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Overview

o Introduction

e Balanced truncation
@ Linear balanced truncation
@ Nonlinear balanced truncation

e Generalised balancing for nonlinear systems
@ Generalized Controllability and Observability functions
@ Structure-preserving balancing for nonlinear PH systems
@ lllustrative example and simulation results

0 Outlook & Conclusion
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Model reduction

System:
x(t) = f(t, x, u)
y(t) = h(t,x,u), x(t) € R", y(f) € R
Approximated/reduced order system:
x(t) = (¢, %, u)
y(t) = h(t, %, u), X(t) R, j(t) €R?
where r << n.
Criteria
@ Small approximation error.
@ Possible error bound.

@ Preservation of structural properties e.g. stability, passivity, symmetry.
@ Computational efficiency.

Arijit Sarkar and Jacquelien M.A. Scherpen 8
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Linear balancing

Linear system :

X = Ax + Bu
y =Cx
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Linear balancing

Linear system :

x = Ax + Bu
y =Cx
Controllability Gramian:
Woo = / BB & Tdr
0

Observability Gramian:
Wyo = / "' "cTceMdr

0
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Linear balancing

Linear system :
x = Ax + Bu
y =Cx
Controllability Gramian:
Woo = /0 T BB e Tdr
Observability Gramian:

Wyo = / e "cT e’ dr
0

AT Wy + WpA+C'C=0
AWge + WgeA' +BBT =0
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Linear balancing

Let T € R™ " is an invertible matrix s.t.
T WeeT=T "WeT " =%, (3)

Y ={o1,02, -+ ,0n},

where o1 > g2 >,--- , > op.

Arijit Sarkar and Jacquelien M.A. Scherpen 5
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Linear balancing

Let T € R™ " is an invertible matrix s.t.
T WeeT=T "WeT " =%, 3)
Y = {01,002, ,on},
where o1 > g2 >,--- , > op.
Xy Ay A By
= == = b 7 u
Al a2

Arijit Sarkar and Jacquelien M.A. Scherpen 5
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Linear balancing

Let T € R™ " is an invertible matrix s.t.

T WeeT=T "WeT " =%, 3)
Y = {01,002, ,on},
where o1 > g2 >,--- , > op.
Xi| _ 2\11 Aiz] [X4 B u
X2 Aoy Az| |Xe B,
NS
y= [ 1 2] |:)—(2:|
Reduced-order model:
X =A% + Bu
(4)

where, A= A1, B=B;and C = C;.

Arijit Sarkar and Jacquelien M.A. Scherpen 5
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Controllability and Observability functions

Nonlinear system:

x = f(x)+ g(x)u
y = h(x)

Arijit Sarkar and Jacquelien M.A. Scherpen (]
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Controllability and Observability functions

Nonlinear system:
X = f(x) + g(x)u
y = h(x)
Controllability function :
. 1 /0 2
L) = min 5 [ et

X(—00)=0,x(0)=xq

Arijit Sarkar and Jacquelien M.A. Scherpen (]
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Controllability and Observability functions

Nonlinear system:
x = f(x)+ g(x)u
y = h(x)
Controllability function :

. 1 /0 2
L) = _min 2 [ oot

X(—00)=0,x(0)=xq

Observability function :

-1 oo
Lo(X0) = E/0 Iy (8)]2dt, x(0) = xo, u(t) = 0,0 < t < co.

Arijit Sarkar and Jacquelien M.A. Scherpen (]
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Controllability and Observability functions

Nonlinear system:

x = f(x)+g(x)u

®)
y = h(x)
Controllability function :
— - 1 [° 2
L) = min 5 [ et
X(—00)=0,x(0)=xq
Observability function :
1 oo
Lo(X0) := E/ lly(8)][2dt, x(0) = xo, u(t) = 0,0 < t < .
0
For linear system —
1 _ 1
Le(X0) = 5% Wy'xo Lo(X0) = 5% WooXo (6)

2 2

Arijit Sarkar and Jacquelien M.A. Scherpen (]
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Controllability and Observability functions

Theorem

2 If 0 is an asymptotically stable equilibrium of f(x) on a neighbourhood U of 0, then for all x € U, Lo(x) is the
unique smooth solution of
L,

ox
Moreover, for all x € U, Lc(x) is the smooth solution of

F(x) + %hT(x)h(x) —0, Lo(0)=0 )

8Lc(X) 1 8Lc(x)

" Ls(x)
o (X) 55 9()g" (x)

ox

=0, L(0)=0 8)

such that 0 is an asymptotically stable equilibrium of —(f(x) + g(x)gT(x)%) on U.

2J.M.A. Scherpen, "Balancing for nonlinear systems", In Systems and Control Letters, vol. 21, no. 2, pp. 143-153, 1993.

Arijit Sarkar and Jacquelien M.A. Scherpen 7
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Generalized observability and controllability functions

If Lo(x) > 0 is a smooth solution of

ALo(x)
ox

(x)f(x) + %hT(X)h(x) <0, Lo(0)=0, ©)

Arijit Sarkar and Jacquelien M.A. Scherpen 8
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Generalized observability and controllability functions

If Lo(x) > 0 is a smooth solution of

ALo(x)
ox

(nﬂn+%Hanngo,de:o, ©)

Lo(x0) < Lo(xo).

Arijit Sarkar and Jacquelien M.A. Scherpen 8
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Generalized observability and controllability functions

If Lo(x) > 0 is a smooth solution of

dLo(x) 1 P
200100 + 3hT(0h() <0, Lo(0) =0, )
Lo(x0) < Lo(x0).- (10)
If Ls(x) > 0 is a smooth solution of
L) ) 4 1 25 g )7 ()2 L) < g 10) =0, (1)

Arijit Sarkar and Jacquelien M.A. Scherpen 8
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Generalized observability and controllability functions

If Lo(x) > 0 is a smooth solution of

L) ()i (x) + A7 ()0x) <0, Laf0) =0, ©
Lo(x0) < Lo(x0). (10)
If Ls(x) > 0 is a smooth solution of
L0 ) 1 1 21600 5107 () 2L < g 10) = 0 )
Lo(X0) > Lo(xo)- (12)

Arijit Sarkar and Jacquelien M.A. Scherpen 8
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Port-Hamiltonian structure

interconnection

ep e

resistive elements [@] [ storage elements

er| |fp

emvironment

Figure 1: Port-Hamiltonian structure

Arijit Sarkar and Jacquelien M.A. Scherpen
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Port-Hamiltonian Systems

Input-state-output nonlinear port-Hamiltonian (PH) system :
OH(x)

x = (J(x) — R(x)) ax g(x)u
>py: o) (13)
y=g (X)T

Arijit Sarkar and Jacquelien M.A. Scherpen 10
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Port-Hamiltonian Systems

Input-state-output nonlinear port-Hamiltonian (PH) system :

= (900 — AEN T2 1 gy
ZPH . (13)
T )

What is the goal now?
Propose a balanced realization of the port-Hamiltonian system in which the generalized controllability function
L. and generalized observability function L, are truly balanced and the Hamiltonian % is also in diagonal form

as well.

Arijit Sarkar and Jacquelien M.A. Scherpen
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Necessary assumptions

We define F(x) := (J(x) — R(x))
Assumption

For a nonlinear port-Hamiltonian system, assume the following holds
@ 0 is an asymptotically stable equilibrium of F (x) ) on some neighbourhood U of 0.
@ The linearized system at the origin is asymptotlca/ly stable.

0 is an asymptotically stable equilibrium of —(F(x) 22X 1 g(x)g (x)%) onU.

L, and L are smooth on U.
2L (0) > 0, Z£L(0) > 0 and 2

Brd ’ ox2

" (0) >~ 0.

8)(2

Arijit Sarkar and Jacquelien M.A. Scherpen 12
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PH structure-preserving generalized balancing

Lemma
There exists a coordinate transformation ¢ : R" — R" such that x = ¢(z), ¢(0) = 0 (defined on a
neighbourhood of the origin) and L:(x) in the new coordinates has the following form

(14)

Lo(4(2)) = %sz.

Moreover, we can also write L,(x) and H(x) in the new coordinates in the following forms

Lo(9(2) = 32" M(2)z, M(0) = I 22(0), -
 TH)z, HO) = 88;;‘ 0),

H($(2) = 5
where M(z) and H(z) are n x n symmetric matrices with entries which are smooth functions of z.

Arijit Sarkar and Jacquelien M.A. Scherpen
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PH structure-preserving generalized balancing

Assumption
There exists Lc(x), Lo(x) > 0 such that the eigenvalues of %ZXZ; (0)~! %2)520 (0) as well as the eigenvalues of
2 27 1527 . .
23(0) ' 2% (0) " 25 (0) are distinct. |

Arijit Sarkar and Jacquelien M.A. Scherpen
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PH structure-preserving generalized balancing

Assumption

There exists Lo(x), Lo(x) > 0 such that the eigenvalues of 25 (0)~"' ZLe (0) as well as the eigenvalues of
P41(0) " ZLe (0) ' ZLe(0) are distinct.

Lemma

If there exists a neighbourhood V of 0 where the number of distinct eigenvalues of M(z), H(z) and

H~'(z)M(z) is constant for z € V, then on V the eigenvalues of M(z) and H(z) are smooth functions of z
along with the associated eigenvectors.

Arijit Sarkar and Jacquelien M.A. Scherpen
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Theorem

Consider the system (13) and assume that Assumption 2 and Lemma 3 are fulfilled. Then, ona
neighbourhood U of 0 there exists a transformation ¢ : R" — R" such that x = (Z),(0) = 0 and Lc(x) in
the new coordinates z € W := =" (U) takes the form

- 1_+

Lo(v(2) = 52" 2. (16)

Moreover, L, and H in the new coordinates are of the following form

" (2) 0 7
Lo(0(2)) = 32" . ?,
- 0_ )\n(z): (1 7)
K1 (Z) 0
H(3(2)) = 327 . 3
L O Rn(2)
where M(Z) > Xa(2) > -+ > An(2) and ’1(Z2) > Ra(Z) > --- > Ra(Z) are smooth functions of z.

Arijit Sarkar and Jacquelien M.A. Scherpen 15
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Theorem

Suppose that the assumptions hold. Then there exists a transformation ¢ : R" — R" on a neighbourhood U of
the origin such that x = ®(z), ®(0) = 0 which converts the system into a new realization where the following
holds

L(@(2)) = 3272,

uwu»:%Z}awmﬁ (18)

H(D(2)) = % > (),

where o1(z1) > 02(22) > -+ > on(2n) and ni(z1) > n2(22) > - -+ > na(2s) are smooth functions.

Arijit Sarkar and Jacquelien M.A. Scherpen
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PH structure-preserving generalized balancing

% rijksuniversiteit
9

Theorem

Suppose that the assumptions hold. Then there exists a transformation ¢ : R" — R" on a neighbourhood U of
the origin such that x = ®(z), ®(0) = 0 which converts the system into a new realization where the following
holds

L(o(2)) = 1272,
L(®(2)) = 5 >_(@er(@)" (18)

H(D(2)) = % > (),

where o1(z1) > 02(22) > -+ > on(2n) and ni(z1) > n2(22) > - -+ > na(2s) are smooth functions.

Proof— We can prove that there exist a smooth transformation for n=2. Then we can generalize for any n via
mathematical induction.

Arijit Sarkar and Jacquelien M.A. Scherpen 16
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Theorem

Suppose that assumptions hold. Then there exists a transformation ® : R" — R" on a neighbourhood U of the
origin such that x = ®(z), ®(0) = 0 which converts the system into a new realization where the following holds

Le(®(z =3 Z 5

Lo(®(z 22,2&, z), (19)
= 2 771 I

H(P(2)) Z 5(3)

where 51(21) > 52(22) > - -+ > an(2n) and ij1(21) > 772(22) > - - - > 7n(2n) are smooth functions.

Arijit Sarkar and Jacquelien M.A. Scherpen 17
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PH structure-preserving generalized balancing

Theorem

Suppose that assumptions hold. Then there exists a transformation ® : R" — R" on a neighbourhood U of the
origin such that x = ®(z), ®(0) = 0 which converts the system into a new realization where the following holds

Lo(®(2 2 Z gi(z;

Lo(®(z 22,2&, z), (19)
= 2 771 I

H(P(2)) Z 5(3)

where 51(21) > 52(22) > - -+ > an(2n) and ij1(21) > 772(22) > - - - > 7n(2n) are smooth functions.

Proof— We can apply a coordinate transformation z = &~ o &(2) := (¢1(21), $1(22), - - , 1(2n)) with
z = ¢; '(z1) := zi\/oi(z) to the system in z coordinates..

Arijit Sarkar and Jacquelien M.A. Scherpen
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Reduced order PH model

In Z coordinates, the state-space representation of (13) reads

2= ((2) - R:(@) 02 + :(2)u

Tei M (20)
y=9:(2) 53
where
To H—1
M@ 00) = W00, (@) = L8y 200,
A@ ) = 20 g 2200,
0:37' ) = L0 Mg

Note that J:(2) = —JJ (2), R:(2) = R (2) = 0, Hz(2) > 0, 22(0) = 0 and a;;? ©0) > 0.

Arijit Sarkar and Jacquelien M.A. Scherpen
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Reduced order PH model

We splitz = [z, 2]", where z, = [21, 2, - , 2] € R"and Z = [Zks1, Zks2,- -~ , 2n] | € R"~K. Similarly,

Js = [ Jz,rr(Zr,Zt) Jz,,t(Z,,Z,)]
‘ L~ ;:,,(2,,2,) J1(2r,2t) |’

R‘ _ -Rz,rr(zr,zt) Ré,rt(zr,zt):| ,

7 |Ren(2,2t)  Rzu(2,21)
g = _QZ,r(ant)
gz z) )

where Jz +(Zr, 2;) and Jz,4(Zr, Z;) are skew-symmetric, Rz -(Zr, Z:) and Rz #(Z;, Z;) are symmetric and positive
semidefinite.

Arijit Sarkar and Jacquelien M.A. Scherpen
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Reduced-order PH model

Theorem

Consider a continuous-time nonlinear input-state-output port-Hamiltonian system ¥ py. Suppose that the
assumptions are satisfied and we obtain a balanced realization of the system as in (19). Then a
reduced-order model can be represented as follows

= - - OHz(Z,0
b, = (Jein(21,0) = Fier(2, 0) ZHEE20)
:
OH3(2,0)
0z,

which is also a port-Hamiltonian system with the Hamiltonian Hz(z;,0).

ol gz,r(zry O)U»
>,

Yr= ng(zr, 0)

Arijit Sarkar and Jacquelien M.A. Scherpen 20
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Special case

Let us consider the following nonlinear port-Hamiltonian system

X = (J(X) — R(X)) 37;(") + By,
SpH: oH X (22)
y _ BT (X)
ox '’

Consider H(x) = 1x " Hx, where H=H" = 0.

Arijit Sarkar and Jacquelien M.A. Scherpen 21
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Let us consider the following nonlinear port-Hamiltonian system

% = (J(x) — R X | gy,
Spn Ox (22)
ox '
Consider H(x) = 1x " Hx, where H=H" = 0.
Note that the nonlinearity of the system is completely represented by the interconnection and damping
structure.

Arijit Sarkar and Jacquelien M.A. Scherpen 21
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Generalized balancing via linear transformation

If there exist constant matrices P > 0 and Q = 0 which satisfy
QF(x)H + HF ' (x)Q+ HBB'TH <0 (23)

and
F(x)HP + PHF " (x)+ BB" <0 (24)

respectively for all x € R”, then we can find an invertible matrix W € R" which transforms the system to
generalized balanced coordinates in which

WTPW=W"'QW™ T = Apq (25)

such that Apq = diag{c1, 02, -- ,on}, Where o4 > 02 > --- > o, > 0. Note that L,(x) = $xTQx and
Le(x) = 1x7 P~ 'x satisfy (9) and (11) respectively.

Arijit Sarkar and Jacquelien M.A. Scherpen 22
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PH structure-preserving balancing via linear transformation

Let P - 0 be a solution to (24). Consider a full rank matrix ¢p € R"*" such that

P = ¢pdp,
dpHop = UnpArpUip,

Arijit Sarkar and Jacquelien M.A. Scherpen 23
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PH structure-preserving balancing via linear transformation
Let P - 0 be a solution to (24). Consider a full rank matrix ¢p € R"*" such that
P = ¢ op,
dpHop = UnpArpUip,
Define

Fo(x) 1= Udpdp ' F(X)p" Unp,

(26)
Be := Uipdp ' B.

Arijit Sarkar and Jacquelien M.A. Scherpen 23
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PH structure-preserving balancing via linear transformation

Let P - 0 be a solution to (24). Consider a full rank matrix ¢p € R"*" such that

P: ¢;¢P7
dpHOp = UnpMrp Ugip,

Define
Fo(X) = Unpdp ' F(X)dp ' Une, 26)
Be := Uppop ' B.
If
NeoNpFe(X) + Fo (X)AgpA2q + BB <0 27)
holds for a diagonal matrix Apq for all x € R”, then
Q = ép ' UnpNoqUppdp ' (28)
is a solution of (23). Moreover, the linear transformation
_1
Wspc = d’; UHP/\,:»Q2 (29)

balances the system and diagonalizes H.

Arijit Sarkar and Jacquelien M.A. Scherpen 23
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Find a positive definite matrix P.
Find a diagonal matrix Apq.
Compute Q.

Transform the system into the balanced coordinates using Wac in which H is positive definite and
diagonal.

© ©000OC

Discard the states corresponding to small values of a;s i.e. the diagonal entries of Apq to arrive at a
reduced order model which is also a port-Hamiltonian system.

Arijit Sarkar and Jacquelien M.A. Scherpen 24
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Coulomb friction
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Frictional nonlinearity

Coulomb friction :

Arijit Sarkar and Jacqueli

_6I7
Fi = ¢ [-3i, 01l
i,

g >0,

=0

g <0.

)
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Frictional nonlinearity

Coulomb friction : )
_6f7 qi > Oa
Fi={[-d,01], @ =0,
0i, qi < 0.
Smooth approximation : .
F—_ 0iQi
=

\/’Yi-i-q/z

where 0 < v < co.

Arijit Sarkar and Jacquelien M.A. Scherpen 26
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Dynamics of the nonlinear mass-spring-damper system

{g] - {—Oln —(Dll R)] [g MO—‘} m " {g} !

—~ =~
WU-R) H x B (30)

r= oo w[f

R:diag{%} >0,

\imE + p?

fori=1,2,---,n.

Arijit Sarkar and Jacquelien M.A. Scherpen 27
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How to solve the inequalities?

Let F = {Fo, F1,--- , Fa} be a finite set of matrices with

{0 h
FO - |:—In _ :| )
On In
Fi= [_/n ~(D +diag(0, -+ , 72, ,0))| *
Si

where i =1,2,---, n. The i" diagonal entry of F; should be Vark i=1{1,2,---,n} and every other diagonal
entry is zero. Now, we can consider F(x) = (J(x) — R(x)) satisfies the following inclusion

F(x) € ConvexHull(F)

for all x € R".

Arijit Sarkar and Jacquelien M.A. Scherpen 28
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Simulation Results

The diagonal entries of
1 3 T T T

APQ

05 L L L L L L L
0 10 20 30 40 50 60 70 80
State number (i)

Figure 2: Diagonal entries of Apq depicting the importance of the state variables in balanced coordinates

Arijit Sarkar and Jacquelien M.A. Scherpen 29
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Simulation results

o7
o7
o5
;“52 ,\‘ —Original System
08 ’:\ 0 0o - ‘Reduced system, dim=30
i f Reduced system, dim=20
0.6‘3 fon 7 O £ £ N
04| 1
i
= 027 | || |
3 N
g L] i
5 0F | | |
o P
02 || —
it
o4k 1] |
il | !
I} 1 1 { 1 |
06 | § ¥
08F 4
5 Yo | | | | | | | |

10 20 30 40 50 60 70 80 90 100
time

Figure 3: Comparison of output trajectories of original and reduced order model

Arijit Sarkar and Jacquelien M.A. Scherpen
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Outlook & Conclusion

@ Generalized balancing is a framework for nonlinear balancing which provides flexibility to preserve
port-Hamiltonian structure using the generalized controllability and observability functions.

@ For special cases of nonlinear pH systems, the algorithm can also computationally tractable.
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@ Generalized balancing is a framework for nonlinear balancing which provides flexibility to preserve
port-Hamiltonian structure using the generalized controllability and observability functions.

@ For special cases of nonlinear pH systems, the algorithm can also computationally tractable.
Future directions:

@ Computational tractability of the approach for the generic case.

@ Possible apriori error bound based on Lipschitz type of assumptions on the drift vector field.
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Outlook & Conclusion

@ Generalized balancing is a framework for nonlinear balancing which provides flexibility to preserve
port-Hamiltonian structure using the generalized controllability and observability functions.

@ For special cases of nonlinear pH systems, the algorithm can also computationally tractable.
Future directions:
@ Computational tractability of the approach for the generic case.
@ Possible apriori error bound based on Lipschitz type of assumptions on the drift vector field.
Ongoing:
@ Balanced truncation for nonlinear differential algebraic control systems(Will be presenting in European
Control Conference 2023, Bucharest, Romania).

@ Utilization of generalized differential balancing to preserve monotonicity(generalization of positivity for
nonlinear systems) of nonlinear systems.
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