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What is Bott Periodicity ?

- one of the fundamental results in topology

and K- theory

- so fundamental that it looks like it comes

from algebraic geometry



You may have heard of it in the following context :

Let OLD be the infinite orthogonal group
"

1%1010)) = 212

IT
, 101017=212 0400)

"

approximates
"

1Tz(OCAD = 0 OLD)
.

11-31010)) = I

11-410(A)) = 0

Its 101 XD = 0

11-61010)) = o

Ta 101AM = I and then it repeats mod 8 .

land similarly for spas))



More fundamentally ,
(don't worry , I'll explain soon)
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Plan for the hour :

first third : with
"

complex
"

Bott periodicity : Hannah

SLZLBU ) > BU Larson

statement and proof

second third : defining the words

in the statement and proof

final third : u,sp<

"
% -
" with

"

real
"

" " "
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ri
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Our first goal :

Bott Periodicity
,
take one

BU u

÷



Cheerful Fact

Gym deformation retracts onto Ulm
.

1-
c- Gun)

Reason : M= QR
✓ ↳ upper triangular

unitary

TusTamisThmidtwitht.heHermitiarWmm@innerp.roduct to turn the columns

of M into a Hermitian basis .)

Homotope R to I .



What do I mean by GL ?

GLIM as GLL2) es GLI 3) as . . .

1: :) 8)
001

GL : - colimit of GUM 's.

- think
"

infinite matrix , § - - -

)0 0 I

mostly identity
"

0

0,0
'

- think
"

finite matrix ,

agnostic about the LL f)
size

"

i



What is BGLCN) ?

the moduli space of rank n vector bundles

Given X
,
the data of a rank n vector bundle

on ✗ is the data of a morphism ✗ →

BGLLM.pt
→ BG.HN) a vector bundle on pt -

a vector space U
, say

| / dein n .

✗ a trivial vector bundle
"

✗ ✗ U -X
"

13611N is an Arlin stack



Practice with the concept:

B.GUN - BALLAD translates to :

take a rank n vector bundle

and to a trivial bundle

E - E -00



Bott Periodicity :

B : Ñ]BG-_/B④×Ik ←
P

What does I mean ? •
"

loops -2 With base point maps to . . .

"

"

sphere with a marked point maps to . . .

"

"④ with a marked point pis maps to . . .

"

with the marked point pas maps to . . .

"

A-a-orexperts.rpal.ie??affinearassmannian.)m
-
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Translation : I give you a map ✗→ r4BGD

you tell me a map ✗ → BG¥BF&
Translation :

-

P'✗✗ Ñrut÷f tell me a bundle]on X

X- /iE=trividbund6#



Answer if I*E if E is
"

nonnegative
"

= generated by global sections

= E= Ola
.
) -0 . - . ④ Olan) Ai 20
- -

BIT D we were agnostic about the rank of

E- What if we pushed forward

E -00 instead?
-

Answer : ☐ñ--④H④
p

=/IDE ④④
a

a) More seriously : What if E weren't positive ? c-



Answer: twist it until it is !

Use ñ*E instead
.

To make this work:

Proposition Halse as stated) :

If Eth is nonnegative then I. El-D= IIE .

- w

Proof :
o - Eti

'

→ E → Elp, → 0 .
t f

o - it • Ec-4 - IT • E→µ- O )# T trivial bundle .



jBhL→→BGb

Magic :

This construction is basically reversible !

Why? How ?

Leonardo Mihalcea to the rescue !

Stromme

Here come three pages explaining this .

(stick with me , or at least come back after. )



consider the vector bundles E on P
'
, satisfying :

- degree d , rank n E = ④at ) .
-

"

nonnegative
"

: n' LEI-D) = 0 →

h9EtN=dn (A-- HOLE 1-D)
,

hotel =ld+ln
-

"

trivialized @ A
"

: fiber over is is identified

with U (of rank in)

so far : a dense open subset of Ñd(BGLn)

NOW add :

- choice of sections of E giving U :

HOLE) -#HOLE/a) = y laffine

←
bundle)



Central theme of mathematics :

Turn complicated things into

linear algebra



Stromme :

we can recover E from the following linear algebra data .

-
think : Hotel- D)

think: A is a vector space of dimension dn

Elpn - u is a fixed vector space of dimension n .

Choose Let A -- A④ Opt , It -- U④Opt be
two linear

A trivial bundles on P
'

maps :

L j
o - Al-it A-④ It → E - O

U

r= on?
"

) (open condition :
"

quiver
"

Coker r should

be a bundle)



Translation 1 : The moduli space of such vector

bundles is the space of such matrices

(satisfying this explicit open condition) modulo

the group GLIA).

Translation 2 :

of Baun) = open in affine bundle over BGLIA)
70

Translation 3 :

0 → IT / II. El-D) 1- 1) → a-
*

A.E → E - O



Part II Making this make sense .

We want to work in a setting with some kind of

algebra-geometric spaces.

Properties:

- Work over 2
,
or Q

,
or K

,
or R

Larry reasonable base) , and be able to change base

- if 1¢
,
want to Be able to take homotopy types

Go as to generalize topological statements)

- also: Chow rings, Hodge theory , Grothendieck ring,
estate homotopy , etc.

- we need Artin stacks
,
and Colinits



In a nutshell :

- start with reasonable spaces ( smooth irreducible

nice Artin stacks
,
if you care)

- define when a map is
"

an isomorphism up to

high codimension
"

/
"

highly connected
"

:

a class of morphisms
"

isocodimk
"

.

Definition: ① V →Y vector bundles } c- isocodiink
← sections

② U ↳ Y open embeddings with codim live) >K

c- isocodihik

③ ✗ - Y
→ z£

2 Out of 3 in isocodimk → 3rd is too .



② objects of our new category Go
are

"

Cauchy sequences
"

( convergent sequences) :

fz
✗
,

X
,
→ X

,
→ . - -

fue Isocodein kea, with kln)→ is

③ Morphisms in go : maps of Cauchy sequences

• → • → • → • → • → • → • → • → • → • → • → • →

n*-→→
• → •

(
• → • → • → • → • → • → • → • → • → • →

commute up to Al



④ lWhitehead condition

Maps of Cauchy sequences

that are in isocodimk F k
are declared to be isomorphisms.

This definition is contrived

to make the proof work without change .



(with Jim Bryan)

Bott Periodicity : the period - eight case .

④A
$ :v→V = -1--10p.gg#siSp1U:SPan/GLnthe

/
isotropic Lagrangian g g

HBD
Grassmann ian

P
' Ép④

maps P' to sPf /|rYSp,②f@
" ⇐ guyana ,

,

¥

self-dual

§

From this
,

I need to tell you a vector space with a symmetric pairing .



Maps P
'

to sp /GL :
tB§%

o → Er → U⑦ UV - E - o self -dual
si sie

70

) 1 bundles on P' )

o s
:#

From this
,

I need to tell you a vector space with a symmetric pairing .

On EY-4 - UGH ④UY-y u EC-y - O
.

-

r -

Take the long exact sequence in cohomology .

o-HKEC-iD-s.lt ' ( E4 -D) → .

A -

HEEL -MY

AAA- Av



.gg#
Given a map€-030 I need
to tell you a map to the/an

si si
④④

-

isotropic maximal Grassmann lain
\ #Fu 9 rank n

'

E- a -31 -00¥.0:EñEvo
o → I - Elk#i)→ o

%:*.me

*w"④
"19 o- HYUK-D)→t -

'

H'CER - k-D)
k@
-



Conclusion :

The maps in Bott Periodicity , Which often seem to be

thought to need to be defined by analytic means
,
in fact

are completely and naturally algebraic and elementary .


