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1 Logic

1.1 Propositions and logical operations

Definition 1.1.1

A proposition is a sentence which is either true or false, but not both.

Example 1.1.2

� “1 + 2 = 3” is a true proposition.

� “1 + 2 = 4” is a false proposition.

� “x + 2 = 5” is neither true nor false since x is unspecified. Usually when we are solving
for x, we are trying to find an x-value that makes the statement true.

Definition 1.1.3

A truth value is a value indicating whether a given proposition is actually true or false.

Remark. A proposition is still a proposition regardless of whether or not its truth value is known, or
is a matter of opinion.

Example 1.1.4

� “1 + 2 = 3” has truth value true.

� “1 + 2 = 4” has truth value false.

� “x+ 2 = 5” has indeterminate truth value (as it depends on the value of x).

� “Dave Matthews Band is awesome” has indeterminate truth value as it’s technically a
matter of opinion (but objectively false).

1.1.1 The conjunction operation

Definition 1.1.5

A compound proposition is created by connecting individual propositions with logical oper-
ations. A logical operation combines propositions using particular composition rules.

symbol English translation
∧ “and”
∨ “or”

¬ or ∼ “not”

Remark. “not” should be interpreted generally as negating a statement, which is more commonly
how one would use it in English.

The order of operations for these symbols is simply reading them left-to-right, and one can include
parentheses to override the order (just like in the usual “PEDMAS” or whatever permutation of
those letters you had learned previously).
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Definition: Conjunction

If p and q are both statements, then the conjunction of p and q is the statement p ∧ q, read
“p and q.” This compound statement is true if both p and q are true, and it is false otherwise.
The truth table for conjunctions is below.

p q p ∧ q
T T T
T F F
F T F
F F F

To see that this is intuitive, consider the following example.

Example 1.1.6

Let x be a fixed real number and consider the propositions:

p: “x > 0”
q: “x < 5”

Let’s fix a couple of different x-values and record the truthfulness of p, q, and p ∧ q.

x-value p q p ∧ q
x > 0 x < 5 (x < 0) ∧ (x > 5)

−1 F F F
0 F T F
4 T T T
5 T F F
6 T F F

1.1.2 Conjunction in English

English is a creative language, which can make it frustrating to parse the logic. Given two
propositions p and q, there are a number of ways we can express p ∧ q in English. A non-exhaustive
list may be

“p and q”
“p, but q”

“despite p, q”
“although p, q”

1.1.3 The disjunction operation

1.1.4 The ambiguity of “or” in English

1.1.5 The negation operation
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1.2 Evaluating compound propositions

1.2.1 Filling in the rows of a truth table
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1.3 Conditional statements

1.3.1 The converse, contrapositive, and inverse

1.3.2 Compound propositions with conditional and biconditional operations
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1.4 Logical equivalence

1.4.1 Showing logical equivalence using truth tables

1.4.2 De Morgan’s laws
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1.5 Laws of propositional logic

1.5.1 Using the laws of propositional logic to show logical equivalence
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1.6 Logical reasoning

1.6.1 The form of an argument
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1.7 Predicates and quantifiers

1.7.1 Universal quantifier

1.7.2 Existential quantifier
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1.8 Quantified statements

1.8.1 Logical equivalence with quantified statements
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1.9 De Morgan’s law for quantified statements

1.9.1 De Morgan’s law for quantified statements
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1.10 Nested quantifiers

1.10.1 Nested quantifiers of the same type

1.10.2 Alternating nested quantifiers

1.10.3 De Morgan’s law with nested quantifiers
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1.11 More nested quantified statements

1.11.1 Using logic to express “everyone else”

1.11.2 Expressing uniqueness in quantified statements

1.11.3 Moving quantifiers in logical statements
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1.12 Rules of inference with propositions
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1.13 Rules of inference with quantifiers

1.13.1 Multiple uses of existential instantiation: a common mistake

1.13.2 Showing an argument with quantified statements is invalid
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2 Proofs

2.1 Mathematical definitions

2.1.1 Even and odd integers

2.1.2 Rational numbers

2.1.3 Divides

2.1.4 Prime and composite numbers

2.1.5 Inequalities
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2.2 Introduction to proofs

2.2.1 Theorems that are universal or existential statements

2.2.2 Proofs of universal statements: proof by exhaustion

2.2.3 Proofs of universal statements: universal generalization

2.2.4 Counterexamples

2.2.5 Counterexamples for conditional statements

2.2.6 Proving existential statements

2.2.7 Disproving existential statements
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2.3 Writing proofs: best practices

2.3.1 Proof steps and assumptions

2.3.2 The language of proofs

2.3.3 Best practices in writing proofs

2.3.4 Existential instantiation

2.3.5 Common mistakes in proofs
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2.4 Writing direct proofs

2.4.1 The form of direct proofs

2.4.2 Writing direct proofs

2.4.3 The process of writing proofs

2.4.4 The direct proof about rational numbers
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2.5 Proof by contrapositive

2.5.1 When to use direct proof vs. a proof by contrapositive

2.5.2 Irrational numbers and proofs by contrapositive

2.5.3 Proofs by contrapositive of a conditional statement with multiple hypotheses
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2.6 Proof by contradiction

2.6.1 Proof by contradiction and proof by contrapositive

2.6.2 A classic proof by contradiction

2.6.3 More examples of proof by contradiction
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2.7 Proof by cases

2.7.1 Proof by cases and the absolute value function

2.7.2 Without loss of generality
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2.8 The Division Algorithm

2.8.1 Quotients and remainders
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3 Sets

3.1 Sets and subsets

Definition: set,element

A set is an unordered list of items, called elements. If A is a set and a is an element of the
set, we write a ∈ A. If a is not an element of the set, we write a /∈ A.

Remark. An element of a set cannot appear twice.

We typically write a set using curly braces and listing the elements.

Example 3.1.1

Examples of sets.

1. S = {1, 3, 19}
2. [The natural numbers] N = {0, 1, 2, 3, 4, 5, . . .}
3. [The empty set] ∅ = {}
4. T = {1, 2, {1, 2}}

3.1.1 More notation related to sets

Definition: empty set

A set with no elements is called the empty set (or null set) as in denoted ∅ or sometimes { }.

Definition: finite/infinite set, cardinality

A finite set is a set that is either empty or whose elements can be numbered 1, . . . , n. An
infinite set is a set that is not finite. The cardinality of a finite set A, denoted |A|, is the
number of distinct elements in A.

Remark. Discussions of cardinality for infinite sets is left for later.

Definition

The following short-hand notation is used for some commonly-occuring sets.

N The natural numbers: {0, 1, 2, 3, . . .}
Z The integers: {. . . ,−2,−1, 0, 1, 2, . . .}

Z+ The positive integers: {1, 2, 3, 4, . . .}
Q The rational numbers (i.e. all possible fractions)
R The real numbers
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3.2 Sets of sets
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3.3 Union and intersection

3.3.1 The set intersection operation

3.3.2 The set union operation
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3.4 More set operations

3.4.1 Set difference and symmetric difference

3.4.2 The set complement operation
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3.5 Set identities
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3.6 Cartesian products
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3.7 Partitions
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4 Functions

4.1 Definition of functions

4.1.1 Function equality
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4.2 Floor and ceiling functions

4.2.1 The floor function

4.2.2 The ceiling function
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4.3 Properties of functions
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4.4 The inverse of a function
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4.5 Composition of functions
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5 Boolean Algebra
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6 Relations/Digraphs

6.1 Introduction to binary relations
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6.3 Partial orders
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6.4 Equivalence relations
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7 Induction and Recursion

7.1 Sequences

7.1.1 Increasing and decreasing sequences

7.1.2 Geometric sequences
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7.2 Recurrence relations
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7.3 Summations

7.3.1 Pulling out a final term from a summation

7.3.2 Change of variables in summations

7.3.3 Closed forms for sums
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7.4 Mathematical induction
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7.5 More inductive proofs

7.5.1 Divisibility proof by induction

7.5.2 Using induction to prove an assertion about a recurrence relation

7.5.3 Inductive proofs showing the closed forms for sums of arithmetic and geometric
sequences

7.5.4 An inductive proof for set operations
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8 Strong induction and well-ordering
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