
Algebra Preliminary Exam Syllabus

In general, the syllabus is determined by the material covered in the course MATH 5125/6,
Abstract Algebra, in the year which the student takes the course. This means that the
syllabus will depend on the instructor teaching the course that year; however, the following
topics are nearly always examined.

Groups

• Fundamental isomorphism theorem

• Groups acting on sets

• Alternating and symmetric groups

• Sylow Theorems

• Finite simple groups

• Finitely generated abelian groups

Rings and Fields

• Polynomial rings

• PID’s and UFD’s

• Prime and maximal ideals

• Field extensions, normal and Galois extensions, separability

• Computing Galois groups

Modules

• Isomorphism theorems

• Bases, direct sums, free modules, simple modules

• Modules over a PID

Additional topics may include:

• Nilpotent and solvable groups

• Free groups, generators and relations

• Noetherian rings and modules

• Hilbert Basis Theorem

• Hilbert Nullstellensatz



• Power series rings

• Projective and injective modules

• Nakayama’s lemma

• Jacobson radical

• Artinian rings and modules

• Semisimple rings and Wedderburn structure theorem

• Jordan and rational canonical forms

• Representation theory of finite groups and character theory

• Tensor products

Books The following have been use for MATH 5125/6, and each cover most of the above
material at the right level.

• “Algebra” by Michael Artin, Prentice Hall, 1991, ISBN 0-13-004763-5,
MR: 92g:00001

• “Algebra” by Thomas W. Hungerford, Springer-Verlag, 1980, ISBN 0-387-90518-9,
MR: 50 #6693

• “Algebra” (third edition) by Serge Lang, Addison Wesley, 1993, ISBN 0-201-55540-
9

• “Basic Algebra” volumes I and II (second editions) by Nathan Jacobson, Freeman,
1985 and 1989, ISBN 0-7167-1480-9 and 0-7167-1079-X, MR: 86d:00001 and MR:
90m:00007

• “Algebra, a graduate course” by I. Martin Isaacs, Brooks/Cole, 1994, ISBN 0-534-
19002-2, MR: 95k:00003

Other Books The following are good for various sections of MATH 5125/6, but do not
cover the whole syllabus.

• “Algebra, a Module Theoretic Approach” by William A. Adkins and Steven H. Wein-
traub, Graduate Texts in Mathematics no. 136, Springer-Verlag, 1992, ISBN 0-387-
97839-9, MR 94a:00001

• “Introduction to Commutative Algebra” by M. F. Atiyah and I. G. Macdonald,
Addison-Wesley, 1969, MR: 39 #4129

• “Undergraduate Commutative Algebra” by Miles Reid, London Math. Soc. Student
Texts no. 29, Cambridge University Press, 1995, ISBN 0-521-45889-7



• “An Introduction to the Theory of Groups” by Joseph J. Rotman, Graduate Texts in
Mathematics no. 148, Springer-Verlag, 1995, ISBN 0-387-94285-8, MR: 95m:20001

• “Rings, Modules and Linear Algebra” by Brian Hartley and Trevor O. Hawkes, Chap-
man & Hall, 1980, ISBN 0-412-09810-5, MR: 42 #2897

• “Field theory and its classical problems” by Charles Robert Hadlock, Carus Math-
ematical Monographs no. 19, Mathematical Association of America, 1978, ISBN
0-88385-020-6, MR: 82c:12001

• “Abstract Algebra” by David S. Dummit and Richard M. Foote, Prentice Hall Inc.,
1991, ISBN 0-13-004771-6, MR: 92k:00007



Algebra Preliminary Exam, Spring 1980

1. Let A,B and C be finite abelian groups. If A⊕C∼= B⊕C, prove that A∼= B.

2. Show that there exists no simple group of order 56.

3. Let T denote the set of all 5× 5 matrices with eigenvalues 4,4,17,17,17. Define a
relation ∼ on T by M1 ∼M2 if M1 and M2 are similar matrices. How many equiva-
lence classes does T have? Justify your answer. (Assume that the matrices are over
C .)

4. Give an example of a unique factorization domain (UFD) which is not a principal ideal
domain (PID).

5. What is the Galois group of x3− 10 over Q ? Find all normal subfields of the splitting
field.

6. Recall: if E is the splitting field of a polynomial f over F, then Gal(E/F) is called
the Galois group of f over F. The Galois group of f over F is said to be transitive if
given any two roots r1 and r2 of f in E, there exists σ in Gal(E/F) with σ(r1) = r2.

(a) Prove that if f is a separable irreducible polynomial, then the Galois group of f
is transitive.

(b) Show that even though the Galois group of f is transitive, not every permutation
of the roots need occur. (Hint: consider x4− 2 over Q .)

7. Let A be a local ring with maximal ideal M, let k be A/M, and let M be a finitely gen-
erated A-module. Show that if HomA(M, k) = 0, then M = 0. (Hint: use Nakayama’s
lemma.)



Algebra Preliminary Exam, Fall 1980

1. Suppose that for each prime integerp dividing the order of a finite groupG, there is
a subgroup of indexp. Prove thatG cannot be a nonabelian simple group.

2. A subgroup of a finite group is “p-local” if it is the normalizer of some Sylowp-
subgroup. Show that the number ofp-local subgroups of a group is congruent to 1
modulop.

3. Characterize (with proof) all finitely generatedQ [x]-modules with the property that
each submodule is a direct summand. (Qdenotes the field of rational numbers.)

4. Let R and S be local Noetherian integral domains with maximal idealsM and N
respectively. Assume thatR⊆ Sand thatS is a finitely generatedR-module. If there
exists a proper idealI of R such thatI = IS\R and the canonical image ofR/I in
S/ISequalsS/IS, then prove thatR= S.

5. Let R be an integral domain. Forx,y∈ R, define[xR : yR] = {r ∈ R | yr ∈ xR}. Let
{Pλ}λ∈Λ be a set of prime ideals ofRwith the property that ifx,y∈Randy /∈ xR, then
[xr : yR] = Pλ for someλ ∈ Λ. Prove thatR=

⋂
λ∈Λ RPλ. (RPλ denotes the localization

at Pλ.)

6. If G is a finite group, prove that there exist fieldsK andL such thatL is a Galois
extension ofK with Galois group isomorphic toG.

7. Show that for each positive integern, there is a polynomiald∈ C [x1, . . . ,xn] such that
for eachn×n matrixA with complex entries,

detA = d(tr(A), tr(A2), . . . , tr(An)).

(C denotes the field of complex numbers and tr(A) denotes the trace ofA.)



Algebra Preliminary Exam, Spring 1981

1. Prove that a group of order pn, where p is a prime and n≥ 1, has a nontrivial center.

2. Let G be a group of order pq, where p and q are primes and p< q. Prove that G has
only one subgroup of order q.

3. (a) Show that if H is a subgroup of order 12 in a group G of order 36, then H is a
normal subgroup of G. (Map G to the automorphisms of the set of right cosets
of H.) NOTE: there are examples of groups of order 36 with subgroups of order
12 which are not normal.

(b) Describe all abelian groups of order 36, up to isomorphism.

4. Prove that if p(x) is a polynomial irreducible over a field F, and if α and β are roots of
p(x) in some extension field of F, then F(α) and F(β) are isomorphic. What happens
if p(x) is reducible?

5. Let L be a normal extension of a field F, let G = Gal(L/F), and let H be a subgroup
of G. Prove that

(a) if K = {x ∈ L | h(x) = x for all h ∈H}, then K is a subfield of L;

(b) if K is normal over F, then H is a normal subgroup of G.

6. (a) Let R be a commutative principal ideal domain (PID) with a 1. If a,b∈ R, show
that a and b have a greatest common divisor d ∈ R (i.e. d divides a and b, and if
g divides a and b, then g divides d).

(b) Show that Z [x] is not a PID.

7. Let R be a commutative ring with identity, and let I, J be ideals in R. Let IJ = {x∈ R |
x = ∑n

i=1 aibi for aibi ∈ J,n ∈ Z +}.

(a) Show that IJ is an ideal of R.

(b) Show that if I + J = R, where I + J = {a + b | a∈ I,b∈ J}, then IJ = I∩ J (recall
that R has a 1).

(c) Suppose further that R is a domain, and that IJ = I ∩ J for all ideals I, J in R.
Prove that R is a field. (Take principal ideals.)



Algebra Preliminary Exam, Fall 1981

Instructions: do all eight problems
Notation: Z = integers, Q = rational numbers

1. Let G be a finite group.

(a) Let A and B be subgroups of G such that BC G and AB = G. Prove that [A :
A∩B] = [G : B].

(b) Let H be a subgroup of G such that [G : H] = 2 and let h ∈H. If m is the number
of conjugates of h in G and n is the number of conjugates of h in H, prove that
either n = m or n = m/2.

2. If the order of G is 105 and H is a subgroup of G of order 35, prove that HCG.

3. Let P be a nonnormal p-Sylow subgroup of the finite group G. If NG(P) is the nor-
malizer of P in G, prove that NG(P) is nonnormal in G.

4. Let F1 and F2 be finite fields of orders q1 and q2.

(a) Prove that qi is a power of a prime, say qi = pαi
i for i = 1,2.

(b) If F1 ⊆ F2, prove that p1 = p2 and that α1 is a divisor of α2.

5. (a) Prove that x4− 2 is irreducible over Q .

(b) Let K be the splitting field of x4− 2. Prove that the Galois group of K over Q ,
Gal(K/Q ), is of order 8.

(c) Exhibit the correspondence (given by the Fundamental Theorem of Galois the-
ory) between the subgroups of Gal(K/Q ) and the intermediate fields between Q
and K.

6. (a) State Nakayama’s lemma.

(b) Let R be a local commutative ring with maximal ideal M. Let X be a finitely
generated R-module. Show that if X/MX can be generated by n elements, then
so can X.

7. (a) Construct an example of finitely generated nonzero abelian groups A and B so
that HomZ(A,B) = HomZ(B,A) = A⊗Z B = 0.

(b) If A and B are finitely generated abelian groups such that HomZ(A,B) 6= 0 and
HomZ(B,A) = 0, prove that B⊗Z Q = 0 and A⊗Z Q 6= 0.

8. Let R be a commutative ring and let A be an ideal of R. Define the radical of A, denoted√
A, by

√
A = {r ∈ R | rn ∈ A for some positive integer n}. You may assume that

√
A

is an ideal of R and that A⊆
√

A.



(a) If P is a prime ideal of R such that P⊇A, prove that P⊇
√

A and as a consequence
show that

√
P = P.

(b) Prove that
√

A/A is the set of nilpotent elements of R/A. (An element r is nilpo-
tent if rn = 0 for some positive integer n.)



Algebra Preliminary Exam, Fall 1982

Do all problems

1. Prove that a group of order 135 = 33 · 5 has a normal subgroup of order 15.

2. (a) For a positive integer n, show that every ideal in Z /(n) is principal.

(b) Explain how one determines the number of ideals of Z /(n) in terms of n.

3. (a) Calculate the Galois group of (x2− 2)(x2 + 3) over Q .

(b) Explicitly state the correspondence between the subfields of the splitting field K
of (x2− 2)(x2 + 3) over Q and the subgroups of Gal(K/Q ).

4. Let V and W be vector spaces over the field k and letW∗ be the space of linear functions
fromW to k. Prove that the map φ : V⊗k W∗→Homk(W,V) defined by φ(v⊗ f )(w) =
f (w)v is

(a) Well defined.

(b) Linear.

5. Let K be a field of characteristic 6= 2. Suppose f (x) = p(x)/q(x) is a ratio of polyno-
mials in K[x]. Prove that if f (x) = f (−x), then there are polynomials p0(x2),q0(x2)
such that f (x) = p0(x2)/q0(x2). (HINT: look for a field automorphism of K(x) that
fixes f (x). )

6. Let G be a solvable group. Prove that if N 6= {e} is normal in G and contains no other
non trivial subgroups which are normal in G, then N is abelian.

7. Let A,B,C,D be finite abelian groups such that A×B∼= C×D and B∼= D. Prove that
A∼= C.



Algebra Preliminary Exam, Spring 1984

Do all problems

1. Find the Galois group ofx6−1 overQ .

2. Show that a semisimple right Artinian ring without zero divisors is a division ring.
(A ring has no zero divisors ifab= 0 impliesa = 0 orb = 0.)

3. Show that there are no simple groups of order 300.

4. LetRbe a commutative domain with field of fractionsF. Prove thatF is an injective
R-module.

5. State and prove a structure theorem analogous to the Fundamental Theorem for mod-
ules over a PID, which describes finitely generatedZ /nZ -modules. (You may assume
the Fundamental Theorem for any argument.)

6. Assume thatK/F is a Galois field extension andα lies in an algebraic closure of
K. Prove that|Gal(K/F)| divides|Gal(K(α)/F(α))|degα, where degα denotes the
degree ofα overF.

7. Prove that a finitep-group with a unique subgroup of indexp is cyclic. (Hint: first
consider abelianp-groups.)

8. Let f : M ! N be a surjective homomorphism of leftR-modules. Show that ifP

is a projectiveR-module, then the induced map HomR(P,M)
f�−! HomR(P,N) is a

surjection of abelian groups.

9. Letk be a field and letR= k[X1, . . . ,Xm] be the polynomial ring inm indeterminates.
Prove that ifM is a simpleR-module, then dimkM < ∞.



Algebra Preliminary Exam, Fall 1985

Do ALL problems

1. (a) Define what is meant by a prime ideal in a commutative ring.

(b) Prove that a nonzero prime ideal in a principal ideal domain is always a maximal
ideal.

2. Prove that there is no simple group of order 56.

3. Show that a finite field cannot be algebraically closed.

4. Find all finitely generated abelian groups A with the property that for any subgroups
B and C, either B⊆C or C⊆ B.

5. Let F be the splitting field of (x3− 2)(x2 − 3) over Q (i). Describe the Galois group
in as much detail as possible.

6. Let R be an integral domain and let θ be an element of the quotient field of R. Set
I = {r ∈ R | rθ ∈ R}.

(a) Prove that I is an ideal of R.

(b) Show that either θ∈ R or there exists a maximal ideal M of R such that θ /∈ RM.

(c) Conclude that R =
⋂

RM, where the intersection is taken over all the maximal
ideals of R.

7. Prove that Q ⊗Z Q and Q are isomorphic as Z -modules. (Here Q denotes the rational
numbers and Z denotes the integers.)

8. Let G be a group. Suppose that

(a) H and K are nilpotent groups,

(b) there are homomorphisms α : G→ H and β : G→ K, and

(c) ker α∩ ker β⊆ Z(G), the center of G.

Prove that G is nilpotent.



Algebra Preliminary Exam, Spring 1986

1. Let F be the free group on the set X = {xi | i ∈ I}, and let H be the normal subgroup
of F generated by {xix jx

−1
i x−1

j | i, j ∈ I}. Prove that F/H is isomorphic to the free
abelian group on X.

2. Let G be an abelian group of order p6, and let H = {x ∈ G | xp = 1}. Suppose that
|H|= p2. Give all possible such groups G.

3. Prove that S4 is solvable.

4. In S5, how many Sylow subgroups of each type are there?

5. (a) Let R be a PID and let S be a multiplicatively closed subset. Show that S−1R is
a PID.

(b) Give an example of a PID with exactly 3 nonassociate irreducible elements.

6. Let (Mα)α∈A be the set of maximal ideals in a commutative ring R with identity. Set
J =

⋂
α∈A Mα. For r ∈ R, prove that r ∈ J if and only if 1 + rs is a unit for all s ∈ R.

7. Let α ∈ C be a root of x3 + 4x + 2.

(a) Find a basis for Q (α) over Q . Justify y our answer.

(b) Express (α + 1)−1 in terms of the basis.

(c) Express (α2 + 3α + 5)(2α2 − 4α + 1) in terms of the basis.

8. Let K be a subfield of the field L, and let α ∈ L such that [K(α) : K] is odd. Prove that
K(α2) = K(α).



Algebra Prelim, Fall 1986

1. (a) Let G be a finite abelian (multiplicative) group. Prove that if G is not cyclic, then
there exists a positive integer n such that n< |G| and gn = e for all g ∈G.

(b) Prove that the multiplicative group of a finite field is cyclic.

2. Let G be a group of order 5 · 72 · 17, and let H be a subgroup of order 72 · 17.

(a) Prove that H is abelian.

(b) Prove that H is normal in G.

(c) Prove that G is abelian.

3. Let R be an integral domain. For an element a ∈ R, prove the equivalence of the fol-
lowing two statements.

(a) There exists an infinite chain (a1)⊂ (a2)⊂ · · · of principal ideals of R with a =
a1.

(b) There exists an infinite set {bi | i = 1,2, . . .} of nonunits of R such that b1b2 . . .bn

divides a for each positive integer n.

4. Let R be a commutative ring with identity and let M be a maximal ideal of R.

(a) Prove that R[x]/M[x] ∼= (R/M)[x].

(b) Conclude that M[x] is a prime ideal but not a maximal ideal in R[x]. Indeed argue
that there are infinitely many prime ideals of R[x] which contain M[x].

5. Let k ⊆ K ⊆ L be fields such that K is a splitting field over k. If σ ∈ Gal(L/k), prove
that σ(K) = K.

6. Let K/k be a finite extension and let α ∈ K with f (x) = Irr(α, k). If n = deg f (x),
prove that n|[K : k].

7. Let f (x) = xn− 1 and let K be a splitting field for f (x) over Q . Prove that the Galois
group Gal(K/Q ) is abelian.

8. Let M be a module. A submodule S of M is small if whenever S + N = M for any
submodule N of M, then N = M. Suppose S is small in M and there exists an epimor-
phism f : P→ M/S where P is projective. Prove that there exists an epimorphism
ψ : P→M.



Algebra Preliminary Exam, Spring 1987

Do any 8 problems

1. (a) Let H be a subgroup of the finite group G, and let p be a prime. Prove that two
distinct Sylow p-subgroups of H cannot lie in the same Sylow p-subgroup of G.

(b) Let n be a positive integer and let R be a ring with a 1. Show that R has char-
acteristic n if and only if R has a subring (with the same 1) isomorphic to Z /nZ
(i.e. the integers modulo n).

2. Let A and B be normal subgroups of the group G.

(a) Prove that A∩B is a normal subgroup of G.

(b) Prove that G/(A∩B) is isomorphic to a subgroup of (G/A)× (G/B).

(c) If G is finite and G/(A∩B) ∼= (G/A)× (G/B), prove that AB = G.

3. (a) Let G be a simple group with a subgroup H of index 6. Prove that there exists a
momomorphism φ : G→ S6.

(b) Prove there are no simple groups of order 300.

4. Let R be the ring {a + b
√

29 | a,b∈ Z } (so R = Z [
√

29] ). Define N : R→ Z by N(a +
b
√

29) = a2− 29b2 for a,b ∈ Z .

(a) Show that for α,β ∈ R, N(αβ) = N(α)N(β).

(b) Let α ∈ R. Show that α is a unit if and only if N(α) =±1.

(c) Show that a2− 29b2 =±2 has no solution with a,b ∈ Z .

(d) Show that 2,−2,5 +
√

29 and 5−
√

29 are irreducible elements of R.

(e) Deduce that R is not a UFD.

5. Let R be a UFD and let S be a multiplicatively closed subset of nonzero elements of
R.

(a) If u is irreducible in R, prove that u is either irreducible or a unit in S−1R.

(b) Prove that S−1R is a UFD.

6. Let V be a vector space over R and let T : V→V be a linear transformation. Describe
how V can be made into an R [x]-module via T .

Suppose V has basis (e1, e2, e3) and T is the linear transformation defined by T(e1) =
2e1, T(e2) =−4e2− 4e3, and T(e3) = 9e2 + 8e3.

(a) Express V as a direct sum of two nonzero R [T ]-modules.



(b) Calculate (x2− 4x + 4)e2.

(c) If V ∼=
⊕n

i=1 R [x]/( fi) where f1| f2| . . . | fn and f1 is not a unit, what are the pos-
sibilities for the ideals ( fi)?

(d) Express V as a direct sum of cyclic modules.

(e) Does there exist v ∈V such that V = R [x]v?

7. Let R be a PID, let p be a prime of R, and let M be the R-module R/Rpe1⊕· · ·⊕R/Rpen

where the ei and n are positive integers. Define M(p) = {m∈M | pm = 0} and pM =
{pm |m ∈M}.

(a) Prove that M(p) and pM are submodules of M.

(b) Prove that M/pM∼= M(p).

(c) In the case R = Q [x] and p = x2 + 1, give an example of a finitely generated
R-module M such that M/pM�M(p).

8. Let R = Z × Z and S = Z #× 0, where Z is the ring of integers and Z # = Z \0. Prove
that S−1R∼= Q , where Q is the field of rational numbers.

9. List without repetition all the abelian groups of order 3223. Which ones are cyclic?



Algebra Preliminary Exam, Fall 1987

Instructions: do all problems

1. Let G be a group with 56 elements. Prove that G is not simple.

2. Let G be a group and let S 6 G. Prove that 〈x−1Sx | x ∈ G〉 � G. Now suppose that
G = HA where H and A are subgroups and A is abelian. Prove that there exists K�G
such that H∩A⊆K⊆H. Deduce that if G is nonabelian simple, then G = 〈H, x−1Hx〉
for all x ∈ G \H.

3. Let G be the group C \0 with the operation multiplication. Define θ : G→G by θ(x) =
x2. Prove that θ is a group homomorphism, |ker θ| = 1, and G/ker θ ∼= G. Suppose
L = {x ∈G | x(2n) = 1 for some positive integer n}. Is G/L∼= G.

4. If H is a subgroup of the group G, let N(H) denote the normalizer of H in G. Suppose
G is a finite group and P is a Sylow p-subgroup of G. Prove that N(N(P)) = N(P).

5. Let R be a commutative ring. If I and J are ideals of R, define (I : J) = {x∈ R | Jx⊆ I}.
Prove that (I : J) is an ideal of R.

Now suppose I ⊆ (a), a /∈ I, K = (I : (a)) and R/I is a domain. Prove that K = I
and aK = I. Deduce that I ⊆ ⋂∞

n=1(an). Does the final assertion remain true if the
hypothesis a /∈ I is dropped? ((a) denotes the ideal generated by a.)

6. Let K be a field. Prove that K[X] has infinitely many irreducible polynomials, no two
of which are associates. (Consider p1p2 . . . pn + 1). Suppose now f ∈ K[X], f 6= 0.
Prove that there exists a homomorphism θ from K[X] to a domain with nonzero kernel
such that θ( f ) 6= 0.

7. Let R be a ring, let M be an R-module, and let θ : M→M be an R-module homomor-
phism. Prove that ker θ is a submodule of M.

Now suppose every submodule of M is finitely generated. Prove there exists an integer
n such that

⋃∞
i=1 ker θi = ker θn. Deduce that if θ is onto, then θ is an isomorphism.

8. Let V be a vector space over C and let T : V→V be a linear transformation. Describe
how V can be made into a C [X]-module via T .

Now let {e1, e2, e3} be a basis for V and suppose T(e1) =−e1 + 2e2, T(e2) =−2e1 +
3e2, T(e3) = −2e1 + 2e2 + e3. Find the Jordan canonical form for the matrix of T .
Hence find the isomorphism type of V (as a C [X]-module) as a direct sum of primary
cyclic modules. Does there exist a C [X]-module homomorphism of C [X] onto V?



Algebra Preliminary Exam, Spring 1988

Do all eight problems

1. Let G be a group and define φ: G×G→G by φ(g,h) = gh−1 .

(a) Find necessary and sufficient conditions on G such that φ is a homomorphism.

(b) Under the conditions determined for (a), prove that ∆ = {(x, x) | x ∈G} is a nor-
mal subgroup of G and (G×G)/∆ ∼= G.

2. Let f : G→ H be a group homomorphism with H an abelian group. Suppose that N
is a subgroup of G containing ker(f ). Prove that N is a normal subgroup of G.

3. Let G be a group of order 99.

(a) Show that G is not a simple group.

(b) Show that G contains a subgroup of order 33.

4. Prove that a finite abelian group is either cyclic or has at least p elements of order p
for some prime p.

5. If S is a simple nonabelian group, prove that Aut(S) contains a subgroup isomorphic
to S. (Hint: consider conjugation.)

6. Let R be a commutative ring with identity. A simple R-module S is a module whose
only submodules are 0 and S.

(a) Prove that an R-module S is simple if and only if there is a maximal idealM such
that S is isomorphic to R/M.

(b) Let R be a commutative ring with identity. Show that simple R-modules exist.

7. Let R be a ring with identity and let I be a (two-sided) ideal in R. Let M and N be
R-modules.

(a) Show that R/I ⊗R M is isomorphic to M/IM as left R/I-modules.

(b) Show that (M⊕N)/I(M⊕N) is isomorphic to (M/IM)⊕ (N/IN). You may use
any results about tensor products you know.

8. Let E be an extension field of F with [E : F] = 11. Prove that if x,y ∈ E with neither
in F and if θ is an F-automorphism of E, then

θ(x) 6= x implies θ(y) 6= y.



Algebra Preliminary Exam, Fall 1988

Instructions: do all problems

1. Prove that there are no simple groups of order 600.

2. Let R be a principal ideal domain and assume that A, B, and C are finitely generated
R-modules. Suppose that A⊕B is isomorphic to A⊕C. Prove that B is isomorphic to
C.

3. Prove that the Galois group of a splitting field K of an irreducible polynomial p over
the rational numbers Q acts transitively on the roots of p. Show by examples that this
theorem does not necessarily hold if either

(a) K is not a splitting field, or

(b) p is reducible over Q .

4. Prove that a group of order 255 is cyclic.

5. Define what is meant by a solvable group. Prove that if HC G, and H and G/H are
solvable, then G is solvable.

6. Let T : V → V be a linear map where V is a finite dimensional vector space over an
algebraically closed field. Prove that if 0 is the only eigenvalue of T , then Tn = 0
where n = dim(V).

7. Prove that if f : S→ T is a homomorphism between simple R-modules S and T , then
either f is an isomorphism or f is the zero homomorphism. (Recall that a nonzero
R-module is simple if 0 and the module itself are the only submodules.)

8. Let R be a commutative ring with a 1.

(a) Prove that if M is a cyclic R-module, then M is isomorphic to R/I for some ideal
I of R.

(b) Prove that if M is a cyclic R-module and N is an arbitrary R-module, then M⊗R N
is isomorphic to N/IN for some ideal I of R.



Algebra Prelim, Spring 1989

Do all problems

1. Show that a group of order 540 cannot be simple.

2. Compute the Galois group of 5x5 + 3x4 + 15 over

(i) Z /2Z (ii) Q

3. Let R and S be domains and let θ : R→ S be an epimorphism. Which of the following
statements are true? (Prove or give a counterexample.)

(a) If R is a PID, then S is a PID.

(b) If R is a UFD, then S is a UFD.

(c) If ker θ 6= 0 and R is a PID, then S is a field.

4. Let K be a field and let f ∈ K[x] be a polynomial.

(a) Let α1, . . . ,αr be distinct zeros of f in K. Prove that there exists g ∈ K[x] such
that

f = (x−α1) . . . (x−αr)g.

(b) Let p be a prime number and let K = Z /pZ be the finite field with p elements.
For each integer m, let m̄ denote its residue class in K. Prove that as polynomials
in K[x], we have

xp−1− 1̄ =
p−1

∏
m=1

(x− m̄).

Deduce that p divides (p− 1)! + 1.

5. Let G be a group of finite order and let F be the intersection of all maximal subgroups
of G.

(a) Prove that FC G.

(b) If H 6 G and FH = G, prove that H = G.

(c) If S is a Sylow subgroup of F and x ∈ G, prove that xSx−1 = f S f−1 for some
f ∈ F. Deduce that G = F NG(S).

6. Which of the following statements are true? (Prove or give counterexample.)



(a) If K/F and E/K are finite Galois extensions, then E/F is a finite Galois exten-
sion.

(b) Let f ,g ∈ Q [x] be irreducible, let α be a root of f , and let β be a root of g. If
Q (α) = Q (β), then Gal( f/Q )∼= Gal(g/Q ).

7. Let R be a commutative ring. Define what is meant by saying that an R-module is
Noetherian.

Suppose R has the property that the R-modules Rn are Noetherian for all n ∈ N (where
Rn denotes the direct sum of n copies of R, and N = {0,1,2, . . .}). Let M be a finitely
generated R-module.

(a) Show that M ∼= Rn/N for some n ∈ N and some R-submodule N of Rn.

(b) Deduce that if L is a submodule of M, then L∼= K/N where K is a submodule of
Rn containing N.

(c) Conclude that all finitely generated R-modules are Noetherian.

8. Determine the matrices in M3(Q ) commuting with

2 0 0
0 0 2
0 1 1

.



Algebra Qualifying Exam, Fall 1989

Do six problems

1. Compute the Galois group of 3x2 + 7x + 21 over

(a) Z /2Z (b) Q

2. By an “N-group”, we mean a finite group with the property that every nonidentity
homomorphic image has a nonidentity center. Prove that maximal subgroups of N-
groups are always normal.

3. Let R be an integral domain and let K be its field of fractions. Assume that if 0 6= x∈K,
then either x ∈ R or x−1 ∈ R. Prove that

(a) R is a local ring.

(b) R is integrally closed in K.

4. Let R be a PID and let A, M be nonzero finitely generated R-modules.

(a) Show that if A is torsion free, then A⊗R M 6= 0.

(b) Provide a counterexample to the conclusion of 4a in the case A is not torsion free.

5. Assume that p and q are distinct primes. Show that a group of order p2q cannot be
simple.

6. Let k be a field. If f ∈ k[X1,X2, . . . ,Xn], define

V( f ) = {(a1, . . . ,an) ∈ kn | f (a1, . . . ,an) = 0}.

Prove that if f1, f2, . . . is a countable list of polynomials in k[X1, . . . ,Xn], then there is
a positive integer T such that

∞⋂
j=1

V( f j) = V( f1)∩V( f2)∩ · · · ∩V( fT ).

7. Let k be a field. Prove that if A and B are two n× n-matrices with entries in k, both of
which have minimal polynomial Xn−1, then A and B are similar.



Algebra Prelim, Spring 1990

Answer all questions

1. (a) Let M be a left R-module, and let A and B be Artinian submodules.
Show that A+B is an Artinian R-submodule.

(b) If R is also left Noetherian and M is finitely generated, show that M has a
unique maximum Artinian submodule A(M) and that A(M/A(M)) = 0.

2. Let A be an abelian group with no elements of infinite order. Suppose that
every element of prime order is of order 3. Show that the order of every
element is a power of 3. (Hint: do finitely generated abelian groups first.)

3. Let G be a simple group of order 144.

(a) Prove that a group of order 18 has exactly one Sylow 3-subgroup.

(b) If H is a proper subgroup of G, show that |H| ≤ 26.

(c) If P and Q are distinct Sylow 3-subgroups of G, show that |P∩Q|= 1.
(If |P∩Q|> 1, consider NG(P∩Q) ).

4. Prove that a group of order 765 is abelian.

5. Let f (x) in Q[x] be an irreducible polynomial of degree 5. Suppose a and
b are distinct roots and that Q(a) = Q(b). Show that Q(a) is a normal
extension of Q.

6. Let S ⊆ Z[x1,x2, . . . ,xn]. Prove that there is a smallest principal ideal con-
taining S. If this ideal is generated by α , show that αQ[x1,x2, . . . ,xn] is the
smallest principal ideal in Q[x1,x2, . . . ,xn] containing S.

7. Let V be a vector space over R, and let T : V →V be a linear transformation.
Describe how V can be made into an R[x]-module.

Now suppose there are v1, . . . ,vn in V such that {T i(v j) | i = 0,1, . . . , j =
1,2, . . . ,n} span V as a vector space.

(a) Prove that V is a finitely generated R[x]-module.

(b) If T is onto, show that V cannot have a summand isomorphic to R[x].

(c) If T is onto, show that V is finite dimensional.



8. (a) Let A = {ι ,(12)(34)} and V = {ι ,(12)(34),(13)(24),(14)(23)} in
S4. Show that A is normal in V and V is normal in S4, but A is not
normal in S4.

(b) Give an example of fields F ⊆ K ⊆ L such that K a normal extension of
F and L a normal extension of K, but L is not a normal extension of F .



Algebra Prelim, Fall 1990

Answer all questions

1. Give a complete list of all non-isomorphic abelian groups of order 200 = 23 · 52.

2. Show that a group of order 216 = 23 · 33 cannot be simple.

3. Let G be a finite p-group with |G|> p2. Prove that G contains a normal abelian sub-
group of order p2.

4. (a) Show that if G is a subgroup of Sn, then either G⊆ An or [G : G∩An] = 2.

(b) Show that if n≥ 5 and G is a normal subgroup of Sn, then G = 1, An or Sn.

(c) Show that if n≥ 5, then Sn has no subgroups of index 3.

5. Let G be an abelian group with 54 elements. Suppose that G cannot be generated by
one element, but can be generated by two elements. Prove that G is isomorphic to
Z /18Z × Z /3Z .

6. Let K be an extension field of F with [K : F] = 14. Let f (x) ∈ F[x] be a polynomial of
degree 5. Suppose f (x) has no roots in F but has a root in K. What can you say about
the factorization of f (x) into irreducibles in F[x] and K[x]?

7. Let f (x) be irreducible over Q with splitting field E, and let α and β be roots of f in
E. If E/Q has an abelian Galois group, prove that Q (α) = Q (β).

8. Let R be a commutative ring with identity, and let (Mα)α∈Γ be the set of maximal ide-
als of R. Let A be an ideal of the polynomial ring R[x] such that A⊆⋃α Mα[x]. Show
that A⊆Mβ[x] for some β ∈ Γ. (Hint: consider the set B = {r ∈ R | r is a coefficient
of some polynomial in A}.)



Qualifying Exam Algebra Spring 1991

1. Suppose thatA,H are normal subgroups of a groupG such thatG/A is a simple group
of ordern.

(a) Prove thatH \A is a normal subgroup ofH.

(b) Prove that eitherH ⊆ A or H/(H \A) is a simple group of ordern. (Hint: use
an isomorphim theorem.)

2. (a) Prove that a group of order 100 cannot be simple.

(b) Describe all abelian groups of order 100 up to isomorphism.

(c) Either show that every group of order 100 is abelian, or exhibit a nonabelian
example.

3. LetG be a group and letf : G! H be a group homomorphism. Prove that ifH is a
solvable group and if ker( f ) is abelian, thenG is a solvable.

4. LetR be a PID.

(a) Prove that the intersection of two nonzero maximal ideals cannot be zero.

(b) Assume thatR contains an infinite number of maximal ideals. Show that the
intersection of all the nonzero maximal ideals ofRequals zero.

5. LetR⊆ Sbe rings with a 1 such thatS/R is a free leftR-module. Prove that ifL is a
left ideal ofR, thenLS\R= L. (Hint: write Sas a direct sum ofR-modules.)

6. Let R be a ring with 1. A nonzero leftR-moduleS is simple if 0 andSare the only
submodules ofS. Let

0−! S
α−!M

π−! S−! 0

be a short exact sequence ofR-modules which isnot split, and such thatS is a simple
R-module. Show that the only nonzero submodules ofM areα(S) andM. (Hint: if
0 6= N�M andα(S)\N = 0, show that there is an isomorphismσ : S!N such that
πσ = 1S.)

7. Suppose thatF is a Galois extension ofQ with [F : Q ] = 25. What possible groups can
occur as the Galois group ofF overQ ? In all cases, describe the intermediate fields
betweenF andQ is in terms of inclusion and dimension overQ . Which intermediate
fields are Galois overQ ?

8. Recall that a groupG of permutations of a setS is calledtransitiveif given s,t ∈ S,
then there existsσ ∈G such thatσ(s) = t. Let f (x) be a separable polynomial inK[x]
and letF be a splitting field off (x) over K. Prove thatf (x) is irreducible overK
if and only if the Galois group ofF overK is a transitive subgroup when viewed as
permutations of the roots off (x).



Algebra Prelim, Spring 1992

Answer all questions

1. (a) LetG be a finite group of orderm, and letp be the smallest prime which divides
m. Prove that ifH is a subgroup of indexp, then His a normal subgroup ofG.

(b) Prove that any group of orderp2q is solvable, wherep 6= q are primes. (Hint:
consider separately the casesp> q andp< q).

2. List all groups of order 6 (up to isomorphism), and prove that they are the only ones.

3. If A andB are finitely generated abelian groups withA�A isomorphic toB�B, prove
thatA andB are isomorphic.

4. Suppose 0−! A
f−! B

g−! C −! 0 is a short exact sequence of modules over a
ring R. Prove that if the sequence splits, i.e. there is anR-module homomorphism
h: C! B such thatgh= 1C, thenB�= A�C.

5. LetRbe a commutative ring with a 1. IfSis a multiplicative set (i.e.x,y∈S) xy∈S)
containing 1, but not 0, prove there exists a prime ideal ofP of Rwith P\S= /0.

6. LetA be an abelian group and letm> 1 be an integer. Prove thatA⊗Z /mZ �= A/mA.

7. LetK/k be a Galois extension of fields and letf (x) ∈ k[x] be an irreducible polyno-
mial which has a root inK. Prove thatf (x) splits into linear factors inK[x].

8. LetK be a finite Galois extension ofQ with Galois group isomorphic toA4. For each
divisor d of 12, how many subfieldsL of K have[K : L] = d? In each case give the
isomorphism class of Gal(K/L), and state whether or notL/Q is a Galois extension.
(RecallA4 is a counter-example to the converse of Lagrange’s theorem.)



Algebra Prelim, Fall 1992

Answer all questions

1. Prove that any group of order 765 is abelian.

2. Let G be a finite group and let N be a normal subgroup of G. Prove that G is solvable
if and only if both N and G/N are solvable.

3. (a) Prove that if G is a subgroup of Sn, then either G⊆ An or [G : G∩An] = 2.

(b) Prove that if n≥ 5 and G is a normal subgroup of Sn, then G = {e}, An or Sn.

(c) Prove that if n≥ 5, then Sn has no subgroup of index 3.

4. Let f (x) be an irreducible polynomial over Q with splitting field K. If the Galois group
of K/Q is abelian, prove that for any roots α,β of f (x) in K, we have Q (α) = Q (β) =
K.

5. Let K be a field and f (x) ∈ K[x] be a separable irreducible polynomial of degree 4,
and let E be a splitting field for f (x) over K. If α ∈ E is a root of f (x) and L = K(α),
prove that there exists a subfield F of L with [F : K] = 2 if and only if the Galois group
of E/K is not isomorphic to either A4 or S4.

6. (a) If G, H and K are finitely generated abelian groups with G⊕H ∼= G⊕K, prove
that H ∼= K.

(b) Give an example to show that part (a) is false if G is not finitely generated.

7. Let R be an integral domain. A nonzero element π of R is a prime if π|ab implies that
either π|a or π|b. A nonzero element π is irreducible if π = ab implies that either a or
b is a unit.

(a) Prove that every prime is irreducible.

(b) If R is a UFD, prove that every irreducible is prime.

8. Let R be a commutative ring with a 1, and let M be a cyclic R-module.

(a) Prove that M is isomophic to R/I for some ideal I of R.

(b) If N is any R-module, prove that M⊗R N is isomorphic to N/IN for some ideal
I of R.



Algebra Preliminary Exam, Spring 1993

Do six problems

1. Let R be a principal ideal domain. Assume thatM is a nonzero finitely generated
R-module with the property that the intersection of any two nonzero submodules is
nonzero. Prove thatM �= R/Rt wheret is either zero or some power of an irreducible
element inR.

2. Let G be a group which acts transitively on a finite setX. Assume that there is an
elementx0 ∈ X whose stabilizer has no element of finite order other than 1.

(a) Show that iff ∈G has finite order larger than 1, thenf has no fixed points.

(b) Show that if the order off ∈G is a primeq, then|X| � 0 modq.

3. LetSbe a commutative ring with prime idealsP1,P2, . . . ,Pt . Show that ifS/P1\P2\
· · ·\Pt is a finite set, then each of thePi is a maximal ideal.

4. Let p be a prime. Prove that if every nontrivial finite field extension of the fieldF has
degree divisible byp, then every finite field extension ofF has degree a power ofp.
(You may assume that charF = 0.)

5. LetR be a commutative ring with a 1. IfM andN areR-modules, then Hom(M,N)
denotes the set of allR-module homomorphisms fromM to N. If f : N!N0 is anR-
module homomorphism, thenf� : Hom(M,N)! Hom(M,N0) is defined byf�(g) =
f �g, the composition ofg followed by f . Prove thatM is a projectiveR-module if
and only if for all surjectivef : N! N0, the functionf� is surjective.

6. Let D be a finite dihedral group, and letV be a finite dimensional complex vector
space which is aD-module. (You may regardD as a group of linear transformations
from V to itself.) Prove that if the onlyD-invariant subspaces ofV are 0 andV itself
(i.e.V is a simple or irreducibleD-module), then dimCV � 2.

7. Determine the Galois group of (the splitting field for) the polynomialX10−1 over
the rational numbers.



Algebra Preliminary Exam, Fall 1993

Do all problems

1. Assume that R is a ring and e ∈ R has the property that e2 = e. Prove that Re is a
projective left R-module.

2. Let F be a field of characteristic zero and let K be a finite field extension of F.

(a) Explain why there is a polynomial p(X) ∈ F[X] such that K ∼= F[X]/(p).

(b) Prove that if c ∈ K[X]/(p) and c2 = 0, then c = 0.

3. Let M2(Q ) denote the group of 2×2 matrices with rational entries under addition, and
let GL2(Q ) denote the group of invertible 2× 2 matrices with rational entries under
multiplication.

(a) Prove that if M2(Q ) acts on a set, then all orbits are either infinite or singletons.

(b) Show that GL2(Q ) acts on Q via g ∗λ =
det(g)

|det(g)|λ, and that there exists a finite

orbit which is not a singleton.

4. Let G be the direct product of the dihedral group of order 34 and the cyclic group of
order 9. Suppose that L is a field and G is a group of automorphisms of L. Prove that
there is a unique field K such that LG ⊆ K and dimK L = 17. (You may assume that
char L = 0.)

5. Let S be a commutative integral domain. Prove that if every prime ideal of S[X] is
principal, then S is a field.

6. Let A be an abelian group.

(a) Show that the collection H of all homomorphisms from A to Z is a group under
addition of functions.

(b) Prove that if f1, . . . , fm ∈ H, then the subgroup generated by f1, . . . , fm is free
(i.e. free as a Z -module).

7. Let p be a prime, and let G be the group of invertible 2×2 matrices under multiplica-
tion with entries in the field of integers modulo p. Let H be the subgroup consisting

of all matrices of the form

(
1 0
a 1

)
.

(a) Show that |G|= (p2− 1)(p2− p).

(b) Find all values of p such that the number of conjugates of H in G is congruent
to 8 mod p.



Algebra Prelim Spring 1994
Answer All Problems

(1) Let G be a group with exactly three elements of order two. Prove that G is not simple.

(2) Let G = 〈x, y | x6 = e, y4 = e, yxy−1 = x−1〉. Prove that G has a homomorphic image
isomorphic to S3 (the symmetric group of degree 3), but is not isomorphic to S3.

(3) Let R be a PID which is not a field, and let M be a finitely generated R-module which
is not a torsion module.

(i) Prove that the R-module R is isomorphic to a proper submodule of itself.
(ii) Prove that M is isomorphic to a proper submodule of itself.

(4) Let R be a ring, and let A,B,C be R-modules.

(i) Prove that HomR(A,B⊕C)∼= HomR(A,B)⊕HomR(A,C) as abelian groups.
(ii) Prove that HomR(A,A⊕A) is not isomorphic to Z .

(5) Let R be a commutative Noetherian ring.

(i) If S is a multiplicative subset of R, prove that S−1R is Noetherian.
(ii) Prove that R[[X−1,X]] (the Laurent Series ring in X) is a Noetherian ring (you may

assume that the power series ring R[[X]] is Noetherian).

(6) (i) Prove that X4 + X3 + X2 + X + 1 is irreducible in Q [X]. (Set Y = X− 1.)
(ii) Let A∈Mn(Q ), and suppose no eigenvalue of A is equal to 1. Prove that if A5 = I,

then 4|n (where I denotes the identity matrix).



Algebra Prelim Fall 1994 Answer All Problems

(1) Let p be a prime, letG be a finitep-group, letZ be the center ofG, and let 16= HCG.

(i) Let x ∈ HnZ, and letC(x) denote the conjugacy class containingx. Prove that
C(x)⊆ H andp divides|C(x)|.

(ii) Prove thatZ\H 6= 1.
(iii) Let A be a maximal normal abelian subgroup ofG. Prove thatA is also a maximal

abelian subgroup ofG. (Apply (ii) with G= G/AandH the centralizer ofA in G.)

(2) Let G be a simple group of order 180.

(i) Prove that the number of 5-Sylow subgroups ofG is 36.
(ii) Prove that the normalizer of a 3-Sylow subgroup ofG has order 18.
(iii) Prove that the 3-Sylow subgroup of a group of order 18 is normal in that group.
(iv) If A andB are distinct 3-Sylow subgroups ofG, prove thatA\B = 1 (consider

the centralizer inG of A\B).
(v) Prove that there is no simple group of order 180.

(3) Let Rbe a PID (principal ideal domain), and letM be a cyclic leftR-module. Suppose
M = A�B whereA andB are nonzero leftR-modules. Prove that there existsr ∈ Rn0
such thatrM = 0. Prove further that for such anr, there exist distinct primesp,q∈ R
such thatpq dividesr.

(4) Let R be the ringZ (2)[[X]]/(X−2), whereZ (2)[[X]] denotes the power series ring in
X overZ (2), the localization ofZ at the prime 2.

(i) If q is an odd integer, prove thatq is invertible inZ [[X]]/(X−2).
(ii) Define θ : Z [[X]] ! Z (2)[[X]] by θ∑aiXi = ∑aiXi, and letπ : Z (2)[[X]] ! R

be the natural epimorphism. Prove thatπθ is surjective and deduce thatR�=
Z [[X]]/(X−2).

(iii) Prove thatR� Z [X]/(X−2).

(5) Let p be a prime, letK ⊆ L be fields of characteristicp, let α,β ∈ L, and letd be a
positive integer. Suppose[K(α) : K] = d, [K(β) : K] = p, α is separable overK, andβ
is not separable overK.

(i) Prove thatK(α) = K(αp) andβp ∈ K.
(ii) Prove thatK(α)⊆ K(α + β).
(iii) Prove that[K(α + β) : K] = pd.

(6) Let p be a prime, and letK = C (t), the quotient field (field of fractions) of the poly-
nomial ringC [t].

(i) Prove thatXp− t is irreducible inK[X].
(ii) Let L be the splitting field ofXp− t overK. Determine the Galois group ofL over

K.



Qualifying Exam Algebra Spring 1995

1. Determine, up to isomorphism, all groups of order 1127= 72 ·23.

2. Let G be a noncyclic nilpotent group. Show that there is a normal subgroupN of G
such thatG/N is a noncyclic abelian group.

3. Describe all finitely generated abelian groupsG such that ifA andB are subgroups of
G, then eitherA⊆ B or B⊆ A.

4. Let R be a commutative ring with a 1. Recall that ifI is an ideal, then radI = {x |
xm∈ I for somem∈ N } is also an ideal. LetP1, . . . ,Pn be distinct prime ideals inR.

(a) Show thatR/ radI has no nonzero nilpotent elements.

(b) Prove that rad(P1 · · ·Pn) = P1\P2\· · ·\Pn.

(c) Prove thatR/ rad(P1 · · ·Pn) is an integral domain if and only if there exists ani
such thatPi is contained in everyPj for j = 1, . . . ,n.

5. Suppose thatK is a subfield of a fieldL. Assume thatK = Q (ω), whereω = e
2πi
3 =

−1/2+
p

3/2 · i. Note thatω3 = 1. Letα ∈ L such that[K(α) : K] = 23. Prove that
K(α3) = K(α).

6. LetRbe a commutative ring with 1 and leta∈Rbe non-nilpotent. LetS= {ai | i≥ 0}.

(a) Prove that there is a prime idealP not containinga.

(b) LetK be the quotient field ofR/P. Prove that there exists a ring homomorphism
φ : S−1R! K.

7. LetF be a finite Galois extension ofK and suppose that Gal(F/K) = S4.

(a) Show that there are at least 9 different proper intermediate fields betweenF and
K.

(b) Show that there is a proper Galois extensionE of K (in F) and describe the
Galois group ofE overK.

8. Find the Jordan canonical form ofA =

 2 0 0
0 0 −2
0 1 3

 viewed as matrices over the

complex numbersC . Find all 3×3-matrices with entries inC that commute with this
canonical form.



Qualifying Examination Algebra Fall 1995

#1. Suppose that G is a group of order (35)3. Show that G has normal Sylow 5-

and 7-subgroups. Also show that G has a normal subgroup of order 25.

#2. Suppose that G is an abelian group isomorphic to Z /(36)× Z /(45). Let H

be a subgroup of G of order 27. Up to isomorphism, describe H.

#3. Let f : G→ H be a group epimorphism with G finite, let g ∈ G, and let C

denote the centralizer of f (g) in H.

a). Prove that if D is a conjugacy class in f−1(C), then f (D) is a conjugacy

class in C.

b). Prove that the order of the conjugacy class of g in f−1(C) is at most |ker f |.
c). Prove that the order of the centralizer of g in G is at least |C|.

#4. Suppose that R is a unique factorization domain which is NOT a principal

ideal domain.

a). Show that R must have at least two (nonassociate) prime elements.

b). Show that R must have a nonprincipal maximal ideal.

#5. Let R be a ring with a 1 and suppose that X is an R-module and N is a sub-

module of an R-module M. Let i : N→M denote the inclusion map and let σ : N→
N⊕X be the R-module homomorphism σ(n) = (n,0). Prove that if

N
i−→ M

|| ↓ f

N
σ−→ N⊕X

is a commutative diagram for some R-homomorphism f , then M is isomorphic to

N⊕M/N.



#6. Suppose that E is a Galois field extension of F with [E : F] = pn for some

prime p and positive integer n. Show that there are intermediate fields F = K0 ⊂
K1 ⊂ K2 ⊂ · · · ⊂ Kn = E so that [Ki : Ki−1] = p and Ki is Galois over F for i =

1, . . . ,n.

#7. Prove that there is no finite field which is algebraically closed.



Qualifying Examination Algebra January 1996

(1) Let f : G→ H be a group epimorphism between the finite abelian groups G and H.
Suppose that G has order 23 · 33 · 52 · 112 and H has order 23 · 52. What is the order of
ker f? Describe, up to isomorphism, the possible groups of that order.

(2) Suppose that G is a group of order p4q5 where p and q are distinct primes. Suppose
further that both a Sylow p-subgroup and a Sylow q-subgroup are normal in G.

(i) Prove that G ∼= A× B, where A and B are subgroups of orders p4 and q5 respec-
tively.

(ii) Prove that G has a normal subgroup of order pq.

(3) Prove that a group of order 22 ·3 · 112 is not simple.

(4) Find the degree and a Q -basis of Q [
√

2 +
√

3] over Q where Q is the rational numbers.
Justify your answer.

(5) Prove that in a principal ideal domain D, every nonzero prime ideal is a maximal ideal.
Deduce that if K is an integral domain and f : D→K is a ring epimorphism with ker f 6=
0, then K is a field.

(6) Let R be a commutative ring. Prove that R has no nonzero nilpotent elements if and only
if RP has no nonzero nilpotent elements for all prime ideals P of R (where RP denotes
the localization of R at the prime ideal P). Is it true that R is a domain if and only if RP
is a domain for all prime ideals P of R?

(7) Suppose that M is an R-module with submodules A and B such that A∩ B = 0. Prove
that the submodule of M generated by A and B is isomorphic to A⊕B (the direct sum
of A and B).

(8) Suppose that the Galois group of a Galois extension E over F is S6.

(i) Show that there are at least 35 proper subfields between E and F.
(ii) Show that there is a subfield L between E and F such that L is Galois over F, but

there is no subfield between E and L which is Galois over L.
(iii) What is the dimension of L over F?



Algebra Prelim, August 1997

Answer all questions

1. LetR be a commutative ring with unity and letI ,J be ideals ofR.

(a) Prove that the productIJ = {x∈ R | x = ∑n
i=1aibi with ai ∈ I andbi ∈ J} is an

ideal ofR.

(b) Prove thatIJ ⊆ I \J.

(c) If I +J = R, prove thatIJ = I \J.

(d) If IJ = I \ J for all ideals ofR andR is an integral domain, prove thatR is a
field. (Hint: let I = Rawherea 6= 0 be a principal ideal orR.)

2. LetF be a finite Galois extension of the fieldK with Gal(F/K)�= S5.

(a) Show that there are more than 40 fields strictly betweenF andK.

(b) Show that there is a unique proper subfieldE of F with E 6= K such thatE/K is a
Galois extension. Determine[E : K] and describe Gal(E/K) up to isomorphism.

3. LetG be a group of order 455.

(a) Prove thatG is not simple.

(b) Prove thatG is cyclic.

4. Let R be a PID, letn be a positive integer, and letA andB be finitely generatedR-
modules. IfAn �= Bn, prove thatA�= B. (An denotes the direct sum ofn copies of
A.)

5. Let P be a finitely generated projectiveZ -module. IfP is also injective, prove that
P = 0.

6. LetA,B be abelian groups, and letm be a positive integer. Prove thatA⊗ (B/mB)�=
(A⊗B)/m(A⊗B).

7. Prove that a group of order 588 is solvable.

8. LetK = Q (
p

2+
p

3,
p

5).

(a) Determine[K : Q ].

(b) Compute Gal(K/Q ).



Algebra Prelim, January 1998

Answer all questions

1. LetF andK be fields of characteristic 0 withK an extension ofF of degree 21. Let
f (x) be a polynomial inF [x] of degree 6 which has no roots inF and exactly two
roots inK.

(a) Describe the factorization off (x) into irreducible polynomials inF [x].

(b) Describe the factorization off (x) into irreducible polynomials inK[x].

2. LetG be a group of order 1947= 3�11�59. Prove thatG is cyclic.

3. Let G be a group of orderpn with n≥ 2 andp prime. Prove thatG has a normal
abelian subgroup of orderp2.

4. Let K = Q ( 3
p

2,ω) whereω = cos(2π/3) + i sin(2π/3) is a primitive cube root of
unity.

(a) What is[K : Q ]?

(b) Prove thatK/Q is a Galois extension.

(c) Describe the Galois group ofK/Q .

5. LetR be a PID with field of fractions (quotient field)F, let Sbe subring ofF which
containsR, and letA be an ideal ofS.

(a) Prove thatA\R is an ideal ofR.

(b) If A\R= Rd, prove thatA = Sd. (Hint: if a/b∈ Swith (a,b) = 1, prove that
1/b∈ S.)

6. Let p be a prime, leta,k be positive integers such thatp does not dividek, and let
G be a group of orderpak. Let M be a normal subgroup ofG and letP be a Sylow
p-subgroup ofG.

(a) Prove thatPM/M is a Sylowp-subgroup ofG/M.

(b) Let H/M be the normalizer ofPM/M in G/M and letN be the normalizer ofP
in G. Prove thatN⊆ H.

(c) Prove that the number of Sylowp-subgroups ofG/M is a divisor of the number
of Sylow p-subgroups ofG.

7. (a) Give an example of a group of order 3540= 59�60= 59�5�3�4 which is not
solvable.

(b) Give an example of a group of order 3540 which is solvable but not cyclic.

8. Let G andH be finitely generated abelian groups such thatG�G�= H�H. Prove
thatG�= H.



Algebra Prelim, January 1999

Answer all questions

1. LetR be a commutative ring with a 16= 0. If every ideal ofR except the idealR is a
prime ideal, prove thatR is a field.

2. Let p andq be distinct primes and letG be a group of orderp3q3. If G has a normal
p-Sylow subgroup, prove thatG has a normal subgroupH of orderp3q.

3. Let R be a commutative ring with a 1. Prove thatR is isomorphic to a properR-
submodule ofR if and only if there exists an element inR which is neither a zero
divisor nor a unit. (A zero divisor is an elementr such that there existss∈Rn0 such
thatrs = 0. A unit in R is an elementr such that there existss∈ Rsuch thatrs = 1.)

4. Let K be a subfield of the fieldL and letα ∈ L. If [K(α) : K] is odd, prove that
K(α2) = K(α).

5. Let p be a prime and letG be an abelian group of orderp6. Suppose the set{x∈G |
xp = 1} has orderp2. Describe all possible groupsG (up to isomorphism). Justify
your answer.

6. Letk⊆ K ⊆ L be fields such thatK is a splitting field overk, and letσ ∈ Gal(L/k).
Prove thatσ(K) = K.

7. Prove that there is no simple group of order 280.

8. Letn be a positive integer, letE be a field of characteristic zero, and letF be a subfield
of E such that[E : F] = n. Prove that there are at most 2n! fields betweenF andE.



Algebra Prelim, August 1999

Answer all questions

1. LetG be a simple group of order 480 with an abelian Sylow 2-subgroup.

(a) If P andQ are distinct Sylow 2-subgroups ofG, by consideringCG(P\Q),
prove thatP\Q = 1.

(b) Prove that there is no such groupG.

2. LetRbe a UFD, letSbe a multiplicatively closed subset ofRsuch that 0/∈ S, and let
p be a prime inR. Prove thatp/1 is either a prime or a unit inS−1R.

3. Let k be the fieldZ /2Z . Classify the finitely generated projectivek[X]/(X3 + X)-
modules up to isomorphism.

4. LetRbe a ring, letM be a NoetherianR-module, and letJ denote the Jacobson radical
of R. Prove that eitherMJn = 0 for some positive integern, orMJn+1 �MJn (strict
inequality) for all positive integersn.

5. LetRbe a nonzero right Artinian ring (with a 1) with no nonzero nilpotent ideals and
no nontrivial (6= 0,1) idempotents. Prove thatR is a division ring.

6. Compute the character table ofS4.

7. Let K be a splitting field of the polynomialX4−2 overQ . Determine the order of
Gal(K/Q ). Use this to show thatK contains a subfieldL such that[L : Q ] = 4 andL
is normal overQ .



ALGEBRA PRELIMINARY EXAMINATION:
Fall 2000

Do all problems

1. Let

1 −→ A −→ G −→ P −→ 1

be a short exact sequence of groups such that A is abelian, |P | = 81,
and |A| = 332. Show that G has a nontrivial center.

2. Let F be a finite field of odd characteristic. Prove that the rings
F [X]/(X2 − α) as α ranges over all nonzero elements of F fall into
exactly two isomorphism classes.

3. Let R be a finite-dimensional simple algebra and let M be a finite-
dimensional left R-module. Prove that there is a positive integer d
such that

M ⊕ M ⊕ · · · ⊕ M
︸ ︷︷ ︸

d copies

is a free module.

4. Let B be a square matrix with rational entries. Show that if there is a
monic polynomial f ∈ Z[T ] such that f(B) = 0 then the trace of B is
an integer.

5. Let k be a field. Compute the dimension over k of

k[X]/(Xm) ⊗k[X] k[X]/(Xn)

and prove your assertion.

6. In this problem X,Y, Z are indeterminates. Define σ : C(X,Y, Z) →
C(X,Y, Z) by σ(h(X,Y, Z)) = h(Y, Z,X) for every rational function
h in three variables. Prove or disprove: every member of C(X,Y, Z)
which is left unchanged by σ is a rational function of X + Y + Z,
XY + Y Z + XZ and XY Z.



ALGEBRA PRELIMINARY EXAMINATION:
Winter 2001

Do all problems. All rings should be assumed to have a 1.

1. Let R,A and B be commutative rings with R ⊆ A and R ⊆ B. Prove that if
A is an integral extension of R and B is an integral extension of R, then the
ring A⊗R B is also an integral extension of R.

2. For this problem all fields have characteristic 0. Let K/L be a Galois exten-
sion with Galois group G and let H be a subgroup of G. Prove that there
exists some β ∈ K such that H coincides with

{σ ∈ G | σ(β) = β}.

3. Let S be a semisimple ring. Prove that S×S is semisimple.

4. Let G be a finite group and assume that p is a fixed prime divisor of its
order. Set K =

⋂
NG(P) where the intersection is taken over all Sylow p-

subgroups P of G and NG( ) denotes the normalizer. Show that

(a) K �G.

(b) G and G/K have the same number of Sylow p-subgroups.

5. Suppose A is an abelian group (written additively) of order pM for some
prime p. Prove that if n is a positive integer such that pnA = 0, then

|{a ∈ A | pa = 0}| ≥ pM/n.

6. Let G be a finite group. Prove that if H and K are normal nilpotent sub-
groups of G, then so is HK.

7. Prove or disprove: let Z 6 denote the ring of integers modulo 6. Then every
projective Z 6-module is free.



Algebra Qualifying Exam, Summer 2001

Instructions: do all problems.

1. Let G be a group.

(a) Show that if A and B are normal subgroups of G, then A∩B is also a
normal subgroup of G.

(b) Suppose that N is a proper nontrivial normal simple subgroup of G and
that G/N is also a simple group. Prove that either N is the only nontriv-
ial proper normal subgroup of G or that G is isomorphic to N ×G/N.

2. Let A be a finite noncyclic abelian group with two generators. Let p be
a prime. Assume that for all primes q with q �= p, there are no nonzero
group homomorphisms from Z/(q) to A. Describe the structure of A and
prove that there is no nonzero group homomorphism from A to Z/(q) for
all primes q with q �= p.

3. Let R be a ring with a 1 and let 0 → P → M → Q → 0 be a short exact
sequence of R-modules. Show that if P and Q are projective R-modules,
then M is a projective R-module.

4. Prove that every group of order 441 has a quotient which is isomorphic to
Z/(3).

5. Let R be a commutative ring with a 1 �= 0. Suppose that every ideal of R
different from R is a prime ideal.

(a) Prove that R is an integral domain.

(b) Prove that R is a field.

6. (a) Prove that Q( 4
√

2) and Q(i 4
√

2) are isomorphic fields.

(b) Prove that Q(i, 4
√

2) is a Galois extension of Q.

(c) Find the Galois group Gal(Q(i, 4
√

2)/Q) and prove your claim.

7. Recall that a group G of permutations of a set S is called transitive if given
s, t ∈ S, then there exists σ∈ G such that σ(s) = t. Let K be a field. Let f (x)
be a separable polynomial in K[x] and let F be a splitting field of f over K.
Prove that f (x) is irreducible over K if and only if the Galois group of F
over K is a transitive group when viewed as a group of permutations of the
roots of f (x).



8. An ideal in a commutative ring R with a 1 is called primary if I �= R and if
ab ∈ I and a /∈ I, then bn ∈ I for some positive integer n.

(a) Prove that prime ideals are primary.

(b) Prove that if R is a PID, then I is primary if and only if I = Pn for some
prime ideal P of R.



Algebra Prelim, Summer 2002

Instructions: do all problems.

1. Let G be a finite group.

(a) Let H and Q be subgroups of G. Note that H acts on the set of conju-
gates of Q via conjugation. Let OQ denote the orbit containing Q with
respect to this action. Prove that if H ∩NG(Q) = 1, then the orbit OQ

has |H| subgroups in it.

(b) Now suppose that |G|= pmq where p and q are distinct primes and m is
a positive integer. Let Q be a Sylow q-subgroup of G and suppose that
NG(Q) = Q. Prove that G has a normal Sylow p-subgroup.

2. Let K be a finite Galois extension of the rationals Q. Suppose that
√

2 and√
3 are both elements of K. Show that Gal(K/Q) has a normal subgroup N

of index 4. Show further that if |N| is odd, then 8
√

2 /∈ K.

3. (a) Let R be a ring. Let A and B be right R-modules and let C be a left
R-module. Prove that (A⊕B)⊗R C ∼= (A⊗R C)⊕ (B⊗R C).

(b) Let M be a finitely generated Z-module. Prove that if M⊗Z M = 0, then
M = 0.

4. Let R be a commutative Noetherian ring with unity and let M be a nonzero
R-module. Given m ∈ M, set Ann(m) = {r ∈ R | rm = 0}. Show there exists
some w ∈ M such that Ann(w) is a prime ideal of R.

5. Let R be an integral domain. Prove that R is a field if and only if every
R-module is projective.

6. Denote the center of a group by Z(·). Let G be a finite group with identity
element e. Define a sequence of subgroups of G inductively by Z0 = {e}
and

Z j+1 is the preimage in G of Z(G/Z j).

Since Z0 ⊆ Z1 ⊆ Z2 ⊆ ·· · , there is a positive integer N such that ZN =
ZN+1 = ZN+2 . . . . Prove that ZN is equal to the intersection of all normal
subgroups K in G such that Z(G/K) is the trivial group.

7. Explicitly find a simple (i.e. minimal) left ideal of the following ring of 2×2
matrices: M2(Q[x]/(x2 −1)).



Algebra Prelim, Winter 2003

Instructions: do all problems.

1. Let K denote the splitting field over the rational numbers Q of the polyno-
mial f (x) = x5 + x4 +3x+3.

(a) What is [K : Q]?

(b) Determine the Galois group Gal(K/Q).

2. Prove or disprove: If x and y are elements of a finite abelian group G with
the same order, then there is an automorphism θ of G such that θ(x) = y.

3. Let H be a group of order 2002. Prove that the number of elements in the
set {h ∈ H | h2 = e} is even (where e is the identity of H).

4. Let G be a group with the following property: for each g ∈ G− 1, there
exists a normal subgroup K of G such that G/K is abelian and g /∈ K (where
1 is the trivial subgroup). Prove that G is abelian.

5. Prove that if A and B are commutative Noetherian rings, then so is the carte-
sian product A×B.

6. Let R be a commutative ring, let P be a projective R-module and let I be an
ideal in R. Prove P/IP is a projective R/I-module.

7. Let k be a field and let I be an ideal of k[x] (where k[x] is the polynomial
ring over k in the variable x).

(a) Show that k + I is a subring of k[x].

(b) Prove that if I �= 0 then k[x]⊗k+I k[x]/I is finite dimensional over k.



Algebra Prelim, Fall 2003

Do all problems

1. Prove that a group of order 2256 = 47∗48 cannot be simple.

2. Let G = 〈x,y | x7 = y3 = 1,yxy−1 = x2〉.
(i) Prove that every element of G can be written in the form xiy j where

i, j are non-negative integers.

(ii) Prove that G has order at most 21.

(iii) Prove that there is a homomorphism θ: G → S7 such that

θx = (1 2 3 4 5 6 7), θy = (2 3 5)(4 7 6).

(iv) Prove that G has order 21.

3. Let R be a UFD. Suppose that for every coprime p,q ∈ R, the ideal pR+qR
is principal. Prove that for every a,b ∈ R, the ideal aR + bR is principal.
(Coprime means that the greatest common divisor of p,q is 1.)

4. Let R be the ring Z/4Z and let M be the ideal 2Z/4Z. Prove that M⊗R M ∼=
M as R-modules.

5. Let R be a PID and let M,N be R-modules. Suppose M is finitely generated
and M⊕M ∼= N ⊕N. Prove that M ∼= N.

6. Let K be a field of characteristic zero, let f ∈ K[x] be an irreducible polyno-
mial, let L be a splitting field for f over K, and let α1,α2,α3,α4 ∈ L be the
roots of f . Suppose [L : K] = 24 (i.e. dimK L = 24).

(i) If 1 ≤ i, j ≤ 4 are integers, prove that L 
= K(αi,α j).

(ii) Prove that L = K[α1 +2α2 +3α3].

7. Let k be an algebraically closed field, let n be a positive integer, and let
U,V be affine algebraic sets in kn (so U is the zero set of a collection of
polynomials in k[x1, . . . ,xn]). Suppose U ∩V = /0. Prove that I (U)+I (V ) =
k[x1, . . . ,xn] (where I (U) is the set of all polynomials in k[x1, . . . ,xn] which
vanish on U).



Algebra Prelim, Fall 2004

Do all problems

1. An automorphism of a group is an isomorphism of the group with itself.
The set of automorphisms Aut(G) of a group G is itself a group under com-
position of functions. Find the group of automorphisms of the cyclic group
C2p of order 2p where p is an odd prime.

2. Let G be a simple group of order 4032 = 8!/10. Prove that G is not isomor-
phic to a subgroup of the alternating group A8. Deduce that G has at least
216 elements of order 7.

3. An ideal I in a commutative ring R with unit is called primary if I �= R and
whenever ab ∈ I and a /∈ I, then bn ∈ I for some positive integer n. Prove
that if R is a PID, then I is primary if and only if I = Pn for some prime
ideal P of R and some positive integer n.

4. Let k be a field and let k[x2,x3] denote the subring of the polynomial ring k[x]
generated by k and {x2,x3}. Prove that every ideal of R can be generated
by two elements. Hint: if the ideal is nonzero, we may choose one of the
generators to be a polynomial of least degree.

5. Let k be a field, let f ∈ k[x] be a polynomial of positive degree and let M
be a finitely generated k[x]-module. Suppose every element of M can be
written in the form f m where m ∈ M. Prove that M has finite dimension as
a vector space over k.

6. Let R be an integral domain (commutative ring with 1 �= 0 and without
nontrivial zero divisors) and suppose R when viewed as a left R-module is
injective. Prove that R is a field.

7. Let K be a splitting field over the rational numbers Q of the polynomial
x4 +16. Determine the Galois group of K/Q.



Algebra Prelim, January 2005

Do all problems

1. If p and q are distinct primes and G is a finite group of order p2q, prove that
G has a nontrivial normal Sylow subgroup.

2. Find the Galois group of K over the rationals Q where K is the splitting field
of the polynomial x4 +4x2 +2.

3. Show that Q is not a projective Z-module.

4. Let R be a commutative Noetherian ring with a 1 and let M be a finitely
generated R-module. Show that if f : M → M is a surjective R-module ho-
momorphism, then it must also be injective. (Hint: consider the kernels of
f n.)

5. Suppose R is a principal ideal domain that is not a field, and that M is
a finitely generated R-module. Suppose further that for every irreducible
element p ∈ R, the R/pR-module M/pM is cyclic (has a single generator).
Show that M is cyclic.

6. Let G be a finite group with a composition series of length 2. Prove that
if M and N are distinct nonidentity proper normal subgroups of G, then
G = M×N.

7. Let R be the ring Q+x2Q[x], the collection of all polynomials with rational
coefficients that have no x term.

(a) Show that if 0 �= f ∈ R, then R/ f R is a finite dimensional vector space
over Q.

(b) Use part (a) to prove that every nonzero prime ideal of R is maximal.



Algebra Prelim, Fall 2005

Do all problems

1. Show that there are exactly 5 nonisomorphic groups of order 18.

2. Let A be a commutative ring and set B = A[X ,Y ]/(X2−Y 2). Prove that A is
a Noetherian ring if and only if B is a Noetherian ring.

3. Let F be a field with more than 2 elements and let GL2(F) denote the group
of 2×2 invertible matrices with entries in F . Consider the action of GL2(F)
on one-dimensional subspaces of F2. Show that the stabilizer of a one-
dimensional subspace is never simple.

4. Let R be the ring Z[X ] and set M = 2R+XR. Prove or disprove: M is a free
R-module.

5. Let F be a field of characteristic zero. Suppose that K/F is finite Galois
extension with Galois group G. Prove that if a ∈ K and σ(a)−a ∈ F for all
σ ∈ G, then a ∈ F .

6. Let S be a simple algebra of finite dimension n over C. Prove that there are√
n maximal left ideals of S whose intersection is zero.

7. Recall that if F is a field, then the tensor product of two F-algebras (over
F) is another F-algebra. Let L be a finite field extension of F and let F be
the algebraic closure of F . Show that if F ⊗F L is a field, then F = L.



Algebra Prelim, May 2006

Do all problems

1. Prove that there are no simple groups of order 1755.

2. Let P be a finite p-group. Prove that every subgroup of P appears in some
composition series for P.

3. Let R be a principal ideal domain. Let A be a finitely generated R-module
and let B be an R-submodule of A. Assume that there exist nonzero elements
r and s of R such that gcd(r,s) = 1, rB = 0, and s(A/B) is a torsion-free R-
module. Prove that A ∼= B⊕A/B as R-modules.

4. Let F = Q(i) and let K be the splitting field of x6 −7 over F .

(a) Determine [K : F ] and write down a basis for K over F .

(b) Show that Gal(K/F) is a dihedral group.

5. Let R be a ring with unity 1. Let P be a projective R-module and let M be
an R-submodule of P. Prove: if P/M is a projective R-module, then M is a
projective R-module.

6. Let R be a commutative Noetherian ring with unity 1. Let M be a nonzero
R-module. Given m∈M, set Annm = {a∈ R | am = 0} and note that Annm
is an ideal of R. Prove that there exists s∈M such that Anns is a prime ideal
in R. (Remember: R itself is not a prime ideal in R.)

7. Let A = C⊗R C.

(a) Prove that there is a well-defined multiplication on A that satisfies the
distributive property such that

(a1 ⊗b1)(a2 ⊗b2) = a1a2 ⊗b1b2

for all complex numbers a1,a2,b1,b2.

(b) Now assume that this multiplication makes A into a ring. Prove that A
is not an integral domain.



Algebra Prelim, August 2007

Do all problems

1. How many elements of order 7 must there be in a simple group of order
168?

2. Let ρ be a primitive 4th root of 1 over Q.

(a) Compute the Galois group of (x4 −2)(x2 −3) over Q and Q(ρ).

(b) Is Q(ρ) Galois over Q? (Explain your answer.)

(c) Are there any proper subfields of the splitting field of (x4 − 2)(x2 − 3)
over Q(ρ) that are Galois over Q(ρ)? (Explain your answer.)

3. Suppose that 0 → A
f→ B

g→ C → 0 is a split exact sequence of left R-
modules, where R is a ring with a 1. If D is a right R-module, prove that
1⊗ f : D⊗R A → D⊗R B is a monomorphism.

4. Let R be a PID and let S be a multiplicatively closed subset of R. Assume
that S is nonempty and that S does not contain 0. Prove that S−1R is a PID.

5. Prove that a group of order 24 ·112 is solvable.

6. (a) Prove that f (x) = x4 +9x−30 is an irreducible polynomial over Q.

(b) Let g(x) = x2 +2 and let I be the ideal in Q[x] generated by the product
f (x)g(x). Show that Q[x]/I is the product of two fields. What is the
dimension over Q of these fields?

7. Let R be an integral domain. If X is an R-module, then let t(X) denote the
subset {x ∈ X | rx = 0 for some nonzero r ∈ R}.

(a) Prove that t(X) is a submodule of X .

(b) Prove that t(X/t(X)) = 0.

(c) Prove that if X/t(X) is a nonzero cyclic R-module, then X is isomor-
phic to t(X)⊕R.



Algebra Prelim, December 2007

Do all problems

1. Let p and q be distinct prime integers.

(a) List all nonisomorphic abelian groups of order p3q, listing only one for
each isomorphism class.

(b) Show that if G is an abelian group of order p3q such that G cannot be
generated by one element but G can be generated by two elements, then
G ∼= Zp2 ×Zpq.

2. Let K be a finite field extension of k, let α∈K, and let f (x) be the irreducible
polynomial of f over k. Prove that if n | deg f (x), then n | [K : k].

3. Let R be a UFD with quotient field Q and let f (x) be an irreducible polyno-
mial of degree ≥ 1 in R[x]. Let I denote the ideal in Q[x] generated by f (x).
Prove that Q[x]/I is a field.

4. Prove that S4 is solvable.

5. Let R be a ring with a 1 and let P and Q be projective R-modules. Prove
that if f : P → Q is a surjective R-module homomorphism, then ker f is a
projective R-module.

6. Let R be an integral domain with quotient field Q. Show that if V is a finite
dimensional vector space over Q, then (Q⊗R Q)⊗QV ∼= V as vector spaces
over Q.

7. Let K be a Galois extension of a field F of order 114. Prove that there are
intermediate fields F = K0 ⊆K1 ⊆K2 ⊆K3 ⊆K4 = K such that [Ki : Ki−1] =
11 and Ki is a Galois extension of F , for i = 1,2,3,4.

8. Let R be a local commutative ring with 1 and with maximal ideal M. Sup-
pose I is an ideal such that 0 � I ⊆ M. Prove that R/I is not a projective
R-module.
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Do all problems

1. Let p be a prime, let n be a non-negative integer, and let S be a set of order
pn. Suppose G is a finite group that acts transitively by permutations on S
(so if s, t ∈ S, then there exists g ∈ G such that gs = t) and let P be a Sylow
p-subgroup of G. Prove that P acts transitively on S.

2. Prove that there is no simple group of order 448 = 7∗64.

3. (a) Prove that x2 +1 is irreducible in Z/3Z[x].

(b) Prove that x3 +3x2−9x+12 is irreducible in Z[i][x].

4. Let R be a PID, let M be a finitely generated right R-module, and let N be
an R-submodule of M. Prove that there exists an R-submodule L of M and
0 6= r ∈ R such that L∩N = 0 and Mr ⊆ L+N.

5. Let R be a ring and suppose we are given a commutative diagram of R-
modules and homomorphisms,

A
f−−−→ B

g
y yh

C
j−−−→ D

where f is onto and j is one-to-one. Prove that there exists a unique R-
module homomorphism k : B → C such that the resulting diagram com-
mutes (so k f = g and jk = h).

6. Compute the isomorphism type of the Galois group of x4−2x2 +9 over Q.

7. Let R be a commutative ring with a 1 and let I,J be ideals of R. Prove that
R/I⊗R R/J ∼= R/(I + J) as R-modules.
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Do all problems

1. Let G be a group of order 105 with a normal Sylow 3-subgroup. Show that
G is abelian.

2. Find the Galois group of f (x) = x4−2x2−2 over Q, describing its genera-
tors explicitly as permutations of the roots of f .

3. Let p be a prime. Prove that the extension Fpn ⊃ Fp has Galois group
generated by the Frobenius automorphism σ : Fpn → Fpn given by σ(a) =
ap for all a ∈ Fpn .

4. Show that there is no 3 by 3 matrix A with entries in Q, such that A8 = I but
A4 6= I.

5. Let R be an integral domain. A nonzero nonunit element p ∈ R is prime if
p | ab implies p | a or p | b. A nonzero nonunit element p ∈ R is irreducible
if p = ab implies a or b is a unit. Show that

(a) Every prime is irreducible.

(b) If R is a UFD, then every irreducible is prime.

6. Let R be the ring Z/6Z and let I be the ideal 3Z/6Z. Prove that I⊗R I ∼= I
as R-modules.

7. Let S be a multiplicatively closed nonempty subset of the commutative ring
R with a 1. Assume that 0 /∈ S.

(a) Show that if R is a PID, then S−1R is a PID.

(b) Show that if R is a UFD, then S−1R is a UFD.

8. Let R be a commutative ring with a 1.

(a) Show that if x ∈ R is nilpotent and y ∈ R is a unit in R, then x + y is a
unit in R.

(b) Let f = a0 +a1x+a2x2 + · · ·+anxn ∈ R[x]. Show that f is a unit in R[x]
if an only if a0 is a unit in R and ai is nilpotent for i > 0.



Algebra Prelim, August 2011

Do all problems

1. Prove that there is no simple group of order 380.

2. Let k be a field with |k|= 7, let n be a positive integer, and let f ,g be coprime
polynomials in k[x1, . . . ,xn]. If f 3− g3 = h3 for some nonzero polynomial
h ∈ k[x1, . . . ,xn], prove that there exists p ∈ k[x1, . . . ,xn] and u ∈ k such that
f − g = up3. Hint: factor f 3− g3 as a product of three polynomials, and
note that these polynomials are pairwise coprime.

3. Let R be a PID, let p be a prime in R, and let M,N be finitely generated
left R-modules such that pM ∼= pN. Assume that if 0 6= m ∈ M or N and
pm = 0, then Rm is not a direct summand of M or N respectively (i.e. there
is no submodule X such that Rm⊕X = M or N). Prove that M ∼= N.

4. Let f (x)∈Q[x] be an irreducible polynomial of degree 9, let K be a splitting
field for f over Q, and let α ∈ K be a root of f . Suppose that [K : Q] = 27.
Prove that Q(α) contains a field of degree 3 over Q.

5. Let p be a prime and let A denote all pn-th roots of unity in C. Thus A is
the abelian subgroup of the nonzero complex numbers under multiplication
defined by {e2πim/pn | m,n ∈ N}, in particular A is a Z-module. Determine
A⊗Z A.

6. Let k be a field, let A ∈M3(k), the 3 by 3 matrices with entries in k, and
suppose the characteristic polynomial of A is x3. Prove that A has a square
root, that is a matrix B ∈M3(k) such that B2 = A, if and only if the minimal
polynomial of A is x or x2.

7. Let R be an integral domain, let n be a positive integer, let S be a sub-
set of the polynomial ring in n variables R[x1, . . . ,xn], and define Z(S) =
{(r1, . . . ,rn) ∈ Rn | f (r1, . . . ,rn) = 0 for all f ∈ S}, the zero set of S. Prove
that there exists a finite subset T of S such that Z(S) = Z(T ).
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Do all problems

1. Recall that a proper subgroup of the group G is a subgroup H of G with
G 6= H. Now suppose G is a finite cyclic group. Prove that G is not a union
of proper subgroups.

2. Prove that a group of order 6435 = 9 ·5 ·11 ·13 cannot be simple.

3. Prove that M2(Q)⊗M2(Z) M2(Q)∼= M2(Q) as (M2(Q),M2(Q))-bimodules
(M2(Q) indicates the ring of 2 by 2 matrices with entries in Q).

4. Let R be a PID which is not a field and let M be a finitely generated injective
R-module. Prove that M = 0.

5. Let p be an odd prime and for a positive integer n, let ζn = e2πi/n, a primitive
nth root of 1.

(a) Prove that Q(ζp) = Q(ζ2p).

(b) Prove that 1 + x2 + x4 + · · ·+ x2p−2 is the product of two irreducible
polynomials in Q[x].

6. Determine the isomorphism class of the Galois group of the polynomial
x5−5x−1 over Q.

7. For n a positive integer, let An denote affine n-space over Q.

(a) Prove that every element of Q[x,y]/(x3−y2) can be written in the form
(x3− y2)+ f (x)+ yg(x) where f (x),g(x) ∈Q[x].

(b) Prove that Q[x,y]/(x3− y2) ∼= Q[t2, t3], the subring of the polynomial
ring Q[t] generated by t2, t3.

(c) Prove that Q[t2, t3] is not a UFD.

(d) Let V denote the affine algebraic set Z (x3− y2), the zero set of x3− y2

in A2. Determine the coordinate ring of V .

(e) Is V isomorphic to A1 as affine algebraic sets? Justify your answer.
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Do all problems

1. Let p be a prime, let H �G be finite groups, and let P be a subgroup of G.
Prove that P is a Sylow p-subgroup of G if and only if P∩H and PH/H are
Sylow p-subgroups of H and G/H respectively.

2. Prove that there is no simple group of order 576 = 9 ·64.

3. Let R be a UFD with exactly two primes, p and q (i.e. p and q are nonasso-
ciate primes, and any prime is an associate of either p or q). Given positive
integers m,n, prove that (pm,qn) = R (consider pm +qn). Deduce that R is
a PID.

4. Let k be a field, let M be a finitely generated k[x]-module, and let C be a
cyclic k[x]-module. Suppose M has a proper submodule N (so M 6= N) such
that M ∼= N. Prove that there exists a k[x]-module epimorphism M �C.

5. Let K and L be finite fields, let K+ indicate the abelian group K under
addition, and let L× indicate the abelian group of nonzero elements of L
under multiplication. Determine the order of K+⊗Z L× in terms of |K|
and |L|. (You will need to consider two cases, namely whether or not chK
divides |L×|.)

6. Let K and L be finite Galois extensions of Q. Prove that K∩L is also a finite
Galois extension of Q.

7. Let G be a group and let 0→Z→ P→Q→Z→ 0 be an exact sequence of
ZG-modules (here Z is the trivial G-module), where P and Q are projective
ZG-modules. Prove that H1(G,X)∼= H3(G,X) for all ZG-modules X .



Algebra Prelim, August 2014

Do all problems

1. Let p be a prime, let G be a finite group, let P be a Sylow p-subgroup of G,
and let X denote all elements of G with order a power of p (including 1).

(a) Show that P acts by conjugation on X (so for g ∈ P and x ∈ X , we have
g · x = gxg−1).

(b) Show that {z} is an orbit of size 1 if and only if z is in the center of P.

(c) If p divides |G|, prove that p divides |X |.

2. Let p be a prime and let G be a finite p-group. Prove that if H is a maximal
subgroup of G, then H �G and |G/H| = p. (Hint: use induction on |G|,
so the result is true for proper quotients of G and consider HZ. Maximal
means H has largest possible order with H 6= G.)

3. Let R be a noetherian UFD with the property whenever x1, . . . ,xn ∈ R such
that no prime divides all xi, then x1R+ · · ·+xnR = R. Prove that R is a PID.
(Hint: consider gcd.)

4. Let M be an injective Z-module and let q be a positive integer. Prove that
M⊗ZZ/qZ= 0.

5. Let M be a finitely generated C[x]-module. Suppose there exists a submod-
ule N of M such that N ∼= M and N 6= M. Prove that there exists c ∈ C such
that (x− c)M 6= M and (x− c)M ∼= M.

6. Let f (x) = (x5+x3+1)(x4+x+1)∈ F2[x], and let K be a splitting field for
f over F2. (F2 denotes the field with two elements.)

(a) Show that x2 + x+ 1 is the only irreducible polynomial of degree 2 in
F2[x].

(b) Let K be a splitting field for f over F2, let α ∈K be a root of x5+x3+1,
and let β ∈ K be a root of x4 + x+1. Determine [F2(α,β ) : F2]

(c) Determine Gal(K/F2). (Galois group)

7. Compute the character table of S3×Z/3Z.
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Do all problems

1. Let G be the group of upper triangular invertible 3× 3 matrices over the
field F5 of 5 elements.

(a) Show that G has a unique Sylow 5-subgroup P5.

(b) Construct explicitly a composition series for P5.

(c) Show that G is isomorphic to the semidirect product P2 nP5.

2. Let S be the ring of n×n-matrices with entries in a field F .

(a) Show that the S-module V = Fn of column vectors is a simple left S-
module (simple means it is nonzero and has no submodules other than
0 and itself).

(b) Show that every left ideal of S is a projective left S-module.

3. Find the Galois group of the polynomial f (x) = (x12−1)(x2−2x+2) over
Q.

4. Classify the conjugacy classes of 5×5 matrices of order 3

(a) with coefficients in Q.

(b) with coefficients in C.

5. Let M be a module over the integral domain R.

(a) Prove directly that M = 0 if and only if MP = 0 for all prime ideals P,
where MP is the localization of M at P.

(b) Prove that an R-module homomorphism f : M→ N is surjective if and
only if, for all prime ideals P, the maps fP : MP → NP are surjective,
where by definition fP(m/d) = f (m)/d for all m ∈M and d ∈ R\P.

6. Let G be a group of order 2a p, where 1≤ a≤ 3 and p≥ 3 is a prime. Prove
that G cannot be simple.

7. Let F = (F1, . . . ,Fm) be a system of m polynomial equations, where each
Fi ∈ Z[x1, . . . ,xr]. Consider the following statements:



(a) The system F has solutions in Z.

(b) The system F has solutions in Z/nZ for any n≥ 1.

(c) The system F has solutions in Z/psZ where p is any prime and s≥ 1.

(d) The system F has solutions in Z/pZ for any prime p.

Prove that each statement implies the next. Prove that (c) implies (b) and
give counterexamples to the other five backward implications (d) implies
(c), (d) implies (b), etc.
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Do all problems

1. Let G be a simple group of order 240 = 24 ·3 ·5.

(a) Prove that G has a subgroup of order 15, and that all groups of order 15
are cyclic.

(b) Prove that G has exactly 32 elements of order 3. (Hint: show 15 divides
|NG(P)| where P is a Sylow 3-subgroup.)

2. Let R be a UFD with the property that any ideal that can be generated by
two elements is principal.

(a) If I1 ⊆ I2 ⊆ ·· · is an ascending chain of principal ideals in R, prove that
there exists N ∈ N such that In = IN for all n > N.

(b) Prove that R is a PID.

3. Let R be a ring with a 1 and let S be a subring of R with the same 1. Prove
or give a counterexample to the following statements.

(a) If P is a projective left S-module, then R⊗S P is a projective left R-
module.

(b) If P is an injective left S-module, then R⊗S P is an injective left R-
module.

4. Let R be a PID and let M and N be finitely generated R-modules. Suppose
that M3 ∼= N2. Prove that there exists an R-module P such that P2 ∼= M.

5. Let k be an algebraically closed field of characteristic 2 and let A be a square
matrix over k such that A is similar to A2.

(a) Prove that A is similar to A2n
for all positive integers n.

(b) Prove that A is similar to a diagonal matrix over k.

6. Explicitly construct a subfield K of C such that [K : Q] = 3 and K is Galois
over Q. For such a field K, prove that K(

√
2) is a Galois extension of Q,

and determine the Galois group Gal(K(
√

2)/Q).

7. Let H be a central subgroup of the finite group G and let χ be a character of
H. Assume that H 6= G. Prove that IndG

H(χ) (the induced character) is not
an irreducible character of G (all characters are assumed to be over C).
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Do all problems

1. Let G be a group order 495 = 9 ·5 ·11. Prove that G has a nontrivial normal
Sylow subgroup. Deduce that G has a normal subgroup of order 9.

2. Let 0 6= I �Z[x] and let n be the lowest degree of a nonzero polynomial in
I. Suppose I contains a monic polynomial of degree n. Prove that I is a
principal ideal.

3. Let I be an injective Z-module. Prove that Q/Z⊗Z I = 0.

4. Let R be a PID, let M be a finitely generated R-module, and let C be a cyclic
submodule of M. Prove that there exists an R-epimorphism M �C.

5. Let K/Q (where K ⊂ C) be a finite Galois extension with Galois group A5
and let R = K∩R. Suppose R 6= K.

(a) Prove that K is the splitting field of an irreducible polynomial f ∈Q[x]
of degree 6 (you may assume that A5 has a subgroup of order 10).

(b) Prove that [R : Q] = 30.

(c) How many real roots does f have?

(d) Prove that f has roots a,b such that Q(a,b) = R.

6. Determine the possible rational canonical forms for a 3×3 matrix over F2
(the field with two elements) which has trace and determinant 1.

7. Compute the character table of A4. (You may assume that A4 has 4 conju-
gacy classes with representatives (1), (1 2 3), (1 3 2), (1 2)(3 4), and that A4
has a normal subgroup of order 4.)
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Do all problems

1. Prove that a group of order 992 = 31 · 32 has either a normal subgroup of
order 32 or a normal subgroup of order 62.

2. Let R be a commutative ring with a 1 6= 0. Prove that the set of prime ideals
of R has a minimal element with respect to inclusion.

3. Let R be a commutative ring with a 1 6= 0 and suppose every irreducible
R-module is free. Prove that R is a field. Hint: show that if R∼= R⊕M, then
M = 0.

4. Let k be a field and let M be a finitely generated k[x]-module. Prove that
there exists a submodule N of M with N 6= M and N ∼= M if and only if
dimk M = ∞.

5. Let p be a prime, let f ∈ Q[x] be an irreducible polynomial, and let α,β
be distinct roots of f . Suppose that Q(α) =Q(β ) and that [Q(α) : Q] = p.
Prove that Q(α) is a Galois extension of Q.

6. Let p be a prime, let n ∈ N, let k = Fp, and let K = Fpn . Define θ : K→ K
by θ(a) = ap (Fpn denotes the field with pn elements).

(a) Prove that θ is a k-linear map.

(b) Prove that the minimal polynomial of θ (as a k-linear map) divides
Xn−1.

(c) Prove that if n divides p−1, then θ is diagonalizable over k (i.e. there
is a k-basis of K such that the matrix of θ with respect to this basis is a
diagonal matrix).

7. Compute the character table of S3×Z/2Z.
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Do all problems

1. Prove that there is no simple group of order 4860 = 4 ·35 ·5.

2. Prove that 2x3 +19x2−54x+3 is irreducible in Q[x].

3. Let R be a subring of the (not necessarily commutative) nonzero ring S.
Assume that R and S have the same 1. Prove that S⊗R S 6= 0.

4. Let R be a PID which is not a field, and let I be a finitely generated injective
R-module. Prove that I = 0.

5. Determine the number of conjugacy classes of matrices in GL8(Q) that con-
sist of elements of order 7.

6. Let f ∈ Q[x] be a polynomial over Q, let K be a subfield of C which is a
splitting field for f over Q, let p be an odd prime, and let γ : C→ C denote
complex conjugation. Assume that deg f = 5, Gal(K/Q) ∼= S5, and that
e2πi/p ∈ K.

(a) Prove that f is irreducible and has exactly 5 distinct roots.

(b) Prove that γ permutes the roots of f and that p = 3.

(c) How many roots of f does γ fix? Prove that f has exactly two complex
roots and three real roots.

7. Let H be a normal subgroup of index 3 in the finite group G, let x ∈ G\H,
and let χ be an irreducible complex character of H. Suppose that χ(xhx−1)=
χ(h) for all h ∈ H. Prove that IndG

H χ (the induced character) is the sum of
3 distinct irreducible characters of G.



Groups of order 36

Here we construct a group of order 36 which has a nonnormal subgroup of
order 12. Let S3 denote the symmetric group of degree 3. Then G := S3×S3 is a
group of order 36 which has a normal subgroup K such that G/K∼= S3 (e.g., we
could let K = {(x,1) | x∈ S3}). Now S3, and hence also G/K, have a nonnormal
subgroup of order 2. Using the subgroup correspondence theorem, we deduce
that G has a nonnormal subgroup of order 2 · |K| = 12 (which contains K), as
required.

Back to
prob. 3a, Spring 81
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Do all problems

1. Classify groups of order 63 up to isomorphism.

2. Prove that any invertible matrix A with complex entries has a square root
(i.e., there exists a matrix B such that A = B2).

(Hint: Use the Jordan canonical form.)

3. Let R be a PID. Determine, up to isomorphism, all finitely generated R-
modules A and B whose tensor product A⊗R B is a free R-module (possibly
0).

4. Suppose A is a finite abelian group and p is a prime dividing its order. Let
pn be the largest power of p dividing |A|. Prove that Hom(Z/pnZ,A) is
isomorphic to the (unique) Sylow p-subgroup of A.

(Note: Hom(Z/pnZ,A) is the group of all homomorphisms f : Z/pnZ→
A.)

5. Let E be the splitting field of x3−4 over Q. Find, with proof:

(a) the Galois group and all intermediate fields of E/Q;
(b) θ ∈ E such that E =Q(θ).

6. Let R be a commutative ring with 1 6= 0. Suppose a ∈ R is an element such
that an 6= 0 for all n > 0.

(a) Let S be the set of all ideals I of R such that an /∈ I for all n ≥ 0.
Show that S satisfies the conditions of Zorn’s lemma with respect to
inclusion.

(b) Use (a) to prove that there exists a prime ideal P of R such that a /∈ P.

7. Let G be a finite group with subgroups H,K < G. Consider the left action
of the direct product H×K on G given by (h,k) · x = hxk−1.

(a) Show that the (H×K)-orbit of x∈G has |H×K|/|H∩xKx−1| elements.
(b) Consider the special case of the above where G = GL2(Fq), the group

of invertible 2×2 matrices over a finite field Fq (with |Fq|= q), and

H = K =

{(
a c
0 b

)
: a,b,c ∈ Fq,a,b 6= 0

}
< G.

Show that the (H×H)-action on G has two orbits, and compute the size
of each orbit. (You may use without proof that |G|= (q2−1)(q2−q).)
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