 minus
the union of interface elements.

We proceed to show that these IFE spaces formed above by linear, bilinear, CR and rotated-Q,
polynomials have the optimal approximation property from the point of view how well the interpolation
of a function u in these IFE spaces can approximate u. First, we define the interpolation operator on an
element T € 7, as the mapping I, 7 : C°(T) — S} (T) such that

; M)y (X if T €1}
17 u(x) = | e Wi (), T e, (5.46)
’ Y UM (X)), i T e 7).
Furthermore, the global IFE interpolation I/ : C°(§2) — $,(£2) can be defined piecewisely as
Iywlr =If;u VT €T, (5.47)

On every noninterface element 7' € 7,, the standard scaling argument (Ciarlet, 1978; Rannacher &
Turek, 1992; Brenner & Scott, 1994) yields the following error estimate for the local interpolation I,i i
onT:

W1} u — ullor + Al pu — ulyr < CR|ulyr Yu € HX(T). (5.48)

However, how to use the scaling argument to derive an error bound for the interpolation on an interface
element is unclear because the local IFE space S}, (T') is interface dependent, and it is not even a subspace
of H'(T) in general. Instead, we will use the multipoint Taylor expansion method (Xu, 1982; Li et al.,
2004; He et al., 2008; He, 2009; Zhang, 2013) to derive estimates for the IFE interpolation error.

THEOREM 5.12 LetT € ’Z;" assume u € PCfm(T). Then, for any X, € l,i € T, we have

LX) —uX) = Y (B + F)¢lr(X) + > Rl (X) VX € T*, s = +, (5.492)
ieI‘T/ i€
P S s P S P S
da I ru(X) — u(X)) = Z(El. + F) sl (X) + ZRI. QP (X) VX € T*, s = =+, (5.49b)
ieTs’ i€

where d = 1 or 2, R} are given by (4.2) and (4.4), and
E = (0 @)~ F)Ve ) - o -F), s=+ieT,
F=- ((M“(F) — I)VuS(X)> Y -X), s=+,ieT. (5.50)

Proof. For X € T°,s = &, substituting the expansion (4.1) and (4.3) into the IFE interpolation (5.46),
we have

IFu(X) = X)) > ¢l (X) + Vi (X) - Y (M — X)pfy(X)
i€eT ieT

+ Y (M X = 1) Vi 0) - (M; = Yol (X) + Y R (X), X € T°, s =% (5.51)

. o .
i€’ i€l
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From Theorem 5.11, we have

DM =X)L X) = =D (M (F) = D'(M; = X)$[r(X) VX € T*, s = +. (5.52)

i€ iEI‘/
Then, applying (5.52) and the partition of unity to (5.51), leads to

IuX) = uw'(X) — Z ((1\_/1X(F) - I)VMS(X)) - (M; = X))ol (X)

. /
€T

+ ) (@) = 1) Vi) - (M; = Vgl (X) + Y Rl (X), X e T, s=% (553)

. o .
ieZ® i€

from which (5.49a) follows by using M; — X; = (M; — Y)+ (?i —X;). For (5.49b), applying the expansions
(4.1) and (4.3) in 8,07 ru(X) = ", ; u(M) 3,977 (X),d = 1,2, we have

Ballu(X) = u'(X) Y 0 (X) + Vi (X) - Y (M; — X)dapl 7 (X)

ieT i€l
+ Y (M T = 1) Vi (X)) - (M; = Y)daglr (X) + ) Ridagplr (X) VX € T', 5 = +.
ez’ i€
(5.54)
Then, applying (5.39) and Theorem 5.11 to (5.54) we have
Balfu(X) = Vi () ¢ = > ((M'(F) = 1) Ve (0)) - (M, = X daly ()
isIS/
+ Y (M T = 1) V' (X)) - (M; = Y)daglr (X) + D R4l (X), ¥X € T°, s = &
ez’ i€
which leads to (5.49b) because Vi (X) - e, = dqu’(X) and M; — X; = (M; — Y;) + (¥; — X). O

By an argument similar to that used in Zhang (2013), we can estimate E? and F7 in (5.50) by geometric
properties established in Section 3.

LEMMA 5.13 There exist constants C > 0 independent of the interface location and 8% such that the
following estimates hold for every T € 7,/ and u € PC},(T):

IE oz < CeRPluliz—, i €T E lore < C=Rlulyre, i€, (5.55a)
1
- 2 : + + c 2 . —
1 llor— < Ch|uly -, 1€Z7, |IF o+ < ;h lulyr+, €I, (5.55b)

Proof. By |M; — )71'|| < h and Lemma 3.4, we have

IES lors < I (MP(Yy) — M (F) || IV logs I|(M; — Y| (5.56)
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which implies the (5.55a) by (3.13) in Lemma 3.4. By Lemma 3.6, F} is independent of the choice of
X; € [. Hence, by taking X; = Y;, in F? and applying Lemma 3.2, we have

1F: Nlozs < M (F) = 1]l Ve lors 1Y — Yo, (5.57)
which establishes (5.55b) by (3.12). [l
Now we are ready to prove the main result in this section.

THEOREM 5.14 Assume all the conditions required by Theorem 5.6 hold and u € PH?

=.(T). Then, on
every T € 7} the following hold.

* For rotated-Q, and Crouzeix—Raviart finite elements,

1+«
C———n*(lulr + lulor), (5.58a)

P P
Wy rue — ullog— + Al pu — uly 7~ <

I+«
||I;1:T14 — ullor+ + h|I;I,J,TM —ulir+ < C7h2(|u|l,T + lulor), (5.58b)

where C depends on A chosen for rotated-Q; case in (5.24).

e For linear finite elements,

14+«
Wy 71— ullog— + Rl — uly - < C7h2(|u|1,r + lular), (5.59a)
P P I+« ,
1, ru — ullog+ + bl ;u —ulir+ < C Pl h(luly 7z + |ulor). (5.59b)
e For bilinear finite elements,
P P I+« ,
1, ru — ullor + Al ;0 —ulir < CTh (lulyr + lulor). (5.60)

Proof. Oneach T € 7,', by Theorem 5.12, for every u € PC? (T), we have

pru—ulers < Y (1E lozs + 1F; lloas) 1677 lkoors + Y IR lozs |97 pleoors,  (5.61)

. o 1
icTS ieT

where k = 0, 1. Then, applying Lemmas 4.2, 4.3, 5.13 and Theorem 5.6 for corresponding IFE functions
to the inequality above, we obtain (5.58)—(5.60) for u € PCl.zm(T). Finally, the density hypothesis (H4)
shows that (5.58)—(5.60) also hold for any u € PH,.%n(T). O

The local estimate in Theorem 5.14 leads to the following global estimate for the IFE interpolation
directly.
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THEOREM 5.15 For any u € PH},(£2), the following estimate of interpolation error holds
7w = ullo.gs + AlIfu — ulyos < CR (Julig + lulg), s==+. (5.62)
The constants C depending on « and p are specified as the following:

e for the rotated-Q; and Crouzeix—Raviart IFE space,

~ 1 ~ 1
o + Kk + Kk

=C P ct=cC PERE (5.63)
where C depends on X for rotated-Q, case;
» for the linear IFE space,
~ 1 ~ 1
- =K Ero itk (5.64)
P P32
» for the bilinear IFE space,
~ ~ 1
¢ =Cr=c K (5.65)
0

Proof. Estimate (5.62) follows directly from combining the estimates (5.58) to (5.60) and (5.48). O

6. Numerical examples

In this section, we use numerical examples to demonstrate the approximation capability of the IFE spaces
by IFE interpolation and IFE solutions. In generating numerical results, all computations involving
integrations on interface elements, such as the assemblage of local matrices and vectors with IFE shape
functions or assessing the errors with integral norms, are handled by the numerical quadratures based on
the transfinite mapping between the reference straight edge triangle/square and the physical curved edge
triangles/quadrilaterals. More details about quadrature techniques on curved-edge domains can be found
in Kopriva (2009) and Sevilla & Fernandez-Méndez (2011).

All the numerical results to be presented are generated in the domain 2 = (—1, 1) x (—1, 1) in which
the interface curve I is a circle with radius ry = 7/6.28, which divides £2 into two subdomains £2~ and
£+ with

27 ={(x,y) s x? —|—y2 < ré}.

The function to be approximated is

ﬁ%r"‘, (x,y) € 27,
u(x,y) = | ! ! (6.1
ﬁ—ﬂ“ + (ﬂ— - ﬁ—+) o, (x,y) € 2F,

where r = /x> + y? and o = 5. It is easy to verify that u satisfies the interface jump condition (1.3) and
(1.4). We note that this is the same interface problem for the numerical examples given in Lin ez al. (2015).
Numerical examples presented here are generated with the bilinear IFE space developed in Section 5,
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TABLE 1 Interpolation errors and rates for the bilinear IFE function,
B~ = 1l and B+ = 10000

h lu — Lulloge rate lu — Lul e rate
1/40 2.7681E-4 1.4482E-2
1/80 7.2447E-4 1.9339 7.4468E-3 0.9596
1/160 1.8580E-5 1.9632 3.7827E-3 0.9772
1/320 4.7122E-6 1.9793 1.9061E-3 0.9888
1/640 1.1858E-6 1.9906 9.5723E-4 0.9937
1/1280 2.9744E-7 1.9952 4.7965E-4 0.9969

TABLE 2 Interpolation errors and rates for the bilinear IFE function,
B~ =10000 and B* =1

h lu — Lulloge rate lu — Lul e rate
1/40 9.0663E-3 4.3850E-1
1/80 2.2680E-3 1.9991 2.1939E-1 0.9991
1/160 5.6711E-4 1.9997 1.0971E-1 0.9998
1/320 1.4179E-4 1.9999 5.4859E-2 0.9999
1/640 3.5447E-5 2.0000 2.7430E-2 1.0000
1/1280 8.8618E-6 2.0000 1.3715E-2 1.0000

and we note that numerical results with other IFE spaces developed in Section 5 are similar, which are
therefore not presented to avoid redundancy.

Note that the curvature of the interface in this interface problem is ¥ & 2. Condition (5.23) allows us
touse k & 0.031. Then, using € &~ 0.4 in (3.6) leads to a suggested bound for the mesh size 7 =~ 0.0273.
Therefore, our numerical experiments presented in this section are all on meshes whose sizes are not
larger than 1/40 = 0.025, which can sufficiently satisfy the conditions in the error estimation in the
previous section.

6.1 The convergence of IFE interpolation

Tables 1 and 2 present interpolation error u — I,u in both the L? and the semi-H' norms over a sequence of
meshes whose mesh size is 4. In these tables, the rate is the estimated values of r such that ||u — I,ul|o o ~
Ch" or |u — Lu|, o =~ Ch" with numerical results generated on two consecutive meshes. The estimated
values for r clearly demonstrate the optimal convergence of I,u. We note that this example involves a
coefficient 8 with a jump quite large. Our numerical experiments show that these IFE spaces converge
optimally also when 8 has a moderate jump such as 8~ =1, 87 = 10.

6.2 The convergence of the IFE solution

Let u;, be the IFE solution generated by the bilinear IFE space applied in the partially penalized method in
Lin et al. (2015) for the interface problem (1.1)—(1.4), where f and g are chosen such that u given by (6.1)
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TABLE 3 Errors in the bilinear IFE solution generated by the
symmetric partially penalized IFE method, B~ = 1, Bt = 10000

SPP IFE SPP IFE
h lle — wnllog rate lu — w0 rate
1/40 3.7917E-4 1.5276E-2
1/80 1.0409E-4 1.8650 7.9599E-3 0.9405
1/160 2.5628E-5 2.0220 3.9096E-3 1.0257
1/320 6.6828E-6 1.9392 1.9501E-3 1.0035
1/640 1.7806E-6 1.9081 9.7745E-4 0.9964

1/1280 4.0278E-7 2.1443 4.8374E-4 1.0148

TABLE 4 Errors in the bilinear IFE solution generated by the
symmetric partially penalized IFE method, B~ = 10000, B+ = 1

SPP IFE SPP IFE
h lle — wnllog rate [ — rate
1/40 1.0734E-2 4.4052E-1
1/80 2.5715E-3 2.0616 2.1966E-1 1.0040
1/160 6.2918E-4 2.0310 1.0974E-1 1.0012
1/320 1.5709E-4 2.0019 5.4864E-2 1.0001
1/640 4.0137E-5 1.9686 2.7431E-2 1.0000

1/1280 9.8101E-6 2.0326 1.3715E-2 1.0000

is its exact solution. The errors in the bilinear IFE solution generated by the symmetric partially penalized
IFE (SPP IFE) method on a sequence of meshes are listed in Tables 3 and 4. The values of numerically
estimated rate r in these tables clearly indicate the optimal convergence of the bilinear IFE solution
gauged in either the L?-norm or H'-norm. We also have carried out extensive numerical experiments
by applying the IFE spaces developed in Section 5 to the partially penalized IFE methods in Lin et al.
(2015) with all the popular penalties, and we have observed similar optimal convergence in the related
IFE solution for this interface problem.
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