








































































































































































Proof: Note, since the number of steps in opposite directions has to be equal,

P[S2n = 0] = 6−2n
∑
j,k

(2n)!

(j!k!(n− k − j)!)2

= 2−2n
(

2n

n

)∑
j,k

(
3−n

n!

j!k!(n− k − j)!

)2

≤ 2−2n
(

2n

n

)
max
j,k

3−n
n!

j!k!(n− k − j)!
,

where we used that
∑

j,k a
2
j,k ≤ maxj,k aj,k ≡ a∗ if

∑
j,k aj,k = 1 and aj,k ≥ 0.

Note that if j < n/3 and k > n/3 then

(j + 1)!(k − 1)!

j!k!
=
j + 1

k
≤ 1.

That implies that the term in the max is maximized when j, k, (n − k − j) are
roughly n/3. Using Stirling

n!

j!k!(n− k − j)!
∼ nn

jjkk(n− k − j)n−k−j

√
n

jk(n− k − j)
1

2π
∼ Cn−13n,

if j, k are close to n/3. Hence P[S2n = 0] ∼ Cn−3/2 which is summable and 
P[T0 < ∞] < 1. Note that it implies that Sn visits 0 only finitely∑ many times 
with probability 1 as the expectation of the number of visits to 0 is m P[Sm = 0]
(which is then finite).
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