ANALYTIC VERSIONS OF THE ZERO DIVISOR CONJECTURE

PETER A. LINNELL

1. INTRODUCTION

This is an expanded version of the three lectures I gave at the Durham conference.
The material is mainly expository, though there are a few new results, and for
those I have given complete proofs. While the subject matter involves analysis, it
is written from an algebraic point of view. Thus hopefully algebraists will find the
subject matter comprehensible, though analysts may find the analytic part rather
elementary.

The topic considered here can be considered as an analytic version of the zero
divisor conjecture over C: recall that this states that if G is a torsion free group
and 0 # «,0 € CG, then af # 0. Here we will study the conjecture that if
0+# «a € CGand 0 +# 0 € LP(G), then aff # 0 (precise definitions of some of the
terminology used in this paragraph can be found in later sections). We shall also
discuss applications to LP-cohomology.

Since these notes were written, the work of Rosenblatt and Edgar [19, 54] has
come to my attention. This is closely related to the work of Section 6.

2. NOTATION AND TERMINOLOGY

All rings will have a 1, and to say that R is a field will imply that R is commuta-
tive (because we use the terminology division ring for not necessarily commutative
“fields”). A nonzero divisor in a ring R will be an a € R such that ab # 0 # ba for
all b € R\0. To say that the ring R is a domain will mean that if a,b € R\0, then
ab # 0; equivalently R\0 is the set of nonzero divisors of R. We shall use the nota-
tion C, R, Z, N and P for the complex numbers, real numbers, integers, nonnegative
integers and positive integers respectively. Ring homomorphisms will preserve the
1, and unless otherwise stated, mappings will be on the left and modules will be
right modules. If n € N, then M™ will indicate the direct sum of n copies of the
R-module M. As usual, ker § and im # will denote the kernel and image of the map
6. The closure of a subset X in a Banach space will be denoted by X; in particular
if 4 is a continuous map between Banach spaces, then im @ denotes the closure of
the image of 6. If H is a Hilbert space and K is a subspace of H, we shall let L(H)
denote the set of bounded linear operators on H, and K+ denote the orthogonal
complement of K in H. We shall let M,,(R) indicate the set of n x n matrices over
a ring R, GL,(R) the set of invertible elements of M,,(R), 1,, the identity matrix
of M,,(R), and 0,, the zero matrix of M,,(R). If t € P and 4; € M,,(R) (1 <14 <1t),

1



2 P. A. LINNELL

then diag(Aj, ..., A:) denotes the matrix in My, 4.4, (R)

A, 0 ... 0
0 Ay ... 0
0 0 ... A

For any ring R, we let Ky(R) denote the Grothendieck group associated with the
category of all finitely generated projective R-modules: thus Ky(R) has generators
[P] where P runs through the class of finitely generated projective R-modules, and
relations [P] = [Q] @ [U] whenever P, @ and U are finitely generated projective
R-modules and P2 Q & U.

When R is a right Noetherian ring, the Grothendieck group associated with
the category of all finitely generated R-modules will be denoted by Go(R): thus
Go(R) has generators [M] where M runs through the class of finitely generated R-
modules, and relations [L] = [M]&[N] whenever L, M and N are finitely generated
R-modules and there is a short exact sequence 0 — M — L — N — 0. There is
then a natural map Ko(R) — Go(R) given by [P] — [P], and in the case R is
semisimple Artinian, this map is an isomorphism.

We shall use the notation G x4 H for the free product of the groups G and H
amalgamating the subgroup A, [G : A] for the index of A in G, G’ for the commu-
tator subgroup of G, and F(G) for the set of finite subgroups of G. If the orders of
the subgroups in F(G) are bounded, we shall let lem(G) stand for the lem (lowest
common multiple) of the orders of the subgroups in F(G). The characteristic sub-
group of G generated by its finite normal subgroups will be indicated by AT (G).
If S is a subset or an element of G, then (S) will denote the subgroup generated by
S. For g € G, we shall let C(g) indicate the centralizer of g € G. If X and Y are
classes of groups, then G € XY will mean that G has a normal subgroup X € X
such that G/X € Y.

3. DEFINITIONS AND LP(G)

Here we will define the Banach spaces LP(G) and discuss some elementary results
from functional analysis. Throughout this section G will be a group.
As usual, we define the complex group ring

CG = {Z 0gg | ay € C and ay = 0 for all but finitely many g}.
geG
For a = deg g9, B = dec B9 € CG, the multiplication is defined by
af= > agbugh=Y_ (D ag-18)g.
g,heG geG z€G
Then for 1 < p € R, we define
PG ={a=> ag|a;€Cand Y |ayf’ < oo},

geG geG

lally, = (3 Jagl?) .

geG
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Thus LP(G) is a Banach space under the norm |.||, (of course LP(G) can also
be defined for p < 1, but then it would no longer satisfy the triangle inequality
lla+ Bl < llellp + |8l and so would not be a Banach space). Also we define

L*(G)={a= Z agg | ag € C and sup |ay| < oo},
geG 9€G
Co(G)={a= Z agg | oy € C and given € > 0,
geG
there exist only finitely many g such that |ag| > €},
l[elloe = sup |agl.
geG
Then L*°(G) and Cy(G) are Banach spaces under the norm ||.||s. If & € L*°(G),
then a4 € C is determined by the formula o = dec agg. For p <gq,

CG € LP(G) € LU(G) € Co(G) € L=(G),

and there is equality everywhere if and only if |G| < co and strict inequality every-
where if and only if |G| = co. The multiplication in CG extends to a multiplication

LYG) x L™(G) — L>(G)

according to the formula

(3.1) Z Qg9 Z Bgg = Z agBngh = Z(Z O‘nglﬁw)ga

geG geG g,heG geG zeG

and this also induces a multiplication L'(G) x LP(G) — LP(G) for all p > 1; in the
case p = 1, this makes L!(G) into a ring. Another multiplication is L?(G) x CG —
L?(G); this is useful because it means that L?(G) can be viewed as a right CG-
module, as we do in Section 11.

The central topic of these notes is the following:

Problem 3.1. Let G be a torsion free group and let 1 < p < oo. Does 0 # o € CG
and 0 # B € LP(QG) imply af # 07

We shall also consider generalizations of this to groups with torsion and to matrix
rings. Since this can be considered as an extension of the classical zero divisor
conjecture, let us consider the current status of that problem.

4. THE CLASSICAL ZERO DIVISOR CONJECTURE

We shall briefly review the status of the classical zero divisor conjecture. Recall
that the group G is right ordered means that there exists a total order < on G
such that x <y implies that zz < yz for all z,y, 2z € G. The class of right ordered
groups includes all torsion free abelian groups, all free groups, and is closed under
taking subgroups, directed unions, free products, and group extension (i.e. H and
G/H are right ordered implies that G is right ordered). It also includes the class
of locally indicable groups, where G is locally indicable means that if H # 1 is a
finitely generated subgroup of G, then there exists Hy << H such that H/Hy = Z.
Furthermore if G has a family of normal subgroups {H; | i € Z} for some indexing
set Z such that G/H; is right orderable for all i € Z and (),.; H; = 1, then G is
right orderable. These results can be found in [44, §7.3]. Then the usual argument
which shows that a polynomial ring is a domain can be extended to show
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Theorem 4.1. Let k be a field and let G be a right ordered group. Then kG is a
domain.

Variants of this result have been around in the literature for a long time. For
instance back in 1940, Higman [29] proved the above result in the case G is locally
indicable.

Little further progress was made until the 1970’s, though in 1959 Cohn proved
that the free product of two domains amalgamating a common division ring is also
a domain [13, theorem 2.5]. The significance of this result was not realized for group
rings until Lewin applied it to show that under fairly mild restrictions, the group
ring of a free product with amalgamation is a domain. To describe his results, we
need to recall the definition of the Ore condition.

Let R be a ring, let S be the set of nonzero divisors in R, and let Sy be a subset
of R which is closed under multiplication and contains 1. Then R satisfies the right
Ore condition with respect to Sy means that for each » € R and s € Sy, there exists
r1 € R and s; € Sy such that rs; = sri, and then we can form the ring RSO_1
which consists of elements {rs=! | r € R, s € Sp}. Normally Sy will be contained
in S, but this is not essential. We say that R satisfies the right Ore condition if it
satisfies the right Ore condition with respect S. Also a classical right quotient ring
for R is a ring @@ which contains R such that every element of S is invertible in @,
and every element of () can be written in the form rs~! with » € R and s € S. If
such a ring Q exists, then R satisfies the right Ore condition and RS~! = Q. In the
case that R is also domain, this is equivalent to saying that R can be embedded as
a right order in a division ring D; in other words, each element of D can be written
in the form 7s~! where r,s € R and s # 0. It is well known that a semiprime right
Noetherian ring satisfies the right Ore condition.

A right Ore domain will mean a domain which satisfies the right Ore condition;
thus by the above, a right Noetherian domain is a right Ore domain. Of course one
can replace “right” with “left” in all of the above, and then an Ore domain will
mean a domain which satisfies the Ore condition; i.e. both the right and left Ore
condition. If G is a solvable group and k is a field such that kG is a domain, then
the proposition of [36] shows that kG satisfies the Ore condition. Then one of the
consequences of Lewin’s results for example, is (see [36, theorem 1])

Theorem 4.2. Let k be a field and let G = Gy xg Gy be groups such that H <1 G.
Suppose kG1 and kGy are domains, and kH satisfies the right Ore condition. Then
kG is a domain.

This result was applied by Formanek [25] to prove that if & is a field and G is a
torsion free supersolvable group, then kG is a domain.

The next step was made by Brown, Farkas and Snider [6, 24] who realized that
a combination of ring and K-theoretic techniques could be applied to the prob-
lem, especially solvable groups. Their techniques established that if k is a field of
characteristic zero and G is a torsion free polycyclic-by-finite group, then kG is a
domain. Building on these ideas, Cliff [8] established the zero divisor conjecture for
group rings of polycyclic-by-finite groups over fields of arbitrary characteristic.

At this time it was already folklore that a suitable generalization of some well
known K-theoretic theorems on polynomial rings, in particular on the Grothendieck
group Gg, would yield stronger results for the zero divisor conjecture, especially for
solvable groups. Let G be a group, let R be a ring, and let R * G be a crossed
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product (see [47]). Thus R*G is an associative ring with a 1, and it may be viewed
as a free R-module with basis {g | g € G}, where each g is a unit in R*G. Another
way of describing R+ G is that it is a G-graded ring with a unit in each degree (see
[47, chapter 1, §2]). Of course R x G is not uniquely determined by R and G in
general, but this never seems to cause any confusion. Also it is clear that if H < G,
then R H (the free R-submodule of R x G with R-basis the elements of H) is also
a crossed product and is a subring of R * G. Many theorems for group rings go
over immediately to the crossed product situation. Thus for example, Theorem 4.1
becomes

Theorem 4.3. Let k be a domain, let G be a right ordered group, and let k x G be
a crossed product. Then k x G is a domain.

To make induction arguments work, we would prefer to work with R * G rather
than the group ring RG. Indeed if H <1 G, then a crossed product R % G can be
expressed as the crossed product RH # [G/H], whereas the corresponding result
for group rings, that if k£ is a field then kG can be expressed as the group ring
kH[G/H], is decidedly false.

The importance of Gy for the zero divisor conjecture is as follows. If G is a
torsion free group and k % GG is a crossed product, then one can often prove that
k * G can be embedded in a matrix ring M, (D) over a division ring D for some
n € P in a “nice way”. Clearly what we need is that n = 1. If I is a minimal
right ideal of M, (D), then Go(M,(D)) = ([I]), so we would like to prove that
Go(M,,(D)) = (IM,,(D)]). With the right setup, the inclusion of k * G in M, (D)
induces an epimorphism of Gy ([k * G]) onto Go(M, (D)), so it will be sufficient to
prove that Go(k * G) = ([k x G]).

If G is a finitely generated free abelian group, k a right Noetherian ring, and kxG
a crossed product, then by exploiting the fact that G can be ordered it has been
known for a long time that the natural map Go(k) — Go(k * Q) is an epimorphism;
in particular if k is a field, then Go(k * G) = ([k x G]). However for a long time
better K-theoretic results (at least for applications to the zero divisor conjecture)
seemed hard to come by. Then in 1986, John Moody came up with the following
remarkable theorem (proved in [43, theorem 1]).

Theorem 4.4. Let G be a finitely generated abelian-by-finite group, let R be a right
Noetherian ring, and let R * G be a crossed product. Then the induced map

P Go(R+H)— Go(R*G)
HeF(G)

18 surjective.

For an exposition of this result, see [9, 23] and [47, chapter 8]. Thus in the special
case R is a division ring and G is torsion free finitely generated abelian-by-finite, we
have that Go(R * G) = ({[R x G]), and using earlier remarks of this section, it is not
difficult to prove that RxG is a domain. Also an easy induction argument shows that
Theorem 4.4 remains valid if G is replaced by an arbitrary polycyclic-by-finite group
(this is in fact how Theorem 4.4 is stated in [43, theorem 1]). Another consequence
of Theorem 4.4 is the following result, well known from when Theorem 4.4 was
established.
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Corollary 4.5. Let G be an abelian-by-finite group, let k be a division ring, and
let kx G be a crossed product. If kx H is a domain whenever H is a finite subgroup
of G, then k x G is an Ore domain.

Proof (sketch). We may assume that G is finitely generated and A*(G) = 1. Let
A < G with A free abelian and [G : A] < co. If S = k x A\0, then we can form
the ring k * GS™', which will be an n X n matrix ring over a division ring for
some n € P. Note that k x H is a division ring whenever H is a finite subgroup
of G. By Theorem 4.4 Gy(k * G) = ([k * G]), and by [34, lemma 2.2] the inclusion
kx G — k+ GS™! induces an epimorphism Go(k * G) — Go(k * GS™1). Therefore
Go(kxGS™1) = ([k* GS™!]) and we deduce that n = 1, i.e. k+xGS™! is a division
ring. The result follows. O

Another induction argument now gives the zero divisor conjecture for crossed
products of torsion free solvable groups over right Noetherian domains; in fact it
shows that if G is a torsion free solvable group, R is a right Ore domain and R * G
is a crossed product, then R * G is also a right Ore domain. Roughly the argument
goes as follows. To prove that R G is a right Ore domain, we may assume that G
is finitely generated. Then there exists H <0 G such that G/H is finitely generated
abelian-by-finite and H is “smaller” than G, so by induction we may assume that
R x F is a right Ore domain whenever F'/H is a finite subgroup of G/H; let us
say that R * H is a right order in the division ring D. We now form the crossed
product D * [G/H], and since D x [F'/H] is a domain for all finite subgroups F/H
of G/H, we deduce from Corollary 4.5 that D  [G/H] is an Ore domain. It now
follows easily that R % G is a right Ore domain.

These arguments also apply to the case when G is an elementary amenable group.
Recall that the class of elementary amenable groups, which we shall denote by C,
is the smallest class of groups which

(i) Contains all cyclic and all finite groups,
(i) Is closed under taking group extension,
(iii) Is closed under directed unions.
Then C contains all solvable groups, and every elementary amenable group is
amenable (see [48, 49] for much information on amenable groups). Then the argu-
ments of above establish the following result.

Theorem 4.6. Let G € C and let R be a right Noetherian domain. If G is torsion
free, then R G is a domain. In fact, R * G is a right order in a division ring.

More results along these lines can be found in [34].

Theorem 4.4 is very useful for Problem 3.1 and related problems. Whenever you
can prove a conjecture related to zero divisors for a class of groups D, then with
the aid of Theorem 4.4, it is usually easy to prove it also for the class of groups DC;
an exception to this is Theorem 4.1.

Finally results of Lazard [35] imply that if p is an odd prime and G is the kernel of
the natural epimorphism GL,(Z) — GL,,(Z/pZ) (i.e. G is a congruence subgroup),
then Z,G is a domain (where Z, denotes the p-adic integers; a similar result holds
for p = 2). This is described in [23]; see also [46].

When proving the zero divisor conjecture and related problems, it seems in nearly
all cases that one needs to not only show that the group ring is domain, but that
it embeds in a division ring in some nice way. This is the case, for example, in
Theorem 4.6.
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We shall see that for the case p = 2, many of the above techniques are still
relevant for Problem 3.1, but in the case p > 2, at least at the moment, they do not
seem to be helpful and methods from Fourier analysis appear to be more useful.

5. ELEMENTARY RESULTS AND LP-COHOMOLOGY

If G is a group with torsion, say g # 1 = ¢g" for some g € G and n € P, then
1+g+--+g"H({1 —g) = 0, so there are zero divisors. Thus the simplest
nontrivial case to consider is when G is infinite cyclic, say G = (x) where z has
infinite order. If L = LP(G), Co(G) or CG, and a € CG, let us say that « is a
zero divisor in L if there exists 3 € L\0 such that o8 = 0, and that « is a nonzero
divisor in L if no such [ exists.

Theorem 5.1. Let G = (x) where x has infinite order, and let § € C where |§] = 1.
Then
(i) = — ¢ is a zero divisor in L (Q).

(ii) If 0 # a € CG, then « is a nonzero divisor in Cy(G).

Proof. (i) (x =&)Y oo & ™™ =0.

(ii) Write a = cx™(xz — a1) ... (z — ay,) where ¢,a; € C, m € Z, and ¢ # 0. Then
by induction on n, we may assume that n = 1, m = 0 and ¢ = 1; in other words
we may assume that o = x — a where a € C. Suppose aff = 0 where 8 € Cy(G).
Write 3 =302 b,z" where b,, € C for all n. Equating coefficients of 2", we
obtain b, = ab, 41 for all n € Z. Without loss of generality, we may assume that
la] <1 and by # 0. But then our equation on the coefficients yields |b,| > |b1] for
all n € P, which contradicts the hypothesis that 8 € Co(G). O

Thus though we cannot expect Problem 3.1 to have an affirmative answer in the
case p = 00, it seems plausible that it may have an affirmative answer in all other
cases (and also in the case when LP(G) is replaced by Co(G)).

Let us give some motivation for the problem from LP-cohomology. For more
detailed information we refer the reader to [7, 10, 11] and [26, §8]. Let X be a
simplicial complex on which G acts freely, let X,. denote the set of r-simplices of
X, let C.(X) denote the free abelian group with basis X,., and let 9,: C,.(X) —
Cy—1(X) denote the boundary map. For simplicity, we shall assume that X, has
only finitely many orbits for each r € N. Now define

LX) ={f: X, = C| > |f(o)]" < o0}
ceX,

Then LP(X,) is a Banach space under the norm [|f|| = (3 ,cx. |f(a)|p)1/p; in
fact it is isomorphic to LP(G)% where d,. is the number of orbits of X,. The
coboundary map 6, : L?(X,) — LP(X,41) which obeys the rule (6, f)o = f(Or+10)
for all o € X,.11, is clearly a well defined bounded linear operator on L?(X,.). Thus
ker §, is a closed subspace of LP(X,.), but im ¢, need not be closed. We now define
the LP-cohomology groups by

ker 6,

im 6r—1

0 (X)=

Since 9, commutes with the action of G, it follows that 0,1 is described by a
d, X d,41 matrix all of whose entries are in ZG, and 4, is described by the transpose
of this matrix. Therefore 4, is described by a matrix all of whose entries are in ZG.
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To determine [, o (X ), we need to know about ker §, and in particular when it is
nonzero. The simplest case is when §, is 1 x 1 matrix. Thus we have come up
against the problem stated in Problem 3.1.

In the case of L?-cohomology, we can exploit the fact that L?(G) is a Hilbert
space (see Section 8). Let M, denote the orthogonal complement of imd,_; in
ker §,. Then M, is a closed subspace and also a CG-submodule of L*(X,). It
follows that M has a well defined von Neumann dimension dimg (M) (which will
be described precisely in Section 11). Then for r € N, the Lo-Betti numbers are
defined by bfz) (X : G) = dimg M,. In the case G is a group whose finite subgroups
have bounded order, results from studying Problem 3.1 show for example, that if G
has a normal subgroup F such that F' is a direct product of free groups and G/F
is elementary amenable, then lem(G) bf,) (X : G) € N for all 7 € N and for all X.

6. THE CASE p > 2 AND GG ABELIAN

In view of Theorem 5.1, it seems surprising that the answer to Problem 3.1 is
negative if G is a noncyclic abelian group and p > 2. The work of this section
describes work of my research student Mike Puls.

Throughout this section d € P, and G is a finitely generated free abelian group
of rank d. Let T denote the torus, which we will think of as [—7, 7|/{—7 ~ 7}, and
let T =T x --- x T, the d-torus. We can view T as the abelian group R/277Z, and
then T¢ is also a group. This means that we can talk about cosets in T%; a coset of
T¢ will mean a coset of the form Ht where H < T?% and ¢ € T¢, and the coset will
be proper if H # T¢. Let {z1,...,24} be a Z-basis for G. If g = 2" ...2}}* € G
(where n; € Z), then we can define the Fourier transform §: T¢ — C by

g(tl, R ’td) — pilnitit+nata)

(where t; € T). fa =3 sa49 € LY(G), then we set

=) a,9:T" —C,
geG

and this extends the Fourier transform to L'(G). Set Z(a) = {t € T¢ | &4(t) = 0}.
Then Puls [52] proved the following result.

Theorem 6.1. Suppose o € LY(G) and Z(«) is contained in a finite union of
proper closed cosets. Then « is a nonzero divisor in Co(QG).

Let us indicate how this theorem is proved. If E is a closed subset of T%, then
we define I(E) = {8 € LY(G) | E C Z(B)}, j(E) to be the set of all 8 € L'(G)
such that there exists an open subset O in T¢ such that E C O C Z(3), and J(E)
to be the closure of j(E) in L'(G). Then j(E) C J(E) C I(E), J(E) and I(E)
are closed ideals in L'(G), and o € I(Z(a)). We say that E is an S-set (or set
of spectral synthesis) if J(E) = I(E). We require the next result on the existence
of S-sets, which follows from [55, Theorem 7.5.2], the remark just preceding that
theorem, namely that C-sets are S-sets, and the remark immediately following that
theorem, namely that C-sets are invariant under translation.

Proposition 6.2. A finite union of closed cosets is an S-set.
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Define
O(E)={he L*(Q)|Bh=0forall g€ I(E)},
U(E)={h e L=®(G)|Bh=0forall g€ J(E)}.
Then ®(F) U(E) because J(E) C I(E), and if F is a closed subset of E,

-
then ¥(F) C U(E). Now for a € LY(G), it follows from [55, Corollary 7.2.5a] that
J(Z(a)) € aL'(G), where denotes the closure in L'(G). Therefore if h € L>=(G),
then

(6.1) ah =0 implies he ¥Y(Z(a)).

We say that F is a set of uniqueness if U(E) N Cy(G) = 0; clearly if F is a set
of uniqueness and F' is a closed subset of E, then F is also a set of uniqueness.
It follows from (6.1) that if Z(«) is contained in a set of uniqueness, then « is a
nonzero divisor in Cy(G). Conversely if « is a nonzero divisor in Cy(G) and Z(«) is
an S-set, then ®(Z(a)) = ¥(Z(«)) and we deduce that Z(«) is a set of uniqueness.
Thus we have

Lemma 6.3. Let a € LY(G).

(i) If Z(«) is contained in a set of uniqueness, then « is a nonzero divisor in
Co(G).

(ii) If « is a nonzero divisor in Co(G) and Z(«) is an S-set, then Z(«) is a set
of uniqueness.

Proof of Theorem 6.1. For this proof, let us say that a hypercoset in T is a set of
the form Z(g — &) where g € G\1, £ € C and |¢] = 1. From [55, section 2.1], it is
not difficult to see that every proper closed coset of T¢ is contained in a hypercoset.
Since Z(By) = Z(B) U Z(y) for 8,7 € L'(G), we see that any finite union of
hypercosets in T is of the form Z(I];(g; —&;)) where g; € G\1, §; € C and || = 1.

If 1 # g € G and £ € C, then the same argument as in Theorem 5.1(ii) shows
that g — ¢ is a nonzero divisor in Co(G). It follows that [],(g; — &) is a nonzero
divisor in Cy(G) whenever ¢g; € G\1 and &; € C; the relevant case here is when
|€;] = 1 for all i. Using Proposition 6.2 and Lemma 6.3(ii), we see that any finite
union of hypercosets is a set of uniqueness. Therefore « is a nonzero divisor in
Co(G) by Lemma 6.3(i). O

Let us now describe Puls’s proof that if G = Z?, then there exists a € CG\0
which is a zero divisor in L4(G) for some ¢ < oo (we shall consider the case G = Z4
where d > 2 later, where it will be seen that better values of ¢ can be obtained).
Let {z,y} be a basis for G. For i,j € Z and § € L*>®(G), we shall write 3;; or 3 ;
for Bgiys. Given a bounded measure p on T2, we can define its Fourier transform
fi € L*(G) by

0= Z fimnz™y"  where fimn = /]1,2 e~ i(ms+nt) du(s, t).
m,n€”z

Then we can state

Proposition 6.4. Let o € L*(G) and let p be a bounded measure on T?. If u is
concentrated on Z(c), then afi = 0.
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Proof. We need to prove that (aji);; = 0 for all 4,j € Z. Replacing a with ax ="y =7,
we see that it is sufficient to prove that («fi); = 0. Now

(O‘u)l = Z O‘mn,a—m,—n = Z (6 757) /[rz ei(ms+nt)dﬂ(8, t)
m,n m,n

= / Zamneimsemtdu(s,t) = / G(s,t)du(s,t) =0,
T2 mn Z ()

as required. O

Thus it is easy to construct zero divisors « in LP(G) by choosing a nonzero u;
all that we need to verify is that i € LP(G). To make this verification, we require
theorems from Fourier analysis. Let a,b € R such that —7m < a < b < 7, and let
a € LY(G). Suppose Z(«) contains {(t,0(t)) | a <t < b} where 0: [a,b] — [—7,7]
is smooth (i.e. infinitely differentiable). Define a measure u on T? by fTQ fdu =

f; f(t,0(t)) dt for all measurable f. Then

b
,amn :/ e—i(mt+7n9(t)) dt
a

and fi # 0 because figo = b — a. What we need is that 3° \fmn|” < oo for p
large enough. This certainly will not be true in general, for example take 6 = 0.
In fact if %(t) =0 for all ¢t € (a,b), then it is not difficult to see that i ¢ Cy(G).
This is not surprising in view of Theorem 6.1, which in this case says that if Z(«a) is
contained in a finite union of lines with rational slope, then « is a nonzero divisor
in Cy(G). Let us assume that there exists k € P such that for each ¢ € [a, b], there

exists [ € PP such that | < k and %(t) # 0 (where [ depends on ¢). We need the

following result from Fourier analysis, for which we refer to [57, §8.3].
Proposition 6.5. In the above situation, there exists A € R such that |ﬂmn| <
A(m? +n2) " CR) for all m,n € Z.

It now follows easily that if p > 2k, then vanez ’ﬂmn’p < oo and hence 1 €
L?(G) for all p > 2k.

Example 6.6. Let a =2zxy —x+y—2 € CG. Then a is a zero dwisor in LP(Q)
for allp > 4.

Proof. For (s,t) € T? (where —m < 5,t < ), we have a(s,t) = 2e'Se’ —e'* ¢ —2,

thus é(s, ) = 0 when e = ££2 Therefore Z(a) = {(t,6(t)) | =7 <t < 7} where

ei0(t) — 42 et 42

2eit 1 2ett 41

branch of log which satisfies log1 = 0. It is easily checked that 6 is smooth and
2

zTg(t) # 0 for all t € (—m,m)\{0}, in particular for all ¢ € [r/4,37/4]. As above,

define a measure p on T? by [ fdu = fj;r4/4 f(t,0(¢))dt for all measurable f.

We can now apply Proposition 6.5 with ¢ = 7/4 and b = 37/4 to deduce that
i € LP(Q) for all p > 4, and Proposition 6.4 to deduce that afi = 0. Also i # 0,

so we have shown that « is a zero divisor in LP(G) for all p > 4. O

and we may write 6(t) = —ilog ( ), where we have taken the

It is interesting to actually compute fi explicitly, though in the above example
this seems somewhat messy. We could define a measure v on T? by sz fdv =
ffﬂ f(t,0(¢)) dt for all measurable f, and then as above, 7 # 0 and a¥ = 0. Since
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2 o, . ~
%(t) = 0 when t = 0 or 4, we cannot assert from Proposition 6.5 that o € LP(G)

for p > 4, but we do have %(t) # 0 for t = 0 or £, so we can assert that 7 € LP(G)
for all p > 6. We now determine 7y, which is

/ o ilmttno(D) gy :/ —imt (e—w(t))” i
_ / e (1Y
0 eit + 2 :

For m < 0 and n > 0 contour integration shows that 7,,,, = 0, and then using the
substitution ¢ — —¢, we see that 0,,, = 0 for m > 0 and n < 0. Also, vy = 2.
Now the equality av = 0 yields 20,5 — Uy s41 + Upy1,6 — 2Up41,641 = 0, so we have
a recurrence relation from which to calculate the other 7,,. This determines o
because U = ZT’S Upsx" 5.

Of course, this argument can be generalized to the case G = Z? where d > 2.
To state Puls’s results in this case, we need the concept of Gaussian curvature.
We shall describe this here: for more details, see [57, §8.3]. Let S be a smooth
(d — 1)-dimensional submanifold of R? and let zp € S. Then after a change of
coordinates (specifically a rotation), we may assume that in a sufficiently small
open neighborhood of ¢, the surface is of the form {(z,0(z)) | z € U}, where U is
a bounded open subset of R?~! and #: U — R is a smooth function. Then we say
that S has nonzero Gaussian curvature at xo if the (d — 1) x (d — 1) matrix

(32259% (mO))

is nonsingular. Then in [52], Puls proved the following.

Theorem 6.7. Let o € CZ?* where 2 < d € P, and suppose there exists xo € Z ()
such that there is a neighborhood S of z¢ in Z(a) which is a smooth (d — 1)-
dimensional manifold. If S has nonzero Gaussian curvature at xqo, then « is a zero
divisor in LP(G) for all p > 2%

He uses the above theorem to give the following set of examples of zero divisors
in LP(G). Let G be the free abelian group of rank d and as before let {z1,..., 24}
be a Z-basis for G. Let
d
2d—1 1

2 24
i=1

Then a € CG and a(ty,...,ta) = 251 — Zle cost;. In a neighborhood of
(0,...,0,7/3), we have that Z(«) is of the form {(¢,6(¢)) | t € U}, where U

is a bounded open neighborhood of the origin in R?~!, ¢ = (t,...,t4_1), and

2
0(t) = cos™ (22 — Zf;ll cost;). A computation shows that the matrix (gtfa(g)

is nonsingular at ¢ = 0, hence Z(«) has nonzero Gaussian curvature. Therefore o
is a zero divisor in LP(G) for all p > 24

Puls has also covered many other cases in [52], in which he requires the concept
of the “type” of a manifold (see [57, §8.3.2]). Let us say that M is a hyperplane in
T? if there exists a hyperplane N in R? such that M = NN |[—n,7]% (We have been
a little sloppy here: what we really mean is that we consider T? as [—n,7|? with
opposite faces identified, and let M’ be the inverse image of M in [—7,7]%. Then
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we say that M is a hyperplane to mean that M’ is the intersection of a hyperplane
in R? with [—7, 7]%. Perhaps this is not a very good definition because for example,
it allows points to be hyperplanes.) Then the results of [52] make it seem very likely
that the following conjecture is true.

Conjecture 6.8. Let G be a free abelian group of finite rank, and let o € CG.
Then « is a nonzero dwisor in LP(G) for some p € P (where p > 2) if and only if
Z(«) is not contained in a finite union of hyperplanes. Furthermore if « is a zero
divisor in Co(QG), then « is a zero divisor in LP(G) for some p < 0.

7. THE CASE p > 2 AND G FREE

This section also describes work of Mike Puls. It will show that when p > 2 and
G is a nonabelian free group, then the answer to Problem 3.1 is even more in the
negative than in the case of G a noncyclic free abelian group of the last section.

Let G denote the free group of rank two on the generators {z,y}, let E, de-
note the words of length n on {z,y} in G, and let e, = |E,|. Thus Ey = {1},
Ey = {.T, Y, 1'713 yil}v Ey = {‘%2, y27 xiza y72, TY, yr, 1’71y717 yilxilv xy717 yilxv
x 1y, yz 1} ete. It is well known that e,, = 4 - 37! for all n € P. We shall let x,
denote the characteristic function of F,,, i.e.

Xn = ZgE(CG.

geE,

These elements of CG are often called radial functions and were studied in [12],
which is where some of the ideas for what follows were obtained.
Let
1 1 1
©=1-- el e Yo 4
3X2+ 32X4+ + (_3)nX2 +
Then for p > 2,

p_ e, o6
1015 =1+ 55 + 555+ + 5o +

:1+§.3—<p—1>+%.3—2<p—1>+...+§.3—n(p—1>+..._

This is a geometric series with ratio between successive terms 3~(®=1) so it is
convergent when p — 1 > 1. It follows that © € LP(G) for all p > 2.

We now set § = x10 and show that 6 = 0. If m € P, g € E,,,, and g = ¢192
with g1 € Eq, then g € E,,_1 U E,,+1. Furthermore there is exactly one choice
for (g1, g2) if g2 € Ey—1, and exactly three if g € E,,41. It follows for n € N that
0y = 0 for g € Eyy,, and 0, = ﬁ+3-m =0 for g € Fapy1. Thus we
have shown that y; is a zero divisor in LP(G) for all p > 2.

Of course there are similar results for radial functions of free groups on more
than two generators, and these are established in [53].

8. GROUP VON NEUMANN ALGEBRAS

We saw in Section 6 and Theorem 6.7 that for p > 2, one can construct many ele-
ments in CG which are zero divisors in LP(G). The situation for L?(G) is different,
and there is evidence that the following conjecture is true.
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Conjecture 8.1. Let G be a torsion free group. If0 # o € CG and 0 # 3 € L*(G),
then af # 0.

The reason for this is that L?(G) is a Hilbert space, whereas the spaces LP(G) are
not (unless G is finite). Indeed L?(G) becomes a Hilbert space with inner product

<Z ®g9; Z th> = Z aghy,

geG heG geG

where  denotes complex conjugation. This inner product satisfies (ug,v) =
(u,vg=1) for all g € G, so if U is a right CG-submodule of L?(G), then so is
U+. In the case of right ordered groups, the argument of Theorem 4.1 can be
extended to show (see [40, theorem II))

Theorem 8.2. Let H<1G be groups such that G/H is right orderable. Suppose that
nonzero elements of CH are nonzero divisors in L?(H). Then nonzero elements of
CG are nonzero divisors in L*(G).

Thus taking H = 1 in the above theorem, we immediately see that Problem 3.1
has an affirmative answer in the case G is right orderable.

As mentioned at the end of Section 4, a key ingredient in proving the classical
zero divisor conjecture is to embed the group ring in a division ring in some nice
way, and the same is true here. To accomplish this, we need the concept of the
group von Neumann algebra of G.

The formula of (3.1) also yields a multiplication L?(G) x L?(G) — L*(G) defined

by
Z Qgg Z Bgg = Z (Z Oég:rflﬁx)Q

geG geG geG zeG

Now CG acts faithfully and continuously by left multiplication on L?(G), so we may
view CG C L(L?*(G)). Let W(G) denote the group von Neumann algebra of G:
thus by definition, W (G) is the weak closure of CG in L(L*(G)). For 0 € L(L*(Q)),
the following are standard facts.

(i) 8 € W(G) if and only if there exist 8, € CG such that lim,,_ . (6,u,v) —

(Qu, v) for all u,v € L?(G).

(il) @ € W(G) if and only if (fu)g = 0(ug) for all g € G.
Another way of expressing (ii) above is that § € W(G) if and only if 6 is a right
CG-map. Using (ii), we see that if 6 € W(G) and 61 = 0, then g = 0 for all
g € G and hence 6o = 0 for all @ € CG. Tt follows that § = 0 and so the map
W(G) — L*(G) defined by 6 +— 61 is injective. Therefore the map 6 — 61 allows
us to identify W(G) with a subspace of L?(G). Thus algebraically we have

CG C W(G) C L*(G).

It is not difficult to show that if § € L?(G), then § € W(G) if and only if o € L?(G)
for all a € L*(G). For a =Y. g9 € L*(G), define o* =3 o a,97" € L*(G).
Then for § € W(G), we have (Ju,v) = (u,0*v) for all u,v € L*(G); thus * is the
adjoint of the operator 6.

If0 =23 cqbs9 € W(G), then we define the trace map trg: W(G) — C by
trg 6 = 6. Then for 0, ¢ € W(G), we have trg(0+¢) = trg 0+trg ¢, trg 0* = trgb
(where the bar denotes complex conjugation), trg(8¢) = trg(éd), and trg 0 =
(01,1). For n € P, this trace map extends to M,, (W (G)) by setting trq 6 = Y., 04
when 6 € M,,(W(G)) is a matrix with entries 6;; in W(G), and then trg 8¢ =
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trg ¢ for ¢ € M,,(W(G)). This will be more fully described in Section 11. An
important property of the trace map is given by Kaplansky’s theorem (see [42] and
[38, proposition 9]) which states that if e € M,,(W(G)) is an idempotent and e # 0
or 1, then trge € R and 0 < trge < n.

At first glance, it seems surprising that W (G) is useful for proving Conjecture 8.1
because if G contains an element of infinite order, then W (G) contains uncountably
many idempotents, so it is very far from being a domain. However it has a classical
right quotient ring U(G) which we shall now describe.

Let U denote the set of all closed densely defined linear operators [33, §2.7]
considered as acting on the left of L?(G). These are maps 0: L — L?(G) where
L is a dense linear subspace of L?(G) and the graph {(u,fu) | u € L} is closed in
L?(G)?. The adjoint map * extends to U and for § € U, it satisfies (Ju,v) = (u, *v)
whenever fu and 6*v are defined. We now let U(G) denote the operators in U
“affiliated” to W(G) [5, p. 150]; thus for 6 € U, we have 6§ € U(G) if and only if
O(ug) = (fu)g for all g € G whenever u is defined. Then U(G) = U(G)*, U(G)
is a x-regular ring [4, definition 1, p. 229] containing W (G), and every element of
U(G) can be written in the form y6~! where v € W(G) and § is a nonzero divisor
in W(G) (see [5], especially theorem 1 and the proof of theorem 10). On the other
hand, the trace map trg does not extend to U(G). Now a x-regular ring R has
the property that if a € R, then there exists a unique projection e € R (so e is an
element satisfying e = €2 = e*) such that aR = eR, in particular every element
of R is either invertible or a zero divisor. Therefore we have embedded W (G) into
a ring in which every element is either a zero divisor or is invertible (so U(G) is
a classical right quotient ring for W(G)), and if 0 # 8 € U(G), then (6*3)™" # 0
for all n € N. Furthermore it is obvious that if v is an automorphism of G, then
extends in a unique way to automorphisms of W(G) and U(G). Given a € L*(G),
we can define an element & € U(G) by setting du = au for all u € CG. Then & is
an unbounded operator on L?(G), densely defined because CG is a dense subspace
of L*(Q) (of course & does not define an element of £(L?(G)) in general, because
the product of two elements of L?(G) does not always lie in L?(G), only in L>®(Q)).
It is not difficult to show that & extends to a closed operator on L%(G) (see the
proof of Lemma 11.3), which we shall also call & Thus & is an element of ¢. Since
&(ug) = (Gu)g for all u € CG and g € G, and CG is dense in L?(G), it follows (cf.
[33, remark 5.6.3]) that & € U(G). Thus we have a map L*(G) — U(G) defined by
« — & which is obviously an injection. Algebraically, we now have

(8.1) CG CW(G) C L2(G) C U(G).

Similar properties to those of the above paragraph hold for matrix rings over
U(G). Let n € P. Then M,,(CG) acts continuously by left multiplication on L?(G)",
and M, (W(G)) is the weak closure of M,,(CG) in L(L?*(G)"). Also M, (U(Q))
is the set of closed densely defined linear operators acting on the left of L?(G)"
which are affiliated to M,,(W(G)). For 6 € M,,(U(G)), the adjoint 8* of 0 satisfies
(Bu,v) = (u,0*v) for u,v € L*(G)™ whenever fu and 0*v are defined. If 6 is
represented by the matrix (0;;) where 6;; € U(G), then 6* is represented by the
matrix (67;). Then M, (U(G)) is a »regular ring containing M,, (W (G)), and every
element of M,,(U(G)) can be written in the form a3~! where a € M,,(W(G)) and
B is a nonzero divisor in M,, (W (G)). Furthermore every projection of M, (U(QG))
lies in M,,(W(G)) (use [5, theorem 1]). This means that if a € M, (U(G)), then
aM,(U(G)) = eM,(U(Q)) for a unique projection e € M, (W (G)). Thus we can
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define rankg o = trg e; the following lemma (see [41, Lemma 2.3]) gives some easily
derived properties of rankg; part (ii) requires Kaplansky’s theorem on the trace of
idempotents mentioned earlier in this section.

Lemma 8.3. Let G be a group and let § € M,,(U(G)). Then
(i) rankg o = rankg 6 = rankg af for all o € GL,(U(G)).
(ii) If 0 # 0 ¢ GL,(U(G)), then 0 < rankg 0 < n.

Two other useful results are

Lemma 8.4. (See [39, lemma 13].) Let G be a group, let n € P, and let e, f
be projections in M, (U(G)). If f = ueu™! for some unit u € M, (U(G)), then
f =wvev™! for some unit v € M,,(W(Q)).

Lemma 8.5. Let G be a group, let n € P, and let e, f be projections in M, (U(QG)).
Suppose that e M, (U(G)) N fM,(U(G)) = 0 and eM,(U(G)) + fM,(U(G)) =
h M, (U(Q)) where h is a projection in M, (U(G)). Then trge + trg f = trg h.

Proof. This follows from the parallelogram law [4, §13]. Alternatively one could
note that e M,,(W(G)) N f M, (W(G)) = 0 and then apply [39, lemmas 11(i) and
12). O

Suppose d,n € P, H < G are groups such that [G : H] = n, and {x1,...,2,}
is a left transversal for H in G. Then as Hilbert spaces L?(G)? = @, x;L*(H)<,
hence we may view elements of £(L?(G)?) as acting on @, z;L*(H)? and we
deduce that we have a monomorphism “: £(L?(G)%) — L(L*(H)). It is not
difficult to see that " takes Mq(W(Q)) into Mg, (W (H)), which yields the following
result (cf. [2, (16) on p. 23])

Lemma 8.6. Let H < G be groups such that |G : H] = n < oo, and let d € P. If
0 € My(W(Q)), then trg 6 = ntrg 6.

We can now explain the usefulness of U(G). Suppose we have proved Conjec-
ture 8.1 for the torsion free group G. Then we have in particular that if 0 # o € CG
and 0 # 6 € W(G), then af # 0. Since U(G) is a classical right quotient ring for
W(G), it follows that « is invertible in U(G). Thus in the special case that CG
is a right order in a division ring (this will be the case when G is elementary
amenable: see Theorem 4.6), we can deduce that there is a division ring D such
that CG C D C U(G). This was exploited in [39] to obtain the following result.

Theorem 8.7. Let G be a torsion free elementary amenable group. Then there
exists a division ring D such that CG C D C U(G).

Of course in the above theorem, D can be chosen so that CG is a right order in
D, see Theorem 4.6. In view of this theorem, it seems plausible that the following
conjecture is true.

Conjecture 8.8. If G is a torsion free group, then there exists a division ring D
such that CG C D C U(G).

Note that the above conjecture implies Conjecture 8.1. Indeed if 0 # a € CG,
then the above conjecture shows that « is invertible in U(G), in particular a3 # 0
for all 3 € U(G)\0. Then (8.1) shows that af # 0 for all 3 € L*(G)\0. Thus
combining Theorems 8.2 and 8.7, we obtain the following.
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Theorem 8.9. Let H << G be groups where H is torsion free elementary amenable
and G/H s right ordered. If 0 # a € CG and 0 # 3 € L*(G), then af # 0.

We conclude this section with an amusing example. Recall that the group G is
of exponential growth (see eg. [48, p. 219]) if there is a finite subset C' of G such that
lim,, o0 |C"|Y/™ > 1 (where C™ denotes the subset of G consisting of all products
of at most n elements of C). We say G is exponentially bounded if it does not have
exponential growth.

Example 8.10. Let p be a prime, let d € P, and let H be an exponentially bounded
residually finite p-group which can be generated by d elements. Write H =2 F/K
where F is the free group of rank d, and write G = F/K'. Then there exists a
division ring D such that CG C D C U(G) and CG is a right order in D.

Of course, any finite p-group will satisfy the hypothesis for H in the above
example (provided that H can be generated by d-elements), but then G will be
torsion free elementary amenable and we are back in the case of Theorem 8.7.
However there exist infinite periodic groups satisfying the above hypothesis for H
[21, 27]; also Grigorchuk has constructed examples of such groups. Now a finitely
generated elementary amenable periodic group must be finite [48, §3.11], hence H
and also G cannot be elementary amenable when H is infinite. On the other hand,
if H is chosen to be a periodic group, then it is easy to see that G does not contain
a subgroup isomorphic to a nonabelian free group.

Proof of Example 8.10. First we show that G is right orderable. Let {F;/K | i € I}
be the family of normal subgroups in H of index a power of p, and set L = ;. Fj.
Then F'/F! has a finite normal series whose factors are all isomorphic to Z [22, §4,
lemma 5], thus by the remarks just before Theorem 4.1 we see that F/F] is right
ordered and hence so is F/L. Now K' < L < K, so L/K' is right ordered and we
deduce that G is right ordered (again, use the remarks on right ordered groups just
before Theorem 4.1). It follows from Theorem 4.1 that CG is a domain.

Since G is exponentially bounded, G is amenable by [48, proposition 6.8]. Now
[58] tells us that if &k is a field and M is an amenable group such that kM is a
domain, then kM is an Ore domain. Thus CG is a right order in a division ring
D. Since nonzero elements in CG are nonzero divisors in L?(G) by Theorem 8.2,
it follows that the inclusion of CG in L?(G) extends to a ring monomorphism of D
into U(G), and the result follows. O

9. UNIVERSAL LOCALIZATION

The next step is to extend Theorem 8.7 to other groups. Since “most” (but
not all) nonelementary amenable groups contain a nonabelian free subgroup, it
is plausible to consider nonabelian free groups next. Here we come up with the
problem that although CG is a domain, it does not satisfy the Ore condition. Indeed
if G is the free group of rank two on {z, y}, then the fact that (z—1)CGN(y—1)CG =
0 shows that CG does not satisfy the Ore condition. If R is a subring of the ring
S, the division closure [15, exercise 7.1.4, p. 387] of R in S, which we shall denote
by D(R,S), is the smallest subring of S containing R which is closed under taking
inverses (i.e. s € D(R,S) and s~! € S implies s~! € D(R, S)); perhaps a better
concept is the closely related one of “rational closure” [15, p. 382], but division
closure will suffice for our purposes. The division closure of CG in U(G) will be
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indicated by D(G). Obviously if R is an Artinian ring, then D(R,S) = R. In the
case S is a division ring, the division closure of R is simply the smallest division
subring of S containing R; thus Conjecture 8.8 could be restated as D(G) is a
division ring whenever G is torsion free. The following four elementary lemmas are
very useful.

Lemma 9.1. Let R C S be rings, let D denote the division closure of R in S, and
let n € P. If D is an Artinian ring, then M, (D) is the division closure of M,,(R)
in M, (5).

Proof. Exercise, or see [41, lemma 4.1]. O

Lemma 9.2. Let G be a group and let « be an automorphism of G. Then aD(G) =
D(G)* = D(G).

Proof. Of course, here we have regarded « as an automorphism of U(G), and * as
an antiautomorphism of U(G); see Section 8. The result follows because aCG =

CG* = CdG. d

Lemma 9.3. (cf. [41, lemma 2.1].) Let H < G be groups, and let D(H)G denote
the subring of D(G) generated by D(H) and G. Then D(H)G = D(H) «G/H for
a suitable crossed product.

Proof. Let T be a transversal for H in G. Since h < tht~! is an automorphism of
H, we see that tD(H)t~! = D(H) for all t € T by Lemma 9.2, and so D(H)G =
> ter D(H)t. This sum is direct because the sum ), ,, U(H)t is direct, and the
result is established. ]

Lemma 9.4. Let H < G be groups such that G/H is finite, and suppose D(H) is
Artinian. Then D(QG) is semisimple Artinian and is a crossed product D(H)«G/H .

Proof. Let D(H )G denote the subring generated by D(H) and G. Then Lemma 9.3
shows that D(H)G = D(H) « G/H, hence D(H)G is Artinian and we deduce that
D(H)G = D(G). Now D(G) = D(G)* by Lemma 9.2 and if 0 # a € D(G), then
(a*a)™ #£ 0 for all n € N. Therefore D(G) has no nonzero nilpotent ideals, and the
result follows. g

More generally for n € P, we denote the division closure of M,,(CG) in M,, (U (G))
by D,(G), and let W,,(G) = D, (G) N M,,(W(G)). Then we have (see [41, proposi-
tion 5.1])

Proposition 9.5. Let G be a group and let n € P. Then
(i) Ifeis an idempotent in D, (G), then there exists & € GL1(D,,(G)) such that
eD,(G) = aeD,(G) and aea™! is a projection; in particular eD, (G) =
fD,(G) for some projection f € D, (G).
(ii) If @ € D,(G), then there exists a nonzero divisor 8 € W, (G) such that
Ba € W, (G).

The following result shows that if D(G) is Artinian, then there is a bound on the
length of a descending chain of right ideals in D(G) in terms of the real numbers
trg e for e a projection in D(G).

Lemma 9.6. Let G be a group and let | € P. Suppose that D(G) is Artinian and
that ltrg e € Z for all projections e € D(G). If Iy > I} > --- > I, is a strictly
descending sequence of right ideals in D(G), then r <.
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Proof. Since D(QG) is semisimple Artinian by Lemma 9.4, the descending sequence
of right ideals yields nonzero right ideals Ji,...,J. of D(G) such that D(G) =
JID---DJ.. Write 1 = e +---+ e, where ¢; € J;. Then 612 =e; and e;e; = 0 for
i1# 7 (1 <4,57<r), hence

UG =aUG) @ @e.UG).

In view of Proposition 9.5(i), there exist nonzero projections f; € D(G) such that
e;D(G) = f;D(G) (1 < i <r). Then ¢;U(GQ) = f;U(G) and it now follows from
Lemma 8.5 that 1 = trg f1 +- - - +trg fr, upon which an application of Kaplansky’s
theorem (see Section 8) completes the proof. O

When constructing the classical right quotient ring of a ring D which satisfies the
right Ore condition, one only inverts the nonzero divisors of D, but for more general
rings it is necessary to consider inverting matrices. For any ring homomorphism f,
we shall let f also denote the homomorphism induced by f on all matrix rings. Let
Y be any set of square matrices over a ring R. Then in [15, §7.2], Cohn constructs a
ring Ry and a ring homomorphism A\: R — Ry such that the image of any matrix
in ¥ under A is invertible. Furthermore Ry and A have the following universal
property: given any ring homomorphism f: R — S such that the image of any
matrix in ¥ under f is invertible, then there exists a unique ring homomorphism
f: Ry — S such that fA = f. The ring Ry always exists and is unique up to
isomorphism, though in general A is neither injective nor surjective. It obviously
has the following useful property: if 6 is an automorphism of R such that (%) = %,
then # extends in a unique way to an automorphism of Ry.

Note that if R is a subring of the ring S, D = D(R,S), and X is the set of
matrices with entries in R which become invertible over D, then the inclusion
R — D extends to a ring homomorphism Ry — D. However even in the case D is
a division ring, this homomorphism need not be an isomorphism.

A notable feature of the above construction of Ry, which is developed by Cohn
in [15, §7] and Schofield in [56], is that it extends much of the classical theory of
localization of Noetherian (noncommutative) rings to arbitrary rings. Indeed if S
is a subset of R which contains 1, is closed under multiplication, and satisfies the
Ore condition, then RS™! =2 Rg. On the other hand, in general it is not possible
to write every element of Ry in the form rs~! with r,s € R.

There are “Goldie rank” versions of Conjecture 8.8. If k is a field, G is polycyclic-
by-finite, and AT (G) = 1, then kG is a right order in a d x d matrix ring for some
d € P. The Goldie rank conjecture states that d = lem(G). This is now known to
be true, and extensions of this were considered in [34]; in particular it was proved
that if k is a field, G is an elementary amenable group with AT(G) = 1, and the
orders of the finite subgroups of G are bounded, then kG is a right order in an [ x [
matrix ring over a division ring where I = lem(G) [34, theorem 1.3]. The proof
of this depends heavily on Moody’s Theorem, as described in Theorem 4.4. We
describe two versions of the Goldie rank conjecture.

Conjecture 9.7. Let G be a group such that AT(G) = 1, and let & denote the
matrices with entries in CG which become invertible over D(G). Suppose the orders

of the finite subgroups of G are bounded, and | =lem(G). Then there is a division
ring D such that D(G) = M;(D) = CGx.

Conjecture 9.8. Let G be a group such that the orders of the finite subgroups of
G are bounded, and let | =lem(G). If n € P and a € M,,(CG), then lrankg o € N.
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10. C*-ALGEBRA TECHNIQUES

There is a close connection between problems related to zero divisors in L?(G)
and projections in W(G). Indeed Lemma 12.3 states that if rankg 0 € Z for all
0 € M,,(CG) and for all n € P, then Conjecture 8.8 is true, and of course ranke 6 is
defined in terms of the trace of a projection in M, (W (G)) (Section 8). Recall that
the reduced group C*-algebra C(G) of G is the strong closure (as opposed to the
weak closure for W(G)) of CG in L(L*(G)): thus CG C C}(G) C W(G). There is
a conjecture going back to Kaplansky and Kadison that if G is a torsion free group,
then C(G) has no idempotents except 0 and 1 (this is equivalent to C}(G) having
no projections except 0 and 1). The special case G is a nonabelian free group is of
particular interest, because at one time there was an open problem to as whether a
simple C*-algebra was generated by its projections. Powers [51, theorem 2] proved
that C¥(G) is simple for G a nonabelian free group, so it was then sufficient to
show that C*(G) had no nontrivial projections, but this property turned out to
be more difficult to prove. However Pimsner and Voiculescu [50] established this
property, thus obtaining a simple C*-algebra (# C) with no nontrivial projections.
Connes [16, §1] (see [20] for an exposition) gave a very elegant proof of the Pimsner-
Voiculescu result, and his method was used in [41] to establish Conjecture 8.8 in
the case G is a free group. For further information on this topic, see the survey
article [59].

As has already been remarked, in view of Lemma 12.3 we want to prove that
trg e € Z for certain projections e. Now in his proof that C(G) has no nontrivial
projections, this is exactly what Connes does. Once it is established that trge €
Z, then the result follows from Kaplansky’s theorem (§8). Of course Connes is
dealing with projections in C(G), while we are interested in projections which
are only given to lie in M,,(W(QG)) for some n € P, but the Connes argument is
still applicable. Connes uses a Fredholm module technique in which he constructs
a “perturbation” 7 of C*(G) where G is the free group of rank two such that if
C#(G) has a nontrivial projection, then there is a nontrivial projection e € C}(G)
such that the operator e — e on L?(G) is of trace class (though me ¢ C(G)), and
it follows that the trace of e — e is an integer [20, lemma 4.1]. He then shows that
this trace is in fact trg e [20, §5], thus proving that trg e € Z as required.

To apply Lemma 12.3 when G is the free group of rank two, we use the same
perturbation 7. This has the property that if 6 € M,,(CG) for some n € P, then the
resulting operators 6, 7(6) on L?(G)™ agree on a subspace of finite codimension. It
follows that if e, ¢’ are the projections of L?(G)™ onto im ,im @’ respectively, then
im (e — €’) has finite dimension and therefore has a well defined trace which is an
integer. Then as in the previous paragraph, this integer turns out to be trg e and
we deduce that rankg 6 € Z as required.

The same arguments are applied in Lemma 12.2 for the case when G is a finite
direct product of free groups of rank two. For the purposes of trying to extend
this to other classes of groups, it seems necessary to have that 6, 7(0) agree on a
subspace of finite codimension: it is not enough for # — m(#) to have trace class,
because this does not imply that e — ¢’ has trace class.

To construct the perturbation 7, Connes uses the following result for free groups
(see [20, section 4], [32, corollary 1.5], [18, §3]). We say that a function ¢: X — Y
between the left G-sets X and Y is an almost G-map if for all ¢ € G, the set

{z € X | g(¢px) # ¢(gx)} is finite.
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Theorem 10.1. Let k € N, let G be a free group of rank k, let kG denote the free
left G-set with k orbits, and let {*} denote the G-set consisting of one fized point.
Then there exists a bijective almost G-map ¢: G — kG U {x}.

In fact the above is the only property of free groups that Connes uses, and it is
also the only property of free groups used in [41] in establishing Conjecture 8.8 for G
a free group. Thus it was of considerable interest to determine which other groups
satisfied the conclusion of the above theorem. However Dicks and Kropholler [18]
showed that free groups were the only such groups.

After proving Conjecture 8.8 for free groups, the following was established in
[41] (see [41, theorem 1.5] for a generalization).

Theorem 10.2. Let n € P, let F QG be groups such that F is free, G/F is
elementary amenable, and A*(G) = 1, and let D,(G) denote the division closure
of M,,(CG) in M, (U(G)). Assume that the finite subgroups of G have bounded
order, and that I = lem(G). Then there exists a division ring D such that D, (G) =
M;,, (D).

Of course the special case [ = n =1 in the above theorem yields Conjecture 8.8
for groups G which have a free subgroup F' such that G/F is elementary amenable.
The subsequent sections will be devoted to a proof of the following result.

Theorem 10.3. Let F' <1 G be groups, and let 2 denote the set of matrices with
entries in CG which become invertible over D(G). Suppose F' is a direct product
of free groups, G/F is elementary amenable, and the orders of the finite subgroups
of G are bounded. Then D(G) is a semisimple Artinian ring and the identity map
on CG extends to an isomorphism CGy, — D(G). Furthermore if e € D(G) is a
projection, then lem(G) trg e € Z for all projections e € D(G).

It seems very plausible that it is easy to extend the above theorem to the case
when F' is a subgroup of a direct product of free groups, and it certainly would
be nice to establish this stronger result. However subgroups of direct products can
cause more difficulty than one might intuitively expect, see for example [3]. In fact
if H<1G are groups such that G is torsion free, G/H is finite, and H is a subgroup
of a direct product of free groups, then it is even unknown whether CG is a domain.

One can easily read off a number of related results from Theorem 10.3, for
example

Corollary 10.4. Let F <G be groups such that F' is a direct product of free groups
and G/F is elementary amenable, let n € P, and let D, (G) denote the division
closure of M, (CG) in M,,(U(G)). Suppose AT(G) =1 and the orders of the finite
subgroups of G are bounded, and set | =lem(G). Then D, (G) = My, (D) for some
division ring D.

For further recent information on these analytic techniques, especially in the case
G is a free group, we refer the reader to the survey article [28].

11. L?*(G)-MODULES

We define E = N U {oo}, where oo denotes the first infinite cardinal. Let G
be a group, and let L?(G)> denote the Hilbert direct sum of oo copies of L(G),
so L?(G)® is a Hilbert space. Following [10, section 1], an L?(G)-module H is a
closed right CG-submodule of L?(G)™ for some n € E, an L?(G)-submodule of H is



ANALYTIC VERSIONS OF THE ZERO DIVISOR CONJECTURE 21

a closed right CG-submodule of H, an L?(G)-ideal is an L?(G)-submodule of L?(G),
and an L?(G)-homomorphism or L?(G)-map 6: H — K between L?(G)-modules is
a continuous right CG-map. If X is an L?(G)-ideal, then X is also an L?(G)-ideal,
so L?(G) = X @ X+ as L?(G)-modules. The following lemma shows that there can
be no ambiguity in the meaning of two L?(G)-modules being isomorphic.

Lemma 11.1. Let H and K be L*(G)-modules, and let : H — K be an L*(G)-
map. Ifker =0 and im 6 = K, then there exists an isometric L*(G)-isomorphism

¢:H— K.
Proof. See [10, p. 134] and [45, §21.1]. O
Lemma 11.2. If U is an L*(G)-ideal, then U = uL*(G) for some u € U.

Proof. Let e be the projection of L?(G) onto U. Then e € W(G) because U is a
right CG-module, and eL?(G) = U. Thus el € U and we may set u = el. O

Lemma 11.3. Let n € E, let u € L*(G)", and let U = uCG. Then U is L*(G)-
isomorphic to an L*(G)-ideal.

Proof. Define an unbounded operator : L?*(G) — U by 0a = ua for all a € CG.
Suppose «a,, € CG, a,, — 0 and 6, — v where v € U\0. Choose a standard basis
element w = (0,0,...,0,¢,0,...) € L*(G)™ where g € G such that (v,w) # 0.
Then

(v,w) = lim (ua,,w) = lim (u, wa, ) =0,
n—oo — 00

a contradiction. Therefore 6 extends to a closed operator, which we shall also call 8
(see [33, p. 155]). Note that im @ is dense in U. Using [45, §21.1, II], we may write
6 uniquely in the form ¢ where 1 is a self adjoint unbounded operator on L?(G)
and ¢: L?(G) — U is a partial isometry. Since 6 is a right CG-map, we see from the
uniqueness of the factorization of 6 that ¢ (and 1) is also a right CG-map. Thus ¢
induces an L?(G)-isomorphism from an L?(G)-ideal onto U, as required. O

We shall say that an L?(G)-module H is finitely generated if there exist n € P
and uyg, ..., u, € H such that u;CG+- - -+u,CG is dense in H. Obviously if H and
K are finitely generated, then so is H @ K. The next lemma gives an alternative
description of this definition.

Lemma 11.4. Let H be an L?(G)-module. Then H is finitely generated if and only
if H is isomorphic to an L*(G)-submodule of L*(G)" for some n € P, and in this
case there exist L?(G)-ideals Iy, ..., I, such that H= 1, ® - & I,.

Proof. First suppose that H is isomorphic to an L?(G)-submodule of L?(G)™ where
n € P. Write L?(G)" = U @ V where U = L?(G), V = L?*(G)" !, and ULV. Let
W be the orthogonal complement to U N'H in H, and let m be the projection of
L?(G)™ onto V. Then the restriction of m to W is an L?(G)-monomorphism, so by
Lemma 11.1 W is isomorphic to an L?(G)-submodule of V. Using induction, we
may assume that W is finitely generated and isomorphic to a finite direct sum of
L?(G)-ideals. But H = UNH & W and U N'H is finitely generated by Lemma 11.2,
so ‘H is finitely generated and isomorphic to a finite direct sum of L?(G)-ideals.
Now suppose H is finitely generated, say u1CG + - - - + u,,CG is dense in H. Let
U=uCG,let V=U"t, and for i = 2,...,n, write u; = u} + v; where u} € U and
v; €V. Then H=U®V, v2CG + --- 4+ v,CG is dense in V| and U is isomorphic
to an L?(G)-ideal by Lemma 11.3. Using induction on n, we may assume that V/
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is isomorphic to an L?(G)-submodule of L?(G)"~! for some n € P, and the result
follows. .

Lemma 11.5. Let U, V and W be L?(G)-modules. If U & W is finitely generated
andUDW ZV W, thenU 2 V.

Proof. Since U @ W is finitely generated, Lemma 11.4 shows we may assume that
U ® W is an L*(G)-submodule of L?(G)"™ where n € P. UsingU @ W 2V @ W,
we may assume that U @ W =V & Wy where W = W;. If X is the orthogonal
complement of U @ W in L?(G)", then

Ue(WaoX)=L*(G)"=Vae (W &X)

and we need only consider the case X = 0.

Thus we have U & W = L2(G)" =V & W; where W = W;. Let e and f denote
the projections of L?(G)™ onto W and W; respectively, and let §: W — W; be
an isometric L?(G)-isomorphism. Then e, f € M,,(W(G)) because W and W; are
L?(G)-submodules. Since

UsL*GQ)"=UsVeW 2VaeUaW =VaL*G)",
there is an isometric L?(G)-isomorphism ¢: USL?(G)" — VO L3(G)". If ¢ = @ ¢,
then
1/}: LQ(G)2n N L2(G)2n

is a unitary operator which is also a right CG-map, so ¥ can be considered as an
element of Ms, (W(G)). Set

E = diag(e,0,) and F = diag(f,0,).

Then E and F are projections in Ma, (W (G)) and ¢ E¢~! = F, so E and F are
equivalent [4, definition 5, §1]. By [4, proposition 8, §1],

diag(e,1,) and diag(f,1,)
are also equivalent projections. Now M, (W (G)) is a finite von Neumann algebra
[4, definition 1, §15], [38, proposition 9], and satisfies “GC” [4, corollary 1, §14], so
we may apply [4, proposition 4, §17] twice to deduce that

1 —diag(e,1,,) and 1—diag(f,1,)

are equivalent projections, and hence unitarily equivalent projections. Therefore

(1—e)L*(G)" = (1~ f)L*(G)"
and the result follows. O

Lemma 11.6. Let H = L?(G)>, let U be a finitely generated L?(G)-submodule of
H, and let V. =U~L. Then V =2 H.

Proof. Using Lemma 11.4 and induction, we may assume that U is isomorphic to
an L?(G)-ideal. Write H = Ly & Lo @ -+ where L; = L?(G) for all i € P, let
M, = @?:1 L;, let X,, denote the orthogonal complement of V N M,, in M,, let
T,, denote the orthogonal complement of VN M,, in VN M,41 (n € P), and let 7
denote the projection of H onto U. Since X, N (VN M,) =0 and X,, C M, we
see that X, NV = 0, hence the restriction of 7 to X,, is an L?(G)-monomorphism
and we deduce from Lemma 11.1 that X, is isomorphic to an L?(G)-submodule of
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U. Therefore we may write X,, ®Y,, = L?(G) for some L*(G)-ideal Y,, (n € P). We
now have

VmMn@Tn@Xn—H :Mn+1:V0Mn®Xn€BLn+1
gVﬂMn@Xn@Xn-i-l EBYn-&-l;

thus by Lemma 11.5 we obtain T}, = X,, ® Y,,11, so we may write T,, = X, @Y,
where X,, 2 X] and Y,, 2 Y, (n € P). For n € P, set F,, = VN M, ® X/,. Then
F,, C F, 11, so we may define F,, 1 to be the orthogonal complement of F,, in F}, 1
(n € P); we shall set E; = Fy. Since F,, 2 VN M, & X,, = M,, application of
Lemma 11.5 yields E,, = L*(G) for all n € P. Now

VﬂMn gEl@"‘@En gvnMn—&-l
for all n € P, hence @;, E; =V and the result follows. O

An L?(G)-basis {e1, e, ...} of the L?(G)-module H means that there exists an
isometric L?(G)-isomorphism 0: H — L?*(G)" for some n € E such that (e;) =
0,...,0,1,0,...), where the 1 is in the ith position. If {fi, fa,...} is another
L?(G)-basis of H and « is the L?(G)-automorphism of H defined by ae; = f;, then
aa* = a*a = 1. Also we say that an L?(G)-map 6 has finite rank if im 6 is finitely
generated.

Suppose now H = L?(G)> and that §: H — H is a finite rank L?(G)-map. Let
K = kerf. Then the restriction of § to K+ is an L?(G)-monomorphism, so K+
is finitely generated by Lemma 11.4. Using Lemmas 11.4 and 11.6, there exists
n € P and an L?(G)-basis {e1,ez,...} of H such that im6# + K+ C U where
U=¢eCG+---+e,CG. We may represent 6 by a matrix (6;;) where ¢,j € P and
9;; € W(G) for all 4,5 (so fe; = Z;’il e;0;;). Then we define trg 0 = .0 | tre 0,
which is well defined because 6;; = 0 for all i > n. Clearly if 8y is the restriction
of @ to U, then trg 6 = trg 0y (where trg 0 is defined as in Section 8).

Let {f1, f2,...} be another L?(G)-basis for H. We want to show that if (¢;;)
is the matrix of § with respect to this basis, then Z;’il trg ¢4 is an absolutely
convergent series with sum trg 6. Write f; = Zj‘;l ejaj; where a;; € W(G), and
Y opey ik ; 1s an absolutely convergent series with sum 0i; for all 4,5 € P. Then

n

tra i = (0fi, fi) = Z (€0 k0, erou;)

Jikil=1

n
= Y (ebpanay,en)

Jik,1=1
n

= trg (0jkanics;).
jk=1
Now Y772, agiaj; is absolutely convergent with sum dy;, hence Y772, Onapiaj; is
absolutely convergent with sum 640y, consequently > °°, trg(ijozkiozfj) is ab-
solutely convergent with sum trg(6;,0k;). Therefore .0 trg ¢y is absolutely
convergent with sum Z?,k:l trg(0;50k;) = tre 0, as required.
Suppose now that 0, ¢: H — H are finite rank L?(G)-maps. Let

M = (ker 0)* + (ker ¢)* +im@ + im ¢.
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Then M is finitely generated, so there exists n € P and an L?(G)-submodule
L = L?*(G)" of H containing M. Let 7 denote the projection of H onto L, and if
a:H — H is an L?(G)-map, then ay, will denote the restriction of a to L. Then
0+ ¢, 0¢ and ¢f have finite L?(G)-rank, and

tra(0 + @) = trg(0 4+ @) = trg 0L + trg ¢ = trg 0 + trg ¢,
trg 09 = trg(00)r = trg 061 = trg ¢r0r = trg(90) L = trg ¢0.

Also if av is an L?(G)-automorphism of H, then ar and a~! are finite rank L?(G)-
maps and 70 = 0§ = Ox, hence by the above

trg aba~! = trg(an)(fa™t) = trg(fa 1) (ar) = trg 6.

Suppose M is a finitely generated L?(G)-submodule of L*(G)™ where m € E.
Then dimg M is defined to be trge where e is the projection of L*(G)™ onto
M (dimg is precisely dg of [10, p. 134]). In view of Kaplansky’s theorem (see
Section 8), dimg M > 0 and dimg M = 0 if and only if M = 0. Let N be an
L?(G)-submodule of L?(G)™ where n € E and N = M. Then

M+ o L2(G)" = Nt o L2 (G)™,
hence there is a unitary L?(G)-map « of L2(G)™ & L?(G)™ which takes M to N.
Therefore if f is the projection of L?(G)"™ onto N, then 0 @ f = a(e @ 0)a~! and
it follows that trg f = trge. Thus dimg N = dimg M, in other words dimg M
depends only on the isomorphism type of M. If n € P and ¢ € M,,(W(G)), we may
view ¢ as an L?(G)-map L*(G)" — L?(G)", and then dimgim ¢ = rankg ¢. We
need the following technical result.

Lemma 11.7. Let H = L*(G)*°, let : H — H be an L?*(G)-homomorphism,
and let {e1,ea,...} be an L*(G)-basis for H. For r;s € E, r < s, let H,, =
e,CG+---+e,CG (s # ), let Hroo = ¢,CG+¢€,41CG+---, and let U, 5 =
OH, 5. Suppose for alli € P we can write Oe; as a finite sum of elements Z;Zl eja
where a; € CG for all j (where r depends on i). If rankg ¢ € Z for all ¢ € M,.(CG)
and for all r € P, then dimg Uy, NU, o0 € Z for all m,n € P.

Proof. Suppose a,b,c,d € P with a < b and b, ¢ < d. Using the hypothesis that fe;
can be written as a finite sum of elements of the form e;o; where a; € CG, there
exists 7 € P, r > d such that Uy 4 C Hi,. Define an L?*(G)-map ¢: Hi, — Hi,
by ¢e; = fOe; if a <i<borc<i<d, and ¢e; = 0 otherwise. Then with respect to
the L?(G)-basis {e1,...,e,} of Hi, the matrix of ¢ is in M,.(CG), so rankg ¢ € Z.
But im ¢ = (Hg,p + Heq) and it follows that dimg Uy p + Ue g € Z.

Let s € P with s > m,n. Using Lemma 11.1 we can obtain standard isomorphism
theorems, in particular

(Ul,m + Un,s) S (Ul,m N Un,s) = Ul,m b Un,s-

Therefore dimg Uy, + Uy s + dimg Uy ,r, N U, s = dimg Uy, + dimg Uy, s and we
deduce from the previous paragraph that dimg Ui, NU, s € Z. Thus as s in-
creases, dimg Uy, NU,, s forms an increasing sequence of integers bounded above by
dimg Uy, hence there exists ¢t € P such that dimg Uy, NUy, s = dimg Uy ,; MU ¢
for all s > t. Therefore Uy, NU, s = U N Uy for all s > ¢, and it fol-
lows that Uy m N Upoo = Ui,m N Uy. We conclude that dimg Uy N Up,oo =
dimg Uy, NU, ¢ € Z as required. O



ANALYTIC VERSIONS OF THE ZERO DIVISOR CONJECTURE 25

12. THE SPECIAL CASE OF A DIRECT ProDpUCT OF FREE GROUPS

Here we generalize the theory of [41, section 3]. If H is a Hilbert space and G is
a group of operators acting on the right of H, then we define

Lo(H)=1{0€ LH)|b(ug) = (fu)g for all u € H and g € G}.

Note that von Neumann’s double commutant theorem [1, theorem 1.2.1] (or see (ii)
after Theorem 8.2) tells us that

L&(LA(G)) = {0 € L(LX(G)) | 0(ug) = (Bu)g for all g € G} = W(Q).

Suppose now that H and A are groups, G = H x A, n € P, € LA(L*(Q)), ¢ €
M, (£L4(L*(G))), and ¢ is represented by the matrix (¢;;) where ¢;; € L4(L*(G))
for all 4,7. We make 6 act on L*(G) @ L?(G) @ L%(A) by 0(u,v,z) = (0u,6v,0),
and ¢ act on L?(G)" & L*(G)" & L2(A)" by ¢(u,v,x) = (¢u, ¢pv,0) (u,v € L*(G)
or L(G)", x € L*(A) or L?(A)"™). Note that the actions of # and ¢ on L*(G) ®
L?(G) @ L?*(A) and L?(G)" @ L?(G)" @ L?(A)" are right CA-maps.

Now let H be the free group on two generators, and let A act on the right of
A by right multiplication as usual; i.e. ab = ab for all a € A and b € A. We also
make H act trivially on A: thus ha = a for alla € A and h € H (though hly = h).
Theorem 10.1 shows that there is a bijection 7: H — HU H U {14} (where 14 is
the identity of A) such that

(12.1) mlg = 1a,
(12.2) {k € H | h(rk) # w(hk)} is finite for all h € H.

We extend 7 to a right A-map
(12.3) m:G—-GUGUA

by setting w(ha) = (wh)a for all h € H and a € A. This in turn defines a unitary
operator a: L?(G) — L*(G) ® L*(G) & L*(A), and hence also a unitary operator
(equal to the direct sum of n copies of «)

(12.4) B: L*(G)" — L*(G)" @ L*(G)" ® L*(A)™.

We note that « and 3 are right CA-maps. Suppose ¢ € Mn(W(G)) and ¢ — 713
has finite L?(A)-rank. Then we have

Lemma 12.1. trg ¢ = tra(¢ — 371¢3).

Proof. (cf. [20, section 5].) Let (¢;;) denote the matrix of ¢. Since ¢;; — a ¢
has finite L?(A)-rank for all 4,7, tra ¢ = Y., trg ¢y and tra(¢ — B71¢B) =
S tra(¢i — a tgia), it will be sufficient to show that trg 0 = tra (6 — a~'6a)
for all @ € W(G) such that § — a0« has finite L?(A)-rank. If § = > gec 099
where 6, € C for all g € G, then trg 6 = 6, and (Ag,g) = 6, for all g € G. Using
(12.1), we see that (@mh,7h) = 60 for all h € H\1 and (fw1,71) = 0, hence

(0 —a~0a)h,h) =0 if he H\1,
(0 —a™t0a)1,1) = 6;.

Since H is an L?(A)-basis for L?(G), we can calculate tr4 6 with respect to this
basis and the result follows. O
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Let G be a group, let n € P, let € M,,(CG), and let X C G. If § = deG 049
where 6, € M,,(C), then supp 6 is defined to be {g € G | 8, # 0}, a finite subset of
G. Also L?(X) will indicate the closed subspace of L?(G) with Hilbert basis X.

Lemma 12.2. Let H be the free group of rank two, let A be a group, let G = Hx A,
let n € P, and let § € M,,(CG). Ifranks ¢ € Z for all ¢ € M,.(CA) and for all
r € P, then rankg 0 € Z.

Proof. Let m: G — GUGU A be the bijection given by (12.3), and let 8: L*(G)" —
L*(G)" @ L*(G)™ @ L*(A)™ be the unitary operator given by (12.4). Let

K ={ke H|g(rk) =n(gk) for all g € supp6},

let J = H\K, let Ly = 0L*(G)", let Ly = B~ 10BL*(G)", and let A denote the
projection of L?(G)™ onto L;. Then |J| < oo by (12.2), and 8~ A3 is the projection
of L?(G)™ onto Ly. Since rankg 6 = trg A, we want to prove that trg A € Z.

Let M = 0L?*(KA)", and let y denote the projection of L?(G)"™ onto M. Note
that M = 37 10B8L%(K A)"™ because 37 10Bu = Ou for all u € L?(KA)". Let N;
and N, denote the orthogonal complements of M in L; and L, respectively, and
let 71 and 772 denote the projections of L?(G)™ onto Ny and No respectively. Let
P = 0L2(JA)", let P, = B719B8L*(JA)", and for i = 1,2, let Q; denote the
orthogonal complement of P;N M in P;. Note that M NQ; = 0 and M + Q; is dense
in L; (i = 1,2). Thus if m; is the projection of L; onto N;, then the restriction of
7; to @Q; is an L?(A)-monomorphism with dense image, so N; = @Q; by Lemma 11.1
(i = 1,2). Therefore

(12.5) N; & (PNM) P,

Using Lemma 11.4, we see that N; is finitely generated, hence 77 — 72 has finite
L?(A)-rank. Also A\ = p+m and 371A\3 = p + 12, hence A — 37I\3 = 1y — ns.
Therefore trg A = tra(A—371\3) by Lemma 12.1, and since tr(n; —1n2) = tran, —
tr4 mo, it will suffice to prove that tra n; and trany € Z. Now try n; = dimy N; so
in view of (12.5), we require that dims P; N M and dim4 P; € Z.

We apply Lemma 11.7: note that with respect to the standard L?(A)-basis H"
of L?(G)™, the matrices of § and 37103 have the required form for this lemma. But
P = 0L2(JA)", P, = 3710BLA(JA)", and M = 0L?*(KA)" = B~ Y9BL*(KA)",
and the result follows. (]

The proof of the following lemma is identical to the proof of [41, lemma 3.7].

Lemma 12.3. Let G be a group. If rankg 0 € Z for all § € M,,(CG) and for all
n € P, then D(G) is a division ring.

Proof. We shall use the theory of [15, section 7.1]. Let R denote the rational closure
[15, p. 382] of CG in U(G), and let o € D(G)\0. By [15, exercise 7.1.4] D(G) C R,
so we can apply Cramer’s rule [15, proposition 7.1.3] to deduce that « is stably
associated over R to a matrix in M,,(CQG) for some m € P. Therefore there exists
n > m such that diag(a, 1,,_1) is associated over R to a matrix § € M,,(CG), which
means that there exist X,Y € GL,,(U(G)) such that X diag(c, 1,,-1)Y = 6.
Suppose « is not invertible in U(G). Using Lemma 8.3, we see that 0 <
rankg o < 1 and thus n — 1 < rankg 6 < n. This contradicts Lemma 12.2, hence «
is invertible in U(G). Since D(G) is closed under taking inverses, D(G) must be a
division ring. O
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Lemma 12.4. Let n € P, and let G = Hy X --- X H,, where H; is isomorphic to
the free group of rank two for all i. Then D(G) is a division ring.

Proof. By induction on n and Lemma 12.2, rankg 6 € Z for all § € M,,(CG) and
for all n € P. Now use Lemma 12.3. g

Lemma 12.5. Let H<G be groups such that G/H is free, let ® denote the matrices
over CH which become invertible over D(H), and let ¥ denote the matrices over
CG which become invertible over D(G). Suppose D(G) is a division ring. If the
identity map on CH extends to an isomorphism ¢: CHe — D(H), then the identity
map on CG extends to an isomorphism o: CGy — D(G).

Proof. By Lemma 9.3, we may view > ., D(H)g as D(H) = [G/H]. Suppose
HC N<K CGand K/N = Z with generator Nt where ¢t € K. Then if d; € D(N)
and >, d;t" = 0, it follows that d; = 0 for all 4, which means in the terminology of
[31, §2] that D(G) is a free division ring of fractions for D(H) * [G/H]. Therefore
D(G) is the universal field of fractions for D(H) % [G/H] by the theorem of [31]
and the proof of [37, proposition 6]. Since D(H) x [G/H] is a free ideal ring [14,
theorem 3.2], the results of [15, §7.5] show that D(G) = D(H) x [G/H]y for a
suitable set of matrices ¥ with entries in D(H) * [G/H]. The proof is completed
by applying [56, proof of theorem 4.6] and [15, exercise 7.2.8]. O

Lemma 12.6. Let G < F be groups such that F is a direct product of finitely
generated free groups, and let 2 denote the set of matrices over CG which become
invertible over D(G). Then D(G) is a division ring, and the identity map on CG
extends to an isomorphism CGx — D(G).

Proof. We may write F' = F| X --- X F,, where n € P and the F; are finitely
generated free groups, and since any finitely generated free group is isomorphic to
a subgroup of the free group of rank 2, we may assume that each F; is free of rank
2. Then D(F) is a division ring by Lemma 12.4, hence D(G) is a division ring.
Write Hl = Fl X X Fl for 0 < ) <n (SO H() = 1) Then (GﬁHl)/(GﬂHl_l) is
isomorphic to a free group for all 7, so we can now use Lemma 12.5 and induction
on n to complete the proof. [l

13. Proor or THEOREM 10.3
To simplify the notation in the following lemma, we assume that 1,2,... € Z.

Lemma 13.1. Let {H; | i € I} be a family of nonabelian free groups, let G =
Hy x Hyx -+, and let 0 be an automorphism of G. Then 6H; = H; for somei € L.

Proof. Suppose g = (g1, 92,...) € G where g; € H; for all i. Then

Cal9) = Cu,(91) x Cry(g2) X -
and Cp,(g;) 2 Z if g; # 1, and Cy,(g;) = H; if g; = 1. Tt follows that Z(Cg(g)) =
Z", where Z(Cg(g)) denotes the center of Ci(g) and r = |{i | g; # 1}|.
Let 2,y € Hi\1. Then by the above we have fx € H, and 6y € H; for some
i,j € Z. If i # j, then (x,y) = Z x Z which is not possible. Therefore i = j and
the result follows. O

Lemma 13.2. Let H <1 G be groups such that H is a direct product of nonabelian
free groups and G/H is finite. Let X be a finite subset of G. Then there exists
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a finitely generated subgroup Go of G such that X C Gy and Gy N H is a direct
product of nonabelian free groups.

Proof. By enlarging X if necessary, we may assume that HX = G. Let H be
the direct product of the nonabelian free groups H;. Using Lemma 13.1 we see
that G permutes the H; by conjugation, so we may write H = x;K; where K; =
Ky X -+ - X Ky, with the K;; nonabelian free groups (so each K;; is an Hy, for some
k), and for each i the set {Kj1,..., Kim,} is permuted transitively by conjugation
by G. For each i, let IN; denote the normalizer of K;; in GG, and then choose right
transversals S; C X for H in N;, and T; C X for N; in G; thus |T;| = m; and
we may write T; = {t;1,...,tim,} where t;leiltij = K;j. Set Hy = HnN(X) and
note that since it is a subgroup of finite index in a finitely generated group, it is
also finitely generated, so we may write Hy C K1 X --- X K,, for some n € P, and
then there are finite subsets V;; C K;; (1 < i < nand 1 < j < m;) such that
Hy C (UZ ; Yi;). Then we may choose finitely generated nonabelian free subgroups

I?ﬂ of K;; such that
Yij Ct; Katy; for j=1,...,m;.
Set L;; = (s_lffils | s € S;) and
Li =t Lt Xty Livtio X+« X 3} Littim,.

m

Then L;; and hence also L; is a finitely generated subgroup. Also if i,j € P with
i<n,j <m; and z € X, then we may write ¢;;x = hst;, for some h € Hy, s € 5;
and k € P, and then xilti_leiltij:c = ti_leiltik and we deduce that X normalizes
L;. Therefore if L = Ly X --- X Ly, then L is a finitely generated subgroup and
X normalizes L. Moreover L;; is a free group because it is a subgroup of the free
group K1, and it is nonabelian because it contains the nonabelian subgroup IN(il,
hence L is a direct product of nonabelian free groups. Thus we may set Go = L{X)
for the required subgroup. ([

For the purposes of the next two lemmas, given a group G and n € P, we shall
define S,,G to be the intersection of normal subgroups of index at most n in G.
Note that S,,G is a characteristic subgroup of G and that S,,G 2 S,+1G for all
n € P. Furthermore if G is finitely generated, then G/S, G is finite.

Lemma 13.3. Let F <G be groups such that F is finitely generated free and G/ F
is finite. Suppose for all n € P, there exists H, < G such that H,F = G and
H,NF =S8,F. Then there exists H < G such that HF = G and HNF = 1.

Proof. Since S, F is a normal subgroup of finite index in G, there are only finitely
many subgroups of G which contain S, F', hence an application of the Konig graph
theorem shows we may assume that H, D Hn+1 for all n € P. It follows that if
G denotes the profinite completion of G, then G has a subgroup K isomorphic to
G/F.

We shall now use the notation and results of [60]. Since G has a free subgroup
of finite index, we see from [17, theorem IV.3.2] that G is isomorphic to the fun-
damental group of a graph of groups m1(G,T") with respect to some tree T, where
T is a finite graph of groups, and the vertex groups G(v) are finite for all vertices
v of T'. Then we can form the fundamental group II;(G,T',T) in the category of

profinite groups, and by construction, II; (G, T, T) = G [60, p. 418]. Of course the
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vertex groups G(v) are the same as the vertex groups G(v). By [60, theorem 3.10]
and the fact that K is a finite subgroup, we see that K C gG(v)g~! for some vertex

v of I and some g € G. Thus G has a subgroup isomorphic to G/F and the result
follows. ]

Lemma 13.4. Letl € P, and let H <G be groups such that G is finitely generated,
G/H is finite, and H is a direct product of nonabelian free groups. Assume that
whenever K G such that K C H and G/K is abelian-by-finite, then G/K has a
subgroup of order l. Then G has a subgroup of order [.

Proof. Write H = Hy X --- x H; where the H; are nonabelian free groups, and set
H(n) =8, Hy X -+ x 8, H, for n € P. Note that if K <G and G/K is abelian-by-
finite, then H{,) € K for some n € P and that H/H(,, is torsion free.

First we reduce to the case [G/H| = I. We know by hypothesis that G/H{, has

a subgroup Ly /H(,, of order [ for all n € P. Since H/H, is torsion free, we see
that L, N H = H{,, and therefore |L,H/H| = I. Now G/H has only finitely many
subgroups of order [, hence there exists a subgroup Go/H of order | in G/H with
L, C Gy for infinitely many n. Thus replacing G with Gy, we may assume that
|G/H| =1.

We now use induction on ¢, the case t = 1 being a consequence of Lemma 13.3.
Suppose we can write H = F; X Fy where Fy, F5 <{G and each Fj is a direct product
of a proper subset of {Hy,...,H;}. Then by induction on ¢ there exists G; < G
such that F; C G; and |G1/F1| = . The natural injection G; — G induces an
isomorphism G; — G/F5, so again using induction we see that G, and hence also
G, has a subgroup of order /. Therefore we may assume that no such decomposition
H = F} x Fy as above exists. It now follows from Lemma 13.1 that G permutes
the H; transitively by conjugation. Let D,, be the normalizer of Hy in L,,, and let
Z = Hy X --- x H;. Then D, H is the normalizer of both H; and Z in G for all
n € P, so we may set D = D, H for all n. Since D,H = D and D,, " H = H,) for
all n € P, we have from the case ¢ = 1 that D/Z has a subgroup of order |D/H|.
Thus D/Z is isomorphic to a semidirect product of Hy; and D/H, so we may apply
[30, theorem 3] to obtain a subgroup of G isomorphic to G/H, which is what is
required. ([l

Lemma 13.5. Let G = |J;c; Gi be groups such that given i,j € I, there exists
l € T such that G;,G; C Gy, let ¥ denote the matrices with entries in CG which
become invertible over D(G), and let ¥; denote the matrices with entries in CG;
which become invertible over D(G;). Assume that the orders of the finite subgroups
of G are bounded, and that D(G;) is an Artinian ring for all i € I. Suppose
lem(G;) trg, e € Z whenever e is a projection in D(G;), for alli € I. Then
(i) D(G) = U;ez D(Gi) and lem(G) trg e € Z for all projections e € D(G).
(ii) D(G) is a semisimple Artinian ring.
(i) Suppose the identity map on CG extends to an isomorphism X\;: CG;x, —
D(G;) for alli € T. Then the identity map on CG extends to an isomor-
phism A: CGx — D(G).
Proof. (i) This is obvious.
(i) If Iy > I; > --- > I, is a strictly descending sequence of right ideals in D(G),

then
IyN D(Gz) >IN D(Gl) >IN D(Gz) >---> 1N D(G,)
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is a strictly descending sequence of right ideals in D(G;) for some i € Z, hence
r < lem(G) by (i) and Lemma 9.6. This shows that D(G) is Artinian, and the
result now follows from Lemma 9.4.

(iii) Since every matrix in 3; becomes invertible over CGy;, we see that there are
maps f;: CG;xn, — CGyx which extend the inclusion map CG; — CG. Now )
is an isomorphism for all ¢ € Z, hence there are maps v;: D(G;) — CGyx defined
by v; = uiAgl, which extend the inclusion map CG; — CG. If G; C G; and
¥i;: D(G;) — D(Gj) is the inclusion map, then v;1);; = v; and it follows that the
v; fit together to give a map v: ;.7 D(Gi) — CGx such that v1); = v;, where
Vi D(Gi) — U,z D(G;) is the natural inclusion. But (J,.; D(G;) = D(G) by (i),
and we deduce that v: D(G) — CGyx is a map which extends the identity on CG.
By the universal property of CGy, there is a map A: CGxy — D(G) which also
extends the identity on CG. Then v is the identity on CGy and Av is the identity
on D(G), and we deduce that A is an isomorphism, as required. O

We need the following three technical lemmas.

Lemma 13.6. (c¢f. [41, lemma 4.4].) Let Q be a semisimple Artinian ring, let
G = (x) be an infinite cyclic group, let Q *x G be a crossed product, and let S be
the set of nonzero divisors of Q x G. Let R be a ring containing Q *x G, and let D
be the division closure of @ * G in R. Suppose every element of Q *x G of the form
1+ qz+ -+ gzt with ¢; € Q and t € P is invertible in R. Then Q x G is a
semiprime Noetherian ring and D is an Artinian ring. Furthermore every element
of S is invertible in D, and the identity map on Q x G extends to an isomorphism
Q * GS — D.

Lemma 13.7. Let H << G be groups, let D(H)G denote the subring generated
by D(H) and G in D(G), and let & denote the matrices with entries in CH which
become invertible over D(H). If the identity map on CH extends to an isomorphism

CHys, — D(H), then the identity map on CG extends to an isomorphism CGyx —
D(H)G.

Proof. This follows from Lemma 9.3 and [41, 4.5] |

Lemma 13.8. (See [41, lemma 4.7].) Let D be a x-ring, let R be a set of subrings
of D, let n € P, and let e € M, (D) be an idempotent. Assume that whenever
R € R and P is a finitely generated projective R-module, there exist projections
fi € R such that P =2 @ f;R. If the natural induction map

@ Ko(R) — Ko(D)
ReR
is onto, then there exist r,s € P, Ry,...,Rs € R, and projections f; € R; (1 <i <
s) such that
diag(e, 1,,0,) = udiag(fi,..., fs, Onpr)u™",
where u € GLy4r45(D).
The essence of the next two lemmas is to show that if Theorem 10.3 holds for

the group Gog and G/Gj is finitely generated abelian-by-finite, then it also holds
for G. This is to prepare for an induction argument to follow.

Lemma 13.9. Let H < G be groups such that G/H is free abelian of finite rank,
let D(H)G denote the subring of D(G) generated by D(H) and G, and let S denote
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the nonzero divisors in D(H)G. Suppose D(H) is an Artinian ring. Then D(H)G
is a semiprime Noetherian ring and D(G) is an Artinian ring. Furthermore every
element of S is invertible in D(G), and the identity map on D(H)G extends to an
isomorphism from D(H)Gg to D(G).

Proof. By induction on the rank of G/H, we immediately reduce to the case G/H
is infinite cyclic, say G = (Hz) where z € G. Since D(H) is semisimple by
Lemma 9.4 and D(H)G = D(H)*G/H by Lemma 9.3, we are in a position to apply
Lemma 13.6. If a = 1+ @2+ +qx* € D(H)G where t € P and ¢; € D(H), then
by Proposition 9.5(ii) there is a nonzero divisor 5 in W(H) such that 8q; € W(H)
for all 7. Using [40, theorem 4], we see that Say # 0 for all v € W(G)\0, and we
deduce that « is invertible in U(G). The result now follows from Lemma 13.6. O

Lemma 13.10. Let N <H <G be groups such that N <G, H/N is free abelian of
finite rank, and G/H is finite. Let D(N)G denote the subring of D(G) generated
by D(N) and G, and let S denote the nonzero divisors of D(N)G. Suppose D(N)
is an Artinian ring. Then

(i) D(N)G is a semiprime Noetherian ring and D(G) is a semisimple Artinian
ring. Furthermore every element of S is invertible in D(G), and the identity
map on D(N)G extends to an isomorphism from D(N)Gg to D(G).

(ii) Let ® denote the matrices of CN which become invertible over D(N), and
let &2 denote the matrices of CG which become invertible over D(G). If the
identity map on CN extends to an isomorphism CNg — D(N), then the
identity map on CG extends to an isomorphism CGx, — D(QG).

(iii) Suppose m,n € P and the orders of the finite subgroups of G are bounded.
If mlem(F) trpe € Z whenever F/N € F(G/N) and e is a projection in
D(F), then mlem(QG) trg e € Z for all projections e in M, (D(Q)).

Proof. (i) This follows from Lemmas 9.4 and 13.9.
(ii) Lemma 13.7 shows that the identity map on CG extends to an isomorphism
D(N)G — CGg. We now see from (i) and the proof of [56, theorem 4.6] that D(G)
is CGy for a suitable set of matrices U with entries in CG. An application of [15,
exercise 7.2.8] completes the proof.
(iii) Using (i), we see that D(N)G is Noetherian and that D(G) = D(N)GS™!, so
it follows from [34, lemma 2.2] that the natural inclusion D(N)G — D(G) induces
an epimorphism Go(D(N)G) — Go(D(G)). Now D(F) = D(N) x F/N whenever
F/N € F(G/N) by Lemma 9.4, and D(N)G = D(N) * G/N by Lemma 9.3, so
we can apply Moody’s induction theorem (Lemma 4.4) to deduce that the natural
map
Go(D(F)) — Go(D(G))

F/NEF(G/N)
is also onto. Since D(G) and D(F') are semisimple Artinian by (i), we have natural
isomorphisms Ky(D(G)) =2 Go(D(G)) and Ko(D(F)) = Go(D(F)) for all F' such
that F/N € F(G/N), and we conclude that the natural induction map

P  EK(D(F) — Ko(D(G))
F/NeF(G/N)

is onto. When F'/N € F(G/N), we see from Lemma 9.4, that D(F) is semisimple
Artinian, hence every indecomposable D(F')-module is of the form eD(F') for some
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idempotent e € D(F') and in view of Proposition 9.5(i), we may assume that e is a
projection. We are now in a position to apply Lemma 13.8, so we obtain r,s € P,
Fy/N,...,Fs/N € F(G/N), and projections f; € D(F;) such that

diag(ea Ly, Os) = Udiag(fla R fsa On—i-r)uil

where v € GLpyrys(D(G)). Applying Lemma 8.4, we may assume that u €
GLyr+5(W(G)), hence

trge+r=trg fi+ - +trg fs
and the result follows. O

The following result could easily be proved directly, but is also an immediate
consequence of the above Lemma 13.10(iii) (use the case G = N and note that the
orders of the finite subgroups of G all divide ).

Corollary 13.11. Let G be a group such that D(G) is Artinian, and let [,n € P.
If ltrge € Z for all projections e € D(G), then ltrge € Z for all projections
e € M,,(D(G)).

Lemma 13.12. Let H<G be groups such that |G/H| < oo and H is a direct product
of nonabelian free groups, let | = lem(G), and let ¥ denote the set of matrices with
entries in CG which become invertible over D(G). Then
(i) D(G) is a semisimple Artinian ring.
(ii) The identity map on CG extends to an isomorphism CGsx — D(G).
(iii) If e € D(G) is a projection, then ltrge € Z.

Proof. Let {X; | i € T} denote the family of finite subsets of G. For each i € Z,
there is by Lemma 13.2 a finitely generated subgroup G; containing X; such that
G; N H is a direct product of nonabelian free groups. Let ¥; denote the matrices
over CG; which become invertible over D(Gj;).

If (i), (ii) and (iii) are all true for all i € Z when G is replaced by G; and ¥ by
3;, then the result follows from Lemma 13.5 so we may assume that G is finitely
generated.

Lemma 13.4 now shows that there exists K <G such that K C H, G/K is abelian-
by-finite, and lem(G/K) = I. Using Lemma 12.6, we see that D(K) is a division
ring and that the identity map on CK extends to an isomorphism CKg¢ — D(K),
where ® denotes the matrices with entries in CK which become invertible over
D(K). Therefore the only projections of D(K) are 0 and 1, so trx e € Z for all
projections e € D(K).

Let F/K € F(G/K), let [F : K] = f, let {z1,...,2} be a transversal for K
in F, let e € D(F') be a projection, and let " W(F) — M(W(K)) denote the
monomorphism of Lemma 8.6. In view of the previous paragraph, Corollary 13.11
tells us that trx h € Z for all projections h € M¢(D(K)). Since e € W(F), we may
write e = > €;2; where ¢, € W(K) for all i. Using Lemma 9.3, we deduce that
¢; € D(K) for all 4, and it is now not difficult to see that é € M;(D(K)). Therefore
trg é € Z by Corollary 13.11, and we conclude from Lemma 8.6 that ftrpe € Z.
But f|! and the result follows from Lemma 13.10. g

Proof of Theorem 10.3. Replacing F with F’, we may assume that F is a direct
product of nonabelian free groups. We now use a transfinite induction argument,
and since this is standard when dealing with elementary amenable groups, we will
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only sketch the details. If ) is a class of groups, then H € L)) means that every
finite subset of the group H is contained in a Y-subgroup, and B denotes the
class of finitely generated abelian-by-finite groups. For each ordinal «, define X,
inductively as follows:

Xy = all finite groups,
X, = (LX,—1)B if « is a successor ordinal,

Xy = U Xp if o is a limit ordinal.
B<a
Then {J,~ Xa is the class of elementary amenable groups [34, lemma 3.1(i)]. Let
a be the least ordinal such that G/F € X,. If a = 0, the result follows from
Lemma 13.12. The use of transfinite induction now means that we have two cases
to consider.

Case (i) The result is true with H in place of G whenever H/F is a finitely
generated subgroup of G/F. Here we use Lemma 13.5.

Case (ii) There exists H << G such that F C H and G/H is finitely generated
abelian-by-finite, and the result is true with E in place of G whenever E/H is a
finite subgroup of G/H. Here we use Lemma 13.10. O

Proof of Corollary 10.4. By Theorem 10.3, we know that D(G) is semisimple Ar-
tinian so if D(G) is not simple Artinian, then there is a central idempotent e € D(G)
such that 0 # e # 1. Using Proposition 9.5(i), we deduce that e € W(G). Since
geg~! = e for all g € G, we see that {grg~! | g € G} is finite whenever x € G and
e # 0, hence e € D(A(G)) where A(G) denotes the finite conjugate center of G
[47, §5]. But AT(G) = 1, hence A(G) is torsion free abelian by [47, lemma 5.1(ii)]
and it now follows from Theorem 10.3 that trge € Z. Therefore e = 0 or 1 by
Kaplansky’s theorem (§8), a contradiction, thus D(G) is simple Artinian and we
may write D(G) = M,, (D) for some m € P and some division ring D.

It remains to prove that m = [. Using Lemma 9.6 and Theorem 10.3, we see
that m < I. Now let FF € F(G) and set f = \Tl«“|deFg7 a projection in CF.
Write 1 =e; + -+ 4 e, + - + e, where the e; are primitive idempotents of D(G),
1<r<m,and f =e;+---+e,. By Lemma 9.5(i), there are projections f; € D(G)
such that f;D(G) = ¢;D(G) (1 <i < m), and then application of Lemma 8.5 shows
that trg f1 + - + trg fr, = 1. Also for each i, there exists a unit u; € D(G) such
that uifiu;1 = f1, and by Lemma 8.4 we may assume that u; € W(G) for all
i. Therefore trg f; = trg f1 for all i and we deduce that trg f; = 1/m for all 4.
Another application of Lemma 8.5 shows that trg f = trg f1 + - - + trg f and we
conclude that 1/|F| = r/m. Therefore |F| divides m for all F' € F(G), hence I|m
and we have proven the result in the case n = 1. The case for general n follows
from Lemma 9.1 and Corollary 13.11. (]
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