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What is Bott Periodicity ?

— one of the fundamental results in topolooy
and K- theory

— so {undamental that it looks Uke t comes

from algebraic geometry



You wmay hale heard of o in the following tontext :

et OLo0) e the (finite orthogonal qrvupn
T,( Ol6d)) = 2/~

T, (0(69) = Z/, 0(100) approvimates
T, (O9) = © 0(eQ).
T(0(0)) = Z

T (O(W)) =0

s (O(00)) = 0

T, (0(00) = o

T4 (0(w) =2 and then TM‘S mod .
(and  similarly for Sp(od))



More fundamentally,
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Plon {for the hour:

first third:

‘complex” Bott periodicity:
QA (BU Y R
statement and proof

second thivd:  defining the words
in the statement and proof

final third: n./“/ﬁp}o/u \ﬂ‘o | with

"real” BSp % Jim

Bott periodicity "% w" Bryan
2 U




Our first goal:

Bott Periodicity, toke one




Cheer{ul Fact
GL(n) deformation retracts onfo UN).

€ GLU\\
/'

Reason: M- QR

/< uppertriangular
unitary

(Use Gramm- Schmidt with the Hermition

inner product 1o twrn the columns
of M into a Hermitian basis.)

Homotope R 1o T.




What do T mean by GLT
OLLD — GLL2) < GL(?) —

SE=

A — oolimit of @GLnY's,
— think "infinite. matrix,
mostly identify"

— think “finite mairix,
AgnOStiC about the
Qe




What is BALN) ©
the moduli <pace of rank n vector bundles

Gien X, fhe datx of & ronk n vetor bundle
on X s the dat of a morptism X — BOLW).

pt — BEL(N) o wehr bundk on pt —
p / & wedor space W, say

i \.
-/
v o trivial vector bundle el —X

B6LLW is an Priin sheck




Roctice with the concept:

BGLIN) — BAL(n+ 1) tronslates to:

take a rank n vector bundle
and @ a Trivial bundle

& — Eo® 0



Bott Periodicity :

B (@(%LBQL-» aL| 2.

bhat does Q°  wean © S
loops -2 with base point wapt 1 ..

e

"ephere with a morked pont maps to .. "

w'\‘rh a morked point B, wmaps fto...
@)) with the warked point p, waps fo..

(

(For experts: 0°8BaL "< the offine Brassmannian AN




P
Goal: %Zeﬁne p,| ond show @t is an  Isomorphism

J

Tanslation: | give yon 0 map X— QARG

i

you tell me a wmop X — Bal.

Iransla tion: & wdor buncle

| N
P:X Eu - tell me a bundp
| £ on X

" T = o el —




nswer if M € if € is nonnegative” a”

= (enarofed Dy global sectionS
= = O o »® 8a,) Q; =0

—— C__—f
But we wwe ooneshic obout the rank of
g Wt & we pushed forva
Lo instoad?

>

Anewr FTA&@G) = @@@
7 s
Q

Mot seriously: What i§ € woren't positive? e—



fnswer:  twist it wnti( it 1!
Use T, Eug instead.

To make this work:
Froposition (false as stated):

If €LY IS nonneoptive then M EED = TLE.
& J——3

Aool -

0—»6(:\\‘—»5——» &) —_— -
t I fo

0 — T, e —T, € —
@..J
A 1 il LWJ,QQ



2t Bl —EL

Magic

This construction is basically reversible!

Why? How™

Leonavdo Mihalcea to the rescue!

Esfré WM e‘)

Here come three pages expleining this.
(Stick with me, or at least come bock ofter.)



(onsider the vector bundles € on IP', satisfying:
— cegree d, rank n €: &8+ )-
— “nomnegative : N(EEN=0 =
PCEEN-dn  (R-HAEED),  WER) =(den
— “triviai2ed @ 7 Liber ovir w0 1S identifred
with W (o6 ranc n)

Sofor: 0 dense open subset of S5(BaL,)

Now odd:
— choice of sections of € giving U:
(offine
;” >, bunalle)




Contral theme. of mathematics -

Turn complicated things intd
inear algebra



Stromme, :

We con vecovr © from the following Uvear algebm Coton.

A& a vorepace of dimension dn
W & o fwd wetor space of dimension n

Ld' _ﬂ’h@OW‘\ u- U®Bn>l Y.
trvial bundles on ©

o-Rlpe) — € — 0

= 1%, -2x,\  (open condition:
i toker o shouldl
be o bundle)




Translation @ The modull space of such vector
bundles s the space of such wmodrices
(satisfylng this explicit open condition) modulo
the group GL(M).

Translation 2 -

N BOLO) = open 0 gffine bundle owr BALIA)
20

Translahon 2:

0 — w"(x\;ﬁ—ﬂ) (h - Twe — &€ — 0



fart T Making this make sense.
e wont to work i a setting with some kwd of

Dlgeovo-geometric.  Spaces
rires:

— work or Z, or € or k or K
(ny veasonable base), and be ahble 10 thange bage

— f /€, want o Do oble o Toke homotopy types
So as to qeneralizz fopological statements)

— oS Chow rings, Hodge theory, Grothemdiect ring,
etole homotopy, el

— we need Artn stads, and colimits



In a nutrshell:
— start with reagonable spaces (smooth imreducible
nice Arfin <racks, i you care)
— defire when o mop s “on isomorphism up 1o
high  codimension” /' “ighly comnected”
o Coss of morphms  iso-todim, "

Debnitin: @ V —Y  vector kundies { oepdhi L
< cuctinns € (DCodhim

® Ue<Y opn embeddings with wadim (1\)ak
& ound &
O 7 w2 in sk — i o



® objects of our new cafegory (o
ore (auchy sogunces”
(convergent  sequences):

t f.

X(_’ xz—’xz_’"'

fo € isocaduin with Ly — w0

2\
® Worphisms  n §, - Mo of Qudwy sequenes

r. e \

© —50 ~50 —50 —50 —5»0 —50 —5 0 —50 —5» 0 —>

i W o f



@ owizhead condition)

Maps of (auchy sequencws
it o nsvca»djv\«\L V L

ot declad to b EOMOVpUIVS

This definition (s contrived

to make the proof work without change.



(with Jm Bryan)

Bott Periodicity: the period- eight cose.

U~ =t

[sohropic Lagrangiar
brassmannion

W\

C

%

from this, | need to tell you a wetr sppee with @ symmetvic  ppiring,.




ﬂa\ﬁ P' p/6L:

o— £ - l}@\_lv — €& — o0 self-cdual

G };L ) (bundles on B')

0

from this, | need fo fell you & wctr spree with @ symmetric  poiring.

0 211 — U @Yy — gy — 0.
Take the long exact sequence in ohomplogy.
0— HA51)) — H'(5% ——\\3 .y @)

N Lo -
H(&L-0)

A— P



k-1) - OV
)—{H j H'(E L-k-1))




(onclusion:

Te waps in Bott Teriodreity, which often Seem to te
thowht 0 need v be defined Dy analytic wmeans, h fact

are  compltdy  and naturaly olgdra and  dementary.




