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. Show that the right circular cylinder of volurwewhich has the least surface
area is the one whose diameter is equal to its altitude. (The top and bottom
are part of the surface.)

. LetSbe a set which is closed under the binary operatiamith the follow-
ing properties:

(i) there is an elemerge Ssuch thaboe=eoa=a, foreachac S
(i) (aob)o(cod)=(aoc)o(bod),forallab,c,deS

Prove or disprove:

(a) ois associative 0%
(b) o is commutative ors

. LetA be ann x n nonsingular matrix with complex elements, andAebe
its complex conjugate. L& = AA+ 1, wherel is then x n identity matrix.

(a) Prove or disproveA—1BA = B.
(b) Prove or disprove: the determinant®&+ | is real.

. Letf(x) be continuously differentiable q®,) and suppose linf’(x) = 0.
Prove thag( limf (x) /x= 0.
. Show, for all positive integers= 1,2, ..., that 14 divides 8" 4 52"+1,

. Suppos@, > 0 andy >, a, diverges. Determine wheth&f>_, a,/ con-
verges, wher&,=ai;+ax+---+ap.

. LetSbe a finite set of non-negative integers such thaty| € Swhenever
X,y€eS

(a) Give an example of such a set which contains ten elements.



(b) If Ais a subset of containing more than two-thirds of the elements of
S, prove or disprove thavery element ofSis the sum or difference of
two elements fronA.

. LetSbe a finite set of polynomials in two variablesandy. Forn a posi-
tive integer, defin€,(S) to be the collection of all expressiopsgps. .. pk,
wherep; € Sand 1< k < n. Letd,(S) indicate the maximum number of
linearly independent polynomials i@,(S). For exampleQ({x?,y}) =
{4,y %%y, X%, y?} andda({**,y}) = 5.

(@) Findda({1,x,x+1,y}).
(b) Find a closed formula in for dn({1,%,Y}).

logdn(S)

logn
(M @y = limp_o(sup{an,anyi1, . .. }), Where sup means supremum
or least upper bound.)

(c) Calculate the least upper bound over all such selisgf .«
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. Let * denote abinary operation on a set Swith the property that
(WkXx)* (yxz) =wxz foradlwxy,zeS

Show

(@ Ifaxb=c,thencxc=c.
(b) Ifaxb=c,thenaxx=cxxforadl xe S

. The sum of the first n terms of the sequence
1, (1+2), (A+2+2%),...,(14+2+---+2<Y), ..

isof theform 2R+ S+ Tn+U foraln>0. Find R ST and U.

| Letanzl.s.s ..... (2n—1).

(@) Provethat limp_. a, exists.
(1-(3)3A-(3)%-- 1= ()

(2n+1)a, '
(c) Findlimn_.«an and justify your answer.

(b) Show that a, =

. Let P(x) be any polynomial of degree at most 3. It can be shown that there
are numbers x; and x, such that [, P(x) dx = P(x;) + P(x2), where x; and
x2 are independent of the polynomial P.

(a) Show that X1 = —Xo.

(b) Find x1 and xo.

. For x> 0, show that & < (1+x)1*,

. Giventhelinear fractional transformation of xinto f1(X) = (2x—1)/(x+1),
define fn1(x) = f1(fa(x)) forn=1,2,3,.... It can be shownthat fz5 = fs.
Determine A, B,C, and D so that fag(X) = (AX+B)/(Cx+ D).



7. Let Sbethe set of all ordered pairs of integers (m,n) satisfying m > 0 and
n< 0. Let ( be apartial ordering on S defined by the statement: (m,n) (
(m';n’) if and only if m< m and n < n’. An exampleis (5,—10) ( (8,—2).
Now let O be acompletely ordered subset of Si.e. if (a,b) € Oand (c,d) €
O, then (a,b) ( (c,d) or (c,d) ( (a,b). Also let O denote the collection of
all such completely ordered sets.

(a) Determine whether an arbitrary O € O isfinite.
(b) Determine whether the cardinality ||O|| of O isbounded for O € O.

(c) Determine whether ||O|| can be countably infinite for any O € O.
8. Let z= x+ iy be acomplex number with x And y rational and with |z| = 1.

(a8 Find two such complex numbers.
(b) Show that |22" — 1| = 2| sinn@|, where z= €°,
(c) Show that |Z2" — 1| isrational for every n.
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. The number 2% — 1 is exactly divisible by what two numbers between 60
and 70?

. For which real numbers b does the function f (x), defined by the conditions
f(0)=band f' = 2f —x, satisfy f(x) > 0for al x> 0?

. Let A be non-zero square matrix with the property that A3 = 0, where O is
the zero matrix, but with A being otherwise arbitrary.

(8) Express (I —A)~! asapolynomial in A, where| istheidentity matrix.
(b) Find a3 x 3 matrix satisfying B # 0, B® = 0.

. Define F(x) by F(X) = 3o FnX" (wherever the series converges), where

Fn is the nth Fibonacci number definedby Fop=F1 =1, F, =F,-1+ F—2,
n > 1. Find an explicit closed form for F (x).

. Two elements A, B in a group G have the property ABA~1B = 1, where 1
denotesthe identity element in G.

(a) Show that AB?> = B—2A,

(b) Show that AB" = B~"A for any integer n.

(c) Finduand v so that (B2AP)(B°AY) = BUAY.

. With k apositive integer, provethat (1—k=2)% > 1—1/k.

. Let A={ap,ay,...} beasequence of real numbers and define the sequence
A ={ay,a,...} asfollowsforn=0,1,...: a,, = an, &,,; =an+ L If
ag=1and A=A, find

(@) a1,az,azand ay

(b) aigs

(c) A ssmple general algorithm for evaluating a,,, forn=0,1,....

. Let



() O<ax<],
(i) 0 < Myy1 <My, fork=0,1,...,
@iii) limg_eo Mg =0.

If by = Z)a”"‘Mk, prove that |im by = 0.
& — 00
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. What is the remainder whex'9824- 1 is divided byX —1? Verify your
answer.

. A box contains marbles, each of which is red, white or blue. The number
of blue marbles is a least half the number of white marbles and at most on-
third the number of red marbles. The number which are white or blue is at
least 55. Find the minimum possible number of red marbles.

. Leta, b, andc be vectors such thdta, b, c} is linearly dependent. Show
that

oo w®
SV I o)
oo w
O T T
oo w
O 0o
I
o

. Prove that" 1+t < t"+t~"whent # 1,t > 0 andn s a positive integer.
. When asked to state the Maclaurin Series, a student writes (incorrectly)

(x) f(x)= f(x)+xf’(x)+)Z(—Z!f”(x)+§—3!f”’(x)+---

(a) State Maclaurin’s Series fdix) correctly.
(b) Replace the left-hand side of (*) by a simple closed form expression in
f in such a way that the statement becomes valid (in general).

. LetSbe a set of positive integers and Etbe the operation on the set of
subsets ofS defined byEA = {x € A| x is even} whereAC S LetCA
denote the complement éfin S ECEA will denoteE(C (EA)) etc.

(a) Show thaECECEA = EA.

(b) Find the maximum number of distinct subsetsSdhat can be gener-
ated by applying the operatioisandC to a subsef of San arbitrary
number of times in any order.



7. Letp(x) be a polynomial of the fornp(x) = ax? + bx+ ¢, wherea, b andc
areintegers, with the property that & p(1) < p(p(1)) < p(p(p(1))). Show
thata > 0.

1
8. Forn> 2, define§, by S, = Z @
k=n

(a) Prove ordisprovethath< S, <1/(n—1).
(b) Prove or disprove th&, <1/(n—3/4).
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. In the expansion ofa+ b)", wheren is a natural number, there aner 1
dissimilar terms. Find the number of dissimilar terms in the expansion of
(a+b+c)".

. A positive integeN (in base 10) is calledpecial if the operationC of
replacing each digitl of N by its nine’'s-complement 9 d, followed by

the operatiorR of reversing the order of the digits, results in the original
number. (For example, 3456 is a special number becR{(§8456)] =
3456.) Find the sum of all special positive integers less than one million
which do not end in zero or nine.

. Letatriangle have vertices@t0,0), A(a,0), andB(b,c) in the(x,y)-plane.

(a) Find the coordinates of a poiRtx, y) in the exterior ofAOAB satisfy-
ing aredOAP) = ared OBP) = ared ABP).

(b) Find a pointQ(x,y) in the interior of AOAQ satisfying areeDAQ) =
areaPBQ) = ared ABQ).

. A finite set of roads connecttowns Ty, To,..., T, wheren > 2. We say
that townsT; andT; (i # ]) aredirectly connected if there is a road segment
connectingl; andT; which does not pass through any other town. L&)
be the number of other towns directly connecteditoProve thatf is not
one-to-one.

. Find the functionf (x) such that for alL > 0, the area under the graph of
y = f(x) and above the-axis fromx = 0 to x= L equals the arc length of
the graph fronx=0tox = L. (Hint: recall that%( coshix = 1/vVx2—1.)

. Letf(x) = 1/xandg(x) = 1—x for x € (0,1). List all distinct functions
that can be written in the forfhogo fogo---o f ogo f whereo represents

. . o ax+b
composition. Write each function in the for@%, and prove that your
listis exhaustive.



7. If aandb are real, prove that* + ax-+b = 0 cannot have only real roots.
8. A sequencdy, is generated by the recurrence formula

fn fnfl + 1

f =
n+1 fnfz

Y

forn=2,3,4,..., with fo = f; = f, = 1. Prove thaf, is integer-valued for
all integersn > 0.



6th Annual

Virginia Tech Regional M athematics Contest
From 9:30a.m. to noon November 3, 1984

Fill out theindividual registration form

99
. Find the units digit (base 10) in the sum Z k!.
K=1

. Consider any three consecutive positive integers. Prove that the cube of the
largest cannot be the sum of the cubes of the other two.

. A sequence {un}, n=0,1,2,..., is defined by Up = 5, Un1 = Up+N° +
3n+3,forn=0,1,2,.... If uy isexpressed asapolynomia u, = y&_, cnk,
where d is the degree of the polynomial, find the sum Zﬂzo Ck.

. Letthe (x,y)-plane be divided into regions by n lines, any two of which may
or may not intersect. Describe a procedure whereby these regions may be
colored using only two colors so that regions with a common line segment
as part of their boundaries have different colors.

. Let f(x) satisfy the conditions for Rolle’s theorem on [a,b] with f(a) =
f(b) = 0. Prove that for each real number k the function g(x) = f’(x) +
kf(x) has at least one zero in (a,b).

. A matrix is called excellent if it is square and the sum of its elementsin
each row and column equals the sum of its elementsin every other row and
column. Let V,, denote the collection of excellent n x n matrices.

(@) Show that V;, is avector space under addition and scalar multiplication
(by real numbers).

(b) Find the dimensions of V5, V3, and Vj.

(c) If A€V, and B €V, show that AB € V.

. Find the greatest real r such that some normal lineto the graph of y = x34rx
passes through the origin, where the point of normality is not the origin.

. Let f = f(x) be an arbitrary differentiable function on | = [xo — h,xo + h]
with [ f/(x)| <M on| whereM > /3. Let f(xg—h) < f(xo) and f(xo+h) <



f(xo). Find the smallest positive number r such that at least one local max-
imum of f liesinside or on thecircle of radiusr centered at (xo, f (Xo)). Ex-
press your answer interms of h,M and d = min{ f (xp) — f(xo—h), f(x0) —
f(xo+h)}.
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1. Provethat v/ab < (a+b)/2 where a and b are positive real numbers.
2. Find theremainder r, 1 <r < 13, when 2195 js divided by 13.

3. Find rea numbersc; and ¢, so that

00

13

where M = (O 5

) and | istheidentity matrix.

4. Consider aninfinite sequence {c},_, Of circles. Thelargest, Co, is centered

at (1,1) and is tangent to both the x and y-axes. Each smaller circle C,
is centered on the line through (1,1) and (2,0) and is tangent to the next
larger circle C,_1 and to the x-axis. Denote the diameter of C, by d, for
n=0,1,2,.... Find

(@ di
(b) S dn
n=0
. Find the function f = f(x), defined and continuouson R* = {x | 0 < x <
oo}, that satisfies f (x+ 1) = f(x) +xonR™ and f(1) = 0.

(&) Find an expression for 3/5 as a finite sum of distinct reciprocals of
positive integers. (For example: 2/7=1/7+1/8+1/56.)
(b) Provethat any positive rational number can be so expressed.

. Let f = f(x) beareal function of areal variable which has continuous third
derivative and which satisfies, for agiven c and all real x, X # c,

11O _ 19+ (@) /2

Show that £(x) = f'(x— f'(c))/(Xx— ).



8. Let p(x) = ap+ arx+ - -- + anX", where the coefficients a; are rea. Prove
that p(x) = 0 has at least one root in theinterval 0 < x < 1if ag+a1/2+
~-+ap/(n+1)=0.
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. Letxy=1,%x,=3,and

l n

Find limp_. and give a proof of your answer.

. Giventhat a > 0 and ¢ > O, find a necessary and sufficient condition on b
so that ax® + bx+-¢ > Ofor all x > 0.

. Express sinh3x as a polynomia in sinhx. As an example, the identity
cos2x = 2cos’X — 1 shows that cos2x can be expressed as a polynomial
in cosx. (Recall that sinh denotes the hyperbolic sine defined by sinhx =
(& —e7%)/2)

. Find the quadratic polynomial p(t) = ag+agt +ast? such that folt”p(t)dt =
nforn=0,12.
. Verify that, for f(x) = x+1,
1
lim ( (f(X))rdX)l/r :efollnf(x)dx_

r—0t Jo

. SetsAand B aredefined by A= {1,2,...,n} and B = {1,2,3}. Determine
the number of distinct functions from A onto B. (A function f: A— B is
“onto” if for each b € B there existsa € Asuch that f(a) =b.)

. A function f from the positive integersto the positiveintegers has the prop-
erties:

o f(1)=1,

e f(n)=2if n> 100,

e f(n)=f(n/2)if nisevenandn < 100,



e f(n)=f(n?47)ifnisoddandn> 1.

(&) Find al positive integers n for which the stated properties require that
f(n)=1

(b) Find al positive integers n for which the stated properties do not deter-
mine f(n).

8. Find all pairsN, M of positive integers, N < M, such that
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. A path zig-zags from (1,0) to (0,0) along line segments P, P, , where Py
is (1,0) and B, is (27",(—2)7"), for n > 0. Find the length of the path.

. A triangle with sides of lengths a, b, and c is partitioned into two smaller
triangles by the line which is perpendicular to the side of length ¢ and passes
through the vertex opposite that side. Find integers a < b < ¢ such that each
of the two smaller triangles is similar to the original triangle and has sides
of integer lengths.

. Letay,ay,...,a, be an arbitrary rearrangement of 1,2,... n. Prove that if n
is odd, then (a; — 1)(az —2)...(a, —n) is even.

. Let p(x) be given by p(x) = ag+ayx+ax* +--- +a,x" and let |p(x)| < |x|
on [—1,1].
(a) Evaluate ag.  (b) Prove that |a;| < 1.

. A sequence of integers {ny,ny,...} is defined as follows: n; is assigned
arbitrarily and, for k > 1,

j=k—1
Ny = Z z(n;),
j=1

where z(n) is the number of 0’s in the binary representation of n (each rep-
resentation should have a leading digit of 1 except for zero which has the
representation 0). An example, with n; =9, is {9,2,3,3,3,...}, or in bi-
nary, {1001,10,11,11,11,...}.

(a) Find ny so hat limy_,..n; = 31, and calculate ny,ns, ..., njo.

(b) Prove that, for every choice of ny, the sequence {n;} converges.

. A sequence of polynomials is given by p,(x) = a,42x> + ay41x — ay, for
n > 0, where ay = a; = 1 and, for n > 0, a,+2 = a,+1 + a,. Denote by r,
and s, the roots of p,(x) = 0, with r, <s,. Find lim,,_,. r, and lim;, . §,.



7. Let A = {a;;} and B = {b;;} be n x n matrices such that A~! exists. Define
A(l‘) = {aij(t)} and B(l) = {bij(t)} by aij(t) = ajj fori < n, anj(t) = tayj,

bij(t) = bjj for i < n, and b,;(t) = tby;. For example, if A = B ﬂ, then
At) = 31t jt} . Prove that A(t) ~'B(t) = A~'B for t > 0 and any n. (Partial

credit will be given for verifying the result for n = 3.)

8. On Halloween, a black cat and a witch encounter each other near a large
mirror positioned along the y-axis. The witch is invisible except by reflection
in the mirror. At¢ = 0, the cat is at (10, 10) and the witch is at (10,0). For
t > 0, the witch moves toward the cat at a speed numerically equal to their
distance of separation and the cat moves toward the apparent position of the
witch, as seen by reflection, at a speed numerically equal to their reflected
distance of separation. Denote by (u(¢),v(¢)) the position of the cat and by
(x(2),y(t)) the position of the witch.

(a) Setup the equations of motion of the cat and the witch for r > 0.

(b) Solve for x(¢) and u(¢) and find the time when the cat strikes the mirror.
(Recall that the mirror is a perpendicular bisector of the line joining an
object with its apparent position as seen by reflection.)
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. A circle C of radiusr is circumscribed by a parallelogram S. Let 6 denote
one of theinterior angles of S with 0 < 8 < 11/2. Calculate the area of Sas
afunction of r and 6.

. A man goesinto abank to cash a check. The teller mistakenly reverses the
amounts and givesthe man centsfor dollarsand dollarsfor cents. (Example:
if the check was for $5.10, the man was given $10.05.). After spending five
cents, the man finds that he still has twice as much as the original check
amount. What was the original check amount? Find all possible solutions.

X
. Find the general solution of y(x) + / y(t)dt = x2.
1

. Let a be a positive integer. Find all positive integers n such that b = a"
satisfies the condition that a® 4 b? is divisible by ab+ 1.

. Let f be differentiable on [0,1] and let f(a) =0 and f(xp) = —.0001 for
some o and X € (0,1). Also let |f/(x)| > 2 on [0,1]. Find the smallest
upper bound on |a — Xo| for all such functions.

. Find positive real numbers a and b such that f(x) = ax — bx® has four ex-
tremaon [—1,1], a each of which | f(x)| = 1.

. For any set Sof real numbers define a new set f(S) by f(S) = {x/3|x¢e
StU{(x+2)/3|x€ S}.

(a) Sketch, carefully, theset f(f(f(l))), wherel istheinterval [0,1].

(b) If T isabounded set suchthat f(T) =T, determine, with proof, whether
T can contain 1/2.

. Let T(n) be the number of incongruent triangles with integral sides and
perimeter n > 6. Provethat T(n) = T(n—3) if niseven, or disprove by a
counterexample. (Note: two triangles are congruent if there is a one-to-one
correspondence between the sides of the two triangles such that correspond-
ing sides have the same length.)
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. A square of side a is inscribed in a triangle of base b and height / as shown.

Prove that the area of the square cannot exceed one-half the area of the
triangle.

Let A be a 3 x 3 matrix in which each element is either O or 1 but is otherwise
arbitrary.

(a) Prove that det(A) cannot be 3 or —3.
(b) Find all possible values of det(A) and prove your result.

. The system of equations

ajxy+apxy+aizxy = b
ax1x1 +axnxy +ay3xz = b
az1x1 +azxy+azxy = bs
has the solution x; = —1,x =3, x3 =2whenb; =1,b,=0,b3 =1 and it

has the solutionx; =2, x=—2,x3 =1when b; =0, b, = —1, b3 = 1. Find
a solution of the system when by =2, by = —1, b3 =3.

Let a, b, c,d be distinct integers such that the equation
(x—a)(x—=b)(x—c)(x—d)—9=0

has an integer root r. Show that 4r = a+ b+ c+d. (This is essentially a
problem from the 1947 Putnam examination.)

(i) Prove that fy(x) = 14 x+x? +x> + x* has no real zero.



(ii) Prove that, for every integern >0, f,,(x) = 14+27"x+ 37Mx2 14713 4
57"x* has no real zero. (Hint: consider (d/dx)(xf,(x)).)

6. Let g be defined on (1,%) by g(x) = x/(x— 1), and let f*(x) be defined by

fO(x) = x and for k > 0, f*(x) = g(f*!(x)). Evaluate i 27k f*(x) in the
k=0

ax>+bx+c

f
orm drte

7. Three farmers sell chickens at a market. One has 10 chickens, another has
16, and the third has 26. Each farmer sells at least one, but not all, of
his chickens before noon, all farmers selling at the same price per chicken.
Later in the day each sells his remaining chickens, all again selling at the
same reduced price. If each farmer received a total of $35 from the sale of
his chickens, what was the selling price before noon and the selling price
after noon? (From “Math Can Be Fun” by Ya Perelman.)

8. The integer sequence {ag,ay,...,a,—1} is such that, for each i (0 <i <
n— 1), a; is the number of i’s in the sequence. (Thus for n = 4 we might
have the sequence {1,2,1,0}.)

(a) Prove that, if n > 7, such a sequence is a unique.

(b) Find such a sequence forn =17.

Hint: show that the sum of all the terms is », and that there are n — ag — 1
nonzero terms other than ag which sum to n — ag. (This problem is slightly

modified from one on the Cambridge Men’s Colleges Joint Awards and En-
trance Examination, 24 November 1970.)
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. Three pasture fields have areas of 10/3, 10 and 24 acres, respectively. The
fields initially are covered with grass of the same thickness and new grass
grows on each at the same rate per acre. If 12 cows eat the first field bare in
4 weeks and 21 cows eat the second field bare in 9 weeks, how many cows
will eat the third field bare in 18 weeks? Assume that all cows eat at the
same rate. (From Math Can be Fun by Ya Perelman.)

. A person is engaged in working a jigsaw puzzle that contains 1000 pieces.
It is found that it takes 3 minutes to put the first two pieces together and
3(1000 — x)
1000 + x
connect the next piece. Determine an accurate estimate of the time it takes
to complete the puzzle. Give both a formula and an approximate numerical
value in hours. (You may find useful the approximate value In2 = .69.)

that when x pieces have been connected it takes minutes to

. Let f be defined on the natural numbers as follows: f(1) = 1 and forn > 1,
f(n)=f(f(n—1))+ f(n— f(n—1)). Find, with proof, a simple explicit
expression for f(n) which is valid foralln =1,2,....

. Suppose that P(x) is a polynomial of degree 3 with integer coefficients and
that P(1) = 0, P(2) = 0. Prove that at least one of its four coefficients is
equal to or less than —2.

. Determine all real values of p for which the following series converge.
(o] . 1 (o] .
(a) Z(sm—)” (b) Z |sinn|?
n=1 n n=1
. The number of individuals in a certain population (in arbitrary real units)
obeys, at discrete time intervals, the equation

Ynt1 =w(2—=yy) forn=0,1,2,...,

where yy is the initial population.



(@) Find al “steady-state” solutions y* such that, if yo =y* , theny, = y*
forn=1212,....

(b) Prove that if yp is any number in (0,1), then the sequence {yn} con-
verges monotonically to one of the steady-state solutions found in (a).
. Let the following conditions be satisfied:

(i) f= f(x) and g=g(x) are continuous functionson [0, 1],
(ii) there existsanumber a suchthat 0 < f(x) <a<1on|0,1],
(iii) there exists a number u such that OTai(l(g(x) +uf(x)) =u.
<x<

Ag(X)
f(x)+B
on [0,1] satisfying OrgaglF(x) = u, and prove that your function has the

<X

Find constants A and B such that F(x) = is a continuous function

required properties.

. Ten pointsin space, no three of which are collinear, are connected, each one
to all the others, by atotal of 45 line segments. The resulting framework
F will be “disconnected” into two digoint nonempty parts by the removal
of one point from the interior of each of the 9 segments emanating from
any one vertex of f. Prove that F cannot be similarly disconnected by the
removal of only 8 pointsfrom the interiors of the 45 segments.
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1. An isosceles triangle with an inscribed circle is labeled as shown in the
figure. Find an expression, in terms of the angle & and the length a, for the
area of the curvilinear triangle bounded by sides AB and AC and the arc BC.

C

A a
a B a
X
2. Find all differentiable functions f which satisfy f(x)? = / £(2)*dt for all
0

real x.

3. Prove that if « is a real root of (1 —x?)(1+x+x*4---+x") —x = 0 which
liesin (0,1), withn =1,2,..., then « is also a root of (1 —x?)(1+x+4x%+
X —1=0.

4. Prove that if x > 0 and n > 0, where x is real and # is an integer, then

n n

X < n
(et DT = (a1l

5. Let f(x) = x> — 5x> + 4x. In each part (i)—(iv), prove or disprove that there
exists a real number ¢ for which f(x) — ¢ = 0 has a root of multiplicity

(i) one, (ii) two, (iii) three, (iv) four.

6. Let ap =1 and for n > 0, let a, be defined by
n

an—k

an=—Y M.
k=1

Prove that a, = (—1)"/n!, forn=0,1,2,....




7. A and B play the following money game, where a, and b,, denote the amount
of holdings of A and B, respectively, after the nth round. At each round a
player pays one-half his holdings to the bank, then receives one dollar from
the bank if the other player had less than ¢ dollars at the end of the previous
round. If ag = .5 and by = 0, describe the behavior of a,, and b, when n is
large, for

(i)c=124 and (i) c = 1.26.

8. Mathematical National Park has a collection of trails. There are designated
campsites along the trails, including a campsite at each intersection of trails.
The rangers call each stretch of trail between adjacent campsites a “seg-
ment”. The trails have been laid out so that it is possible to take a hike that
starts at any campsite, covers each segment exactly once, and ends at the
beginning campsite. Prove that it is possible to plan a collection € of hikes
with all of the following properties:

(i) Each segment is covered exactly once in one hike 2 € 4" and never in
any of the other hikes of %

(i) Each h € ¥ has a base campsite that is its beginning and end, but
which is never passed in the middle of the hike. (Different hikes of ¢
may have different base campsites.)

(iii) Except for its base campsite at beginning and end, no hike in % passes
any campsite more than once.
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x3
. Find the inflection point of the graph of F(x) = / ¢ dt, forxeR.
0

. Assumethat x; > y; > 0and y> > xo > 0. Find aformulafor the shortest
length | of a planar path that goes from (x1,y1) to (X2,Y2) and that touches
both the x-axis and the y-axis. Justify your answer.

. Let f(x) be defined recursively by
fox)=x, f1(x)="f(x), fur1(x)="Ff(fa(x)), for n>0,
where f(x) = 1+sin(x—1).

(i) Show that thereis a unique point xg such that f2(xg) = Xo.

(i) Find 20 f”é’rf‘)) with the above xo.
N—=

. Let {tn}1_, be asequence of positive numbers such that t; = 1 and t2, ; =
1+t,, for n> 1. Show that t, isincreasing in n and find limp_,c tp.

0

. LetA= (1

_2> . Find A1%, You haveto find all four entries,

. Let p(x) bethe polynomial p(x) = x3 4 ax? + bx+c. Show that if p(r) =0,
then
P _,P(x+1)  p(x+2)

X—F X+1—-r X+2—r

foral xexceptx=r,r—landr —2.

Eind lim 2I092+3I023+---+nlogn.
N—oo n-logn



8. Some goblins, N in number, are standing in arow while “trick-or-treat” ing.
Each goblin is at al times either 2’ tall or 3 tall, but can change sponta-
neously from one of these two heightsto the other at will. Whilelined upin
sucharow, agobliniscalled alL ocal Giant Goblin (LGG) if he/she/itisnot
standing beside a taller goblin. Let G(N) be the total of all occurrences of
LGG's as the row of N goblins transmogrifies through all possible distinct
configurations, where height is the only distinguishing characteristic. Asan
example, with N = 2, the distinct configurations are 22, 23, 32, 33, where a
cap indicates an LGG. Thus G(2) = 6.

(i) Find G(3) and G(4).
(i) Find, with proof, the general formulafor G(N), N=1,23,....
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1.1 _
1. Prove that/ /2 &’ dydx = 2e 2.
0 Jx

3

2. Prove that if f: R — R is continuous and f(x) = [g f(t)dt, then f(x) is
identically zero.

3. Let f1(x) = xand fry1(X) =x™™ forn=1,2.... Provethat f/(1) = 1 and
fi(1)=2,fordln>2.

4. Prove that a triangle in the plane whose vertices have integer coordinates
cannot be equilateral.

00 3_n
5. Find Z S
n=1 n

6. Let f: R? — IR? be a surjective map with the property that if the points A,
B and C are collinear, then so are f(A), f(B) and f(C). Provethat f is
bijective.

7. On a small square billiard table with sides of length 2ft., a bal is played
from the center and after rebounding off the sides several times, goesinto a
cup at one of the corners. Prove that the total distance travelled by the ball
isnot an integer number of feet.

8. A popular Virginia Tech logo looks something like



Supposethat wire-frame copies of thislogo are constructed of 5 equal pieces
of wire welded at three places as shown:

If bending is allowed, but no re-welding, show clearly how to cut the max-
imum possible number of ready-made copies of such alogo from the piece
of welded wire mesh shown. Also, prove that no larger number is possible.
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1 px pl—x2 )
. Evaluate / / / el1=2” dzdydx.
0 Jo Jo

. Let f be continuous real function, strictly increasing in an interval [0, a]
such that f(0) = 0. Let g betheinverseof f, i.e, g(f(x)) = xforal xin
[0,a]. Show that for 0<x<a,0<y< f(a), we have

X y
xyg/ f(t)dt+/ g(t) dt.
0 0
. Find all continuoudly differentiable solutions f (x) for
X
f(x)2=/ (F(£)2 = £(t)*-+ (£'(1))2) dt + 100
0

where f(0)? = 100.

. Consider the polynomial equation ax* + bx3 4 x? 4 bx+a = 0, where a and
b are real numbers, and a > 1/2. Find the maximum possible value of a+ b
for which there is at |east one positive real root of the above equation.

. Let f: Z x7Z — R be afunction which satisfies f(0,0) = 1 and
f(mn)+ f(m+1n)+ f(mn+1)+f(m+1,n+1)=0

for al m,n € Z (where Z and R denote the set of al integers and all rea
numbers, respectively). Provethat | f (m,n)| > 1/3, for infinitely many pairs
of integers (m,n).

. Let A be an nxn matrix and let a be an n-dimensional vector such that
Aa = a. Suppose that al the entries of A and a are positive real numbers.
Provethat a isthe only linearly independent eigenvector of A corresponding
tothe eigenvalue 1. Hint: if B isanother eigenvector, consider the minimum
of ai/|Bil, i =1,...,n, wherethe a;’sand ;s are the components of a and

3, respectively.



7. Define f(1) =1and f(n+1) =2y/f(nN)2+nforn>1 If N>1isan
integer, find $N_; f(n)2.

8. Let asequence {X}_o of rational numbers be defined by xo = 10, x; = 29
19X 1 . Xén
= > 0. —.
and X2 Sl forn> 0. Find nZO 2n

n
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3 p2 1
' EvaJuaIe/O /o 1+ (max(3x,2y))2dxdy’

. Let R? denote the xy-plane, and define 8: R? — R? by 8(x,y) = (4x— 3y +
1,2x—y+ 1). Determine 81%(1,0), where 8% indicates applying 8 100
times.

. Letn > 2 be apositiveinteger and let f(x) be the polynomial
T— (X+X - X+ (XX 4 X2 — o (D)X X XN,

If r isan integer such that 2 < r < n, show that the coefficient of x" in f(x)
IS Zero.

. Let 1= (1++/5)/2. Show that [t?n] = [t[tn] + 1] for every positive integer
n. Here [r] denotes the largest integer that is not larger thanr.

. Let R denotethereal numbers, andlet 0: R — R be amap with the property
that x >y implies (8(x))3 > 6(y). Prove that 8(x) > —1 for al x, and that
0 < 08(x) < 1for at most one value of x.

. A straight rod of length 4 inches has ends which are allowed to slide along
the perimeter of a square whose sides each have length 12 inches. A paint
brush is attached to the rod so that it can slide between the two ends of the
rod. Determine the total possible area of the square which can be painted
by the brush.

. If nis a positive integer larger than 1, let n =[] p!“ be the unique prime
factorization of n, where the p;’s are distinct primes, 2, 3,5, 7, 11, ..., and
define f(n) by f(n) = Y kipi and g(n) by g(n) = limy_.. f™(n), where f™
is meant the m-fold application of f. Then nissaid to have property H if
n/2<g(n) <n.

(i) Evaluate g(100) and g(10%).
(i) Find all positive odd integers larger than 1 that have property H.
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/m-—yz
N
2. For each rational number r, define f(r) to be the smallest positive integer
n such that r = m/n for some integer m, and denote by P(r) the point in
the (x,y) plane with coordinates P(r) = (r,1/f(r)). Find a necessary and

sufficient condition that, given two rationa numbers rq and ro such that
O<ri<ra<l,

1
1. Evaluate / xeX 2%+ gy,
0

rlf (rl) + I'2f (r2)
P
( f(ry)+f(r2) )
will be the point of intersection of the linejoining (r1,0) and P(r2) with the
linejoining P(r1) and (ro,0).

3. Solve the differential equation y¥ = e®/% with the initial conditiony = e
whenx = 1.

4. Let f(x) beatwice continuoudly differentiable in theinterval (0, ). If
X|im(><2f"(x) +4xt'(x) + 2f (x)) = 1,
find limy_e f(X) and limy_..xf’(x). Do not assume any special form of
f(x). Hint: use|’Hopital’srule.

5. Letaj,i=1,2,3,4, bereal numberssuch that a; + a» + az+ a4 = 0. Show
that for arbitrary real numbersb;, i = 1, 2,3, the equation

a1 + bix+ 3apX? + bpx® + 5agx* + bax® + 7a4x® = 0
has at |east onereal root whichisontheinterva —1 <x < 1.

6. There are 2n ballsin the plane such that no three balls are on the same line
and such that no two balls touch each other. n balls are red and the other n
balls are green. Show that there is at least one way to draw n line segments
by connecting each ball to aunique different colored ball so that no two line
segments intersect.



7. Let usdefine

fno(X) =X+ ? forx>0,n>1,
fr,j+1(X) = fno(fn (X)), j=0,1,...,n—1.

Find limn_e fnn(X) for x > O.
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1. EvaJuate// LdA, where D isthe half disk given by (x—1)%4y? <
D X2 +y?
1,y>0.

2. Supposethatri #rpandriry, = 2. If ry and ro are roots of
X —x®+ax’ —8x—8=0,
find r1,r> and a. (Do not assume that they are real numbers.)

3. Suppose that you are in charge of taking ice cream ordersfor a class of 100
students. If each student orders exactly one flavor from Vanilla, Strawberry,
Chocolate and Pecan, how many different combinations of flavors are pos-
siblefor the 100 orders you are taking. Here are some examples of possible
combinations. You do not distinguish between individual students.

(i) V =30, S= 20, C = 40, P = 10.
(i) V =80,S=0,C=20,P=0.
(i) V=0,S=0,C =0, P = 100.

4. A business man works in New York and Los Angeles. If heisin New
York, each day he has four options; to remain in New York, or to fly to Los
Angeles by either the 8:00a.m., 1:00 p.m. or 6:00 p.m. flight. On the other
hand if he isin Los Angeles, he has only two options; to remain in Los
Angeles, or to fly to New York by the 8:00a.m. flight. In a 100 day period
he hasto bein New York both at the beginning of thefirst day of the period,
and at the end of the last day of the period. How many different possible
itineraries does the business man have for the 100 day period (for example
if it was for a2 day period rather than a 100 day period, the answer would
be 4)?

5. The VTRC bus company serves citiesin the USA. A subset S of the cities
iscalled well-served if it has at |east three cities and from every city A in S,



one can take anonstop VTRC busto at |east two different other citiesB and
C in S (though there is not necessarily anonstop VTRC busfrom B to A or
from C to A). Suppose there is awell-served subset S. Prove that thereisa
well-served subset T such that for any two citiesA,B in T , one can travel
by VTRC busfrom A to B, stopping only at citiesin T .

. A disk of radius1 cm. hasasmall holeat apoint half way between the center
and the circumference. The disk islying inside a circle of radius 2cm. A
pen is put through the hole in the disk, and then the disk is moved once
round the inside of the circle, keeping the disk in contact with the circle
without slipping, so the pen draws a curve. What is the area enclosed by the
curve?

. LetJ bethe set of all sequences of real numbers, and let A, L and P be three
mappingsfromJ toJ defined asfollows. If x={xn} = {Xo,X1,%2,...} €J,
then

AX={X+1}={0+1 x1+1 xo+1,...},
Lx = {1,Xo0, X1, X2, .. },

Px = {kixk}.

Finally, define the composite mapping T on J by Tx=LoAoPx. Inthe
following, lety={1,1,1,...}.

(@ Write down T2y, giving the first eight terms of the sequence and a
closed formulafor the n-th term.
(b) Assuming that z= {z,} = limT'y exists, conjecture the general form
| —o00
for z,, and prove your conjecture.
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CLet f(xy)=In(1-x%—y?)— withdomainD = {(x,y) | x#Y, x>+

1
(y—x)?
y? < 1}. Find the maximum value M of f(x,y) over D. You have to show
that M > f(x,y) for every (x,y) € D. HerelIn(-) is the natura logarithm

function.

. Theradius of the base of aright circular coneis 1. The vertex of the coneis
V, and P isa point on the circumference of the base. The length of PV is6
and the midpoint of PV isM. A piece of string is attached to M and wound
tightly twice round the cone finishing at P. What is the length of the string?

. Find the volume of the region which is common to the interiors of the three
circular cylindersy? + 2 =1, Z+x2 = 1land X2 +y% = 1.

. Let ABC be atriangle and let P be a point on AB. Suppose ZBAC = 70°,
/APC = 60°, AC = v/3and PB = 1. Provethat ABC isan isoscelestriangle.

. Let an be sequence of positive numbers(n=1,2,...,a, # 0 for al n), and
letb, = (a1+---+an)/n, the average of thefirst n numbers of the sequence.

1 1
Suppose — isaconvergent series. Provethat — isalso aconvergent
pp n;an g Zl b g
series.

. Ten cats are sitting on ten fence posts, numbered 1 through 10 in clockwise
order and encircling a pumpkin patch. The cat on post #1 is white and the
other nine cats are black. At 9:45 p.m. the cats begin a strange sort of dance.
They jump from post to post according to the following two rules, applied
in aternation at one second intervals. Rule 1: each cat jumps clockwise to
the next post. Rule 2: al pairs of cats whose post numbers have a product
that is 1 greater than a multiple of 11 exchange places. At 10p.m., just as
the Great Pumpkin rises out of the pumpkin patch, the dance stops abruptly
and the catslook onin awe. If thefirst jump takes place according to Rule 1
at 9:45:01, and the last jump occurs at 10:00:00, on which post is the white



cat sitting when the dance stops? (The first few jumps take the white cat
from post 1 to posts 2,6,7, ... )
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. Let G be the set of al continuous functions f: R — R, satisfying the fol-
lowing properties.

(i) f(x)=f(x+1)forallx,

(i) Jfg f(x)dx = 1999.

1 pXx
Show that there is a number a such that o = / / f(x+y)dydx for al
0 Jo
feG.
. Supposethat f: R — R isinfinitely differentiable and satisfies both of the
following properties.
() (1) =2
(i) If a,pB are real numbers satisfying a? + B2 = 1, then f(ax) f(Bx) =
f(x) for al x.
Find f(x). Guesswork will not be accepted.

. Let €,M be positive real numbers, and let A1, Ao, ... be a sequence of ma-
trices such that for al n,

(i) Anisannxnmatrix with integer entries,

(if) The sum of the absolute values of the entries in each row of A, is at
most M.

If & isapositivereal number, let e,(8) denote the number of nonzero eigen-
values of A, which have absolute value less that . (Some eigenvalues can
be complex numbers.) Prove that one can choose d > 0 so that en(8) /n < €
for all n.

. A rectangular box has sides of length 3, 4, 5. Find the volume of the region
consisting of all pointsthat are within distance 1 of at least one of the sides.



5. Let f: Ry — R, beafunction from the set of positive real numbers to the
same set satisfying f(f(x)) = xfor all positivex. Supposethat f isinfinitely
differentiablefor al positive X, and that f(a) # a for some positivea. Prove
that >|<Ln30 f(x) =0.

6. A set S of distinct positive integers has property ND if no element x of S
divides the sum of theintegersin any subset of S\ {x}. Here S \ {x} means
the set that remains after x is removed from S.

(i) Find the smallest positive integer n such that {3,4,n} has property
ND.

(ii) If nisthe number found in (i), prove that no set S with property ND
has {3,4,n} as aproper subset.
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Evaluate / GL (your answer will involve inverse trig functions;
' o 5—4cosb y g ’

you may assume that 0 < a < 11). Use your answer to show that

3 de AL
/o 5-4cos® 9
. Let n be a positive integer and let A be an n x n matrix with real numbers
as entries. Suppose 4A% +1 = 0, where | denotes the identity matrix. Prove
that the trace of A (i.e. the sum of the entries on the main diagonal) is an
integer.

. Consider theinitial value problemy’ = y? —t2; y(0) = 0 (wherey = dy/dt).
Prove that tIim Yy (t) exists, and determine its val ue.

A

B 0 ®
X P
In the above diagram, |, = AB, I, = AC, x = BP, and | = BC, where AB

|
indicates the length of AB. Provethat |, — 11 = / cos(B(x)) dx.
0

. Two diametrically opposite points P,Q lie on an infinitely long cylinder
which has radius 2/1t. A piece of string with length 8 has its ends joined
to P, is wrapped once round the outside of the cylinder, and then has its
midpoint joined to Q (so there is length 4 of the string on each side of the
cylinder). A paint brush is attached to the string so that it can slide along
the full length the string. Find the area of the outside surface of the cylinder
which can be painted by the brush.



6. Letan (N> 1) bethe sequence of numbers defined by the recurrence relation

ag=1 ap=an 1@ +apsa+---+aap2+aan1

00 n
(soap = a2 =1, ag = 2a1ap = 2 etc.). Provethat nzl (é) an = %
7. Two types of domino-like rectangular tiles, [*, |« ] and [*, | *.], are
available. Thefirst type may be rotated end-to-end to produce atile of type
[«]*.]. Let A(n) bethe number of distinct chains of ntiles, placed end-to-
end, that may be constructed if abutting ends are required to have the same
number of dots.

Example A(2) =5, since the following five chains of length two, and no
others, are allowed.

(@) Find A(3) and A(4).

(b) Find, with proof, a three-term recurrence formulafor A(n+ 2) in terms
of A(n+1) and A(n),forn=1,2,..., and useit to find A(10).
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1. Threeinfinitely long circular cylinders each with unit radius have their axes
along the X, y and z-axes. Determine the volume of the region common to
al three cylinders. (Thus one needs the volume common to {y? +z* < 1},
{Z4+R <1}, {R+y?* <1})

2. Two circles with radii 1 and 2 are placed so that they are tangent to each
other and a straight line. A third circle is nestled between them so that it
is tangent to the first two circles and the line. Find the radius of the third
circle.

3. For each positive integer n, let S, denote the total number of squaresin an
nx nsguare grid. Thus S =1 and S = 5, because a 2 x 2 square grid
has four 1 x 1 squares and one 2 x 2 square. Find a recurrence relation for
Sy, and use it to calculate the total number of squares on a chess board (i.e.
determine Sg).

4. Let a, bethe nth positive integer k such that the greatest integer not exceed-
ing vk dividesk, so thefirst few terms of {a,} are {1,2,3,4,6,8,9,12,...}.
Find a10000 and give reasons to substantiate your answer.

00 nyN
5. Determinetheinterval of convergence of the power series Z
n=1

" (Thatis,

determine the real numbers x for which the above power series converges,
you must determine correctly whether the series is convergent at the end
points of the interval.)



6. Find afunction f: R™ — R* such that f(f(x)) = 3;?31

real numbers x (here R™ denotes the positive (nonzero) real numbers).

for al positive

7. Let G denote aset of invertible 2 x 2 matrices (matrices with complex num-
bers as entries and determinant nonzero) with the property that if a,b are
in G, then so are ab and a~1. Suppose there exists a function f: G — R
with the property that either f(ga) > f(a) or f(g~ta) > f(a) for al a,gin
G with g # | (here | denotes the identity matrix, R denotes the real num-
bers, and the inequality signs are strict inequality). Prove that given finite
nonempty subsets A, B of G, thereisamatrix in G which can be written in
exactly one way in the form xy withxin Aand y in B.
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. Let a,b be positive constants. Find the volume (in the first octant) which
lies above the region in the xy-plane bounded by x =0, x=1/2,y = 0,

yv/b2cos?x+ a2sin?x = 1, and below the plane z=y.

. Find rational numbers a, b, c, d, e such that

\/ 7+ V40 = a+bv2+cvV5+dvV7+eV/10.

. Let A and B be nonempty subsets of S= {1,2,...,99} (integers from 1
to 99 inclusive). Let a and b denote the number of elementsin A and B
respectively, and suppose a+ b = 100. Prove that for each integer sin S
there areintegersxin Aand y in B such that x+y = sor s+ 99.

. Let {1,2,3,4} be a set of abstract symbols on which the associative binary
operation x is defined by the following operation table (associative means
(axb)xc=ax(bxc)):

1/2|3

W N | *
W N~

NP AW
RN WA

2
1
4
41413

If the operation * is represented by juxtaposition, e.g., 2 3 iswritten as 23
etc., then it is easy to see from the table that of the four possible “words”
of length two that can be formed using only 2 and 3, i.e,, 22, 23, 32 and
33, exactly two, 22 and 33, are equal to 1. Find a formula for the number
A(n) of words of length n, formed by using only 2 and 3, that equal 1. From
the table and the example just given for words of length two, it is clear that
A(1l) = 0and A(2) = 2. Use theformulato find A(12).

(Please turn over)



5. Let n be a positive integer. A bit string of length n is a sequence of n
numbers consisting of 0'sand 1's. Let f(n) denote the number of bit strings
of length nin which every 0 is surrounded by 1's. (Thus for n=>5, 11101
is allowed, but 10011 and 10110 are not allowed, and we have f(3) = 2,
f(4)=3.) Provethat f(n) < (1.7)" for al n.

6. Let Sbhe aset of 2 x 2 matrices with complex numbers as entries, and let
T be the subset of S consisting of matrices whose eigenvalues are +1 (so
the eigenvalues for each matrix in T are {1,1} or {1,—1} or {—1,—1}).
Suppose there are exactly three matricesin T. Prove that there are matrices
A,Bin Ssuch that AB isnot amatrix in S(A = B isallowed).

7. Let {an}n>1 be an infinite sequence with a, > 0 for al n. For n > 1, let
bn denote the geometric mean of ay, ..., a,, that is (a;. ..an)l/”. Suppose
S, an isconvergent. Provethat $%_, b2 is also convergent.



25th Annual

Virginia Tech Regional M athematics Contest
From 8:30a.m. to 11:00a.m., November 1, 2003

Fill out theindividual registration form

. Aninvestor buys stock worth $10,000 and holdsit for n businessdays. Each
day he has an equal chance of either gaining 20% or losing 10%. However
in the case he gains every day (i.e. n gains of 20%), he is deemed to have
lost all his money, because he must have been involved with insider trading.
Find a (smple) formula, with proof, of the amount of money he will have
on average at the end of the n days.

X" x x x33
. Find _
nd ) nnrD 1212334

+--- for |x| < 1.

. Determine all invertible 2 by 2 matrices A with complex numbers as entries
satisfying A= A~1 = A’, where A’ denotes the transpose of A.

. It is known that 2cos® ; — cos® ; — cos’—7T is arational number. Write this
rational number in the form p/q, where p and q areintegers with q positive.
. In the diagram below, X is the midpoint of BC, Y is the midpoint of AC,

and Z isthe midpoint of AB. Also ZABC+ ZPQC = ZACB+ ZPRB = 90°.
Prove that /PXC = 90°.

P

(Please turn over)



6. Let f: [0,1] — [0,1] be acontinuous function such that f(f(f(x))) = xfor
al x € [0,1]. Provethat f(x) =xfor all x € [0,1]. Here [0,1] denotes the
closed interval of all real numbers between 0 and 1, including 0 and 1.

7. Let T be asolid tetrahedron whose edges all have length 1. Determine the
volume of the region consisting of points which are at distance at most 1
from some point in T (your answer should involve v/2,/3, ).



26th Annual

Virginia Tech Regional M athematics Contest
From 8:30a.m. to 11:00a.m., October 23, 2004

Fill out theindividual registration form

. Let | denote the 2 x 2 identity matrix (é C1)> and let

(b8 (22

where A, B,C are arbitrary 2 x 2 matrices which entriesin R, the real num-
bers. ThusM and N are 4 x 4 matrices with entriesin R. Isit truethat M is
invertible (i.e. thereisa4 x 4 matrix X such that MX = XM = the identity
matrix) implies N isinvertible? Justify your answer.

. A sequence of integers {f(n)} for n=0,1,2,... is defined as follows:
f(0) =0andforn> 0,

f(n—1)+3, ifn=00r 1 (mod 6),
f(n)=4¢ f(n—1)+1, if n=2o0r5(mod 6),
f(n—1)+2, if n=3o0r 4 (mod 6).

Derive an explicit formulafor f(n) when n= 0 (mod 6), showing all neces-
sary detailsin your derivation.

. A computer is programmed to randomly generate a string of six symbols
using only the letters A, B,C. What is the probability that the string will not
contain three consecutive A's?

. A 9 x 9 chess board has two squares from opposite corners and its central
square removed (so 3 squares on the same diagona are removed, leaving
78 squares). Isit possible to cover the remaining squares using dominoes,
where each domino covers two adjacent squares? Justify your answer.

X

. Let f(x) = / sin(t? —t +x)dt. Compute f”(x) + f(x) and deduce that
0
(12(0) 4 £(19(0) = 0 (19 indicates 10th derivative).

(Please turn over)



6. Anenormous party has an infinite number of people. Each two people either
know or don’'t know each other. Given a positive integer n, prove there are
n people in the party such that either they all know each other, or nobody
knows each other (so the first possibility means that if A and B are any two
of the n people, then A knows B, whereas the second possibility means that
if A and B are any two of the n people, then A does not know B).

7. Let {an} beasequence of positive real numberssuch that lim a, = 0. Prove

N—oo

ad any1]|. .
that ‘1—— is divergent.
nZl an



27th Annual

Virginia Tech Regional M athematics Contest
From 8:30a.m. to 11:00a.m., October 29, 2005

Fill out theindividual registration form

1. Find the largest positive integer n with the property that n+6(p3+1) is
prime whenever p is a prime number such that 2 < p < n. Justify your
answer.

2. Find, and write out explicitly, apermutation (p(1), p(2),..., p(20)) of
(1,2,...,20) such that k+ p(k) is a power of 2 for k=1,2,...,20, and
prove that only one such permutation exists. (To illustrate, a permutation of
(1,2,3,4,5) such that k+ p(k) isapower of 2 fork=1,2,...,5isclearly
(1,2,5,4,3),because 1+1=2,24+2=4,3+5=8,44+4=8,and5+3 =
8)

3. We wish to tile a strip of n 1-inch by 1-inch squares. We can use dominos
which are made up of two tiles which cover two adjacent squares, or 1-inch
square tiles which cover one square. We may cover each square with one
or two tiles and a tile can be above or below a domino on a square, but no
part of a domino can be placed on any part of a different domino. We do
not distinguish whether adomino is above or below atile on agiven square.
Let t(n) denote the number of ways the strip can be tiled according to the
above rules. Thus for example, t(1) = 2 and t(2) = 8. Find a recurrence
relation for t(n), and use it to computet(6).

4. A cubical box with sides of length 7 hasverticesat (0,0,0), (7,0,0), (0,7,0),
(7,7,0), (0,0,7), (7,0,7), (0,7,7), (7,7,7). The inside of the box islined
with mirrors and from the point (0,1, 2), a beam of light is directed to the
point (1,3,4). Thelight then reflects repeatedly off the mirrors on theinside
of the box. Determine how far the beam of light travelsbeforeit first returns
to its starting point at (0, 1,2).

5. Define f(xy) = -5 (y’%(xz) 5 if X0, and f(0,y) = 0if y 0. Deter-
mine whether lim, ), 0,0) f(X,y) exists, and what its value is if the limit
does exist.

(Please turn over)



1

6. Compute/0 ((e—1)v/In(1+ ex—x) + X)) dx.

7. Let Abea5 x 10 matrix with real entries, and let A’ denote its transpose (so
A isal0 x 5 matrix, and thei jth entry of A isthe jith entry of A). Suppose
every 5x 1 matrix with real entries (i.e. column vector in 5 dimensions) can
be written in the form Au where u isa 10 x 1 matrix with real entries. Prove
that every 5 x 1 matrix with real entries can be written in the form AA'v
wherevisab x 1 matrix with real entries.



28th Annual Virginia Tech Regional Mathematics Contest
From 9:00a.m. to 11:30a.m., October 28, 2006

Fill out theindividual registration form

. Find, and give a proof of your answer, all positive integers n such that nei-
ther n nor n? contain a 1 when written in base 3.

. Let S(n) denote the number of sequences of length n formed by the three
letters A,B,C with the restriction that the C’s (if any) all occur in a single
block immediately following the first B (if any). For example ABCCAA,
AAABAA, and ABCCCC are counted in, but ACACCB and CAAAAA are
not. Derive a simple formula for S(n) and use it to calculate S(10).

. Recall that the Fibonacci numbers F (n) are defined by F(0) =0, F(1) =1,
and F(n) = F(n—1)+F(n—2) for n > 2. Determine the last digit of
F(2006) (e.g. the last digit of 2006 is 6).

. We want to find functions p(t),q(t), f(t) such that

(@) pand gare continuous functions on the open interval (0, ).

(b) f isan infinitely differentiable nonzero function on the whole real line
(—oo,00) such that f(0) = f/(0) = ”(0).

(c) y=sint and y = f(t) are solutions of the differential equation y’ +
PY +a(t)y=0o0n (0,m).

Is this possible? Either prove this is not possible, or show this is possible by
providing an explicit example of such f, p,q.

. Let {a,} be a monotonic decreasing sequence of positive real numbers with
limit0 (soa; >ay > --- >0). Let {by} be a rearrangement of the sequence
such that for every non-negative integer m, the terms bzm.1,b3m2,b3ms3
are a rearrangement of the terms agmi1,8sm+2,a3m+3 (thus, for example,
the first 6 terms of the sequence {by} could be ag,ay,a1,a4, a5,as). Prove or
give a counterexample to the following statement: the series > ;(—1)"by,
IS convergent.

(Please turn over)



6. In the diagram below BP bisects ZABC, CP bisects ZBCA, and PQ is per-
pendicular to BC. If BQ.QC = 2PQ?, prove that AB+ AC = 3BC.

A

B C
Q

7. Three spheres each of unit radius have centers P, Q, R with the property that
the center of each sphere lies on the surface of the other two spheres. Let
C denote the cylinder with cross-section PQR (the triangular lamina with
vertices P,Q,R) and axis perpendicular to PQR. Let M denote the space
which is common to the three spheres and the cylinder C, and suppose the
mass density of M at a given point is the distance of the point from PQR.
Determine the mass of M.




29th Annual Virginia Tech Regional M athematics Contest
From 9:00a.m. to 11:30a.m., October 27, 2007

Fill out theindividual registration form

de

X
. Evaluate/O > tand
T4 de m+In(9/8)
/o 2+tan® 10 '
. Giventhat € = 1/0! +x/1! +x2/2! 4----+x"/nl + - .- find, in terms of e,
the exact values of
1 2 3 n

, Where 0 < x < m/2. Use your result to show that

@ nrgtag Ty A
1 2 3 n
O Fr5+at it

. Solve the initial value problem dy _ ylny +ye, y(0) = 1 (i.e. find y in

dx
terms of x).

. In the diagram below, P,Q, R are points on BC, CA, AB respectively such
that the lines AP, BQ, CR are concurrent at X. Also PR bisects /BRC, i.e.
/BRP = /PRC. Provethat /PRQ = 90°.

A

C

(Please turn over)



5. Find the third digit after the decimal point of
(2+V5)10((1+v2)1% 4 (14 v2)710).
For example, the third digit after the decimal point of T = 3.14159... is1.

6. Let n be a positive integer, let A,B be sguare symmetric n x n matrices
with real entries (so if &j are the entries of A, the a;j are real numbers and
ajj = aji). Suppose there are n x n matrices X,Y (with complex entries)
such that det(AX 4 BY) # 0. Prove that det(A? 4- B?) + 0 (det indicates the
determinant).

> 2
7. Determine whether the series Z n (T+(In(inn)) ™) IS convergent or

n=2
divergent (In denotes natural log).



30th Annual Virginia Tech Regional Mathematics Contest
From 9:00a.m. to 11:30a.m., November 1, 2008

Fill out theindividual registration form

1. Find the maximum value of xy® +yz* +2¢ — x3y — y3z— Zx where 0 < x <
1,0<y<1,0<z< 1.

2. How many sequences of 1’s and 3’s sum to 16? (Examples of such se-
quences are {1,3,3,3,3,3} and {1,3,1,3,1,3,1,3}.)

3. Find the area of the region of points (x,y) in the xy-plane such that x* + y* <
X2 — X2y +y2.

4. Let ABC be a triangle, let M be the midpoint of BC, and let X be a point on
AM. Let BX meet AC at N, and let CX meet AB at P. If Z/MAC = Z/BCP,
prove that /BNC = ZCPA.

A

M

5. Let a1,a,... be a sequence of nonnegative real numbers and let z,p be
permutations of the positive integers N (thus 7,p: N — N are one-to-one
and onto maps). Suppose that > ; a, =1 and ¢ is a real number such that
Y1 |@n —azn| + X1 |an — @on| < €. Prove that there exists a finite subset
X of N such that [ X N zX],|[ XN pX]| > (1 —€)|X]| (here |X| indicates the
number of elements in X; also the inequalities <, > are strict).

(Please turn over)



6. Find all pairs of positive (nonzero) integers a,b such that ab — 1 divides
a*—3a?+1.

7. Let fi(x) = x and fuy1(x) = x™® for n a positive integer. Thus fo(x) =
X and f3(x) = x*). Now define g(x) = limp_...1/fa(x) for x> 1. Is g
continuous on the open interval (1,e0)? Justify your answer.



31st Annual Virginia Tech Regional Mathematics Contest
From 9:00 a.m. to 11:30 a.m., October 24, 2009

Fill out the individual registration form

1. A walker and a jogger travel along the same straight line in the same direc-
tion. The walker walks at one meter per second, while the jogger runs at
two meters per second. The jogger starts one meter in front of the walker. A
dog starts with the walker, and then runs back and forth between the walker
and the jogger with constant speed of three meters per second. Let f(n)
meters denote the total distance travelled by the dog when it has returned to
the walker for the n th time (so f(0) = 0). Find a formula for f(n).

2. Given that 40! =
abc def 283 247 897 734 345 611 269 596 115 894 272 pqgr stu vwx
find p,q,r,s,t,u,v,w,x, and then find a,b,c,d,e, f.

3. Define f(x) = /0 ’ /0 "¢ dudv. Caleulate 2£"(2) + f/(2) (here f/(x) =

dfdx).

4. Two circles a, B touch externally at the point X. Let A, P be two distinct
points on « different from X, and let AX and PX meet 3 again in the points
B and Q respectively. Prove that AP is parallel to OB.

(Please turn over)



5. Let C denote the complex numbers and let M3 (C) denote the 3 by 3 matrices
with entries in C. Suppose A,B € M3(C), B # 0, and AB = 0 (where 0
denotes the 3 by 3 matrix with all entries zero). Prove that there exists
0 # D € M3(C) such that AD = DA = 0.

6. Let n be a nonzero integer. Prove that n* — 7n% 4 1 can never be a perfect
square (i.e. of the form m? for some integer m).

7. Does there exist a twice differentiable function f: R — R such that f’(x) =
fx+1) = f(x) for all x and f”(0) # 0? Justify your answer. (Here R
denotes the real numbers and f’ denotes the derivative of f.)



32nd Annual Virginia Tech Regional Mathematics Contest
From 9:00 a.m. to 11:30 a.m., October 30, 2010

Fill out the individual registration form

. Let d be a positive integer and let A be a d x d matrix with integer entries.
Suppose I +A + A%+ ---+ A0 = 0 (where I denotes the identity d x d
matrix, so / has 1’s on the main diagonal, and O denotes the zero matrix,
which has all entries 0). Determine the positive integers n < 100 for which
A"+ A" 4 AT00 hag determinant £1.

. For n a positive integer, define fj(n) = n and then for i a positive integer,
define fiy(n) = f,-(n)fi(”). Determine fjoo(75) mod 17 (i.e. determine the
remainder after dividing f100(75) by 17, an integer between 0 and 16). Jus-
tify your answer.

. Prove that cos(7t/7) is a root of the equation 8x* —4x*> —4x+ 1 = 0, and
find the other two roots.

. Let AABC be a triangle with sides a,b, c and corresponding angles A, B,C
(so a = BC and A = ZBAC etc.). Suppose that 4A 4+ 3C = 540°. Prove that
(a—Db)*(a+b) = bc?.

. Let A,B be two circles in the plane with B inside A. Assume that A has
radius 3, B has radius 1, P is a point on A, Q is a point on B, and A and B
touch so that P and Q are the same point. Suppose that A is kept fixed and
B is rolled once round the inside of A so that Q traces out a curve starting
and finishing at P. What is the area enclosed by this curve?

(Please turn over)



anQn1

6. Define a sequence by a; =1, ap = 1/2, and a2 = apy1 — forn a

positive integer. Find lim nay,.

n—oo

7. Let) >, a, be a convergent series of positive terms (so a; > 0 for all i) and

1 n
set b, = — for n > 1. Prove that 18 convergent.
" na? nz’lbl-l-bz-I-----I-bn s



33rd Annual Virginia Tech Regional Mathematics Contest
From 9:00 a.m. to 11:30a.m., October 29, 2011

Fill out the individual registration form

Eval ate/4 X2 d
. Evalu —————dx.
1 (2 +4)Vx

. A sequence (ay,) is defined by ap = —1, a; =0, and
dnp1 =a>—(n+1)2a,_; —1
for all positive integers n. Find ajqp.

> k2-2
. Find .
L)

. Let m,n be positive integers and let [a] denote the residue class mod mn of
the integer a (thus {[r] | r is an integer} has exactly mn elements). Suppose
the set {[ar] | r is an integer} has exactly m elements. Prove that there is a
positive integer ¢ such that g is prime to mn and [ng| = [a].

. Find lim (2x) 12 — x5y,

. Let S be a set with an asymmetric relation <; this means that if a,b € S and
a < b, then we do not have b < a. Prove that there exists a set 7' containing
S with an asymmetric relation < with the property thatif a,b € S, thena < b
if and only if a < b, and if x,y € T with x <y, then there exists t € T such
that x <t <y (t € T means “¢ is an element of 7).

. Let P(x) = x!% 4 20x%° +198x"8 + ag7x”7 + - - - +-a1x + 1 be a polynomial
where the a; (1 <i < 97) are real numbers. Prove that the equation P(x) =0

has at least one complex root (i.e. a root of the form a + bi with a,b real
numbers and b # 0).



34th Annual Virginia Tech Regional Mathematics Contest
From 9:00 a.m. to 11:30 a.m., October 27, 2012

Fill out the individual registration form

1. Evaluate

dx.

/”/2 cos* x4 sinx cos® x + sin®x cosZx -+ sin> x cosx
0  sin*x+ cos?x+2sinx cos3x+ 2sin®x cos2x+2sin?x cosx

2. Solve in real numbers the equation 3x — x> = /x+ 2.

3. Find nonzero complex numbers a,b,c,d, e such that

a+b+c+d+te=—1
AP+t +d* et =15
1 1 1 1 1

4. Define f(n) for n a positive integer by f(1) =3 and f(n+ 1) = 3/, What
are the last two digits of f(2012)?

is convergent.

> 1 1 \m+1)/n
5. Determine whether the series Z —_— ( >

= 1nn Inn

6. Define a sequence (a,) for n a positive integer inductively by a; = 1 and

ad, =
" M aa
1<d<n

. Thus ap =2, az = 3, a4 = 2 etc. Find agggpqo.

7. Let Ay, Ay, A3 be 2 x 2 matrices with entries in C (the complex num-
Z = a-+d). Suppose
{A1,A,,A3} is closed under matrix multiplication (i.e. given i, j, there exists
k such that A;A; = Ay), and tr(A; + Az +A3z) # 3. Prove that there exists i
such that A;A; = A ;A; for all j (here i, j are 1, 2 or 3).

. a
bers). Let tr denote the trace of a matrix (so tr (c



35th Annual Virginia Tech Regional Mathematics Contest
From 9:00 a.m. to 11:30 a.m., October 26, 2013

Fill out the individual registration form

x /1 t 2
CLetZ=3v2 [ VAT b 10 <x < 7andtan] = ——, what is x?
o 17—8cost V3

. Let ABC be a right-angled triangle with ZABC = 90°, and let D on AB such
that AD = 2DB. What is the maximum possible value of ZACD?

—-3/2
. Define a sequence (a,) for n > 1 by a; =2 and a,, 1| = a}*" /

convergent (i.e. lim a, < )?
n—oo

s (an)

. A positive integer n is called special if it can be represented in the form

2

x°+ e

————, for some positive integers x, y,u,v. Prove that
+v

n =
(a) 25 is special;
(b) 2013 is not special;

(c) 2014 is not special.

Z

X y 3
+ + <
VIi+a2  (1+y2 V14227 2
bers x,y,z such that x +y+z = xyz.

. Prove that for any positive real num-

7 8 9 9 8 -9
.LetX=18 -9 —7],vy=18 =7 7 |.letA=Y"!—X and let
-7 -7 9 7 9 8

B be the inverse of X! +A~!. Find a matrix M such that M> = XY — BY
(you may assume that A and X ! +A~! are invertible).

e n (=1)"n
. Find .
mn n;l (271 + 2—n>2 + (2n _ 2—71)2




36th Annual Virginia Tech Regional Mathematics Contest
From 9:00 a.m. to 11:30 a.m., October 25, 2014

Fill out the individual registration form

n=* 2 _2n—4

. Find
" ;2;14+4n2+16

(16 —x?)x
dx
16 —x2 + /(4 —x) (44 x) (12 + 22)

2
. Evaluate /
0

. Find the least positive integer n such that 22014 divides 19” — 1.

. Suppose we are given a 19 x 19 chessboard (a table with 19% squares) and
remove the central square. Is it possible to tile the remaining 192 — 1 = 360
squares with 4 x 1 and 1 x 4 rectangles? (So each of the 360 squares is
covered by exactly one rectangle.) Justify your answer.

. Let n > 1 and r > 2 be positive integers. Prove that there is no integer m
such that n(n+1)(n+2) =m"

. Let S denote the set of 2 by 2 matrices with integer entries and determinant
1, and let T denote those matrices of S which are congruent to the identity

d
3divides b,c,a—1,d —1; “€” means “is in”

matrix / mod 3 (so (LCZ b) € T means that a,b,c,d € Z, ad —bc = 1, and

(a) Let f: T — R (the real numbers) be a function such that for every
X,Y € T with Y # I, either f(XY) > f(X) or f(XY~') > f(X) (or
both). Show that given two finite nonempty subsets A, B of T, there are
matrices a € A and b € B such thatif ' € A, b’ € B and d'b’ = ab, then
d=aand b =b.

(b) Show that there is no f: S — R such that for every X,Y € S with Y #
+1, either f(XY) > f(X) or (XY~ 1) > f(X).

(Please turn over)



7. Let A,B be two points in the plane with integer coordinates A = (x,y;)
and B = (x2,y2). (Thus x;,y; € Z, for i = 1,2.) A path t: A —> Bis a
sequence of down and right steps, where each step has an integer length,
and the initial step starts from A, the last step ending at B. In the figure
below, we indicated a path from A; = (4,9) to B; = (10,3). The distance
d(A,B) between A and B is the number of such paths. For example, the
distance between A = (0,2) and B = (2,0) equals 6. Consider now two
pairs of points in the plane A; = (x;,y;) and B; = (u;,z;) for i = 1,2, with
integer coordinates, and in the configuration shown in the picture (but with
arbitrary coordinates):

e x» < xp and y; > y;, which means that A is North-East of Ay; uy < u
and z; > zp, which means that By is North-East of B;.

e Each of the points A; is North-West of the points Bj, for 1 <i,j < 2.
In terms of inequalities, this means that x; < min{u,u;} and y; >
max{z,z,} fori=1,2.

(a) Find the distance between two points A and B as before, as a function
of the coordinates of A and B. Assume that A is North-West of B.
d(Ay,By) d(A1,B»)
’ ’ . Prove that for
any configuration of points Aj,A,, By, B, as described before, detM > 0.

(b) Consider the 2 x 2 matrix M = <



37th Annual Virginia Tech Regional Mathematics Contest
From 9:00 a.m. to 11:30 a.m., October 24, 2015

Fill out the individual registration form

1. Find all integers n for which n* +6n> + 11n% 4 3n+ 31 is a perfect square.

2. The planar diagram below, with equilateral triangles and regular hexagons,
sides length 2cm., is folded along the dashed edges of the polygons, to
create a closed surface in three dimensional Euclidean spaces. Edges on
the periphery of the planar diagram are identified (or glued) with precisely
one other edge on the periphery in a natural way. Thus for example, BA
will be joined to QP and AC will be joined to DC. Find the volume of the
three-dimensional region enclosed by the resulting surface.

A D P

3. Let (ai)1<i<2015 be a sequence consisting of 2015 integers, and let (k;)1<;<2015
be a sequence of 2015 positive integers (positive integer excludes 0). Let

ky ko k2015
al£ al% .« .. Cll1
a21 022 o a22015
A=
ky ko k2015
ro15 o015 0 92015

Prove that 2015! divides detA.

(Please turn over)



1 1 1
4. Consider the harmonic series Z -=1+4+ 5 + 3 Prove that every pos-
n>1 n

itive rational number can be obtained as an unordered partial sum of this
series. (An unordered partial sum may skip some of the terms %.)

e tan(mwx) — arct
. Evaluate / arctan(7rx) — arctan(x) dx  (where 0 < arctan(x) < /2 for
0 X
0 <x < o0).
. Let (ay,by),...,(an,by) be n points in R? (where R denotes the real num-

bers), and let € > 0 be a positive number. Can we find a real-valued function
f(x,y) that satisfies the following three conditions?

@ f(0,0)=1;
(b) f(x,y) # 0 for only finitely many (x,y) € R?;

© Y (et ary+by)— f(x.y)] <& for every (x.y) € R,

r=1

Justify your answer.

. Let n be a positive integer and let xp,...,x, be n nonzero points in RZ.
Suppose (x;,x;) (scalar or dot product) is a rational number for all 7, j (1 <
i,j <n). Let S denote all points of R? of the form ZZ’{ a;x; where the a;
are integers. A closed disk of radius R and center P is the set of points at
distance at most R from P (includes the points distance R from P). Prove
that there exists a positive number R and closed disks D1,D;,... of radius
R such that

(a) Each disk contains exactly two points of S;
(b) Every point of § lies in at least one disk;

(c) Two distinct disks intersect in at most one point.
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X

Evaluat /2 nx
. valuate —=daX.
1 2—2x+x2

(2n)!

4npln!

oo k
. Determine the real numbers k such that Z ( ) is convergent.
n=1

. Let n be a positive integer and let M,,(Z;) denote the n by n matrices with
entries from the integers mod 2. If n > 2, prove that the number of matrices
A in M, (Z,) satisfying A> = 0 (the matrix with all entries zero) is an even
positive integer.

. For a positive integer a, let P(a) denote the largest prime divisor of a” +
1. Prove that there exist infinitely many triples (a,b,c) of distinct positive
integers such that P(a) = P(b) = P(c).

. Suppose that m,n, r are positive integers such that
l1+m+nV3=(2+V3)> 1.
Prove that m is a perfect square.

. LetA,B,P,Q,X,Y be square matrices of the same size. Suppose that

A+B+AB=XY AX =XQ
P+Q+PQ=YX PY =YB.

Prove that AB = BA.

. Let g be a real number with |g| # 1 and let k be a positive integer. Define

a Laurent polynomial f;(X) in the variable X, depending on ¢ and k, by
k=1

fi(X) = H(l —¢'X)(1 — ¢ 'Xx~1). (Here [] denotes product.) Show that
i=0

the constant term of f;(X), i.e. the coefficient of X* in f;(X), is equal to

(1—g"")(1—¢""2)---(1—¢*)
(I=q)(1—=¢?)---(1=¢")
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1. Determine the number of real solutions to the equation v/2 —x2 = v/3 — x3.

a
2. Evaluate / dx -
0o 1+cosx+sinx

/2 d
that / 2
0 1+ cosx+sinx

for —w/2 < a < m. Use your answer to show

3. Let ABC be a triangle and let P be a point in its interior. Suppose ZBAP =

10°, ZABP =20°, ZPCA = 30° and ZPAC = 40°. Find ZPBC.

4. Let P be an interior point of a triangle of area 7. Through the point P, draw
lines parallel to the three sides, partitioning the triangle into three triangles
and three parallelograms. Let a, b and c be the areas of the three triangles.

Prove that /T = \/a+ /b ++/c.

X+y 2xy

5. Let f(x,y) = R g(x,y) = Vv, hx,y) = Xty

, and let

S={(a,b) e NxN|a+#band f(a,b),g(a,b),h(a,b) € N},

where N denotes the positive integers. Find the minimum of f over S.

6. Let f(x) € Z[x] be a polynomial with integer coefficients such that f(1) =

—1, f(4) =2 and f(8) = 34. Suppose n € Z is an integer such that f(n) =

n* —4n — 18. Determine all possible values for 7.

7. Find all pairs (m,n) of nonnegative integers for which
m? 423" =m(2" —1).



40th Annual Virginia Tech Regional Mathematics Contest
From 9:00 a.m. to 11:30a.m., October 27, 2018

Fill out the individual registration form

. It is known that

2 arctan(1
/ arctan(1 +x) dx = qm1n(2) for some rational number g.
X

1
Determine g. Here 0 < arctan(x) < /2 for 0 < x < oo,

. Let A,B € Mg(Z) such that A = I = B mod 3 and A3B3A3 = B>. Prove that
A = 1. Here Mg (Z) indicates the 6 by 6 matrices with integer entries, I is the
identity matrix, and X =Y mod 3 means all entries of X —Y are divisible
by 3.

. Prove that there is no function f: N — N such that f(f(n)) =n+ 1. Here
N is the positive integers {1,2,3,...}.

d
. Let m, n be integers such that n > m > 1. Prove that M <n> 1S
n m

n!

an integer. Here gcd denotes greatest common divisor and (Z) = )

denotes the binomial coefficient.

W S .
. Forne N, leta, = / |1+ ¢ +e* + ...+ ¢"!|dt. Determine whether
0

the sequence (a,) = ay,ay, ... is bounded.

1+1/34+1/5+---+1/(2n—1
. Forn € N, define a,, = +1/3+1/ ++1+ /@2n )a
n

1/24+1/4+1/6+---+1/(2
b, = [2+1/441/64 - +1/( n).Find the maximum and minimum of

n
a, — b, for 1 <n <999,

nd

. A continuous function f: [a,b] — [a,b] is called piecewise monotone if
[a,b] can be subdivided into finitely many subintervals

L =lco,c1], b =|c1,¢2], ...y In=[co—1,¢/]

such that f restricted to each interval /; is strictly monotone, either increas-
ing or decreasing. Here we are assuming thata =cop <c) < -+ <c¢p_1 <
¢y = b. We are also assuming that each /; is a maximal interval on which f
is strictly monotone. Such a maximal interval is called a lap of the function



f, and the number ¢ = £(f) of distinct laps is called the lap number of f.
If f: [a,b] — [a,b] is a continuous piecewise-monotone function, show that
the sequence ({/¢(f")) converges; here f" means f composed with itself

n-times, so f2(x) = f(f(x)) etc.
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1. For each positive integer n, define f(n) to be the sum of the digits of 2771"
(so f(1) = 17). Find the minimum value of f(n) (where n > 1). Justify
your answer.

2. Let X be the point on the side AB of the triangle ABC such that BX /XA =
9. Let M be the midpoint of BX and let Y be the point on BC such that
ZBMY = 90°. Suppose AC has length 20 and that the area of the triangle
XYC is 9/100 of the area of the triangle ABC. Find the length of BC.

3. Let n be a nonnegative integer and let f(x) = a,x"* +a, X" '+ +ajx+
ap € R[x] be a polynomial with real coefficients a;. Suppose that

a an—1 a ao
T T
it D2 amrn T TE T2

Prove that f(x) has a real zero.

1 2
4. Compute / ———— dx (the answer is a rational number).
P 0 x++v1—x2

5. Find the general solution of the differential equation

d2y dy

4 2

EY 02D (1 - 2x)y =
xdxz xdx ( x)y=0

valid for 0 < x < oo.

6. Let S be a subset of R with the property that for every s € S, there exists € >
0 such that (s —€,5+¢€) NS = {s}. Prove there exists a function f: § — N,
the positive integers, such that for all s, € S, if s # ¢ then f(s) # f(¢).

7. Let S denote the positive integers that have no 0 in their decimal expansion.

Determine whether Z n~99/100 i convergent.
nes
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