Algebra Preliminary Exam Syllabus

In general, the syllabus is determined by the material covered in the course MATH 5125/6,

Abstract Algebra, in the year which the student takes the course. This means that the
syllabus will depend on the instructor teaching the course that year; however, the following

topics are nearly always examined.

Groups

e Fundamental isomorphism theorem

Groups acting on sets

Alternating and symmetric groups

Sylow Theorems

Finite simple groups

¢ Finitely generated abelian groups

Rings and Fields

e Polynomial rings

e PID’s and UFD’s

e Prime and maximal ideals

e Field extensions, normal and Galois extensions, separability

e Computing Galois groups
Modules
e Isomorphism theorems
e Bases, direct sums, free modules, simple modules
e Modules over a PID
Additional topics may include:

¢ Nilpotent and solvable groups

Free groups, generators and relations

Noetherian rings and modules

Hilbert Basis Theorem

Hilbert Nullstellensatz



e Power series rings

e Projective and injective modules

e Nakayama’'s lemma

e Jacobson radical

e Artinian rings and modules

e Semisimple rings and Wedderburn structure theorem

¢ Jordan and rational canonical forms

e Representation theory of finite groups and character theory
e Tensor products

Books The following have been use for MATH 5125/6, and each cover most of the above
material at the right level.

e “Algebra” by Michael Artin, Prentice Hall, 1991, ISBN 0-13-004763-5,
MR: 92g:00001

e “Algebra” by Thomas W. Hungerford, Springer-Verlag, 1980, ISBN 0-387-90518-9,
MR: 50 #6693

e “Algebra” (third edition) by Serge Lang, Addison Wesley, 1993, ISBN 0-201-55540-
9

e “Basic Algebra” volumes | and Il (second editions) by Nathan Jacobson, Freeman,
1985 and 1989, ISBN 0-7167-1480-9 and 0-7167-1079-X, MR: 86d:00001 and MR:
90m:00007

e “Algebra, a graduate course” by |. Martin Isaacs, Brooks/Cole, 1994, ISBN 0-534-
19002-2, MR: 95k:00003

Other Books The following are good for various sections of MATH 5125/6, but do not
cover the whole syllabus.

e “Algebra, a Module Theoretic Approach” by William A. Adkins and Steven H. Wein-
traub, Graduate Texts in Mathematics no. 136, Springer-Verlag, 1992, ISBN 0-387-
97839-9, MR 94a:00001

¢ “Introduction to Commutative Algebra” by M. F. Atiyah and I. G. Macdonald,
Addison-Wesley, 1969, MR: 39 #4129

¢ “Undergraduate Commutative Algebra” by Miles Reid, London Math. Soc. Student
Texts no. 29, Cambridge University Press, 1995, ISBN 0-521-45889-7



“An Introduction to the Theory of Groups” by Joseph J. Rotman, Graduate Texts in
Mathematics no. 148, Springer-Verlag, 1995, ISBN 0-387-94285-8, MR: 95m:20001

“Rings, Modules and Linear Algebra” by Brian Hartley and Trevor O. Hawkes, Chap-
man & Hall, 1980, ISBN 0-412-09810-5, MR: 42 #2897

“Field theory and its classical problems” by Charles Robert Hadlock, Carus Math-
ematical Monographs no. 19, Mathematical Association of America, 1978, ISBN
0-88385-020-6, MR: 82¢:12001

“Abstract Algebra” by David S. Dummit and Richard M. Foote, Prentice Hall Inc.,
1991, ISBN 0-13-004771-6, MR: 92k:00007



Algebra Preliminary Exam, Spring 1980

. Let A B and C befinite abelian groups. If A C = B& C, provethat A= B.
. Show that there exists no smple group of order 56.

. Let T denote the set of all 5 x 5 matrices with eigenvalues 4,4,17,17,17. Define a
relation ~ on T by M ~ My if My and M, are ssmilar matrices. How many equiva-
lence classes does T have? Justify your answer. (Assume that the matrices are over
C.)

. Givean exampleof auniquefactorization domain (UFD) whichisnot aprincipal ideal
domain (PID).

. What is the Galois group of x3 — 10 over Q? Find all normal subfields of the splitting
field.

. Recall: if E isthe splitting field of a polynomial f over F, then Gal(E/F) is called
the Galois group of f over F. The Galoisgroup of f over F issaid to be trangitive if
given any tworootsry and r, of f inE, thereexistso in Gal(E/F) with o(ry) = ro.

(@) Provethat if f isaseparableirreducible polynomial, then the Galois group of f
istrangitive.

(b) Show that even though the Galoisgroup of f istransitive, not every permutation
of the roots need occur. (Hint: consider x* — 2 over Q.)

. Let Abealocal ring with maximal ideal 91, let k be A/97t, and let M be afinitely gen-
erated A-module. Show that if Homa(M, k) = 0, then M = 0. (Hint: use Nakayama's
lemma.)



Algebra Preliminary Exam, Fall 1980

. Suppose that for each prime integedividing the order of a finite grouf, there is
a subgroup of indep. Prove thatc cannot be a nonabelian simple group.

. A subgroup of a finite group isp*local” if it is the normalizer of some Sylovp-
subgroup. Show that the number piocal subgroups of a group is congruent to 1
modulop.

. Characterize (with proof) all finitely generat@dx -modules with the property that
each submodule is a direct summand.déhotes the field of rational numbers.)

. Let R and S be local Noetherian integral domains with maximal idddlsand N
respectively. Assume th& C Sand thatSis a finitely generate®-module. If there
exists a proper idedl of R such that =S R and the canonical image &/I in
S/ISequalsS/IS, then prove thaR= S,

. LetR be an integral domain. Foty € R, define xR: yR = {r € R| yr € xR}. Let
{P\ }ren be a set of prime ideals &with the property that ik,y € Randy ¢ xR then
xr:yR = P, for someA € A. Prove thaR= A Rp,. (Rp, denotes the localization

ath,.)

. If G is a finite group, prove that there exist fieldsandL such that_ is a Galois
extension oK with Galois group isomorphic tG.

. Show that for each positive integerthere is a polynomiad €  x1,...,%, such that
for eachn x n matrix A with complex entries,

detA = d(tr(A), tr(A2), ... tr(A")).

( denotes the field of complex numbers an@jrdenotes the trace @f.)
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Algebra Preliminary Exam, Spring 1981

. Provethat agroup of order p", where pisaprimeand n > 1, hasanontrivial center.

. Let G beagroup of order pg, where p and g are primesand p < g. Provethat G has
only one subgroup of order g.

(8) Show that if H isasubgroup of order 12 in agroup G of order 36, thenH isa
normal subgroup of G. (Map G to the automorphisms of the set of right cosets
of H.) NOTE: there are examples of groups of order 36 with subgroups of order
12 which are not normal.

(b) Describe all abelian groups of order 36, up to isomorphism.
. Provethat if p(x) isapolynomial irreducibleover afield F, andif o and 3 areroots of

p(X) in some extension field of F, then F(a) and F(3) areisomorphic. What happens
if p(x) isreducible?

. Let L beanormal extension of afield F, let G = Gal(L/F), and let H be a subgroup
of G. Prove that

(@ if K={xeL|h(x)=xforal heH}, thenK isasubfield of L;

(b) if Kisnormal over F, then H isanormal subgroup of G.

() Let Rbeacommutative principal ideal domain (PID) withal. If a,b e R, show

that a and b have a greatest common divisor d € R(i.e. d dividesaand b, and if
g dividesa and b, then g divides d).

(b) Show that Z[x] isnot aPID.
. Let Rbeacommutativering with identity, and let |, J beideasinR. Let1J={x€ R|
x=Y,ab;forab €J,neZ"}.
(@) Show that IJisanided of R

(b) Showthatif | +J=R, wherel +J={a+b|acl,be J}, thenlJ=1NJ (recal
that Rhasal).

(c) Suppose further that Risa domain, and that 1J =1 N J for al ideds|,Jin R
Provethat Risafield. (Take principal ideals.)
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Algebra Preliminary Exam, Fall 1981

Instructions. do all eight problems
Notation: Z = integers, Q = rational numbers

Let G be afinite group.
(a) Let A and B be subgroups of G such that B <1 G and AB = G. Provethat [A:
ANB]=[G:B.

(b) Let H beasubgroup of G suchthat [G:H] =2andlethe H. If misthe number
of conjugates of h in G and n isthe number of conjugates of hin H, prove that
either n=mor n=m/2.

If the order of G is 105 and H isa subgroup of G of order 35, provethat H < G.

Let P be anonnormal p-Sylow subgroup of the finite group G. If Ng(P) isthe nor-
malizer of P in G, provethat Ng(P) isnonnormal in G.

Let F; and F, befinite fields of ordersg; and gp.

(@) Provethat g; isapower of aprime, say g = pio‘i fori=12.
(b) If F{ C F, provethat p; = p and that a4 isadivisor of as.

(a) Provethat x* — 2isirreducible over Q.

(b) Let K bethe splitting field of x* — 2. Prove that the Galois group of K over Q,
Gal(K/Q), isof order 8.

(c) Exhibit the correspondence (given by the Fundamental Theorem of Galois the-
ory) between the subgroups of Gal (K/Q) and theintermediate fields between Q
and K.

(@) State Nakayama'slemma.

(b) Let R be alocal commutative ring with maximal ideal M. Let X be a finitely
generated R-module. Show that if X/MX can be generated by n elements, then
so can X.

(@) Construct an example of finitely generated nonzero abelian groups A and B so
that Homy (A, B) = Homz(B,A) = ARz B =0.

(b) If A and B arefinitely generated abelian groups such that Homy (A, B) # 0 and
Homy(B,A) =0, provethat B®; Q = 0and A®, Q # 0.

Let Rbeacommutativeringand let Abeanideal of R. Definetheradical of A, denoted
VA, by VA= {r € R| " € Afor some positiveinteger n}. You may assume that v/A
isanidea of Rand that A C /A,



(a) If Pisaprimeidea of Rsuchthat P D A, provethat P D v/Aand asaconsequence
show that /P = P.

(b) Provethat v/A/Aisthe set of nilpotent elements of R/A. (Anelement r isnilpo-
tent if r" = O for some positive integer n.)



Algebra Preliminary Exam, Fall 1982
Do all problems

. Provethat agroup of order 135 = 33. 5 hasanormal subgroup of order 15.

(a) For apositiveinteger n, show that every ideal in Z/(n) isprincipal .
(b) Explain how one determines the number of ideals of Z/(n) in termsof n.

(a) Calculate the Galois group of (x* — 2)(x% + 3) over Q.

(b) Explicitly state the correspondence between the subfields of the splitting field K
of (x? — 2)(x? 4 3) over Q and the subgroups of Gal (K /Q).

. LetVV andW bevector spacesover thefield k and let W* be the space of linear functions
fromWtok. Provethat themap @: V @, W* — Homy (W, V) defined by (v f)(w) =
f(w)vis

() Well defined.

(b) Linear.

. Let K beafield of characteristic # 2. Suppose f(x) = p(X)/q(x) isaratio of polyno-
mialsin K[x]. Provethat if f(x) = f(—x), then there are polynomials po(x?), go(x?)

such that f(x) = po(X?)/do(x?). (HINT: look for afield automorphism of K(x) that
fixes f(x).)

. Let G beasolvable group. Provethat if N # {e} isnormal in G and contains no other
non trivial subgroups which are normal in G, then N is abelian.

. Let A, B, C, D befiniteabelian groups such that Ax B= C x D and B = D. Provethat
A=C.



Algebra Preliminary Exam, Spring 1984
Do all problems

. Find the Galois group of — 1 overQ.

. Show that a semisimple right Artinian ring without zero divisors is a division ring.
(A ring has no zero divisors b= 0 impliesa=0o0rb=0.)

. Show that there are no simple groups of order 300.

. LetR be a commutative domain with field of fractioRs Prove thaf is an injective
R-module.

. State and prove a structure theorem analogous to the Fundamental Theorem for mod-
ules over a PID, which describes finitely generdfg¢dZ-modules. (You may assume
the Fundamental Theorem for any argument.)

. Assume thak /F is a Galois field extension arml lies in an algebraic closure of
K. Prove that Gal(K /F)| divides| Gal(K(a)/F(a))|dega, where degt denotes the
degree ofx overF.

. Prove that a finitgp-group with a unique subgroup of indgxs cyclic. (Hint: first
consider abeliap-groups.)

. Letf: M N be a surjective homomorphism of lé&modules. Show that iP
is a projectiveR-module, then the induced map Ha(®, M) | Homgr(P,N) is a
surjection of abelian groups.

. Letk be afield and leR=k Xi,...,Xm be the polynomial ring imindeterminates.
Prove that ifM is a simpleR-module, then digM o,
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Algebra Preliminary Exam, Fall 1985
Do ALL problems

(a) Define what is meant by a primeideal in acommutative ring.

(b) Provethat anonzero primeideal inaprincipal ideal domainisawaysamaximal
idedl.

Prove that thereis no smple group of order 56.
Show that afinite field cannot be algebraically closed.

Find all finitely generated abelian groups A with the property that for any subgroups
BandC, either BC Cor CC B.

Let F be the splitting field of (x3 — 2)(x? — 3) over Q(i). Describe the Galois group
in as much detail as possible.

Let R be an integral domain and let 8 be an element of the quotient field of R Set
| ={reR|rBeR}.
(a) Provethat | isanidea of R
(b) Show that either 8 € Ror there exists amaximal ideal 9t of Rsuch that 6 ¢ Ryy.
(c) Conclude that R = N Ry, where the intersection is taken over al the maximal
idedls of R.

Provethat Q ®7 Q and Q areisomorphic as Z-modules. (Here Q denotesthe rational
numbers and Z denotes the integers.)

Let G be agroup. Suppose that

(@ H and K are nilpotent groups,
(b) there are homomorphismsa: G— H andf3: G — K, and
(c) kerankerB C Z(G), the center of G.

Provethat G is nilpotent.



Algebra Preliminary Exam, Spring 1986

. Let F bethefreegroupontheset X = {x; | i € I}, and let H be the normal subgroup
of F generated by {xixjxi‘lxj‘1 |i,j €1}. Provethat F/H isisomorphic to the free
abelian group on X.

. Let G be an abelian group of order p® and let H = {x € G | x? = 1}. Suppose that
IH| = p?. Giveall possible such groupsG.

. Provethat S is solvable.
. InS5, how many Sylow subgroups of each type are there?

(a) Let RbeaPID and let Sbe amultiplicatively closed subset. Show that S !Ris
aPID.

(b) Give an example of a PID with exactly 3 nonassociate irreducible elements.

. Let (Mq)gea bethe set of maximal idealsin a commutative ring R with identity. Set
J=geaMqa. Forr € R provethatr € Jif and only if 1+rsisaunit for all se R.

. Leta € C bearoot of X3+ 4x+ 2.

(a) Findabasisfor Q(a) over Q. Justify y our answe.
(b) Express (o + 1)~! interms of the basis.
(c) Express (02 + 30 + 5)(2a2 — 4a + 1) in terms of the basis.

. Let K beasubfield of thefield L, and let a € L such that [K(a) : K] isodd. Provethat
K(a?) = K(a).
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Algebra Prelim, Fall 1986

(a) Let G beafiniteabelian (multiplicative) group. Provethat if Gisnot cyclic, then
there exists a positive integer n such that n < |G| and g" = efor adl g € G.

(b) Provethat the multiplicative group of afinitefieldiscyclic.
Let G be agroup of order 5- 72 - 17, and let H be a subgroup of order 72- 17.

(@) Provethat H isabelian.
(b) Provethat H isnormal in G.
(c) Provethat G isabelian.

Let R be an integral domain. For an element a € R, prove the equivalence of thefol-
lowing two statements.

(8 Thereexistsaninfinitechain (a;) C (ap) C --- of principal idealsof Rwitha=
ajz.
(b) Thereexistsaninfiniteset {b; |i=1,2,...} of nonunitsof Rsuchthatbb,...bn
divides a for each positive integer n.
Let R be acommutative ring with identity and let M be amaximal ideal of R.

(@) Provethat RX|/M[x] = (R/M)[X].

(b) Concludethat M[x] isaprimeideal but not amaximal ideal in R[x]. Indeed argue
that there are infinitely many prime ideals of R[x] which contain M[x].

Let k C K C L befieldssuch that K isasplitting field over k. If o € Gal(L/K), prove
that o(K) =K.

Let K/k be afinite extension and let a € K with f(x) = Irr(a, k). If n= degf(x),
prove that n|[K : k].

Let f(x) =x"—1andlet K beasplitting field for f(x) over Q. Provethat the Galois
group Gal(K/Q) is abelian.

Let M be amodule. A submodule Sof M is small if whenever S+ N = M for any
submodule N of M, then N = M. Suppose Sissmall in M and there exists an epimor-
phism f: P — M/Swhere P is projective. Prove that there exists an epimorphism
gY: P— M.



Algebra Preliminary Exam, Spring 1987
Do any 8 problems

(@) Let H beasubgroup of the finite group G, and let p be aprime. Prove that two
distinct Sylow p-subgroupsof H cannot lie in the same Sylow p-subgroup of G.

(b) Let n be apositive integer and let R be aring with a 1. Show that R has char-
acteristic n if and only if R has a subring (with the same 1) isomorphicto Z/nZ
(i.e. the integers modulo n).

2. Let A and B be normal subgroups of the group G.

(@) Provethat AN B isanormal subgroup of G.

(b) Provethat G/(ANB) isisomorphic to a subgroup of (G/A) x (G/B).

(c) If Gisfiniteand G/(ANB) = (G/A) x (G/B), provethat AB = G.

(a) Let G beasimplegroupwith asubgroup H of index 6. Provethat there existsa
momomorphism@: G — .

(b) Provethere are no simple groups of order 300.

4. Let Rbethering {a+bv29|a,be Z} (S0R=Z[v/29]). DefineN: R— Z by N(a+

bv/29) = a? — 29b? for a,b € Z.

(@ Show that for a, € R, N(af) = N(a)N(B).

(b) Let a € R Show that a isaunitif and only if N(a) = £1.

(c) Show that a? — 29b? = +2 has no solution with a,b € Z.

(d) Show that 2, —2,5+ /29 and 5 — /29 are irreducible elements of R.
(e) Deducethat RisnotaUFD.

5. Let Rbea UFD and let Sbe amultiplicatively closed subset of nonzero elements of

R.

(@) If uisirreduciblein R, provethat u is either irreducible or aunitin SR
(b) Provethat S RisaUFD.

6. LetV beavector spaceover R andlet T: V — V bealinear transformation. Describe

how V can be made into an R[x]-moduleviaT.

SupposeV hashasis (e1, e, €3) and T isthelinear transformation defined by T (e;) =
2e1, T(ep) = —4e; — 43, and T(e3) = 9& + 8es.

(8) ExpressV asadirect sum of two nonzero R[T]-modules.



(b) Caculate (x* — 4x+ 4)e.

(c) If V=@ R[x/(fi) where f;|f,|...|fnand fy isnot aunit, what are the pos-
sibilities for the ideals ( f;)?

(d) ExpressV asadirect sum of cyclic modules.
() DoesthereexistveV suchthatV = R[x]v?

7. LetRbeaPID, let pbeaprimeof R, and let M betheR-moduleR/Rp® & - - - & R/Rp®
wherethe g and n are positiveintegers. DefineM(p) = {me M| pm= 0} and pM =
{pm|me M}.

(a) Provethat M(p) and pM are submodules of M.

(b) Provethat M/pM = M(p).

(c) Inthe case R = Q[x] and p = x* + 1, give an example of a finitely generated
R-module M such that M/pM 2 M(p).

8. Let R=7Z x Z and S= Z* x 0, where Z is the ring of integers and Z# = Z\ 0. Prove
that SR~ Q, where Q isthefield of rational numbers.

9. List without repetition all the abelian groups of order 3223. Which ones are cyclic?



Algebra Preliminary Exam, Fall 1987
Instructions. do all problems

. Let G be agroup with 56 elements. Provethat G isnot smple.

. Let Gbeagroup and let S< G. Provethat (x 1Sx | x € G) <t G. Now suppose that
G =HAwhereH and A are subgroupsand Ais abelian. Provethat thereexistsK <1 G
suchthat HNAC K C H. Deducethatif Gisnonabeliansimple, then G = (H, x 1Hx)
foral xe G\ H.

. Let Gbethegroup C\ Owiththeoperation multiplication. Define®: G — Gby 6(x) =
x2. Provethat 6 is a group homomorphism, | ker8| = 1, and G/ ker® = G. Suppose
L = {xe G| x(?) = 1 for some positiveinteger n}. IsG/L = G.

. If H isasubgroup of thegroup G, let N(H) denote the normalizer of H in G. Suppose
Gisafinitegroup and P isa Sylow p-subgroup of G. Provethat N(N(P)) = N(P).

. Let Rbeacommutativering. If | and J areidealsof R, define(l : J) = {xe R| IxC I }.
Provethat (I : J) isanideal of R.

Now suppose | C (a), a¢ |, K= (Il :(a)) and R/l isadomain. Provethat K = |
and aK = I. Deducethat | C N_,(@"). Does the fina assertion remain true if the
hypothesisa ¢ | isdropped? ((a) denotes the ideal generated by a.)

. Let K beafield. Provethat K[X] hasinfinitely many irreducible polynomials, no two
of which are associates. (Consider p1pz...pn+ 1). Suppose now f € K[X], f # 0.
Provethat there exists ahomomorphism 8 from K[X] to adomain with nonzero kernel
such that 8(f) # 0.

. Let Rbearing, let M be an R-module, and let 6: M — M be an R-module homomor-
phism. Provethat ker 0 is asubmodule of M.

Now suppose every submoduleof M isfinitely generated. Provethereexistsaninteger
n such that | J;? 1 ker8' = ker 8". Deduce that if 8 is onto, then 6 is an isomorphism.

. LetV beavector spaceover Candlet T: V — V bealinear transformation. Describe
how V can be made into a C[X]-moduleviaT.

Now let {e}, e, e3} beabasisforV and suppose T(e;) = —e; + 265, T(e) = —2e; +
3ey, T(e3) = —2e; + 2&, + e3. Find the Jordan canonical form for the matrix of T.
Hence find the isomorphism type of V (asa C[X]-module) as a direct sum of primary
cyclic modules. Does there exist a C[X]-module homomorphism of C[X] onto V?



Algebra Preliminary Exam, Spring 1988

Do al eight problems
. Let G beagroup and define@: G x G — G by @(g,h) = gh!.

(&) Find necessary and sufficient conditions on G such that ¢ is a homomorphism.
(b) Under the conditions determined for (a), provethat A = {(x, x) | x € G} isanor-
mal subgroup of G and (G x G)/A = G.

. Let f: G — H be agroup homomorphism with H an abelian group. Suppose that N
isasubgroup of G containing ker(f). Provethat N isanormal subgroup of G.

. Let G beagroup of order 99.

(&) Show that G isnot asimple group.
(b) Show that G contains a subgroup of order 33.

. Prove that afinite abelian group is either cyclic or has at least p elements of order p
for some prime p.

. If Sisasimple nonabelian group, prove that Aut(S) contains a subgroup isomorphic
to S. (Hint: consider conjugation.)

. Let R be acommutative ring with identity. A simple R-module Sis a module whose
only submodulesare 0 and S

(@) Provethat an R-module Sissimpleif and only if thereisamaximal ideal 2t such
that Sisisomorphic to R/9t.
(b) Let Rbeacommutativering with identity. Show that simple R-modules exist.
. Let Rbe aring with identity and let | be a (two-sided) ideal in R. Let M and N be
R-modules.
(@ Show that R/l ®z M isisomorphicto M/IM asleft R/I-modules.
(b) Show that (M@ N)/I(M & N) isisomorphicto (M/IM) & (N/IN). You may use
any results about tensor products you know.

. Let E be an extension field of F with [E : F] = 11. Provethat if X,y € E with neither
inF and if 6 isan F-automorphism of E, then

B(x) # ximpliesO(y) # .



Algebra Preliminary Exam, Fall 1988
Instructions. do all problems

. Prove that there are no smple groups of order 600.

. Let Rbe aprincipal ideal domain and assume that A, B, and C are finitely generated
R-modules. Supposethat A® Bisisomorphicto A C. Provethat B isisomorphicto
C.

. Provethat the Galois group of asplitting field K of an irreducible polynomial p over
the rational numbersQ actstransitively on theroots of p. Show by examplesthat this
theorem does not necessarily hold if either

(8) Kisnot asplitting field, or
(b) pisreducible over Q.

. Provethat agroup of order 255 is cyclic.

. Define what is meant by a solvable group. Provethat if H <1 G, and H and G/H are
solvable, then G is solvable.

. Let T: V — V bealinear map whereV is afinite dimensional vector space over an
algebraically closed field. Provethat if O isthe only eigenvalue of T, then T" =0
wheren =dim(V).

. Provethat if f: S— T isahomomorphism between ssimple R-modules Sand T, then
either f is an isomorphism or f isthe zero homomorphism. (Recall that a nonzero
R-moduleis ssmpleif 0 and the module itself are the only submodules.)

. Let Rbe acommutativering with a 1.

(8 Provethat if M isacyclic R-module, then M isisomorphicto R/1 for someideal
| of R

(b) Provethatif Misacyclic R-moduleand N isan arbitrary R-module, then M g N
isisomorphic to N/IN for someideal | of R.



Algebra Prelim, Spring 1989
Do all problems

1. Show that a group of order 540 cannot be simple.

2. Compute the Galois group of 5x° + 3x* + 15 over
hz/2z (i) Q

3. Let Rand Sbedomainsand let 8: R— Sbe an epimorphism. Which of thefollowing
statements are true? (Prove or give a counterexample.)

(@ If RisaPID, then SisaPID.
(b) If RisaUFD, then SisaUFD.
(c) If ker8#40and RisaPID, then Sisafield.

4. Let K beafieldand let f € K[x] be apolynomial.

(8 Letay,...,ar bedistinct zeros of f in K. Provethat there exists g € K[x] such
that

f=X—-0ag)...(x—0ar)g.

(b) Let p beaprimenumber and let K = Z/pZ be the finite field with p elements.
For each integer m, let mdenoteitsresidue classin K. Provethat as polynomials
in K[x], we have

_ p-1
xP~1 1= (x—m).
1

Deduce that p divides (p—1)! + 1.

5. Let Gbeagroup of finiteorder and let F be theintersection of all maximal subgroups
of G.

(@) Provethat F < G.
(b) If H< Gand FH = G, provethat H = G.

(c) If Sisa Sylow subgroup of F and x € G, prove that xXSx 1 = fSf~1 for some
f € F. Deducethat G = F Ng(S).

6. Which of the following statements are true? (Prove or give counterexample.)



(@ If K/F and E/K are finite Galois extensions, then E/F is afinite Galois exten-
son.

(b) Let f,g € Q[x] beirreducible, let o be aroot of f, and let 3 be aroot of g. If
Q(a) =Q(B), then Gal(f /Q) = Gal(9/Q).

. Let R be a commutative ring. Define what is meant by saying that an R-module is
Noetherian.

Suppose R hasthe property that the R-modules R" are Noetherian for al n € N (where
R" denotesthe direct sum of ncopiesof R, andN ={0,1,2,...}). Let M beafinitely
generated R-module.

(@ Show that M = R"/N for some n € N and some R-submodule N of R".

(b) Deducethat if L isasubmoduleof M, then L = K/N where K isasubmodule of
R" containing N.

(c) Conclude that all finitely generated R-modules are Noetherian.

200
. Determine the matricesin M3(Q) commuting with [O 0 2].
011



Algebra Qualifying Exam, Fall 1989
Do six problems

. Compute the Galois group of 3x? + 7x+ 21 over

@z/2z  (b)Q

. By an “N-group”, we mean a finite group with the property that every nonidentity
homomorphic image has a nonidentity center. Prove that maximal subgroups of N-
groups are always normal.

. Let Rbeanintegral domainand let K beitsfield of fractions. Assumethatif 0# x € K,
then either x e Ror x 1 € R Provethat

(@ Risalocal ring.
(b) Risintegrally closed in K.
. Let RbeaPID and let A, M be nonzero finitely generated R-modul es.

(8) Show that if Aistorsion free, then AQrM # 0.
(b) Provideacounterexampleto the conclusion of 4ainthecase Aisnot torsionfree.

. Assume that p and q are distinct primes. Show that a group of order p?q cannot be
simple.

. Letkbeafield. If f € k[Xg, Xp, ..., Xn], define
V(f)={(ay,...,an) €k"| f(as,...,an) = 0}.

Provethat if f1, fo, ... isacountablelist of polynomialsink[Xy,..., X, thenthereis
apoditiveinteger T such that

ﬁV(fj) =V(f1)nV(f)n---nV(fr).
j=1

. Let kbeafield. Provethat if A and B aretwo n x n-matriceswith entriesin k, both of
which have minimal polynomial X"~1, then A and B are similar.



Algebra Prelim, Spring 1990

Answer all questions

. (a) Let M be a left R-module, and let A and B be Artinian submodules.
Show that A + B is an Artinian R-submodule.

(b) If Ris also left Noetherian and M is finitely generated, show that M has a
unique maximum Artinian submodule A(M) and that A(M /A(M)) = 0.

. Let A be an abelian group with no elements of infinite order. Suppose that
every element of prime order is of order 3. Show that the order of every
element is a power of 3. (Hint: do finitely generated abelian groups first.)

. Let G be a simple group of order 144.

(a) Prove that a group of order 18 has exactly one Sylow 3-subgroup.

(b) If H is a proper subgroup of G, show that |H| < 26.

(c) If P and Q are distinct Sylow 3-subgroups of G, show that |PN Q| = 1.
(If [PN Q| > 1, consider Ng(PNQ)).

. Prove that a group of order 765 is abelian.

. Let f(x) in Q[x] be an irreducible polynomial of degree 5. Suppose a and
b are distinct roots and that Q(a) = Q(b). Show that Q(a) is a normal
extension of Q.

. Let S C Z[x1,x2,...,x,]. Prove that there is a smallest principal ideal con-
taining S. If this ideal is generated by a, show that aQlx,x,,...,x,] is the
smallest principal ideal in Q[x,x,,...,x,] containing S.

. Let V be a vector space over R, and let 7: V — V be a linear transformation.
Describe how V can be made into an R[x]-module.

Now suppose there are vy, ...,v, in V such that {T'(v;) |i=0,1,..., j=
1,2,...,n} span V as a vector space.

(a) Prove that V is a finitely generated R[x]-module.

(b) If T is onto, show that V cannot have a summand isomorphic to R[x|.

(c) If T is onto, show that V is finite dimensional.



8. (a) Let A= {1,(12)(34)} and V = {1,(12)(34),(13)(24),(14)(23)} in
S4. Show that A is normal in V and V is normal in S4, but A is not
normal in S4.

(b) Give an example of fields F C K C L such that K a normal extension of
F and L a normal extension of K, but L is not a normal extension of F'.



Algebra Prelim, Fall 1990
Answer al questions

. Give acompletelist of al non-isomorphic abelian groups of order 200 = 23. 52,
. Show that a group of order 216 = 23 - 33 cannot be smple.

. Let G beafinite p-group with |G| > p?. Provethat G contains a normal abelian sub-
group of order p?.

(8 Show that if G isasubgroup of S,, then either GC Aqor [G: GN Ay = 2.
(b) Show that if n > 5 and G isanormal subgroup of §,, then G=1, A, or S,.
(c) Show that if n > 5, then S, has no subgroups of index 3.

. Let G be an abelian group with 54 elements. Suppose that G cannot be generated by
one element, but can be generated by two elements. Prove that G is isomorphic to
7,/187 x 7. 3.

. Let K bean extension field of F with [K : F] = 14. Let f(x) € F[x] be apolynomial of
degree 5. Suppose f(x) hasno rootsin F but hasaroot in K. What can you say about
the factorization of f(x) intoirreduciblesin F[x] and K[x]?

. Let f(x) beirreducible over Q with splitting field E, and let o and 3 be roots of f in
E. If E/Q hasan abelian Galois group, prove that Q(a) = Q(pB).

. Let Rbeacommutativering with identity, and let (Mq )qer be the set of maximal ide-
asof R Let Abean ideal of the polynomial ring R[x] such that A C | J, Mq([X]. Show
that A C Mg[x| for some € I". (Hint: consider the set B= {r € R|r is acoefficient
of some polynomial in A}.)
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Qualifying Exam Algebra Spring 1991

. Suppose tha,H are normal subgroups of a gro@such that/Ais a simple group
of ordern.

(a) Prove thaH Aisanormal subgroup di.

(b) Prove that eithed C AorH/(H A) is a simple group of order. (Hint: use
an isomorphim theorem.)

(a) Prove that a group of order 100 cannot be simple.

(b) Describe all abelian groups of order 100 up to isomorphism.

(c) Either show that every group of order 100 is abelian, or exhibit a nonabelian
example.

. LetGbeagroupandlet: G H be agroup homomorphism. Prove thaHifis a
solvable group and if kéf ) is abelian, thei&s is a solvable.

. LetRbe a PID.

(a) Prove that the intersection of two nonzero maximal ideals cannot be zero.

(b) Assume thaR contains an infinite number of maximal ideals. Show that the
intersection of all the nonzero maximal idealsoéquals zero.

. LetRC Sbe rings with a 1 such th&/R s a free leftR-module. Prove that it is a
left ideal of R, thenLS R= L. (Hint: write Sas a direct sum dR-modules.)

. LetR be a ring with 1. A nonzero leRR-moduleSis simple if 0 andS are the only
submodules o§. Let
0— S* M-
be a short exact sequenceRsMmodules which isot split, and such thabis a simple
R-module. Show that the only nonzero submodulebiddrea(S) andM. (Hint: if
0=N Manda(S) N =0, show thatthereisanisomorphiemS N such that
o = 1g.)

S—- 0

. Suppose thdt is a Galois extension @ with F : Q =25. What possible groups can
occur as the Galois group &foverQ? In all cases, describe the intermediate fields
betweerF- andQ@ is in terms of inclusion and dimension ov@r Which intermediate
fields are Galois ovep)?

. Recall that a grouf of permutations of a s€is calledtransitiveif givens;t € S
then there exists € G such that(s) =t. Let f(x) be a separable polynomial i x
and letF be a splitting field off (x) over K. Prove thatf (x) is irreducible oveiK
if and only if the Galois group oF overK is a transitive subgroup when viewed as
permutations of the roots df(x).



=

Algebra Prelim, Spring 1992
Answer all questions

(a) LetG be a finite group of orden, and letp be the smallest prime which divides
m. Prove that ifH is a subgroup of indep, then His a normal subgroup @s.

(b) Prove that any group of ordg@fq is solvable, wherg = q are primes. (Hint:
consider separately the cages gandp Q).

. List all groups of order 6 (up to isomorphism), and prove that they are the only ones.

. If AandB are finitely generated abelian groups wikh Aisomorphictd3 B, prove
thatA andB are isomorphic.

Suppose - A ! B—Y C— 0is a short exact sequence of modules over a
ring R. Prove that if the sequence splits, i.e. there iRamodule homomorphism
h: C Bsuchthagh=1c,thenB=A C.

LetRbe a commutative ring with a 1. 8is a multiplicative set (i.ex,yeS xye 9
containing 1, but not 0, prove there exists a prime ided& of Rwith P  S= 0.

. LetAbe an abelian group and et 1 be an integer. Prove thAtx Z/mZ = A/mA.

. LetK/k be a Galois extension of fields and lgix) € k x be an irreducible polyno-
mial which has a root if. Prove thatf (x) splits into linear factors i x .

. LetK be afinite Galois extension @f with Galois group isomorphic td4. For each
divisord of 12, how many subfields of K have K : L = d? In each case give the
isomorphism class of GE /L), and state whether or nbyQ is a Galois extension.
(RecallA4 is a counter-example to the converse of Lagrange’s theorem.)



AlgebraPrelim, Fall 1992
Answer al questions

. Prove that any group of order 765 is abelian.

. Let G beafinitegroup and let N be anormal subgroup of G. Provethat G is solvable
if and only if both N and G/N are solvable.
(a) Provethat if Gisasubgroup of §,, then either GC Ay or [G: GNAy] = 2.
(b) Provethat if n > 5and Gisanormal subgroup of S,, then G = {e}, A, or S..
(c) Provethat if n> 5, then S, has no subgroup of index 3.
. Let f(x) beanirreduciblepolynomial over Q with splittingfieldK. If theGaloisgroup

of K/Q isabelian, provethat for any rootsa, 3 of f(x) inK, wehaveQ(a) =Q(B) =
K.

. Let K be afield and f(x) € K[x] be a separable irreducible polynomial of degree 4,
and let E beasplitting field for f(x) over K. If a € E isaroot of f(x) and L = K(a),
provethat thereexistsasubfield F of L with [F : K] = 2if and only if the Galoisgroup
of E/K isnot isomorphic to either A4 or S.

(@ If G, H and K arefinitely generated abelian groupswith G H = G K, prove
that H = K.

(b) Give an exampleto show that part (@) isfalseif Gisnot finitely generated.
. Let Rbean integral domain. A nonzero element tof Risaprimeif rjab impliesthat
either ja or 1jb. A nonzero element Ttisirreducibleif t= ab impliesthat either a or
bisaunit.

(@) Provethat every primeisirreducible.

(b) If RisaUFD, provethat every irreducibleis prime.

. Let Rbeacommutativering witha 1, and let M be a cyclic R-module.

(8 Provethat M isisomophicto R/l for someideal | of R.

(b) If N isany R-module, provethat M ®g N isisomorphic to N/IN for some ideal
| of R



Algebra Preliminary Exam, Spring 1993
Do six problems

. LetR be a principal ideal domain. Assume thdtis a nonzero finitely generated
R-module with the property that the intersection of any two nonzero submodules is
nonzero. Prove tha&#l = R/Rtwheret is either zero or some power of an irreducible
elementinR.

. Let G be a group which acts transitively on a finite ¥et Assume that there is an
elementxy € X whose stabilizer has no element of finite order other than 1.

(a) Show thatiff € G has finite order larger than 1, thérhas no fixed points.
(b) Show that if the order of € Gis a primeq, then|X| 0 modg.

. LetSbe a commutative ring with prime ided®s, P,,...,R. Show thatifS/P; P,
P, is a finite set, then each of tiReis a maximal ideal.

. Letp be a prime. Prove that if every nontrivial finite field extension of the fielths
degree divisible by, then every finite field extension &f has degree a power gf
(You may assume that char=0.)

. LetR be a commutative ring with a 1. M andN areR-modules, then HoiM,N)
denotes the set of at-module homomorphismsfroM toN. If f: N N isanR-
module homomorphism, theihr: Hom(M,N)  Hom(M,N ) is defined byf (g) =
f g, the composition of followed by f. Prove thaiM is a projectiveR-module if
and only if for all surjectivef : N N, the functionf is surjective.

. LetD be a finite dihedral group, and It be a finite dimensional complex vector
space which is ®-module. (You may regarD as a group of linear transformations
fromV to itself.) Prove that if the onl{p-invariant subspaces df are 0 and/ itself
(i.e.V is a simple or irreducibl®-module), then dipV 2.

. Determine the Galois group of (the splitting field for) the polynoni¥l — 1 over
the rational numbers.



Algebra Preliminary Exam, Fall 1993
Do all problems

. Assume that Ris aring and e € R has the property that €# = e. Prove that Re is a
projective left R-module.

. Let F be afield of characteristic zero and let K be afinitefield extension of F.

(a) Explain why thereisapolynomial p(X) € F[X] such that K = F[X]/(p).
(b) Provethat if c € K[X]/(p) and ¢? =0, thenc = 0.
. Let M2(Q) denotethegroup of 2 x 2 matriceswith rational entriesunder addition, and
let GL,(Q) denote the group of invertible 2 x 2 matrices with rational entries under
multiplication.

(8 Provethat if M»(Q) actson aset, then all orbitsare either infinite or singletons.

det(g)
| det(g)|

(b) Show that GL,(Q) actson Q viag*A =
orbit which is not a singleton.

A, and that there exists afinite

. Let G bethedirect product of the dihedral group of order 34 and the cyclic group of
order 9. Supposethat L isafield and G isagroup of automorphismsof L. Prove that
thereisaunique field K such that L® C K and dimg L = 17. (You may assume that
charL=0.)

. Let Sbe a commutative integral domain. Prove that if every primeidea of SX] is
principal, then Sisafield.

. Let A bean abelian group.

(8) Show that the collection H of all homomorphismsfrom A to Z is agroup under
addition of functions.

(b) Provethat if fq,..., fm € H, then the subgroup generated by fy,..., fyisfree
(i.e. freeasaZ-module).

. Let pbeaprime, and let G bethe group of invertible 2 x 2 matrices under multiplica-
tion with entriesin the field of integers modulo p. Let H be the subgroup consisting

of all matrices of theform (; 2)

(8 Show that |G| = (p*— 1)(p*— p)-

(b) Find al values of p such that the number of conjugates of H in G is congruent
to 8 mod p.
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AlgebraPrelim Spring 1994
Answer All Problems

Let G be agroup with exactly three elements of order two. Provethat G isnot ssmple.

Let G= (x,y | x® = e y* = e yxy 1 = x1). Provethat G has a homomorphicimage
isomorphic to Sz (the symmetric group of degree 3), but isnot isomorphic to Ss.

Let RbeaPID whichisnot afield, and let M be afinitely generated R-module which
isnot atorsion module.

(i) Provethat the R-module R isisomorphic to aproper submodule of itself.

(it) Provethat M isisomorphic to a proper submodule of itself.

Let Rbearing, and let A, B, C be R-modules.
(i) Provethat Homg(A,B® C) = Homg(A, B) & Homg(A, C) as abelian groups.
(i) Provethat Homg(A, A® A) isnot isomorphic to Z.

Let R be acommutative Noetherian ring.

(i) If Sisamultiplicative subset of R, prove that S 1R is Noetherian.

(ii) Provethat R[[X~1, X]] (the Laurent Seriesringin X) isaNoetherian ring (you may
assume that the power seriesring R[[X]] is Noetherian).

(i) Provethat X* 4+ X3+ X? + X + Llisirreduciblein Q[X]. (SetY =X — 1)
(i) Let Ac Mp(Q), and suppose no eigenvalue of Aisequal to 1. Provethat if A> =1,
then 4|n (where | denotes the identity matrix).
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Algebra Prelim Fall 1994 Answer All Problems
Let p be a prime, leG be a finitep-group, letZ be the center of, and let 1=H < G.

(i) LetxeH Z, and let€(x) denote the conjugacy class containigProve that
¢(x) C H andp divides|€(x)|.

(i) Provethatz H=1.

(i) Let Abe a maximal normal abelian subgroug®fProve tha# is also a maximal
abelian subgroup @b. (Apply (ii) with G=G/AandH the centralizer oAin G.)

Let G be a simple group of order 180.

(i) Prove that the number of 5-Sylow subgroupsis 36.

(i) Prove that the normalizer of a 3-Sylow subgroup®has order 18.

(i) Prove that the 3-Sylow subgroup of a group of order 18 is normal in that group.

(iv) If AandB are distinct 3-Sylow subgroups &, prove thatA B =1 (consider
the centralizer irG of A B).

(v) Prove that there is no simple group of order 180.

LetRbe a PID (principal ideal domain), and Mtbe a cyclic leftR-module. Suppose
M =A BwhereAandB are nonzero lefR-modules. Prove that there exists R 0
such tharM = 0. Prove further that for such anthere exist distinct primeg,q € R
such thatpqdividesr.

LetRbe the ringZ; X /(X—2), whereZ; X denotes the power series ring in
X overZy), the localization ofZ at the prime 2.
(i) If gis an odd integer, prove thgts invertible inZ X /(X-2).
(i) Define 8: Z X Zipy X by 6yaX = yaX!, and letm: Zg X R
be the natural epimorphism. Prove th#t is surjective and deduce thRt=
Z X [/(X=2).
(i) ProvethatR2Z X /(X—2).

Let p be a prime, leK C L be fields of characteristip, leta,3 € L, and letd be a
positive integer. SupposK (a) : K =d, K(B): K = p, a is separable ovdf, andf3
is not separable ové«.

(i) Prove thak(a) = K(aP) andpP € K.

(i) Prove thatk(a) CK(a ).

(i) ProvethatK(a B):K = pd.

Let p be a prime, and Ik = (t), the quotient field (field of fractions) of the poly-

nomialring t.

(i) Prove thatXP —t is irreducible inK X .

(ii) Let L be the splitting field oK P —t overK. Determine the Galois group tfover
K.



Qualifying Exam Algebra Spring 1995

. Determine, up to isomorphism, all groups of order 1227 - 23.

. LetG be a noncyclic nilpotent group. Show that there is a normal subgxoopG
such thatG/N is a noncyclic abelian group.

. Describe all finitely generated abelian gro@such that ifA andB are subgroups of
G, then eitheA C BorB C A

. LetR be a commutative ring with a 1. Recall thatlifs an ideal, then rald= {x |
XM e | forsomeme }isalso anideal. Le®y, ..., P, be distinct prime ideals iR.

(a) Show thaR/radl has no nonzero nilpotent elements.
(b) Provethatra@P;---P) =P, P --- Py

(c) Prove thaR/rad(P;---Py) is an integral domain if and only if there existsian
such tha® is contained in everf; for j =1,...,n.

. Suppose th& is a subfield of a field.. Assume thaK = Q(w), wherew = e¥ =
—1/2  3/2-i. Note thatw® = 1. Leta € L such thatK(a) : K = 23, Prove that
K(a3) =K(a).

. LetRbe a commutative ring with 1 and lett Rbe non-nilpotent. LeS= {a'|i > 0}.

(a) Prove that there is a prime iddahot containinga.

(b) LetK be the quotient field dR/P. Prove that there exists a ring homomorphism
¢: SR K.

. LetF be a finite Galois extension &f and suppose that G&l /K) = .

(a) Show that there are at least 9 different proper intermediate fields befnaash
K.

(b) Show that there is a proper Galois extendionf K (in F) and describe the
Galois group okt overK.

2 0 O
. Find the Jordan canonical form Af= | 0 0 -2 | viewed as matrices over the
01 3

complex numbers . Find all 3x 3-matrices with entries in that commute with this
canonical form.



Qualifying Examination Algebra Fall 1995

#1. Supposethat Gisagroup of order (35)3. Show that G has normal Sylow 5-
and 7-subgroups. Also show that G has a normal subgroup of order 25.

#2. Supposethat G is an abelian group isomorphicto Z/(36) x Z/(45). Let H
be a subgroup of G of order 27. Up to isomorphism, describe H.

#3. Let f: G — H be agroup epimorphism with G finite, let g € G, and let C
denote the centralizer of f(g) in H.

a). Provethat if D isaconjugacy classin f~1(C), then f(D) is a conjugacy
classinC.

b). Provethat theorder of the conjugacy classof gin f~%(C) isat most | ker f|.

c). Provethat the order of the centralizer of gin Gisat least |C|.

#4. Suppose that R is a unique factorization domain which is NOT a principal
ideal domain.

a). Show that R must have at |east two (nonassociate) prime elements.

b). Show that R must have a nonprincipal maximal ideal.

#5. Let Rbearingwith al and suppose that X isan R-module and N is a sub-
moduleof an R-moduleM. Leti: N— M denotetheinclusonmapandleto: N —
N & X be the R-module homomorphism a(n) = (n,0). Provethat if

N — M
| L f
N -2 NoX

isacommutative diagram for some R-homomorphism f, then M isisomorphic to
N& M/N.



#6. Suppose that E is a Galois field extension of F with [E : F] = p" for some
prime p and positive integer n. Show that there are intermediate fields F = Ky C
KiCKyC--- CKy=Esothat [K;: Kj_3] = pand K; is Galois over F fori =
1 n.

g ooy

#7. Provethat thereisno finite field which is algebraically closed.
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Qualifying Examination Algebra January 1996

Let f: G — H be a group epimorphism between the finite abelian groups G and H.
Suppose that G has order 23 - 32.52. 112 and H has order 23 - 52. What is the order of
ker f? Describe, up to isomorphism, the possible groups of that order.

Suppose that G is a group of order p*g® where p and q are distinct primes. Suppose
further that both a Sylow p-subgroup and a Sylow g-subgroup are normal in G.

(i) Provethat G =2 A x B, where A and B are subgroups of orders p* and g° respec-
tively.
(it) Provethat G has anormal subgroup of order pg.

Prove that a group of order 22-3- 112 isnot simple.

Find the degree and aQ-basis of Q[v/2++/3] over Q where Q isthe rational numbers.
Justify your answer.

Provethat in aprincipal ideal domain D, every nonzero primeideal isamaximal ideal.
Deducethat if K isanintegral domainand f : D — Kisaring epimorphismwithker f £
0, thenK isafield.

Let Rbeacommutativering. Provethat R hasno nonzero nilpotent elementsif and only
if Rz has no nonzero nilpotent elementsfor al primeideals P of R (where Ry denotes
thelocalization of Rat the primeided ‘). Isittruethat Risadomainif and only if Ry
isadomain for al primeideas‘y of R?

Suppose that M is an R-module with submodules A and B such that AN B = 0. Prove
that the submodule of M generated by A and B isisomorphic to A& B (the direct sum
of A and B).

Suppose that the Galois group of a Galois extension E over F is &.

(i) Show that there are at least 35 proper subfields between E and F.

(ii) Show that there is a subfield L between E and F such that L is Galois over F, but
there is no subfield between E and L which is Galoisover L.

(iii) What isthe dimension of L over F?



Algebra Prelim, August 1997
Answer all questions

1. LetRbe a commutative ring with unity and Iet] be ideals oR.
(a) Prove that the produt] = {xe R|x= z{‘zla;bi with g € | andb; € J} is an
ideal ofR.
(b) ProvethatJ C1 J.
(c) Ifl J=R, provethatd =1 J.
(d) If I3 =1 Jfor all ideals ofR andR is an integral domain, prove th&is a
field. (Hint: letl = Rawherea = 0 be a principal ideal oR.)
2. LetF be a finite Galois extension of the figkdwith Gal(F /K) = Ss.

(&) Show that there are more than 40 fields strictly betweandK.
(b) Show that there is a unique proper subfieldf F with E = K such thaE /K is a
Galois extension. DeterminE : K and describe G&éE /K) up to isomorphism.
3. LetG be a group of order 455.

(a) Prove thaG is not simple.
(b) Prove thaG is cyclic.
4. LetR be a PID, letn be a positive integer, and |&tandB be finitely generated-

modules. IfA" = B", prove thatA = B. (A" denotes the direct sum ofcopies of
A)

5. LetP be a finitely generated projecti&module. IfP is also injective, prove that
P=0.

6. LetA,B be abelian groups, and letbe a positive integer. Prove thatw (B/mB)=
(A®B)/mA®B).

\l

. Prove that a group of order 588 is solvable.

0o

. Letk=Q( 2 3, 5).

(a) DetermineK: Q.
(b) Compute GaK/Q).



Algebra Prelim, January 1998
Answer all questions

1. LetF andK be fields of characteristic O witk an extension oF of degree 21. Let
f(x) be a polynomial inF x of degree 6 which has no roots fhand exactly two
roots inK.

(a) Describe the factorization d¢fx) into irreducible polynomials i x .
(b) Describe the factorization df(x) into irreducible polynomials i x .

2. LetG be a group of order 194# 3 11 59. Prove thaG is cyclic.

3. Let G be a group of ordep" with n > 2 andp prime. Prove thaG has a normal
abelian subgroup of order.

4. LetK = Q( ®2,w) wherew = cog2m/3) isin(2m/3) is a primitive cube root of
unity.
(@) WhatiskK: Q ?
(b) Prove thaK/Q is a Galois extension.
(c) Describe the Galois group &f/Q.

5. LetR be a PID with field of fractions (quotient field, let Sbe subring o which
containsk, and letA be an ideal of.

(@) ProvethaA Risanideal oR
(b) If A R=Rd, prove thatA = Sd (Hint: if a/b € Swith (a,b) = 1, prove that
1/beS)

6. Letp be a prime, lea, k be positive integers such thptdoes not dividek, and let
G be a group of ordep®k. Let M be a normal subgroup @ and letP be a Sylow
p-subgroup of.

(a) Prove thaPM/M is a Sylowp-subgroup ofG /M.

(b) LetH/M be the normalizer dPM/M in G/M and letN be the normalizer of
in G. Prove thatN C H.

(c) Prove that the number of Sylog¢subgroups 065 /M is a divisor of the number
of Sylow p-subgroups o6.

7. (a) Give an example of a group of order 35469 60=59 5 3 4 whichis not
solvable.

(b) Give an example of a group of order 3540 which is solvable but not cyclic.

8. LetG andH be finitely generated abelian groups such BatG=H H. Prove
thatG=H.



Algebra Prelim, January 1999
Answer all questions

. LetR be a commutative ring with aZ 0. If every ideal ofR except the ideaR is a
prime ideal, prove theR is a field.

. Letp andq be distinct primes and le&® be a group of ordep3q?®. If G has a normal
p-Sylow subgroup, prove th& has a normal subgroup of order p3q.

. Let R be a commutative ring with a 1. Prove tHtis isomorphic to a propeRr-
submodule oR if and only if there exists an element Rwhich is neither a zero
divisor nor a unit. (A zero divisor is an elemansuch that there exisssc R 0 such
thatrs = 0. A unitin Ris an element such that there existsc Rsuch thats =1.)

. LetK be a subfield of the fieldl and leta € L. If K(a): K is odd, prove that
K(a?) = K(a).

. Let p be a prime and le® be an abelian group of ordgP. Suppose the sék c G |
xP = 1} has orderp?. Describe all possible grougs (up to isomorphism). Justify
your answer.

. Letk C K C L be fields such th& is a splitting field ovek, and leto € Gal(L/k).
Prove thato(K) = K.

. Prove that there is no simple group of order 280.

. Letnbe a positive integer, |& be a field of characteristic zero, andfebe a subfield
of E such thatE : F = n. Prove that there are at mo$t flelds betweerF andE.



Algebra Prelim, August 1999
Answer all questions
. LetG be a simple group of order 480 with an abelian Sylow 2-subgroup.

(a) If P andQ are distinct Sylow 2-subgroups &, by consideringCg(P Q),
prove thaP Q=1.

(b) Prove that there is no such groGp

. LetRbe a UFD, letSbe a multiplicatively closed subsetBfsuch that GZ S, and let
p be a prime irR. Prove thatp/1 is either a prime or a unit i 'R

. Letk be the fieldZ/27Z. Classify the finitely generated projectikeX /(X3  X)-
modules up to isomorphism.

. LetRbe aring, letM be a NoetheriaR-module, and lef denote the Jacobson radical
of R. Prove that eitheMJ" = 0 for some positive integar, orMJ" 1 MJ" (strict
inequality) for all positive integers.

. LetRbe a nonzero right Artinian ring (with a 1) with no nonzero nilpotent ideals and
no nontrivial & 0,1) idempotents. Prove thRtis a division ring.

. Compute the character tableSaf

. LetK be a splitting field of the polynomiak* — 2 overQ. Determine the order of
Gal(K/Q). Use this to show tha contains a subfield such thatL : Q =4 andL
is normal over).



ALGEBRA PRELIMINARY EXAMINATION:
Fall 2000

Do all problems

. Let
l1—A—G—P—1

be a short exact sequence of groups such that A is abelian, |P| = 81,
and |A| = 332. Show that G has a nontrivial center.

. Let F' be a finite field of odd characteristic. Prove that the rings
F[X]/(X? — a) as « ranges over all nonzero elements of F' fall into
exactly two isomorphism classes.

. Let R be a finite-dimensional simple algebra and let M be a finite-
dimensional left R-module. Prove that there is a positive integer d
such that

MoMo--- oM

d copies

is a free module.

. Let B be a square matrix with rational entries. Show that if there is a
monic polynomial f € Z[T| such that f(B) = 0 then the trace of B is
an integer.

. Let k be a field. Compute the dimension over k of
KIX]/(X™) @ixy k[X]/(XT)
and prove your assertion.

. In this problem X,Y,Z are indeterminates. Define o: C(X,Y, 7)) —
C(X,Y,Z) by o(h(X,Y,Z)) = h(Y, Z,X) for every rational function
h in three variables. Prove or disprove: every member of C(X,Y, 7)

which is left unchanged by o is a rational function of X +Y + Z,
XY +YZ+XZ and XY Z.



ALGEBRA PRELIMINARY EXAMINATION:
Winter 2001

Do all problems. All rings should be assumed to have a 1.

. Let R A and B be commuitative rings with RC A and R C B. Prove that if
Aisanintegra extension of R and B is an integral extension of R, then the
ring AQrB isalso an integral extension of R.

. For this problem all fields have characteristic 0. Let K/L be a Galois exten-
sion with Galois group G and let H be a subgroup of G. Prove that there
exists some 3 € K such that H coincides with

{ccGlo(B) =B}

. Let Sbeasemisimplering. Provethat Sx Sissemisimple.

. Let G be a finite group and assume that p is a fixed prime divisor of its
order. Set K = (Ng(P) where the intersection is taken over all Sylow p-
subgroups P of G and Ng(-) denotes the normalizer. Show that

(@ K<G.
(b) Gand G/K have the same number of Sylow p-subgroups.

. Suppose A is an abelian group (written additively) of order pM for some
prime p. Provethat if nisapositive integer such that p"A = 0, then

{ac Al pa= 0} > p"/".
. Let G be afinite group. Provethat if H and K are normal nilpotent sub-
groups of G, then soisHK.

. Prove or disprove: let Zg denote the ring of integers modulo 6. Then every
projective Zg-module is free.



Algebra Qualifying Exam, Summer 2001
Instructions. do all problems.
. Let G beagroup.

(8 Show that if A and B are normal subgroups of G, then ANB isaso a
normal subgroup of G.

(b) Supposethat N isaproper nontrivial normal simple subgroup of G and
that G/N isaso asimple group. Provethat either N isthe only nontriv-
ial proper normal subgroup of G or that G isisomorphicto N x G/N.

. Let A be afinite noncyclic abelian group with two generators. Let p be
a prime. Assume that for all primes q with q # p, there are no nonzero
group homomorphisms from Z/(q) to A. Describe the structure of A and
prove that there is no nonzero group homomorphism from A to Z/(q) for
all primes g with q # p.

. Let Rbearingwithalandlet0 — P — M — Q — 0 be a short exact
sequence of R-modules. Show that if P and Q are projective R-modules,
then M is aprojective R-module.

. Prove that every group of order 441 has a quotient which is isomorphic to
Z7/(3).

. Let R be a commutative ring with a 1 £ 0. Suppose that every idea of R
different from Risaprimeideal.

(&) Provethat Risan integral domain.
(b) Provethat Risafield.

. (a) Provethat Q(v/2) and Q(iv/2) areisomorphic fields.
(b) Provethat Q(i,v/2) isaGalois extension of Q.
(c) Find the Galois group Gal(Q(i, v/2) /Q) and prove your claim.

. Recall that agroup G of permutations of a set Sis called transitive if given
s,t € S thenthereexistso € G suchthat o(s) =t. Let K beafield. Let f(X)
be a separable polynomial in K[x] and let F be a splitting field of f over K.
Prove that f(x) is irreducible over K if and only if the Galois group of F
over K isatransitive group when viewed as a group of permutations of the
roots of f(x).



8. Anideal in acommutative ring Rwith aliscalled primary if | # Rand if
abelanda¢l,thenb" e | for some positive integer n.

(&) Provethat primeideals are primary.

(b) Provethatif RisaPID, then| isprimary if and only if | = P" for some
primeideal P of R.



Algebra Prelim, Summer 2002
Instructions. do all problems.

. Let G be afinite group.

(@) Let H and Q be subgroups of G. Note that H acts on the set of conju-
gates of Q via conjugation. Let Oqg denote the orbit containing Q with
respect to this action. Prove that if H N Ng(Q) = 1, then the orbit Og
has |H| subgroupsinit.

(b) Now supposethat |G| = p™qwhere p and g are distinct primesand mis
apositive integer. Let Q be a Sylow g-subgroup of G and suppose that
Ng(Q) = Q. Prove that G has anormal Sylow p-subgroup.

. Let K be afinite Galois extension of the rationals Q. Suppose that /2 and
\/3 are both elements of K. Show that Gal (K /Q) has anormal subgroup N
of index 4. Show further that if |N| is odd, then v/2 ¢ K.

. (@ Let Rbearing. Let A and B be right R-modules and let C be a left
R-module. Provethat (A® B) ®rC = (A®RC) @ (B®RC).

(b) Let M beafinitely generated Z-module. Provethat if M @7 M = 0, then
M=0.

. Let R be acommutative Noetherian ring with unity and let M be a nonzero
R-module. Givenme M, set Ann(m) = {r € R| rm= 0}. Show there exists
somew € M such that Ann(w) isaprimeideal of R.

. Let R be an integra domain. Prove that R is afield if and only if every
R-module is projective.

. Denote the center of agroup by Z(-). Let G be afinite group with identity
element e. Define a sequence of subgroups of G inductively by Zo = {e}
and

Zj,1isthepreimagein G of Z(G/Zj).

Since Zo C Z; C Z, C ---, there is a positive integer N such that Zy =
ZNi1=2ZNyi2.... Provethat Zy is equa to the intersection of all normal
subgroups K in G such that Z(G/K) isthetrivial group.

. Explicitly find asimple (i.e. minimal) left ideal of thefollowing ring of 2 x 2
matrices: M2(Q[X]/ (x> —1)).



Algebra Prelim, Winter 2003
Instructions. do all problems.

. Let K denote the splitting field over the rational numbers QQ of the polyno-
mia f(x) = x> +x*+ 3x+ 3.

(@ Whatis[K:QJ?

(b) Determine the Galois group Gal (K /Q).

. Prove or disprove: If x and y are elements of afinite abelian group G with
the same order, then there is an automorphism 6 of G such that 8(x) =y.

. Let H be agroup of order 2002. Prove that the number of elements in the
set {h € H | h? = e} iseven (where e isthe identity of H).

. Let G be a group with the following property: for each g € G— 1, there
existsanormal subgroup K of G suchthat G/K isabelianand g ¢ K (where
listhetrivia subgroup). Prove that G is abelian.

. Provethat if A and B are commutative Noetherian rings, then so isthe carte-
sian product A x B.

. Let Rbe acommutativering, let P be a projective R-module and let | be an
ideal in R. Prove P/IP isa projective R/l1-module.

. Let k be afield and let | be an ideal of k|x] (where k[X] is the polynomial
ring over k in the variable x).

(@ Show that k+ I isasubring of k[x].
(b) Provethat if I # 0O then K[x] @k K[x]/I isfinite dimensional over k.



Algebra Prelim, Fall 2003
Do all problems

1. Provethat agroup of order 2256 = 47 x 48 cannot be simple.
2. LetG=(x,y|x =y} =1 yxy 1 =x%).
(i) Prove that every element of G can be written in the form X'y} where
I, ] are non-negative integers.
(if) Provethat G hasorder at most 21.
(iii) Prove that thereisahomomorphism 8: G — S such that

0x=(1234567), By=(235)(476).

(iv) Provethat G has order 21.

3. Let RbeaUFD. Suppose that for every coprime p,q € R, theideal pR+gR
is principal. Prove that for every a,b € R, the ideal aR+ bR is principal.
(Coprime means that the greatest common divisor of p,qisl.)

4. Let Rbethering Z/4Z and let M betheideal 2Z /4Z. Provethat M @gM =
M as R-modules.

5. Let RbeaPID and let M,N be R-modules. Suppose M isfinitely generated
andM®M = N@N. Provethat M = N.

6. Let K beafield of characteristic zero, let f € K[x] be an irreducible polyno-
mial, let L be asplitting field for f over K, and let a1,02,03,04 € L be the
roots of f. Suppose [L : K] = 24 (i.e. dimk L = 24).

(i) If1<i,j <4areintegers, provethat L # K(aj,aj).
(i) Provethat L = K|o1+ 202+ 303].

7. Let k be an algebraically closed field, let n be a positive integer, and let
U,V be affine algebraic sets in k" (so U is the zero set of a collection of
polynomialsink|xs, ..., Xa]). SupposeU NV = 0. Provethat | (U)+1 (V) =
K[X1,...,%n] (Where | (U) isthe set of all polynomialsin K[x,...,Xn] which
vanishonU).



Algebra Prelim, Fall 2004
Do all problems

. An automorphism of a group is an isomorphism of the group with itself.
The set of automorphisms Aut(G) of agroup G isitself agroup under com-
position of functions. Find the group of automorphisms of the cyclic group
Cyp of order 2p where p isan odd prime.

. Let G beasimple group of order 4032 = 8! /10. Provethat G is not isomor-
phic to a subgroup of the aternating group Ag. Deduce that G has at least
216 elements of order 7.

. Anideal | in acommutative ring R with unit is called primary if | # Rand
whenever ab € | and a ¢ |, then b" € | for some positive integer n. Prove
that if RisaPID, then | is primary if and only if | = P" for some prime
ideal P of R and some positive integer n.

. Letk beafield and let k[x?, x%] denote the subring of the polynomial ring k[x]
generated by k and {x?,x}. Prove that every ideal of R can be generated
by two elements. Hint: if the ideal is nonzero, we may choose one of the
generatorsto be a polynomial of least degree.

. Let k be afield, let f € k[x] be a polynomial of positive degree and let M
be a finitely generated k[x]-module. Suppose every element of M can be
written in the form fmwhere m € M. Prove that M has finite dimension as
avector space over k.

. Let R be an integral domain (commutative ring with 1 # 0 and without
nontrivial zero divisors) and suppose R when viewed as a left R-module is
injective. Provethat Risafield.

. Let K be a splitting field over the rational numbers Q of the polynomial
x* + 16. Determine the Galois group of K /Q.



Algebra Prelim, January 2005
Do all problems

. If pand g aredistinct primes and G is afinite group of order p?q, prove that
G has anontrivial normal Sylow subgroup.

. Find the Galois group of K over therationals Q where K isthe splitting field
of the polynomial x* + 4x2 + 2.

. Show that Q is not a projective Z-module.

. Let R be a commutative Noetherian ring with a1 and let M be a finitely
generated R-module. Show that if f: M — M is a surjective R-module ho-
momorphism, then it must also be injective. (Hint: consider the kernels of
fn)

. Suppose R is a principa ideal domain that is not a field, and that M is
a finitely generated R-module. Suppose further that for every irreducible
element p € R, the R/pR-module M/pM is cyclic (has a single generator).
Show that M is cyclic.

. Let G be afinite group with a composition series of length 2. Prove that
if M and N are distinct nonidentity proper normal subgroups of G, then
G=M xN.

. Let Rbethering Q +x?Q[X], the collection of al polynomials with rational
coefficients that have no x term.

(@ Show that if 0# f € R, then R/ fRis afinite dimensional vector space
over Q.

(b) Use part (a) to prove that every nonzero primeideal of Ris maximal.



Algebra Prelim, Fall 2005
Do all problems

. Show that there are exactly 5 nonisomorphic groups of order 18.

. Let Abe acommutative ring and set B= A[X,Y]/(X? —Y?). Provethat Ais
aNoetherian ring if and only if B is a Noetherian ring.

. Let F beafield with more than 2 elementsand let GL,(F ) denote the group
of 2 x 2 invertible matriceswith entriesin F. Consider the action of GL(F)
on one-dimensional subspaces of F2. Show that the stabilizer of a one-
dimensional subspace is never simple.

. Let Rbethering Z[X] and set M = 2R+ XR. Prove or disprove: M isafree
R-module.

. Let F be afield of characteristic zero. Suppose that K/F is finite Galois
extension with Galois group G. Provethat if a€ K and 6(a) —a € F for all
c€G, thenacF.

. Let Sbe asimple algebra of finite dimension n over C. Prove that there are
v/nmaximal left ideals of Swhose intersection is zero.

. Recall that if F isafield, then the tensor product of two F-algebras (over
F) is another F-algebra. Let L be afinite field extension of F and let F be
the algebraic closure of F. Show that if F ¢ L isafield, then F = L.



Algebra Prelim, May 2006
Do all problems

. Prove that there are no simple groups of order 1755.

. Let P be afinite p-group. Prove that every subgroup of P appears in some
composition seriesfor P.

. Let Rbe aprincipal ideal domain. Let A be afinitely generated R-module
and let B be an R-submodule of A. Assumethat there exist nonzero elements
r and s of R such that gcd(r,s) = 1, rB =0, and s(A/B) isatorsion-free R-
module. Provethat A= B& A/B as R-modules.

. Let F = Q(i) and let K be the splitting field of x® — 7 over F.
(8 Determine [K : F] and write down abasis for K over F.
(b) Show that Gal(K /F) isadihedral group.

. Let Rbe aring with unity 1. Let P be a projective R-module and let M be
an R-submodule of P. Prove: if P/M is a projective R-module, then M isa
projective R-module.

. Let R be acommutative Noetherian ring with unity 1. Let M be a nonzero
R-module. Givenme M, set Annm= {a € R| am= 0} and note that Annm
isanideal of R. Provethat thereexistss e M such that Annsisaprimeideal
in R. (Remember: Ritself isnot aprimeidea inR)

. Lt A=CrC.

(@) Prove that there is a well-defined multiplication on A that satisfies the
distributive property such that

(a1®@by)(ap®@by) =agay @ biby

for all complex numbers a;,ap, by, bs.

(b) Now assume that this multiplication makes A into aring. Prove that A
isnot an integral domain.



Algebra Prelim, August 2007
Do al problems

. How many elements of order 7 must there be in a ssmple group of order
1687

. Let p beaprimitive 4th root of 1 over Q.

(8) Compute the Galois group of (x* —2)(x? — 3) over Q and Q(p).
(b) 1sQ(p) Galois over Q? (Explain your answer.)

(c) Are there any proper subfields of the splitting field of (x* — 2)(x? — 3)
over Q(p) that are Galois over Q(p)? (Explain your answer.)

. Suppose that 0 — A BN BLC-0isa split exact sequence of left R-
modules, where Ris aring with a 1. If D isaright R-module, prove that
1® f: D®RA — D®RB isamonomorphism.

. Let Rbe aPID and let Sbe amultiplicatively closed subset of R. Assume
that Sis nonempty and that S does not contain 0. Provethat S 'RisaPID.

. Prove that agroup of order 2*- 112 is solvable.

(a) Provethat f(x) = x*+9x—30isan irreducible polynomial over Q.

(b) Letg(x)=x?+2andlet| betheideal in Q[x] generated by the product
f(x)g(x). Show that Q[x]/I is the product of two fields. What is the
dimension over QQ of these fields?

. Let Rbe an integral domain. If X isan R-module, then let t(X) denote the
subset {x € X | rx= 0 for some nonzeror € R}.

(8 Provethat t(X) isasubmodule of X.

(b) Provethat t(X/t(X)) =0.

(c) Provethat if X/t(X) isanonzero cyclic R-module, then X isisomor-
phictot(X)®R.



Algebra Prelim, December 2007
Do al problems
. Let pand g be distinct prime integers.

(a) List al nonisomorphic abelian groups of order p3q, listing only one for
each isomorphism class.

(b) Show that if G is an abelian group of order p3q such that G cannot be
generated by one element but G can be generated by two elements, then

. LetK beafinitefield extension of k, let o € K, and let f(x) betheirreducible
polynomial of f over k. Provethat if n| degf(x), thenn| [K : K].

. Let RbeaUFD with quotient field Q and let f(x) be an irreducible polyno-
mial of degree > 1in R[x]. Let | denote theideal in Q[x] generated by f(Xx).
Provethat Q[x] /I isafield.

. Provethat & is solvable.

. Let Rbearing withal and let P and Q be projective R-modules. Prove
that if f: P — Q is a surjective R-module homomorphism, then ker f isa
projective R-module.

. Let Rbe an integral domain with quotient field Q. Show that if V isafinite
dimensional vector space over Q, then (Q®rQ) ®qV =V as vector spaces
over Q.

. Let K be a Galois extension of afield F of order 11%4. Prove that there are
intermediatefields F = Ko C K3 C K C K3 C Kq =K suchthat [K; : Ki_1] =
11 and K; isa Galois extension of F, fori = 1,2, 3,4.

. Let Rbe alocal commutative ring with 1 and with maximal ideal M. Sup-
pose | isan ideal such that 0 C | C M. Prove that R/ is not a projective
R-module.



Algebra Prelim, August 2009
Do all problems

. Let p be a prime, let n be a non-negative integer, and let S be a set of order
p". Suppose G is a finite group that acts transitively by permutations on §
(soif s,t € S, then there exists g € G such that gs =) and let P be a Sylow
p-subgroup of G. Prove that P acts transitively on S.

. Prove that there is no simple group of order 448 = 7 x 64.

. (a) Prove that x> + 1 is irreducible in Z/37Z]x].
(b) Prove that x* + 3x? — 9x + 12 is irreducible in Z[i][x].

. Let R be a PID, let M be a finitely generated right R-module, and let N be
an R-submodule of M. Prove that there exists an R-submodule L of M and
0#reRsuchthat LNN=0and Mr C L+ N.

. Let R be a ring and suppose we are given a commutative diagram of R-
modules and homomorphisms,

C%D

where f is onto and j is one-to-one. Prove that there exists a unique R-
module homomorphism k: B — C such that the resulting diagram com-
mutes (so kf = g and jk = h).

. Compute the isomorphism type of the Galois group of x* — 2x> +9 over Q.

. Let R be a commutative ring with a 1 and let /,J be ideals of R. Prove that
R/I®rR/J=R/(I+J) as R-modules.



Algebra Prelim, August 2010
Do all problems

. Let G be a group of order 105 with a normal Sylow 3-subgroup. Show that
G is abelian.

. Find the Galois group of f(x) = x* — 2x> — 2 over Q, describing its genera-
tors explicitly as permutations of the roots of f.

. Let p be a prime. Prove that the extension F,» O ¥, has Galois group
generated by the Frobenius automorphism o: F,» — F,» given by o(a) =
aP for all a € .

. Show that there is no 3 by 3 matrix A with entries in (Q, such that A8 =T but
AY £

. Let R be an integral domain. A nonzero nonunit element p € R is prime if
p | ab implies p | a or p | b. A nonzero nonunit element p € R is irreducible
if p = ab implies a or b is a unit. Show that

(a) Every prime is irreducible.

(b) If R is a UFD, then every irreducible is prime.

. Let R be the ring Z/6Z and let I be the ideal 3Z/6Z. Prove that Qg1 =1
as R-modules.

. Let S be a multiplicatively closed nonempty subset of the commutative ring
R with a 1. Assume that 0 ¢ S.

(a) Show thatif R is a PID, then S~'R is a PID.

(b) Show that if R is a UFD, then S~ 'R is a UFD.

. Let R be a commutative ring with a 1.

(a) Show that if x € R is nilpotent and y € R is a unit in R, then x+y is a
unit in R.

(b) Let f =ap+ayx+axx®+---+a,x" € R[x]. Show that f is a unit in R[x]
if an only if ag is a unit in R and g; is nilpotent for i > 0.



Algebra Prelim, August 2011
Do all problems

. Prove that there is no simple group of order 380.

. Letk be a field with |k| =7, let n be a positive integer, and let f, g be coprime
polynomials in k[xy,...,x,]. If f> —g> = h? for some nonzero polynomial
h € klxi,...,xp], prove that there exists p € k[xy,...,x,] and u € k such that
f—g=up>. Hint: factor f> — g3 as a product of three polynomials, and
note that these polynomials are pairwise coprime.

. Let R be a PID, let p be a prime in R, and let M,N be finitely generated
left R-modules such that pM = pN. Assume that if 0 #m € M or N and
pm = 0, then Rm is not a direct summand of M or N respectively (i.e. there
is no submodule X such that Rm® X = M or N). Prove that M = N.

. Let f(x) € Q[x] be an irreducible polynomial of degree 9, let K be a splitting
field for f over Q, and let @ € K be a root of f. Suppose that [K : Q] = 27.
Prove that Q(o) contains a field of degree 3 over Q.

. Let p be a prime and let A denote all p"-th roots of unity in C. Thus A is
the abelian subgroup of the nonzero complex numbers under multiplication
defined by {2™"/P" | m,n € N}, in particular A is a Z-module. Determine
A ®ZA.

. Let k be a field, let A € M3(k), the 3 by 3 matrices with entries in k, and
suppose the characteristic polynomial of A is x>. Prove that A has a square
root, that is a matrix B € M3 (k) such that B? = A, if and only if the minimal
polynomial of A is x or x%.

. Let R be an integral domain, let n be a positive integer, let S be a sub-
set of the polynomial ring in n variables R[xi,...,x,|, and define Z(S) =
{(r1,...,rn) ER"| f(r1,...,ra) =0 for all f € S}, the zero set of S. Prove
that there exists a finite subset 7' of S such that Z(S) = Z(T).



Algebra Prelim, January 2012
Do all problems

. Recall that a proper subgroup of the group G is a subgroup H of G with
G # H. Now suppose G is a finite cyclic group. Prove that G is not a union
of proper subgroups.

. Prove that a group of order 6435 =9-5-11- 13 cannot be simple.

. Prove that M (Q) ®p,(z) M2(Q) = M2(Q) as (M2(Q), M2(Q))-bimodules
(M (Q) indicates the ring of 2 by 2 matrices with entries in Q).

. Let R be a PID which is not a field and let M be a finitely generated injective
R-module. Prove that M = 0.

. Let p be an odd prime and for a positive integer n, let §,, = g2mi/n

nth root of 1.

(@) Prove that Q(¢,) = Q(&p).

(b) Prove that 1 +x2 +x*+ - +x*~2 is the product of two irreducible
polynomials in Q[x].

, a primitive

. Determine the isomorphism class of the Galois group of the polynomial
x° —5x—1 over Q.

. For n a positive integer, let A" denote affine n-space over QQ.

(a) Prove that every element of Q[x,y]/(x> —y?) can be written in the form
(¥ —32) + £(x) + yg(x) where £(x), g(x) € Qlxl.

(b) Prove that Q[x,y]/(x* —y ) Q[e?,£3]
ring Q[f] generated by ¢2,13.

(c) Prove that Q[¢?,#%] is not a UFD.

(d) Let V denote the affine algebraic set 2(x*> — y?), the zero set of x* — y?
in A2, Determine the coordinate ring of V.

, the subring of the polynomial

(e) Is V isomorphic to A! as affine algebraic sets? Justify your answer.



Algebra Prelim, August 2013

Do all problems

. Let p be a prime, let H </ G be finite groups, and let P be a subgroup of G.
Prove that P is a Sylow p-subgroup of G if and only if PN H and PH /H are
Sylow p-subgroups of H and G/H respectively.

. Prove that there is no simple group of order 576 =9 - 64.

. Let R be a UFD with exactly two primes, p and g (i.e. p and g are nonasso-
ciate primes, and any prime is an associate of either p or g). Given positive
integers m, n, prove that (p,¢") = R (consider p™ + ¢"). Deduce that R is
a PID.

. Let k be a field, let M be a finitely generated k[x]-module, and let C be a
cyclic k[x]-module. Suppose M has a proper submodule N (so M # N) such
that M = N. Prove that there exists a k[x]-module epimorphism M — C.

. Let K and L be finite fields, let K™ indicate the abelian group K under
addition, and let L™ indicate the abelian group of nonzero elements of L
under multiplication. Determine the order of K™ ®7 L™ in terms of |K|

and |L|. (You will need to consider two cases, namely whether or not chK
divides |L*|.)

. Let K and L be finite Galois extensions of Q. Prove that K N L is also a finite
Galois extension of Q.

. Let Gbe a group and let 0 - Z — P — Q — Z — 0 be an exact sequence of
ZG-modules (here Z is the trivial G-module), where P and Q are projective
Z.G-modules. Prove that H'(G,X) = H*(G, X) for all ZG-modules X.



Algebra Prelim, August 2014

Do all problems

. Let p be a prime, let G be a finite group, let P be a Sylow p-subgroup of G,
and let X denote all elements of G with order a power of p (including 1).

(a) Show that P acts by conjugation on X (so for g € P and x € X, we have
g-x=gxg™h).

(b) Show that {z} is an orbit of size 1 if and only if z is in the center of P.

(c) If p divides |G|, prove that p divides |X|.

. Let p be a prime and let G be a finite p-group. Prove that if H is a maximal
subgroup of G, then H <G and |G/H| = p. (Hint: use induction on |G|,
so the result is true for proper quotients of G and consider HZ. Maximal
means H has largest possible order with H # G.)

. Let R be a noetherian UFD with the property whenever xi,...,x, € R such
that no prime divides all x;, then xR+ - - - +x,R = R. Prove that R is a PID.
(Hint: consider gcd.)

. Let M be an injective Z-module and let g be a positive integer. Prove that
M®y7Z/q7 = 0.

. Let M be a finitely generated C|x]-module. Suppose there exists a submod-
ule N of M such that N =2 M and N # M. Prove that there exists ¢ € C such
that (x —c)M # M and (x —c)M = M.

. Let f(x) = (@ +x>+1)(x* +x+ 1) € F»[x], and let K be a splitting field for
f over [F,. (IF, denotes the field with two elements.)

(a) Show that x*> +x+ 1 is the only irreducible polynomial of degree 2 in
Fo[x].

(b) Let K be a splitting field for f over F, let o € K be aroot of x° +x>+1,
and let B € K be a root of x* + x4 1. Determine [F (e, ) : 2]

(c) Determine Gal(K /F;). (Galois group)

. Compute the character table of S3 x Z/37Z.



Algebra Prelim, August 2015

Do all problems

. Let G be the group of upper triangular invertible 3 x 3 matrices over the
field IF'5 of 5 elements.

(a) Show that G has a unique Sylow 5-subgroup Fs.

(b) Construct explicitly a composition series for Ps.

(c) Show that G is isomorphic to the semidirect product P> x Ps.
. Let § be the ring of n X n-matrices with entries in a field F.

(a) Show that the S-module V = F" of column vectors is a simple left S-
module (simple means it is nonzero and has no submodules other than
0 and itself).

(b) Show that every left ideal of S is a projective left S-module.

. Find the Galois group of the polynomial f(x) = (x'2 —1)(x*> — 2x+2) over
Q.

. Classify the conjugacy classes of 5 x 5 matrices of order 3

(a) with coefficients in Q.

(b) with coefficients in C.

. Let M be a module over the integral domain R.

(a) Prove directly that M = 0 if and only if Mp = O for all prime ideals P,
where Mp is the localization of M at P.

(b) Prove that an R-module homomorphism f: M — N is surjective if and
only if, for all prime ideals P, the maps fp: Mp — Np are surjective,
where by definition fp(m/d) = f(m)/d forallm € M and d € R\ P.

. Let G be a group of order 2¢p, where 1 < a < 3 and p > 3 is a prime. Prove
that G cannot be simple.

. Let F = (F},...,Fy,) be a system of m polynomial equations, where each
F; € Z[xy,...,x,]. Consider the following statements:



(a) The system F has solutions in Z.

(b) The system F has solutions in Z/nZ for any n > 1.

(c) The system F has solutions in Z/p*Z where p is any prime and s > 1.
(d) The system F has solutions in Z/pZ for any prime p.

Prove that each statement implies the next. Prove that (c) implies (b) and

give counterexamples to the other five backward implications (d) implies
(c), (d) implies (b), etc.



Algebra Prelim, August 2016

Do all problems
. Let G be a simple group of order 240 =2%.3.5.

(a) Prove that G has a subgroup of order 15, and that all groups of order 15
are cyclic.

(b) Prove that G has exactly 32 elements of order 3. (Hint: show 15 divides
|NG(P)| where P is a Sylow 3-subgroup.)

. Let R be a UFD with the property that any ideal that can be generated by
two elements is principal.

(a) If I; C I, C ---is an ascending chain of principal ideals in R, prove that
there exists N € N such that ,, = Iy for all n > N.

(b) Prove that R is a PID.

. Let R be aring with a 1 and let S be a subring of R with the same 1. Prove
or give a counterexample to the following statements.

(a) If P is a projective left S-module, then R ®g P is a projective left R-
module.
(b) If P is an injective left S-module, then R ®g P is an injective left R-

module.

. Let R be a PID and let M and N be finitely generated R-modules. Suppose
that M3 22 N2. Prove that there exists an R-module P such that P> =2 M.

. Let k be an algebraically closed field of characteristic 2 and let A be a square
matrix over k such that A is similar to AZ.

(a) Prove that A is similar to A2" for all positive integers 7.
(b) Prove that A is similar to a diagonal matrix over k.
. Explicitly construct a subfield K of C such that [K : Q] = 3 and K is Galois

over Q. For such a field K, prove that K (\/5) is a Galois extension of Q,
and determine the Galois group Gal(K(1/2)/Q).

. Let H be a central subgroup of the finite group G and let ¥ be a character of
H. Assume that H # G. Prove that Indg (x) (the induced character) is not
an irreducible character of G (all characters are assumed to be over C).



Algebra Prelim, August 2018

Do all problems

. Let G be a group order 495 =9-5-11. Prove that G has a nontrivial normal
Sylow subgroup. Deduce that G has a normal subgroup of order 9.

. Let 0 # I < Z[x] and let n be the lowest degree of a nonzero polynomial in
I. Suppose I contains a monic polynomial of degree n. Prove that [ is a
principal ideal.

. Let I be an injective Z-module. Prove that Q/Z @y 1 = 0.

. Let R be a PID, let M be a finitely generated R-module, and let C be a cyclic
submodule of M. Prove that there exists an R-epimorphism M — C.

. Let K/Q (where K C C) be a finite Galois extension with Galois group As
and let R = KN R. Suppose R # K.

(a) Prove that K is the splitting field of an irreducible polynomial f € Qlx]
of degree 6 (you may assume that A5 has a subgroup of order 10).

(b) Prove that [R : Q] = 30.

(c) How many real roots does f have?

(d) Prove that f has roots a, b such that Q(a,b) = R.

. Determine the possible rational canonical forms for a 3 x 3 matrix over [,
(the field with two elements) which has trace and determinant 1.

. Compute the character table of A4. (You may assume that A4 has 4 conju-
gacy classes with representatives (1), (1 2 3), (1 3 2), (1 2)(3 4), and that A4
has a normal subgroup of order 4.)



Algebra Prelim, January 2019
Do all problems

. Prove that a group of order 992 = 31 - 32 has either a normal subgroup of
order 32 or a normal subgroup of order 62.

. Let R be a commutative ring with a 1 # 0. Prove that the set of prime ideals
of R has a minimal element with respect to inclusion.

. Let R be a commutative ring with a 1 # 0 and suppose every irreducible
R-module is free. Prove that R is a field. Hint: show that if R= R® M, then
M =0.

. Let k be a field and let M be a finitely generated k[x]-module. Prove that
there exists a submodule N of M with N # M and N = M if and only if
dimkM = oo,

. Let p be a prime, let f € Q[x] be an irreducible polynomial, and let ¢, 8
be distinct roots of f. Suppose that Q(a) = Q(B) and that [Q(«) : Q] = p.
Prove that Q(a) is a Galois extension of Q.

. Let p be aprime, letn € N, let k =F,, and let K = [Fn. Define 6: K — K
by 0(a) = a” (F,» denotes the field with p” elements).
(a) Prove that 0 is a k-linear map.

(b) Prove that the minimal polynomial of 6 (as a k-linear map) divides
X" —1.

(c) Prove that if n divides p — 1, then 0 is diagonalizable over k (i.e. there
is a k-basis of K such that the matrix of 0 with respect to this basis is a
diagonal matrix).

. Compute the character table of S3 x Z/27Z.



Algebra Prelim, August 2019

Do all problems

. Prove that there is no simple group of order 4860 = 4-3°-5.
. Prove that 2x3 4 19x? — 54x + 3 is irreducible in Q[x].

. Let R be a subring of the (not necessarily commutative) nonzero ring S.
Assume that R and S have the same 1. Prove that S®z S # 0.

. Let R be a PID which is not a field, and let / be a finitely generated injective
R-module. Prove that I = 0.

. Determine the number of conjugacy classes of matrices in GLg(Q) that con-
sist of elements of order 7.

. Let f € Q[x] be a polynomial over Q, let K be a subfield of C which is a
splitting field for f over Q, let p be an odd prime, and let y: C — C denote
complex conjugation. Assume that deg f = 5, Gal(K/Q) = S5, and that
/P e K.

(a) Prove that f is irreducible and has exactly 5 distinct roots.
(b) Prove that y permutes the roots of f and that p = 3.
(c) How many roots of f does 7y fix? Prove that f has exactly two complex

roots and three real roots.

. Let H be a normal subgroup of index 3 in the finite group G, let x € G\ H,
and let y be an irreducible complex character of H. Suppose that y (xhx ') =
x(h) for all h € H. Prove that Indg x (the induced character) is the sum of
3 distinct irreducible characters of G.



Groupsof order 36

Here we construct a group of order 36 which has a nonnormal subgroup of
order 12. Let S3 denotethe symmetric group of degree3. ThenG:= $ x Szisa
group of order 36 which has anormal subgroup K such that G/K = S3 (e.g., we
couldlet K ={(x,1) | x € S3}). Now S3, and hence also G/K, have anonnormal
subgroup of order 2. Using the subgroup correspondence theorem, we deduce

that G has a nonnormal subgroup of order 2 - |K| = 12 (which contains K), as
required.

Back to
prob. 3a, Spring 81
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Do all problems

. Classity groups of order 63 up to isomorphism.
. Prove that any invertible matrix A with complex entries has a square root
(i.e., there exists a matrix B such that A = B?).

(Hint: Use the Jordan canonical form.)

. Let R be a PID. Determine, up to isomorphism, all finitely generated R-
modules A and B whose tensor product A ®g B is a free R-module (possibly
0).

. Suppose A is a finite abelian group and p is a prime dividing its order. Let
p" be the largest power of p dividing |A|. Prove that Hom(Z/p"7Z,A) is
isomorphic to the (unique) Sylow p-subgroup of A.

(Note: Hom(Z/p"7Z,A) is the group of all homomorphisms f: Z/p"Z —
A.)
. Let E be the splitting field of x> — 4 over Q. Find, with proof:

(a) the Galois group and all intermediate fields of E/Q;
(b) 6 € E such that E = Q(0).

. Let R be a commutative ring with 1 = 0. Suppose a € R is an element such
that a" # 0 for all n > 0.

(a) Let .7 be the set of all ideals I of R such that a" ¢ I for all n > 0.
Show that . satisfies the conditions of Zorn’s lemma with respect to
inclusion.

(b) Use (a) to prove that there exists a prime ideal P of R such that a ¢ P.

. Let G be a finite group with subgroups H,K < G. Consider the left action
of the direct product H x K on G given by (h,k)-x = hxk~!.

(a) Show that the (H x K)-orbit of x € G has |H x K|/|HNxKx~!| elements.

(b) Consider the special case of the above where G = GL,(FF,), the group
of invertible 2 x 2 matrices over a finite field I, (with |F,| = ¢), and

H:K:{(g Z) :a,b,cEIFq,a,b;éO}<G.

Show that the (H x H)-action on G has two orbits, and compute the size
of each orbit. (You may use without proof that |G| = (¢*> — 1)(¢> — q).)
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