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CHAPTER 1

Matrix Operations

We use Rm×n to denote the set of all matrices with m rows and n columns whose entries are in R.
For a matrix A ∈ Rm×n, the entry in row i and column j is denoted aij . Let A,B ∈ Rm×n and c ∈ R
where

A =

a11 · · · a1n
...

. . .
...

am1 · · · amn

 , B =

 b11 · · · b1n
...

. . .
...

bm1 · · · bmn


We define

A+B =

 a11 + b11 · · · a1n + b1n
...

. . .
...

am1 + bm1 · · · amn + bmn


cA =

 c a11 · · · c a1n
...

. . .
...

c am1 · · · c amn


We define Rn to be the set of n× 1 matrices Rn×1 and we use xi to denote the ith component of the

column vector x ∈ Rn. Let x,y ∈ Rn and c ∈ R. Then

x+ y =

x1 + y1
...

xn + yn

 , cx =

cx1...
cxn


1.1. Matrix Multiplication

Definition 1.1

Suppose A ∈ Rm×n and B ∈ Rn×p. The matrix product AB ∈ Rm×p is defined using the formula

(1.1) (AB)ij =

n∑
k=1

aikbkj = ai1b1j + ai2b2j + · · ·+ ainbnj

Note that AB is defined only if the number of columns of A equals the number of rows of B.

Consider the matrices

A =

[
1 1
0 0

]
, B =

[
0 1
1 0

]
We calculate

AB =

[
1 1
0 0

]
, BA =

[
0 0
1 1

]
Note that AB 6= BA. Thus, matrix multiplication is not commutative.

Let A ∈ Rm×n and x ∈ Rn. Suppose A has column vectors a1,a2, . . . ,an where

ai =

a1i...
ami


1
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Using equation (1.1) we calculate

Ax =


a11x1 + a12x2 + · · ·+ a1nxn
a21x1 + a22x2 + · · ·+ a2nxn

...
am1x1 + am2x2 + · · ·+ amnxn



=


a11x1
a21x1

...
am1x1

+


a12x2
a22x2

...
am2x2

+ · · ·+


a1nxn
a2nxn

...
amnxn


= x1a1 + x2a2 + · · ·+ xnan

and hence

(1.2) Ax = x1a1 + x2a2 + · · ·+ xnan

Equation (1.2) says that Ax is a linear combination of the column vectors of A where the coefficients are
determined by the components of x.

Let A ∈ Rm×n, x,y ∈ Rn, and c, d ∈ R. Suppose A has column vectors a1,a2, . . . ,an. Using equation
(1.2) we calculate

A(cx+ dy) = (cx1 + dy1)a1 + (cx2 + dy2)a2 + · · ·+ (cxn + dyn)an

= (cx1a1 + cx2a2 + · · ·+ cxnan) + (dy1a1 + dy2a2 + · · ·+ dynan)

= cAx+ dAy

and hence

(1.3) A(cx+ dy) = cAx+ dAy

We say that matrix vector multiplication is a linear operation.

Let A ∈ R3×2 and suppose that A

[
1
1

]
=

3
0
1

 and A

[
1
2

]
=

5
1
0

. We would like to calculate A

[
2
1

]
without explicity finding the matrix A. We note that

3

[
1
1

]
−
[
1
2

]
=

[
2
1

]
and hence by equation (1.3) we have

A

[
2
1

]
= A

(
3

[
1
1

]
−
[
1
2

])
= 3A

[
1
1

]
−A

[
1
2

]

= 3

3
0
1

−
5

1
0


=

 4
−1
3


Exercise 1.1

Let A ∈ Rm×n, c1, c2, . . . , ck ∈ R, and v1,v2, . . . ,vk ∈ Rn. Use induction on k ≥ 2 to show that

(1.4) A(c1v1 + c2v2 + · · ·+ ckvk) = c1Av1 + c2Av2 + · · ·+ ckAvk
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Let A ∈ Rm×n and B ∈ Rn×p. Suppose B has column vectors b1, b2, . . . , bp. Using equation (1.1) we
calculate

(AB)ij =
n∑
k=1

aikbkj

=
n∑
k=1

aik(bj)k

= (Abj)i

=
[
Ab1 Ab2 · · · Abp

]
ij

and hence

(1.5) AB =
[
Ab1 Ab2 · · · Abp

]
Next, let x ∈ Rp. Using equations (1.2), (1.4), and (1.5) we calculate

(AB)x =
[
Ab1 Ab2 · · · Abp

]
x

= x1Ab1 + x2Ab2 + · · ·+ xpAbp

= A(x1b1 + x2b2 + · · ·+ xpbp)

= A(Bx)

and hence

(1.6) (AB)x = A(Bx)

Finally, let C ∈ Rp×q. Suppose C has column vectors c1, c2, . . . , cq. Using equations (1.5) and (1.6)
we calculate

(AB)C =
[
(AB)c1 (AB)c2 · · · (AB)cq

]
=
[
A(Bc1) A(Bc2) · · · A(Bcq)

]
= A

[
Bc1 Bc2 · · · Bcq

]
= A(BC)

We have shown that

(1.7) (AB)C = A(BC)

and thus matrix multiplication is associative.

1.2. Matrix Inverse and Transpose

The identity matrix, In ∈ Rn×n, has column vectors e1, e2, . . . , en ∈ Rn where

e1 =


1
0
0
...
0

 , e2 =


0
1
0
...
0

 , · · · en =


0
0
...
0
1


Exercise 1.2

Let A,B ∈ Rm×n. Show that if Aei = Bei for all i in 1, . . . , n, then A = B.
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Definition 1.2

The matrix A ∈ Rn×n is called invertible if there exists a B ∈ Rn×n such that

AB = BA = In

Let A ∈ Rn×n. Suppose that

AB = BA = In, AC = CA = In

for some B,C ∈ Rn×n. Using equation (1.7) we calculate

B = BIn = B(AC) = (BA)C = InC = C

We have shown that If A is invertible, then its inverse is unique. We use A−1 to denote the unique inverse
of an invertible matrix A.

Lemma 1.2.1

Let A ∈ Rn×n. If A is invertible, then its inverse is unique.

Suppose that A ∈ Rn×n is invertible. Since

A−1A = In, AA−1 = In

we have that A−1 is invertible and

(1.8) (A−1)−1 = A

Let A,B ∈ Rn×n where A and B are invertible. Using equation (1.7) we calculate

(AB)(B−1A−1) = A(B(B−1A−1)) = A((BB−1)A−1) = A(InA
−1) = AA−1 = In

(B−1A−1)(AB) = ((B−1A−1)A)B = (B−1(A−1A))B = (B−1In)B = B−1B = In

We have shown that if A and B are invertible then AB is invertible and

(1.9) (AB)−1 = B−1A−1

Exercise 1.3

Let A1, A2, . . . Ak ∈ Rn×n and suppose that Ai is invertible for all i ∈ 1, . . . k. Use induction on
k ≥ 2 to show that A1A2 · · ·Ak is invertible and that

(1.10) (A1A2 · · ·Ak)−1 = A−1k A−1k−1 · · ·A
−1
1

Definition 1.3

Let A ∈ Rm×n. We define AT ∈ Rn×m by the formula

(1.11) (AT )ij = aji

Note that (AT )T = A. If A =

[
2 1 0
−1 5 7

]
, then AT =

2 −1
1 5
0 7

.
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Suppose A ∈ Rm×n and B ∈ Rn×p. We calculate

(AB)Tij = (AB)ji

=
n∑
k=1

ajkbki

=
n∑
k=1

bkiajk

=
n∑
k=1

(BT )ik(A
T )kj

= (BTAT )ij

We have shown that

(1.12) (AB)T = BTAT

Exercise 1.4

Suppose A ∈ Rm×n, B ∈ Rn×p, and C ∈ Rp×q. Show that

(1.13) (ABC)T = CTBTAT

Exercise 1.5

Let A ∈ Rn×n and suppose that A is invertible. Show that AT is invertible and that

(1.14) (AT )−1 = (A−1)T

Definition 1.4

A matrix A ∈ Rn×n is called symmetric if AT = A.

Exercise 1.6

Let A ∈ Rm×n. Show that ATA and AAT are symmetric matrices.

Suppose A ∈ Rm×n and B ∈ Rp×n. Suppose that A has column vectors a1,a2, . . . ,an and B has
column vectors vectors b1, b2, . . . , bn. We first note that for any k satisfying 1 ≤ k ≤ n we have

ak =


a1k
a2k
...

amk

 , bTk =
[
b1k b2k · · · bpk

]
, (akb

T
k )ij = aikbjk

Using the definition of matrix multiplication we note that

(ABT )ij = ai1bj1 + ai2bj2 + · · ·+ ainbjn

= (a1b
T
1 )ij + (a2b

T
2 )ij + · · ·+ (anb

T
n )ij

= (a1b
T
1 + a2b

T
2 + · · ·+ anbTn )ij

We have shown that

(1.15) ABT = a1b
T
1 + a2b

T
2 + · · ·+ anbTn
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1.3. Elementary Row Operations

Definition 1.5

Let A ∈ Rm×n. The following three operations on the rows of A are called elementary row opera-
tions.

(1) Interchange any two rows of A.
(2) Multiply any row of A be a nonzero scalar.
(3) Add any scalar multiple of a row of A to another row of A.

The result of applying a single elementary row operation to an identity matrix is called an elemen-
tary matrix.

Let A ∈ R3×4 be given by

A =

0 1 2 3
2 3 −2 −3
2 2 −2 −2


and let E1 =

0 0 1
0 1 0
1 0 0

. Note that E1 is I3 with rows 1 and 3 interchanged and is thus an elementary

matrix. To find E−11 apply the reverse of the elementary row operation to I3. To reverse interchanging

rows 1 and 3, we interchange rows 1 and 3 again. It is easy to check that E1 is invertible and E−11 = E1.
We calculate

E1A =

2 2 −2 −2
2 3 −2 −3
0 1 2 3


and note that E1A is the matrix A with rows 1 and 3 interchanged.

Next let B = E1A and E2 =

1/2 0 0
0 1 0
0 0 1

. Note that E2 is I3 with row 1 mutliplied by 1/2 and is

thus an elementary matrix. To find E−12 apply the reverse of the elementary row operation to I3. To
reverse multiplying row 1 by 1/2, we multiply row 1 by 2. It is easy to check that E2 is invertible and

that E−12 =

2 0 0
0 1 0
0 0 1

 is also an elementary matrix. We calculate

E2B =

1 1 −1 −1
2 3 −2 −3
0 1 2 3


and note that E2B is the matrix B with row 1 multiplied by 1/2.

Next let C = E2B and E3 =

 1 0 0
−2 1 0
0 0 1

. Note that E3 is I3 with −2 times row 1 added to row 2

and is thus an elementary matrix. To find E−13 apply the reverse of the elementary row operation to I3.
To reverse adding −2 times row 1 to row 2, we add 2 times row 1 to row 2. It is easy to check that E3 is

invertible and that E−13 =

1 0 0
2 1 0
0 0 1

 is also an elementary matrix. We calculate

E3C =

1 1 −1 −1
0 1 0 −1
0 1 2 3


and note that E3C is the matrix C with −2 times row 1 added to row 2.



1.3. ELEMENTARY ROW OPERATIONS 7

Let D = E3C and note that D = PA where P = E3E2E1 is an invertible matrix with P−1 =
E−11 E−12 E−13 .

In general, suppose k elementary operations are performed on the matrix A resulting in the matrix C.
Let Ei be the elementary matrix that encodes the ith elementary row operation. Then we have C = PA
where P = EkEk−1 · · ·E1. Since elementary row operations can be reversed, all elementary matrices are
invertible. Thus P is invertible with P−1 = E−11 E−12 · · ·E

−1
k . We have outlined the proof of the following

theorem.

Theorem 1.1

Let A ∈ Rm×n. Let C be the matrix resulting from applying any number of elementary row
operations to A. Then there exists an invertible matrix P ∈ Rm×m such that C = PA.

Exercise 1.7

Consider the matrices

A =

1 −2 0 2 −3
2 −4 2 0 8
1 −2 3 −3 16

 , C =

1 −2 0 2 −3
0 0 1 −2 7
0 0 3 −5 19


(1) Find an invertible matrix P ∈ R3×3 that is the product of elementary matrices such that

C = PA

(2) Write P−1 as a product of elementary matrices.
(3) Explicitly calculate P−1 and P−1C. Verify that A = P−1C.



CHAPTER 2

Solving Linear Systems

The set of equations

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2

...
...

am1x1 + am2x2 + · · ·+ amnxn = bm

is called a system of linear equations or linear system. The linear system can be written as in matrix form
as Ax = b where

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

 , x =


x1
x2
...
xn

 , b =


b1
b2
...
bm


A linear system that has a solution is called consistent. A linear system with no solution is called
inconsistent. A linear system is called homogeneous if b = 0 and nonhomogeneous otherwise. A linear
system is called underdetermined if there are more variables than equations and overdetermined if there
are more equations than variables.

Let A ∈ Rm×n and b ∈ Rm. Let C be the matrix resulting from applying any number of elementary
row operations to A and d ∈ Rm be the column vector resulting from applying the same elementary row
operations to b. By theorem 1.1 there exists an invertible matrix P ∈ Rm×m such that C = PA and
d = Pb. Let x ∈ Rn be arbitrary. If Ax = b, then

Cx = (PA)x = P (Ax) = Pb = d

If Cx = d, then

Ax = (P−1C)x = P−1(Cx) = P−1d = b

We summarize these results in the following theorem.

Theorem 2.1

Let A ∈ Rm×n and b ∈ Rm. Let C be the matrix resulting from applying any number of elementary
row operations to A and d ∈ Rm be the column vector resulting from applying the same elementary
row operations to b. For all x ∈ Rn we have that Ax = b if and only if Cx = d.

2.1. Gauss-Jordan Elimination

Suppose that

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

 , b =


b1
b2
...
bm


8
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The augmented matrix for the system Ax = b is the matrix

A|b =


a11 a12 · · · a1n b1
a21 a22 · · · a2n b2
...

...
. . .

...
...

am1 am2 · · · amn bm


Algorithm 2.1

Gauss-Jordan elimination uses elementary row operations to reduce a matrix (or augmented matrix)
to reduced row echelon form. The algorithm consists of two passes.

(1) In the forward pass, the matrix is transformed into a matrix in which the first nonzero
entry of each row is 1, and it occurs in a column to the right of the first nonzero entry of
each preceding row.

(2) In the backward pass, the matrix is transformed into a matrix in which the first nonzero
entry of each row is the only nonzero entry of its column.

Consider the linear system Ax = 0 where

A =

 0 −1 1 −4
1 −4 −1 1
−1 4 −2 5


We use Gauss-Jordan elimination to reduce A to reduced row echelon form. We first interchange the first
row and the second row  1 −4 −1 1

0 −1 1 −4
−1 4 −2 5


Adding the first row to the third row 1 −4 −1 1

0 −1 1 −4
0 0 −3 6


Multiplying the second row by −1 1 −4 −1 1

0 1 −1 4
0 0 −3 6


Multiplying the third row by −1/3 1 −4 −1 1

0 1 −1 4
0 0 1 −2


completes the first pass of Gauss-Jordan elimination. Next, we add the third row to the second row and
add the third row to the first row 1 −4 0 −1

0 1 0 2
0 0 1 −2


Finally, adding 4 times the second row to the first row

C =

1 0 0 7
0 1 0 2
0 0 1 −2


completes the second pass of Gauss-Jordan elimination and the matrix C is in reduced row echelon form.
By theorem 2.1, the linear systems Ax = 0 and Cx = 0 have the same solutions. We can write the linear
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system Cx = 0 as

x1 + 7x4 = 0

x2 + 2x4 = 0

x3 − 2x4 = 0

Solving for the leftmost variables gives

x1 = −7x4(2.1)

x2 = −2x4(2.2)

x3 = 2x4(2.3)

If we set x4 = 1 we get the nonzero solution

x =


−7
−2
2
1


Note that for any choice for x4 we can use equations (2.1), (2.2), and (2.3) to determine the remaining
variables x1, x2, and x3. We call the variable x4 a free variable. Setting the free variable x4 to t we can
write the general solution to the linear system Ax = 0 as

x =


x1
x2
x3
x4

 =


−7t
−2t
2t
t

 = t


−7
−2
2
1


Consider the linear system

(2.4)

1 −2 0 2 −3
2 −4 2 0 8
1 −2 3 −3 16



x1
x2
x3
x4
x5

 =

2
6
8


We apply Gauss-Jordan elimination to reduce the augmented matrix1 −2 0 2 −3 2

2 −4 2 0 8 6
1 −2 3 −3 16 8


to reduced row echelon form. Adding −2 times the first row to the second row and −1 times the first row
to the third row gives 1 −2 0 2 −3 2

0 0 2 −4 14 2
0 0 3 −5 19 6


Multiplying the second row by −1/2 1 −2 0 2 −3 2

0 0 1 −2 7 1
0 0 3 −5 19 6


Adding −3 times the second row to the third row1 −2 0 2 −3 2

0 0 1 −2 7 1
0 0 0 1 −2 3


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completes the first pass of Gauss-Jordan elimination. Adding 2 times the third row to the second row
and −2 times the third row to the first row

(2.5)

1 −2 0 0 1 −4
0 0 1 0 3 7
0 0 0 1 −2 3


completes the second pass of Gauss-Jordan elimination and the augmented matrix in equation (2.5) is in
reduced row echelon form. By theorem 2.1 the solutions to the corresponding linear system

(2.6)

1 −2 0 0 1
0 0 1 0 3
0 0 0 1 −2



x1
x2
x3
x4
x5

 =

−4
7
3


are the same as the solutions to the linear system in equation (2.4). The linear system in equation (2.6)
can be written as

x1 − 2x2 + x5 = −4

x3 + 3x5 = 7

x4 − 2x5 = 3

Solving for the leftmost variables in each equation gives

x1 = 2x2 − x5 − 4(2.7)

x3 = −3x5 + 7(2.8)

x4 = 2x5 + 3(2.9)

If we set x2 = x5 = 0 we get the solution to equation (2.4) given by

x =


−4
0
7
3
0


Note that for any assignment of scalars to the variables x2 and x5 we can use equations (2.7), (2.8), and
(2.9) to determine the remaining variables x1, x3, and x4. We call the variables x2 and x5 free variables.
Thinking of the free variables as parameters we set t1 = x2 and t2 = x5. The general solution to equation
(2.4) can thus be written as

x =


x1
x2
x3
x4
x5

 =


2t1 − t2 − 4

t1
−3t2 + 7
2t2 + 3
t2

 =


−4
0
7
3
0

+ t1


2
1
0
0
0

+ t2


−1
0
−3
2
1


2.2. An Inconsistent Linear System

Consider the linear system

(2.10)

1 2 −1 1
2 3 −1 4
1 4 −3 −3



x1
x2
x3
x4

 =

5
8
6


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We apply Gauss-Jordan elimination to the augmented matrix

1 2 −1 1 5
2 3 −1 4 8
1 4 −3 −3 6


Adding −2 times the first row to the second row gives

1 2 −1 1 5
0 −1 1 2 −2
1 4 −3 −3 6


Adding −1 times the first row to third row gives

1 2 −1 1 5
0 −1 1 2 −2
0 2 −2 −4 1


Multiplying the second row by −1 gives

1 2 −1 1 5
0 1 −1 −2 2
0 2 −2 −4 1


Adding −2 times the second row to the third row gives

1 2 −1 1 5
0 1 −1 −2 2
0 0 0 0 −3


By theorem 2.1 the solutions to the linear system

(2.11)

1 2 −1 1
0 1 −1 −2
0 0 0 0



x1
x2
x3
x4

 =

 5
2
−3



are the same as the solutions to the linear system (2.10). Since it is impossible to choose scalars
x1, x2, x3, x4 such that

0x1 + 0x2 + 0x3 + 0x4 = −3

the linear system (2.11) has no solutions and hence the linear system (2.10) also has no solutions. We say
that the linear system (2.10) is inconsistent.
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Exercise 2.1

For each of the following linear systems:

• If necessary, write the system in the form Ax = b.
• Use Gauss-Jordan elimination to reduce A or A|b to reduced row echelon form.
• Find the general solution of the linear system.

(1)

x1 + 2x2 − x3 = −1

2x1 + 2x2 + x3 = 1

3x1 + 5x2 − 2x3 = −1

(2)

x1 + x2 + x3 + x4 = 0

x1 − x2 + x3 − x4 = 0

(3) 0 2 0 2
1 2 −1 3
2 4 −1 6



x1
x2
x3
x4

 =

2
5
3


(4) 

1 −1 2 3 1
2 −3 6 9 4
3 −1 2 4 1
7 −2 4 8 1



x1
x2
x3
x4
x5

 =


−1
−5
2
6



Exercise 2.2

Does the following linear system have a solution? Explain.

x1 + x2 − 3x3 + x4 = 1

x1 + x2 + x3 − x4 = 2

x1 + x2 − x3 = 0

2.3. Calculating Matrix Inverses

Let A ∈ Rn×n and suppose that A is invertible. Consider the problem of finding A−1 ∈ Rn×n with
column vectors b1, b2, . . . , bn such that AA−1 = In. The equation[

e1 e2 · · · en
]

= In = AA−1 = A
[
b1 b2 · · · bn

]
=
[
Ab1 Ab2 · · · Abn

]
shows that we must have Abi = ei for all i in 1, . . . , n. We can find bi by row reducing the augmented
matrix A|ei to reduced row echelon form which will output In|bi. We can find all n columns of A−1

simultaneously by row reducing the matrix A|In to reduced row echelon form which will output In|A−1.
Consider the matrix

A =

 1 2 1
−1 1 2
1 0 1


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We attempt to row reduce the augmented matrix A|I3 to I3|A−1. We start with 1 2 1 1 0 0
−1 1 2 0 1 0
1 0 1 0 0 1


Adding the first row to the second row and adding −1 times the first row to the third row gives1 2 1 1 0 0

0 3 3 1 1 0
0 −2 0 −1 0 1


Multiplying the second row by 1/3 gives1 2 1 1 0 0

0 1 1 1/3 1/3 0
0 −2 0 −1 0 1


Adding 2 times the second row to the third row gives1 2 1 1 0 0

0 1 1 1/3 1/3 0
0 0 2 −1/3 2/3 1


Multiplying the third row by 1/2 gives1 2 1 1 0 0

0 1 1 1/3 1/3 0
0 0 1 −1/6 1/3 1/2


Adding −1 times the third row to the second row and adding −1 times the third row to the first row gives1 2 0 7/6 −1/3 −1/2

0 1 0 1/2 0 −1/2
0 0 1 −1/6 1/3 1/2


Adding −2 times the second row to the first row gives1 0 0 1/6 −1/3 1/2

0 1 0 1/2 0 −1/2
0 0 1 −1/6 1/3 1/2


We have shown that if A is invertible we must have

A−1 =

 1/6 −1/3 1/2
1/2 0 −1/2
−1/6 1/3 1/2


To verify our answer we calculate

AA−1 =

 1 2 1
−1 1 2
1 0 1

 1/6 −1/3 1/2
1/2 0 −1/2
−1/6 1/3 1/2

 =

1 0 0
0 1 0
0 0 1

 = I3

A−1A =

 1/6 −1/3 1/2
1/2 0 −1/2
−1/6 1/3 1/2

 1 2 1
−1 1 2
1 0 1

 =

1 0 0
0 1 0
0 0 1

 = I3

Next, we consider the matrix

A =

 1 −1 −1
−4 3 0
2 0 6





2.4. POLYNOMIAL INTERPOLATION 15

We attempt to row reduce the augmented matrix A|I3 to I3|A−1. We start with 1 −1 −1 1 0 0
−4 3 0 0 1 0
2 0 6 0 0 1


Adding −2 times the first row to the second row and 4 times the first row to the third row gives1 −1 −1 1 0 0

0 −1 −4 4 1 0
0 2 8 −2 0 1


Multiplying the second row by −1 gives1 −1 −1 1 0 0

0 1 4 −4 −1 0
0 2 8 −2 0 1


Adding −2 times the second row to the third row gives1 −1 −1 1 0 0

0 1 4 −4 −1 0
0 0 0 6 2 1


We now see that A|e1 row reduces to

B =

1 −1 −1 1
0 1 4 −4
0 0 0 6


Hence Ax = e1 has no solution and A is not invertible since if A was invertible the vector A−1e1 would
be a solution to Ax = e1.

2.4. Polynomial Interpolation

Consider the problem of finding a polynomial

f(t) = x1 + x2t+ x3t
2

that satisfies f(1) = 8, f(2) = 5, and f(3) = −4. The constraints yield the linear system

x1 + x2 + x3 = 8

x1 + 2x2 + 4x3 = 5

x1 + 3x2 + 9x3 = −4

which can be written in matrix form as

(2.12)

1 1 1
1 2 4
1 3 9

x1x2
x3

 =

 8
5
−4


We apply Gauss-Jordan elimination to the augmented matrix1 1 1 8

1 2 4 5
1 3 9 −4


Adding −1 times the first row to the second row and −1 times the first row to the third row gives1 1 1 8

0 1 3 −3
0 2 8 −12


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Adding −2 times the second row to the third row gives1 1 1 8
0 1 3 −3
0 0 2 −6


Multiplying the third row by 1/2 gives 1 1 1 8

0 1 3 −3
0 0 1 −3


Adding −3 times the third row to the second row and −1 times the third row to the first row gives1 1 0 11

0 1 0 6
0 0 1 −3


Adding −1 times the second row to the first row gives1 0 0 5

0 1 0 6
0 0 1 −3


By inspection we get the unique solution x =

 5
6
−3

 with corresponding interpolating polynomial f(t) =

5 + 6t− 3t2. It is easy to check that f(1) = 8, f(2) = 5, and f(3) = −4.

Exercise 2.3

If possible, find a polynomial of the form

f(t) = x1 + x2t+ x3t
2 + x4t

3

such that f(−2) = 3, f(−1) = −6, f(1) = 0, and f(3) = −2. If you found such a polynomial
satisfying the constraints, is it unique?



CHAPTER 3

Vector Spaces

A vector space is a set of objects called vectors together with an operation that adds two vectors and
an operation that multiplies a scalar times a vector. These two operations must satisfy certain vector
space axioms. This axiomatic definition enable us to prove generic results that apply to all vector spaces.

3.1. Definition and Examples

Definition 3.1

Definition: A vector space V (over R) is a set of objects V called vectors with an addition and
scalar multiplication such that for all x,y, z ∈ V and a, b ∈ R the following axioms are satisfied.

• (Closure) ax+ by in V
• (VS 1) x+ y = y + x
• (VS 2) (x+ y) + z = x+ (y + z)
• (VS 3) There exists 0 ∈ V such that x+ 0 = x for all x ∈ V .
• (VS 4) For all x ∈ V there exists y ∈ V such that x+ y = 0.
• (VS 5) 1x = x
• (VS 6) (ab)x = a(bx)
• (VS 7) a(x+ y) = ax+ ay
• (VS 8) (a+ b)x = ax+ bx

The set of column vectors V = Rn with the normal addition and scalar multiplication operations is a
vector space. We verify axioms (VS 3), (VS 4), (VS 7) and leave the remainder of the proof as an exercise.

(1) (VS 3) Let 0 =


0
0
...
0

 be the vector in Rn with all components equal to 0. Note that for any

x ∈ Rn we have that

x+ 0 =


x1
x2
...
xn

+


0
0
...
0

 =


x1 + 0
x2 + 0

...
xn + 0

 =


x1
x2
...
xn

 = x

(2) (VS 4) Let x ∈ Rn be arbitrary. Define y =


−x1
−x2

...
−xn

 and note that

x+ y =


x1
x2
...
xn

+


−x1
−x2

...
−xn

 =


x1 + (−x1)
x2 + (−x2)

...
xn + (−xn)

 =


0
0
...
0

 = 0

17
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(3) (VS 7) Let x,y ∈ Rn and a ∈ R. We calculate

a(x+ y) = a


x1 + y1
x2 + y2

...
xn + yn

 =


a(x1 + y1)
a(x2 + y2)

...
a(xn + yn)

 =


ax1 + ay1
ax2 + ay2

...
axn + ayn

 =


ax1
ax2

...
axn

+


ay1
ay2

...
ayn

 = ax+ ay

Exercise 3.1

Prove that the set of matrices V = Rm×n with the normal addition and scalar multiplication
operations is a vector space.

Let V =


x1x2

1

 : x1, x2 ∈ R

 and define the addition and scalar mutliplication to be the usual

operations for R3. Then V is not a vector space since v =

1
1
1

 is in V but 2v =

2
2
2

 is not in V .

Let V = R2 and for x =

[
x1
x2

]
,y =

[
y1
y2

]
∈ R2 and c ∈ R, define

x+ y =

[
x1 + y1
2x2 + y2

]
, cx =

[
cx1
cx2

]
Since [

1
1

]
+

[
1
2

]
=

[
2
4

]
6=
[
2
5

]
=

[
1
2

]
+

[
1
1

]
axiom (VS 1) does not hold and the set V with the given operations is not a vector space.

Exercise 3.2

Let V = R2. For x =

[
x1
x2

]
,y =

[
y1
y2

]
∈ V and c ∈ R, define

x+ y =

[
x1 + y1
x2 + y2

]
, cx =

[
cx1
−cx2

]
Is V with the given operations a vector space? Explain.

Let F(S,R) denote the set of all functions from a set S to R. Two functions f , g ∈ F(S,R) are equal
if f(t) = g(t) for all t ∈ S. For f , g ∈ F(S,R) define f + g and cf to be the functions satisfying

(f + g)(t) = f(t) + g(t), (cf)(t) = cf(t)

Then, the set F(S,R) with the given operations is a vector space. We verify axioms (VS 3), (VS 4), (VS
8) and leave the remainder of the proof as an exercise.

(1) (VS 3) Let 0 be the function whose value is 0 for all t in S. Let f ∈ F(S,R) be arbitrary. For
any t ∈ S we have

(f + 0)(t) = f(t) + 0(t) = f(t) + 0 = f(t)

and thus
f + 0 = f

(2) (VS 4) Let f ∈ F(S,R) be arbitrary. Let g ∈ F(S,R) be the function whose values are given by
g(t) = −f(t). For any t ∈ S we have

(f + g)(t) = f(t) + g(t) = f(t) + (−f(t)) = 0 = 0(t)

and thus
f + g = 0
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(3) (VS 8) Let f ∈ F(S,R) and a, b ∈ R be arbitrary. For any t ∈ S we have

((a+ b)f)(t) = (a+ b)f(t) = af(t) + bf(t) = (af)(t) + (bf)(t) = (af + bf)(t)

and thus

(a+ b)f = af + bf

3.2. Basic Results

Let V be a vector space. By (VS 3), there exists 0 ∈ V such that for all x ∈ V

(3.1) x+ 0 = x

Suppose that for some potentially different vector 0′ ∈ V we also have that for all x ∈ V

(3.2) x+ 0′ = x

We note that

0 = 0 + 0′ Equation (3.2)

= 0′ + 0 Axiom (VS 2)

= 0′ Equation (3.1)

We have justified the following result.

Lemma 3.2.1

Let V be a vector space. Then there is a unique vector 0 ∈ V such that

x+ 0 = x

for all x ∈ V .

Let V be a vector space and suppose that

(3.3) x+ z = y + z

for vectors x,y, z ∈ V . By (VS 4) there exists a vector w ∈ V such that

(3.4) z +w = 0

We note that

x = x+ 0 Axiom (VS 3)

= x+ (z +w) Equation (3.4)

= (x+ z) +w Axiom (VS 2)

= (y + z) +w Equation (3.3)

= y + (z +w) Axiom (VS 2)

= y + 0 Equation (3.4)

= y Axiom (VS 3)

We have justified the following result.

Lemma 3.2.2

Let V be a vector space. If x+ z = y + z where x,y, z ∈ V , then x = y.

Let V be a vector space and suppose that

(3.5) z + x = z + y
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We note that

x+ z = z + x Axiom (VS 2)

= z + y Equation (3.5)

= y + z Axiom (VS 2)

and thus x = y by lemma 3.2.2. We have justified the following theorem.

Theorem 3.1: Cancellation Law

Let V be a vector space. If x+ z = y + z or z + x = z + y where x,y, z ∈ V , then x = y.

Let V be a vector space and let x ∈ V be arbitrary. By (VS 4), there exists y ∈ V such that

(3.6) x+ y = 0

Suppose that for some potentially different vector z ∈ V we also have that

(3.7) x+ z = 0

Then x+ y = x+ z and by theorem 3.1 we have y = z. We have justified the following result.

Corollary 3.2.1

Let V be a vector space and let x ∈ V be arbitrary. Then there exists a unique y ∈ V such that

x+ y = 0

We denote the unique additive inverse of x by −x and define x− y to mean x+ (−y).
Let V be a vector space and let x ∈ V be arbitrary. We note that

0x+ 0 = 0x Axiom (VS 3)

= (0 + 0)x

= 0x+ 0x Axiom (VS 8)

and thus 0x = 0 by theorem 3.1. We have justified the following result

Corollary 3.2.2

Let V be a vector space. Then for all x ∈ V we have that

0x = 0

Exercise 3.3

Let V be a vector space. Then for all a ∈ R we have that

a0 = 0

Let V be a vector space and let x ∈ V be arbitrary. We note that

x+ (−1)x = 1x+ (−1)x Axiom (VS 5)

= (1 + (−1))x Axiom (VS 8)

= 0x

= 0 Corollary 3.2.2

and thus (−1)x = −x by corollary 3.2.1. We have justified the following result.
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Corollary 3.2.3

Let V be a vector space and let x ∈ V be arbitrary. Then

(−1)x = −x

Exercise 3.4

Let V be a vector space. Prove that

(−c)x = −(cx) = c(−x)

for all c ∈ R and all x ∈ V .

3.3. Subspaces

Definition 3.2

A subset W of a vector space V is called a subspace of V if W is a vector space with the operations
of addition and scalar multiplication defined on V .

Note that V is a subspace of any vector space V . Suppose W is a subspace of a vector space V . By
axiom (VS3), W must contain an additive identity 0W . Since W ⊆ V we have that 0W ∈ V as well.
Let 0V be the unique zero vector for V . By corollary 3.2.2 we have that 0(0W ) = 0V . But then axiom
(Closure) applied to W implies that 0V ∈ W . Let x ∈ W . Then x ∈ V and by axiom (VS3) applied to
V we have x+ 0V = x. Thus 0V works as an additive identity for W and by lemma 3.2.1 we must have
0W = 0V . We have justified the following result.

Lemma 3.3.1

Suppose W is a subspace of a vector space V . Then 0V ∈W . Furthermore, 0V is the unique zero
vector for W .

The next theorem gives us a way to check if a subset W of a vector space V is a subspace of V .

Theorem 3.2

A subset W of a vector space V is a subspace of V if and only if

(1) 0V ∈W
(2) ax+ by ∈W for all x,y ∈W and a, b ∈ R.

Proof. Let W be a subset of a vector space V . First suppose that W is a subspace of V . By
lemma 3.3.1 we have that 0V ∈W and thus (1) holds. Since W is a vector space, axiom (Closure)
implies that (2) holds. Next suppose that (1) and (2) hold. Note that (2) implies axiom Closure
for W and axioms (VS1), (VS2), and (VS5)-(VS8) hold for W since W ⊆ V and the operations
are the same. By (1) we have that 0V ∈ W . Since x + 0V = x for all x ∈ W (since W ⊆ V )
axiom (VS3) holds for W . Let x ∈ W . We know that −x ∈ V by axiom (VS4) applied to V . By
corollary 3.2.3 we have that −x = (−1)x and hence −x ∈W by (2). Thus, axiom (VS4) holds for
W which completes the proof that W is a vector space and hence a subspace of V . �

Let U , W be subspaces of a vector space V . We will prove that U ∩W is a subspace of V . Since
U and W are subspaces of V , we have that 0V ∈ U and 0V ∈ W . Thus 0V ∈ U ∩W . Next suppose
x,y ∈ U ∩W and a, b ∈ R. Then x,y ∈ U and x,y ∈ W . Since U and W are subspaces we have that
ax + by ∈ U and ax + by ∈ W . Thus ax + by ∈ U ∩W and by theorem 3.2 we have that U ∩W is a
subspace of V . We have justified the following lemma.
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Lemma 3.3.2

Let U , W be subspaces of a vector space V . Then U ∩W is a subspace of V .

Exercise 3.5

Prove that W = {0V } is a subspace of any vector space V .

Exercise 3.6

Is W =
{
x ∈ R3 : x1 + x2 + x3 = 1

}
a subspace of R3? Explain.

Exercise 3.7

Is W = {f ∈ F(R,R) : f(0) = 0} a subspace of F(R,R)? Explain.

Exercise 3.8

Let U , W be subspaces of a vector space V . Prove that if U ⊆W , then U is a subspace of W .

Definition 3.3

Suppose U and W are subspaces of V . The sum of U and W , denoted U +W , is defined to be

U +W = {u+w : u ∈ U and w ∈W}

Exercise 3.9

Suppose U and W are subspaces of V .

(1) Prove that U +W is a subspace of V .
(2) Prove that if T is any subspace of V that contains U ∪W , then T contains U +W . Thus,

U +W is the smallest subspace of V containing U ∪W .

Definition 3.4

A vector space V is called the direct sum of subspaces U and W if each vector in V can be uniquely
written as u + w, where u ∈ U and w ∈ W . We denote that V is the direct sum of U and W by
writing V = U ⊕W .

Exercise 3.10

Suppose U and W are subspaces of V . Prove that V = U ⊕W if and only if V = U + W and
U ∩W = {0}.

3.4. Null Space of a Matrix

Let A ∈ Rm×n. We consider the question of how many different solutions x ∈ Rn a linear system
Ax = b can have for a particular right-hand side b ∈ Rm. The key to answering this question is the
corresponding homogenous equation Ax = 0.
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For any matrix A ∈ Rm×n we have that A0 = 0 but for some matrices the system Ax = 0 has a
nonzero solution. For example, it is easy to check that

(3.8)

1 2 1
2 2 0
1 1 0

 1
−1
1

 =

0
0
0


Let A ∈ Rm×n and b ∈ Rm such that Ax = b for some x ∈ Rn. Suppose there exists y 6= 0 such that
Ay = 0. For any scalar c ∈ R we have that

A(x+ cy) = Ax+ cAy = b+ 0 = b

and thus Ax = b has an infinite number of solutions. For example, note that

(3.9)

1 2 1
2 2 0
1 1 0

1
1
0

 =

3
4
2


and that

(3.10)

1 2 1
2 2 0
1 1 0

1
1
0

+

 1
−1
1

 =

1 2 1
2 2 0
1 1 0

2
0
1

 =

3
4
2


We summarize these ideas in the following lemma.

Lemma 3.4.1

Let A ∈ Rm×n. If there exists x 6= 0 such that Ax = 0, then for all b ∈ Rm the linear system
Ax = b either has no solution or an infinite number of solutions–a unique solution is not possible.

Let A ∈ Rm×n and suppose that Ax = 0 has the unique solution x = 0. Suppose that for some
b ∈ Rm we have that Ay = b and Az = b. Subtracting the equations gives

0 = Ay −Az = A(y − z)

But since Ax = 0 has the unique solution x = 0, we have that y − z = 0 and hence y = z. We have
justified the following lemma.

Lemma 3.4.2

Let A ∈ Rm×n and suppose that Ax = 0 has the unique solution x = 0. Then for all b ∈ Rm the
linear system Ax = b either has no solution or a single unique solution.

Definition 3.5

Let A ∈ Rm×n. We define the null space of A, denoted N(A), as

(3.11) N(A) = {x ∈ Rn : Ax = 0}

Let A ∈ Rm×n. We make two observations.

(1) Since A0 = 0 we have that 0 ∈ N(A).
(2) Suppose x,y ∈ N(A) and let a, b ∈ R. Then we have Ax = 0 and Ay = 0. Hence

A(ax+ by) = aAx+ bAy+ = a0 + b0 = 0

and ax+ by is in N(A).

Thus by theorem 3.2 we have the following result.

Lemma 3.4.3

Let A ∈ Rm×n. Then N(A) is a subspace of Rn.
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For any a, b, c ∈ R, the plane

W =
{
x ∈ R3 : ax1 + bx2 + cx3 = 0

}
is a subspace of R3 since W = N(A) where A ∈ R1×3 is given by A =

[
a b c

]
.

Exercise 3.11

Is W = {x ∈ R3 : x1 = 3x2 and x3 = −x2} a subspace of R3? Explain.

Note that

W1 =
{
x ∈ R2 : x1 − x2 = 0

}
, W2 =

{
x ∈ R2 : x1 + x2 = 0

}
are subspaces of R2 since W1 = N(

[
1 −1

]
) and W2 = N(

[
1 1

]
). Let x =

[
1
1

]
and y =

[
1
−1

]
. Note that[

1
1

]
∈W1 and hence W1∪W2 and

[
1
−1

]
∈W2 and hence W1∪W2. However, the vector

[
1
1

]
+

[
1
−1

]
=

[
2
0

]
is not in W1 ∪W2 and hence W1 ∪W2 is not a subspace of R2. We have shown that if U and W are
subspaces of V , then U ∪W is not always a subspace of V .

Exercise 3.12

Let U and W be subspaces of a vector space V . Prove that U ∪W is a subspace of V if and only
if U ⊆W or W ⊆ U .

Let A ∈ Rm×n and let C ∈ Rm×n be the matrix resulting from applying any number of elementary
row operations to A. By theorem 2.1, we have that Ax = 0 if and only if Cx = 0. We summarize this
result in the following lemma.

Lemma 3.4.4

Let A ∈ Rm×n and let C ∈ Rm×n be the matrix resulting from applying any number of elementary
row operations to A. Then we have that

N(A) = N(C)

Consider the matrix

A =


1 1 −1
0 −2 4
2 0 2
2 4 −5


Adding −2 times the first row to the third row and fourth row gives the matrix

1 1 −1
0 −2 4
0 −2 4
0 2 −3


Multiplying the second row by −1/2 and then adding 2 times the second row to the third row and −2
times the second row to the fourth row gives the matrix

C =


1 1 −1
0 1 −2
0 0 0
0 0 1


Since Cx = 0 if and only if x = 0 we have that N(C) = {0} and hence N(A) = {0} by lemma 3.4.4.
Thus for all b ∈ Rm, the linear system Ax = b either has no solution or a single unique solution by lemma
3.4.2.
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Let A ∈ Rm×n and b ∈ Rm. If m < n, we call Ax = b an underdetermined linear system. It turns
out that such linear systems can never have a single unique solution because there has to be a nonzero
vector x in N(A).

We first consider the case where A ∈ Rm×(m+1). As a specific example, let A ∈ R3×4 be given by

A =

1 2 −1 1
2 2 −1 −1
1 1 1 −2


and consider the problem of finding x ∈ N(A) such that x 6= 0. We look for a smaller version of the
problem within our problem. We first try to construct a solution to our problem using the fact that[

2 −1 −1
1 1 −2

]1
1
1

 =

[
0
0

]
We note that 1 2 −1 1

2 2 −1 −1
1 1 1 −2



−2
1
1
1

 =

 0
−4
−2


This first attempt would have been successful if a21 = 0 and a31 = 0 since1 2 −1 1

0 2 −1 −1
0 1 1 −2



−2
1
1
1

 =

0
0
0


This failed attempt shows us that we must first apply elementary row operations to zero out the second
and third rows in the first column. Fortunately, we can do this without changing the set of solutions by
theorem 2.1. Adding −2 times the first row to the second row and −1 times the first row to the third
row of A gives 1 2 −1 1

0 −2 1 −3
0 −1 2 −3


It is easy to check that

(3.12)

[
−2 1 −3
−1 2 −3

]−1
1
1

 =

[
0
0

]
and that 1 2 −1 1

0 −2 1 −3
0 −1 2 −3




2
−1
1
1

 =

0
0
0


Finally we verify that 1 2 −1 1

2 2 −1 −1
1 1 1 −2




2
−1
1
1

 =

0
0
0


as expected.

Notice that to make this process work we had to be given a solution to the smaller problem (3.12). On
the other hand that smaller problem contains a still smaller problem and so on. This problem reduction
idea can be turned into a formal proof using mathematical induction on m. The induction begins with

m = 1. Suppose A =
[
a11 a12

]
. If a11 = 0 set x =

[
1
0

]
, otherwise set x =

[
−a12/a11

1

]
. In either
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case x is a nonzero solution to Ax = 0. Now suppose the result is true for some integer m ≥ 1. Let
A ∈ R(m+1)×(m+2) be arbitrary. We will prove that Ax = 0 has a nonzero solution. If the first column of
A is 0, then Ae1 and the result holds. Otherwise we can perform elementary row operations on A to find
a matrix B of the form

B =

[
1 cT

0 D

]
where c ∈ Rm+1 and D ∈ Rm×(m+1). By the inductive hypothesis, there exists y ∈ Rm+1 such that y 6= 0
and Dy = 0. Define

x =


−c1y1 − · · · − cm+1ym+1

y1
...

ym+1


and note that x ∈ Rm+2, x 6= 0 and Bx = 0. Since B was obtained by performing elementary row
operations on A we also have Ax = 0 by theorem 2.1. We have justified the following lemma.

Lemma 3.4.5

For all m ≥ 1 and A ∈ Rm×(m+1) there exists x ∈ N(A) such that x 6= 0.

Next let’s consider the general underdetermined homogenous system Ax = 0 where A ∈ Rm×n where
m < n. If n = m + 1, then Ax = 0 for some x 6= 0 by lemma 3.4.5. If not, we have n > m + 1 and can
write A in the form

A =
[
B C

]
where B ∈ Rm×(m+1) and C ∈ Rm×(n−m−1). By lemma 3.4.5, there exists y ∈ Rm+1 such that y 6= 0 and
By = 0. Define x ∈ Rn by

x =



y1
y2
...

ym+1

0
...
0


and note that Ax = 0 where x 6= 0. We have justified the next theorem.

Theorem 3.3

Let A ∈ Rm×n. If m < n, then there exists x ∈ N(A) such that x 6= 0.

The following corollary follows from theorem 3.3 and lemma 3.4.1

Corollary 3.4.1

Let A ∈ Rm×n. If m < n, then for all b ∈ Rm the linear system Ax = b either has no solution or
an infinite number of solutions–a unique solution is not possible.



CHAPTER 4

Span and Linear Independence

4.1. Linear Combinations and Span

Definition 4.1

Let v1,v2, . . . ,vn be vectors in a vector space V . We say that a vector v ∈ V is a linear combination
of the vectors v1,v2, . . . ,vn if there exist scalars c1, c2, . . . , cn ∈ R such that

v = c1v1 + c2v2 + · · ·+ cnvn

Consider the vectors v,v1,v2,v3 ∈ R3 given by

v =

 2
−4
−2

 , v1 =

1
0
0

 , v2 =

0
2
0

 , v3 =

 0
1
−1


Since v = 2v1 − 3v2 + 2v3, the vector v is a linear combination of the vectors v1,v2,v3.

Exercise 4.1

Suppose A ∈ Rm×n has column vectors a1,a2, . . . ,an ∈ Rm. Prove that for all b ∈ Rm the
linear system Ax = b has a solution if and only if b is a linear combination of the column vectors
a1,a2, . . . ,an.

Consider the vectors v,v1,v2,v3,v4 in R3 given by

v =

5
8
6

 , v1 =

1
2
1

 , v2 =

2
3
4

 , v3 =

−1
−1
−3

 , v4 =

 1
4
−3


Exercise 4.1 gives that v is a linear combination of the vectors v1,v2,v3,v4 if and only if

Ax = b

for some x ∈ R4 where

A =

1 2 −1 1
2 3 −1 4
1 4 −3 −3

 , b =

5
8
6


We consider the augmented matrix

A|b =

1 2 −1 1 5
2 3 −1 4 8
1 4 −3 −3 6


Row reducing gives

C|d =

1 0 1 5 0
0 1 −1 −2 0
0 0 0 0 1


Thus, the system Ax = b is inconsistent and hence v is not a a linear combination of the vectors
v1,v2,v3,v4.

27
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Exercise 4.2

Let v1,v2, . . . ,vn be vectors in a vector space V . Prove that the set of linear combinations of the
vectors v1,v2, . . . ,vn is a subspace of V .

Definition 4.2

Let S be a nonempty set of vectors in a vector space V . A vector v is called a linear combination
of vectors in S if there exist vectors v1,v2, . . . ,vn ∈ S and scalars c1, c2, . . . , cn ∈ R such that

v = c1v1 + c2v2 + · · ·+ cnvn

Let S =


 1

2
−1

 ,
2

5
0

 ,
−2

6
−3

 be a set of vectors in R3. Then

v = 3

 1
2
−1

− 2

−2
6
−3

+ 2

 1
2
−1

+ 7

2
5
0


is a linear combination of vectors in S.

Definition 4.3

The span of a nonempty set S in a vector space V , denoted span(S), is the set of all linear
combinations of vectors in S. We define span(∅) = {0}.

Let S be a set of vectors in a vector space V . For all v ∈ S we have v = 1v and thus

(4.1) S ⊆ span(S)

Let V be a vector space. Note that span(∅) = {0} is a subspace of V . Next, let S be a nonempty set
in V . We make two observations.

(1) Let v ∈ S. Then 0 = 0v and we have that 0 ∈ span(S).
(2) Let x,y ∈ span(S) and a, b ∈ R. Then we have

x = c1w1 + · · ·+ cmwm, v2 = d1u1 + · · ·+ dnun

for some vectors w1, . . . ,wm ∈ S and u1, . . . ,un ∈ S as well as scalars c1, . . . , cm ∈ R and
d1, . . . , dn ∈ R. Thus we have that

ax+ by = (ac1)w1 + · · ·+ (acm)wm + (bd1)u1 + · · ·+ (bdn)un

is a linear combination of vectors in S. Hence ax+ by is in span(S).

Thus, by theorem 3.2 we have that span(S) is a subspace of V . Next let S be a subset of a vector space
V and let W be a subspace of V such that S ⊆W . If S = ∅, then span(S) = span(∅) = {0} is a subset
of W since W is a subspace. Next, suppose S is nonempty and let v ∈ span(S). Then

v = c1v1 + c2v2 + · · ·+ cnvn

where v1,v2, . . . ,vn are vectors in S and also in W since S ⊆ W . Since W is a subspace, v ∈ W since
W is closed under addition and scalar multiplication. We summarize our results in the next theorem.

Theorem 4.1

Let S be a subset of a vector space V .

(1) S ⊆ span(S)
(2) span(S) is a subspace of V .
(3) If W is a subspace of V and S ⊆W , then span(S) ⊆W .
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Suppose S and T are subsets of a vector space V . If S ⊆ span(T ), then

span(S) ⊆ span(T )

by theorem 4.1. We have justified the following.

Corollary 4.1.1

Suppose S and T are subsets of a vector space V . If S ⊆ span(T ), then

span(S) ⊆ span(T )

Consider the subsets of R2 given by

S =

{[
1
0

]
,

[
0
1

]}
, T =

{[
1
1

]
,

[
1
−1

]}
Since [

1
0

]
=

1

2

[
1
1

]
+

1

2

[
1
−1

]
,

[
0
1

]
=

1

2

[
1
1

]
− 1

2

[
1
−1

]
we have that S ⊆ span(T ) and hence

(4.2) span(S) ⊆ span(T )

by corollary 4.1.1. Since [
1
1

]
=

[
1
0

]
+

[
0
1

]
,

[
1
−1

]
=

[
1
0

]
−
[
0
1

]
we have that T ⊆ span(S) and hence

(4.3) span(T ) ⊆ span(S)

by corollary 4.1.1. Combing equations (4.2) and (4.3) gives

span(S) = span(T )

Exercise 4.3

Let u,v be vectors in a vector space V . Prove that

span({u,v}) = span({u+ v,u− v})

Exercise 4.4

Let v1,v2, . . . ,vn be vectors in a vector space V and let α1, α2, . . . , αn be nonzero scalars in R.
Prove that

span({v1,v2, . . . ,vn}) = span({α1v1, α2v2, . . . , αnvn})

Exercise 4.5

Suppose S and T are subsets of a vector space V . Prove that if S ⊆ T , then

span(S) ⊆ span(T )

Exercise 4.6

Consider the set S = {v1,v2, . . . ,vn} of vectors in a vector space V . Prove that span(S) is equal
to the set of linear combinations of the vectors v1,v2, . . . ,vn.
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Exercise 4.7

Consider the vectors v,v1,v2,v3,v4 in R3 given by

v =

 3
2
11

 , v1 =

1
2
1

 , v2 =

2
3
4

 , v3 =

−1
−1
−3

 , v4 =

 1
4
−3


Is v ∈ span({v1,v2,v3,v4})? Explain.

Definition 4.4

Let S be a subset of a vector space V . We say that S generates V if

span(S) = V

We also call S a generating set for V .

The set of column vectors of In given by S = {e1, e2, . . . , en} generates Rn. Let S be a subset of a
vector space V . Then S is a generating set for span(S).

Consider the matrix

A =

 1 1 2 −4
−1 1 −4 2
1 2 1 −5


We will find a generating set for N(A), the null space of A. We apply Guass-Jordan elimination to reduce
A to the matrix C in reduced row echelon form

C =

1 0 3 −3
0 1 −1 −1
0 0 0 0


Since N(A) = N(C) by lemma 3.4.4 it suffices to find a generating set for N(C). We rewrite the system
Cx = 0 as

x1 + 3x3 − 3x4 = 0, x2 − x3 − x4 = 0

After solving for left most variable in each equation we get

x1 = −3x3 + 3x4, x2 = x3 + x4

We next let t1 = x3 and t2 = x4 and note that Cx = 0 if and only if

x =


x1
x2
x3
x4

 =


−3t1 + 3t2
t1 + t2
t1
t2

 = t1


−3
1
1
0

+ t2


3
1
0
1


Thus Cx = 0 if and only if x is a linear combination of the vectors

v1 =


−3
1
1
0

 , v2 =


3
1
0
1


Hence we have

N(A) = N(C) = span({v1,v2})

and we say that N(A) is generated by the set S = {v1,v2}.
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Exercise 4.8

Consider the matrix

A =

[
1 2 1 1
2 3 1 2

]
Find a generating set for N(A).

4.2. Column Space of a Matrix

Definition 4.5

Suppose A ∈ Rm×n has column vectors a1,a2, . . . ,an. We define the column space of A, denoted
col(A), as

col(A) = span({a1,a2, . . . ,an})

Exercise 4.9

Let A ∈ Rm×n.

(1) Prove that

col(A) = {Ax : x ∈ Rn} = {b ∈ Rm : Ax = b for some x ∈ Rn}
(2) Prove that the linear system Ax = b has a solution for all b ∈ Rm if and only if col(A) =

Rm.

The next corollary follows immediately from theorem 4.1.

Corollary 4.2.1

Let A ∈ Rm×n. Then col(A) is a subspace of Rm.

If A ∈ Rm×n has column vectors a1,a2, . . . ,an, then the set of column vectors S = {a1,a2, . . . ,an}
generates col(A).

Exercise 4.10

Let A ∈ R4×4. Suppose you are given that

A


1
−1
2
0

 =


1
0
2
3

 , A


2
0
−1
3

 =


0
−1
3
1



Find x such that Ax =


2
0
4
6

 and find y such that Ay =


1
−1
5
4

.

Consider the matrices

A =

1 −1 1 0
1 1 3 4
2 −4 0 −4

 , B =

−1 1 0 1 1
1 1 4 3 1
−4 2 −4 0 2


with column vectors S = {a1,a2,a3,a4} and T = {b1, b2, b3, b4, b5} respectively. Since the sets S and T
contain the same vectors, they are equal and thus

col(A) = span(S) = span(T ) = col(B)
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Let A ∈ Rm×n and let C ∈ Rm×n be the matrix resulting from applying any number of elementary

row operations to A. In general, we will not have that col(A) = col(C). For example, let A =

[
1 1
1 1

]
.

Add −1 times the first row to the second row to get C =

[
1 1
0 0

]
. Note that the vector b =

[
1
1

]
is in

col(A) since Ae1 = b. However, b is not in col(C) since Cx = b has no solution. The next theorem covers
a special case where we do have col(A) = col(C).

Theorem 4.2

Let A ∈ Rm×n and let C ∈ Rm×n be the matrix resulting from applying any number of elementary
row operations to A. Then col(A) = Rm if and only if col(C) = Rm.

Proof. Let A ∈ Rm×n and let C ∈ Rm×n be the matrix resulting from applying any number
of elementary row operations to A. By theorem 1.1 there exists an invertible matrix P ∈ Rm×m
such that C = PA. First suppose that col(A) = Rm and let b ∈ Rm. Then Ax = P−1b for some
x ∈ Rn and hence we have that

b = PAx = Cx

which implies that b ∈ col(C) and thus col(C) = Rm. Next suppose that col(C) = Rm and let
b ∈ Rm. Then Cx = Pb for some x ∈ Rn and hence we have that

b = P−1Cx = Ax

which implies that b ∈ col(A) and thus col(A) = Rm. �

Exercise 4.11

Consider the matrix

A =

1 1 2 1
1 0 2 −1
1 1 2 2


Does Ax = b have a solution for all b ∈ R3? Explain.

Exercise 4.12

Let A ∈ Rm×n. Let C ∈ Rm×n be a matrix resulting from applying any number of elementary row
operations to A. Prove that

col(AT ) = col(CT )

4.3. Linearly Independent Sets

Consider the vectors v1,v2,v3 in R3 where

v1 =

 1
−1
2

 , v2 =

−1
2
1

 , v3 =

0
1
3


Since v3 = v1 + v2 any linear combination of the vectors v1,v2,v3

v = c1v1 + c2v2 + c3v3

is also a linear combination of the vectors v1,v2 since

v = c1v1 + c2v2 + c3(v1 + v2) = (c1 + c3)v1 + (c2 + c3)v2

Let S be a set of vectors in a vector space V and suppose that for some v ∈ S we have that

v ∈ span(S − {v})
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First, since S − {v} ⊆ S we have that

span(S − {v}) ⊆ span(S)

by exercise 4.5.
Next, since S − {v} ⊆ span(S − {v}) by theorem 4.1 and and v ∈ span(S − {v}) we have that

S ⊆ span(S − {v})
and hence

span(S) ⊆ span(S − {v})
by corollary 4.1.1. We have justified the following result.

Lemma 4.3.1

Let S be a set of vectors in a vector space V and suppose that for some v ∈ S we have

v ∈ span(S − {v})
Then we have that

span(S) = span(S − {v})

Let A ∈ R3×4 be given by

A =

1 −1 1 0
1 1 3 4
2 −4 0 −4


and consider the column space of A

col(A) = span({a1,a2,a3,a4})
where

a1 =

1
1
2

 , a2 =

−1
1
−4

 , a3 =

1
3
0

 , a4 =

 0
4
−4


The set S = {a1,a2,a3,a4} generates col(A) but it is possible to generate col(A) with fewer than 4
vectors. To see how, we apply Guass-Jordan elimination to reduce A to the matrix C in reduced row
echelon form

C =

1 0 2 2
0 1 1 2
0 0 0 0


with column vectors

c1 =

1
0
0

 , c2 =

0
1
0

 , c3 =

2
1
0

 , c4 =

2
2
0


By inspection we observe that

2c1 + c2 − c3 = 0

But then we must also have that

2a1 + a2 − a3 = 0

or

(4.4) a3 = 2a1 + a2

since elementary row operations preserve solutions to Ax = 0 by theorem 2.1. By lemma 4.3.1 we have
that

span({a1,a2,a3,a4}) = span({a1,a2,a4})
Similarily, we note that

2c1 + 2c2 − c4 = 0
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and hence

(4.5) a4 = 2a1 + 2a2

By lemma 4.3.1 we have
span({a1,a2,a4}) = span({a1,a2})

and we have shown that
col(A) = span({a1,a2})

Similarily, It is easy to verify that

a1 = a3 −
a4
2
, a2 = −a3 + a4

and hence
col(A) = span({a3,a4})

Definition 4.6

Let S be a set of vectors in a vector space V . We say that S is linearly dependent if there exists
a vector v ∈ S such that v ∈ span(S − {v}). We say that S is linearly independent if it is not
linearly dependent.

The empty set ∅ is linearly independent by definition since it contains no vectors. The set S = {0}
is linearly dependent since

span({0}) = {0} = span(∅)

The set S = {v} where v 6= 0 is linearly independent since in this case span({v}) 6= {0} = span(∅).
Consider the set of vectors S = {v1,v2,v3} in R3 where

v1 =

 1
−1
1

 , v2 =

1
2
1

 , v3 =

0
3
0


Since v1 = v2 − v3, we have that v1 ∈ span(S − {v1}) and S is linearly dependent.

Exercise 4.13

Let S and T be subsets of a vector space V and suppose that S ⊆ T .

(1) Prove that if S is linearly dependent, then T is linearly dependent.
(2) Prove that if T is linearly independent, then S is linearly independent.

The next theorem gives our primary test for linear independence. We leave the proof as an exercise.

Theorem 4.3

Let v1,v2, . . . ,vn be vectors in a vector space V . Then S = {v1,v2, . . .vn} is a linearly independent
set of n vectors if and only if

c1v1 + c2v2 + · · ·+ cnvn = 0

has the unique solution c1 = c2 = · · · = cn = 0.

Exercise 4.14

Prove thereom 4.3.

Consider the set S = {e1, . . . , en} of column vectors of In. If

c1e1 + c2e2 + · · ·+ cnen = 0

then
c = Inc = c1e1 + c2e2 + · · ·+ cnen = 0 = 0

Thus S is a a linearly independent set of n vectors in Rn by theorem 4.3.
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Again consider the matrix

A =

1 −1 1 0
1 1 3 4
2 −4 0 −4


with column vectors a1,a2,a3,a4. We have shown that

col(A) = span({a1,a2})

Suppose that

c1a1 + c2a2 = 0

which we can write in matrix form as 1 −1
1 1
2 −4

 c = 0

Applying Gauss-Jordan elimination gives us the system1 0
0 1
0 0

 c = 0

which has the unique solution c = 0. Thus, the set S = {a1,a2} is linearly independent by theorem 4.3.
It is easy to prove that the set T = {a3,a4} is also linearly independent. These examples suggest that
any generating set for col(A) must contain at least two vectors.

Exercise 4.15

Suppose A ∈ Rm×n has column vectors a1,a2, . . . ,an. Prove that S = {a1,a2, . . . ,an} is a linearly
independent set of n vectors if and only if N(A) = {0}.

Exercise 4.16

Consider the following vectors in R3.

v1 =

1
1
1

 , v2 =

1
0
1

 , v3 =

 1
−1
2


Is the set S = {v1,v2,v3} linearly independent? Explain.

Exercise 4.17

Let S = {v1,v2, . . . ,vn} be a linearly independent set of n vectors in Rm. Prove that n ≤ m.

Let S = {u,v,w} be a linearly independent set of 3 vectors in Rk and consider the set

T = {u+ v,u+w,v +w}

Suppose

c1(u+ v) + c2(u+w) + c3(v +w) = 0

After collecting terms we get

(c1 + c2)u+ (c1 + c3)v + (c2 + c3)w = 0

Using theorem 4.3 we note that

c1 + c2 = 0, c1 + c3 = 0, c2 + c3 = 0
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which in matrix form says that

1 1 0
1 0 1
0 1 1

 c = 0. Applying Gauss-Jordan elimination gives us the system1 0 0
0 1 0
0 0 1

 c = 0 which has the unique solution c = 0. Thus T is a linearly independent set of 3 vectors

by theorem 4.3.

Exercise 4.18

Suppose S = {u,v,w} is a linearly independent set of 3 vectors in a vector space V . Prove that

T = {u+ v −w,u− v +w,−u+ v +w}
is also a linearly independent set of 3 vectors in V .

Exercise 4.19

Let V = F(R,R). Suppose that

f(t) = sin(t), g(t) = cos(t)

Is the set of vectors S = {f , g} linearly independent? Explain.

Exercise 4.20

Let A ∈ Rm×n and suppose that N(A) = {0}. Let S = {v1,v2, . . . ,vk} be a linearly independent
set of k vectors in Rn. Prove that the set T = {Av1, Av2, . . . , Avk} is a linearly independent set
of k vectors in Rm.

The next result will be a fundamental tool for obtaining an upper bound on the size of a linearly
independent set in a vector space V and a lower bound on the size of a generating set for V .

Theorem 4.4

If T = {w1,w2, . . . ,wn} is a linearly independent subset of a vector space V containing n vectors
and S = {v1,v2, . . . ,vm} is a generating set for V containing m vectors, then n ≤ m.

Proof. Since S generates V , for all i in 1, . . . , n we have that

wi = a1i v1 + · · ·+ ami vm

for some scalars a1i, . . . , ami ∈ R. Let C ∈ Rm×n be the matrix

C =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn


Let x ∈ Rn be any solution to Cx = 0. We note that

x1w1 + · · ·+ xnwn = x1(a11 v1 + · · ·+ am1vm) + · · ·+ xn(a1n v1 + · · ·+ amnvm)

= (x1a11 + · · ·+ xna1n)v1 + · · ·+ (x1am1 + · · ·+ xnamn)vm

= 0v1 + · · ·+ 0vm

= 0

Since T is a linearly independent set of n vectors we have that x1 = x2 = · · · = xn = 0 by theorem
4.3 and thus Cx = 0 only if x = 0. Finally, we note that n ≤ m by theorem 3.3. �
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Let S = {v1,v2, . . . ,vm} be a generating set for Rn containing m vectors. Since T = {e1, e2, . . . , en}
is a linearly independent set of n vectors in Rn we must have m ≥ n by theorem 4.4.

Exercise 4.21

Let A ∈ Rm×n. Prove that if m > n, then there exists a vector b ∈ Rm such that Ax = b does not
have a solution.

Exercise 4.22

Let S = {v1,v2, . . . ,vn} be a subset of Rm containing n vectors. Prove that if S generates Rm and
S is linearly independent, then n = m.

Exercise 4.23

Let A ∈ Rm×n. Prove that if Ax = b has a unique solution for all b ∈ Rm, then m = n.

4.4. Invertibility and the Vandermonde Matrix

Let A ∈ Rn×n and suppose that the linear system Ax = b has a unique solution for all b ∈ Rn. Then
Ax = 0 must have the unique solution x = 0. It turns out that Ax = 0 having the unique solution x = 0
is not only a necessary condition to guarantee a unique solution for all b ∈ Rn, but it is also a sufficient
condition. Let A ∈ Rn×n and suppose that the linear system Ax = 0 has the unique solution x = 0. By
lemma 3.4.2, it remains to show that Ax = b has a solution for all b ∈ Rn. By theorem 3.3, the linear
system (A|b)y = 0 has a nonzero solution y 6= 0. Thus we have

(4.6) y1a1 + y2a2 + · · ·+ ynan + yn+1b = 0

where a1,a2, . . . ,an are the column vectors of A and at least one of y1, y2, . . . , yn+1 is nonzero. But since
Ax = 0 only if x = 0 we must have yn+1 6= 0. Solving for b in equation (4.6) gives

(4.7)
−y1
yn+1

a1 +
−y2
yn+1

a2 + · · ·+ −yn
yn+1

an = b

and thus

x =


−y1
yn+1
−y2
yn+1

...
−yn
yn+1


is a solution to Ax = b. We have justified the following result.

Lemma 4.4.1

Let A ∈ Rn×n. Then Ax = b has a unique solution for all b ∈ Rn if and only if N(A) = {0}.

Exercise 4.24

Consider the matrix A =

 1 2 0
−1 1 3
0 5 −4

. Does Ax = b have a unique solution for all b ∈ R3?

Let A,B ∈ Rn×n. In general we cannot say that AB = BA since matrix multiplication is not
commutative. It turns out, however, that if AB = In then we must have BA = In as well. To show this
suppose that AB = In. Let x ∈ R be any solution to Bx = 0 and note that

x = Inx = (AB)x = A(Bx) = A0 = 0
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Thus, Bx = 0 only if x = 0 and by lemma 4.4.1 we have that Bx = y has a unique solution for all
y ∈ Rn. Next, for an arbitrary i ∈ 1, . . . , n choose x ∈ Rn such that Bx = ei and note that

(BA)ei = (BA)(Bx) = B((AB)x) = B(Inx) = Bx = ei

Since i ∈ 1, . . . , n was arbitrary we have that BA = In by exercise 1.2. We have justified the following
lemma.

Lemma 4.4.2

Let A,B ∈ Rn×n. If AB = In, then BA = In.

Let A ∈ Rn×n and suppose that Ax = ei has a solution for all i ∈ 1, . . . , n. For i in 1, . . . , n choose
bi ∈ Rn such that Abi = ei. Let B ∈ Rn×n have column vectors b1, . . . , bn and note that

AB =
[
Ab1 · · · Abn

]
=
[
e1 · · · en

]
= In

Finally, we note that BA = In by lemma 4.4.2 and hence A is invertible. We summarize our results with
the following lemma.

Lemma 4.4.3

Let A ∈ Rn×n. If Ax = ei has a solution for all i in 1, . . . , n, then A is invertible.

The following theorem gives several statements equivalent to invertibility of a matrix A ∈ Rn×n. We
leave the proof as an exercise.

Theorem 4.5

Let A ∈ Rn×n. Then the following statements are equivalent.

(1) A is invertible.
(2) Ax = b has a unique solution for all b ∈ Rn.
(3) N(A) = {0}.
(4) col(A) = Rn.
(5) Ax = ei has a solution for all i in 1, . . . n.

Exercise 4.25

Prove theorem 4.5.

We next return to the polynomial interpolation problem. Let c1, c2, . . . , cn be distinct scalars in R and
b1, b2, . . . , bn be any scalars in R. The polynomial interpolation problem is that of finding a polynomial
of the form

f(t) = x1 + x2t+ · · ·+ xnt
n−1

such that f(ci) = bi for all i in 1, . . . , n. The given constraints yield the linear system

(4.8)


1 c1 · · · cn−11

1 c2 · · · cn−12
...

...
. . .

...
1 cn · · · cn−1n



x1
x2
...
xn

 =


b1
b2
...
bn


Define the matrix A ∈ Rn×n, called a Vandermonde matrix, as

A =


1 c1 · · · cn−11

1 c2 · · · cn−12
...

...
. . .

...
1 cn · · · cn−1n


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We will show that A is invertible and hence the linear system (4.8) (and the associated polynomial
interpolation problem) always has a unique solution. By theorem 4.5 it suffices to show that Ax = ei has
a solution for all i in 1, . . . , n. To this end we define the Lagrange polynomials f1,f2, . . . ,fn by

fi(t) =
(t− c1) · · · (t− ci−1)(t− ci+1) · · · (t− cn)

(ci − c1) · · · (ci − ci−1)(ci − ci+1) · · · (ci − cn)

Note that fi(ci) = 1, and fi(ck) = 0 for i 6= k. Finally we write

fi(t) = x1 + x2t+ · · ·+ xnt
n−1

for some scalars x1, x2, . . . , xn ∈ R and note that

A


x1
x2
...
xn

 =


1 c1 · · · cn−11

1 c2 · · · cn−12
...

...
. . .

...
1 cn · · · cn−1n



x1
x2
...
xn

 =


fi(c1)
fi(c2)

...
fi(cn)

 = ei

We have justified the following result.

Corollary 4.4.1

Let c1, c2, . . . , cn be distinct scalars in R. The Vandermonde matrix A ∈ Rn×n given by

A =


1 c1 · · · cn−11

1 c2 · · · cn−12
...

...
. . .

...
1 cn · · · cn−1n


is invertible.

Consider again the problem of finding a polynomial

f(t) = x1 + x2t+ x3t
2

that satisfies f(1) = 8, f(2) = 5, and f(3) = −4. The constraints yield the linear system

(4.9)

1 1 1
1 2 4
1 3 9

x1x2
x3

 =

 8
5
−4


Let’s first find the inverse of the Vandermonde matrix

A =

1 1 1
1 2 4
1 3 9


using Lagrange polynomials. We calculate

f1(t) =
(t− 2)(t− 3)

(1− 2)(1− 3)
=

1

2

(
6− 5t+ t2

)
f2(t) =

(t− 1)(t− 3)

(2− 1)(2− 3)
= −3 + 4t− t2

f3(t) =
(t− 1)(t− 2)

(3− 1)(3− 2)
=

1

2

(
2− 3t+ t2

)
We next check that

A

 3
−2.5
0.5

 = e1, A

−3
4
−1

 = e2, A

 1
−1.5
0.5

 = e3
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and thus

A−1 =

 3 −3 1
−2.5 4 −1.5
0.5 −1 0.5


Finally we note that

x = A−1b =

 3 −3 1
−2.5 4 −1.5
0.5 −1 0.5

 8
5
−4

 =

 5
6
−3


and hence the unique interpolating polynomial is f(t) = 5 + 6t− 3t2.

Exercise 4.26

Consider the problem of finding a polynomial

f(t) = x1 + x2t+ x3t
2 + x4t

3

such that f(−2) = 3, f(−1) = −6, f(1) = 0, and f(3) = −2. The constraints lead to the linear
system Ax = b where

A =


1 −2 4 −8
1 −1 1 −1
1 1 1 1
1 3 9 27


is a Vandermonde matrix. In this problem we will find A−1 using Lagrange polynomials. Let
c1 = −2, c2 = −1, c3 = 1, and c4 = 3. Write each of the Lagrange polynomials f1, f2, f3, f4 given
by

fi(t) =
(t− c1) · · · (t− ci−1)(t− ci+1) · · · (t− cn)

(ci − c1) · · · (ci − ci−1)(ci − ci+1) · · · (ci − cn)
in the form

fi(t) = x1 + x2t+ x3t
2 + x4t

3

(you must determine the constants x1, x2, x3, x4 for each Lagrange polynomial). Use these constants
to form A−1 and verify that AA−1 = A−1A = I4. Finally, use A−1 to solve Ax = b and find the
unique interpolating polynomial f(t) that fits the given points.

Let c1, c2, . . . , cn be distinct scalars in R and let f(t) = x1 + x2t + · · · + xnt
n−1 for some scalars

x1, x2, . . . , xn ∈ R. Suppose that f(ci) = 0 for all i in 1, . . . , n.
1 c1 · · · cn−11

1 c2 · · · cn−12
...

...
. . .

...
1 cn · · · cn−1n



x1
x2
...
xn

 =


0
0
...
0


Since the Vandermonde matrix

A =


1 c1 · · · cn−11

1 c2 · · · cn−12
...

...
. . .

...
1 cn · · · cn−1n


is invertible, we have that 

x1
x2
...
xn

 = A−10 = 0

and we have justified the following result.
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Corollary 4.4.2

Let c1, c2, . . . , cn be distinct scalars in R and let f(t) = x1 + x2t + · · · + xnt
n−1 for some scalars

x1, x2, . . . , xn ∈ R. If f(ci) = 0 for all i in 1, . . . , n then xi = 0 for all i in 1, . . . , n and thus f(t) = 0.

4.5. Polynomial Spaces

The set of polynomials
P (R) = span({1, t, t2, . . .})

is a subspace of F(R,R). For n ≥ 0

Pn(R) = span({1, t, t2, . . . , tn})
is a subspace of P (R).

Let V = P (R) and for any n ≥ 1 consider the set S = {1, t, t2, . . . , tn−1}. Suppose that

x1 + x2t+ · · ·+ xnt
n−1 = 0

Let f(t) = x1 + x2t+ · · ·+ xnt
n−1 and pick n distinct scalars c1, c2, . . . , cn in R. Then since f(ci) = 0 for

all i in 1, . . . , n we must have x1 = x2 = · · · = xn = 0 by corollary 4.4.2. We have justified the following
lemma.

Lemma 4.5.1

For any n ≥ 1 the set S = {1, t, t2, . . . , tn−1} is a linearly independent set of n vectors in P (R).

Let V = P3(R). Suppose that

f = 3 + 3t+ 2t2 − t3, g1 = 1 + t+ t2 + t3, g2 = 1 + t+ t2, g3 = 1 + t

We will check to see if f ∈ span({g1, g2, g3}). Suppose that

3 + 3t+ 2t2 − t3 = c1(1 + t+ t2 + t3) + c2(1 + t+ t2) + c3(1 + t)

for some c1, c2, c3 ∈ R. Collecting terms gives

(c1 + c2 + c3 − 3)1 + (c1 + c2 + c3 − 3)t+ (c1 + c2 − 2)t2 + (c1 + 1)t3 = 0

Since {1, t, t2, t3} is a linearly independent set of 4 vectors by lemma 4.5.1, we must have

c1 + c2 + c3 − 3 = 0, c1 + c2 − 2 = 0, c1 + 1 = 0

We note that c1 = −1, c2 = 2 − c1 = 3, c3 = 3 − c1 − c2 = 1 works and hence f ∈ span({g1, g2, g3}).
Further note that since f ∈ span({g1, g2, g3}) we have that {f , g1, g2, g3} is a linearly dependent set.

Exercise 4.27

Is S = {1 + t+ t2, 3 + t2, t+ t2} a linearly independent set of 3 vectors in P2(R)? Explain.



CHAPTER 5

Basis and Dimension

5.1. Finite-Dimensional Vector Spaces

Let S = {v1,v2, . . . ,vn} be a generating set for a vector space V containing n vectors. Then any
vector v ∈ V can be written as

(5.1) v = c1v1 + c2v2 + · · ·+ cnvn

for some scalars c1, c2, . . . , cn ∈ R. Suppose that

(5.2) v = d1v1 + d2v2 + · · ·+ dnvn

for some potentially different scalars d1, d2, . . . , dn. Subtracting equations (5.1) and (5.2) gives

(5.3) (c1 − d1)v1 + (c2 − d2)v2 + · · ·+ (cn − dn)vn = 0

We see from equation (5.3) that uniqueness of representation of the vector v is equivalent to linear
independence of the generating set S.

Definition 5.1

Let V be a vector space. A set β ⊆ V is a basis for V if

(1) S generates V .
(2) S is linearly independent.

Exercise 5.1

Let V be a vector space and let β = {v1,v2, . . . ,vn} be a subset of n vectors in V . Prove that β
is a basis for V if and only only if each v ∈ V can be expressed as

v = c1v1 + c2v2 + · · ·+ cnvn

for unique scalars c1, c2, . . . , cn.

The empty set ∅ is a basis for the vector space V = {0}, the set β = {e1, e2, . . . , en} is a basis for
Rn, and the set γ = {1, t, . . . , tn} is a basis for Pn(R).

Consider the matrix

A =

 1 1 2 −4
−1 1 −4 2
1 2 1 −5


Let S = {a1,a2,a3,a4} where

a1 =

 1
−1
1

 , a2 =

1
1
2

 , a3 =

 2
−4
1

 , a4 =

−4
2
−5


and note that col(A) = span(S). Applying row operations to A results in the matrix

C =

1 0 3 −3
0 1 −1 −1
0 0 0 0


42
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By inspecting the column vectors of C we see that a3 = 3a1−a2. Thus col(A) = span({a1,a2,a4}). We
also note that a4 = −3a1 − a2. Thus col(A) = span({a1,a2}). Finally suppose that

c1a1 + c2a2 = 0

But then 1 0
0 1
0 0

 c = 0

and hence c = 0. Thus β = {a1,a2} is a linearly independent set and hence a basis for col(A). Next we
find a basis for N(A). In equation form the system Cx = 0 reads

x1 = −3x3 + 3x4, x2 = x3 + x4

We set t1 = x3 and t2 = x4 and note that x ∈ N(A) if and only if

x =


x1
x2
x3
x4

 =


−3t1 + 3t2
t1 + t2
t1
t2

 = t1


−3
1
1
0

+ t2


3
1
0
1


Thus the set γ = {v1,v2} generates N(A) where

v1 =


−3
1
1
0

 , v2 =


3
1
0
1


Next suppose that

c1v1 + c2v2 = 0

Then c1 = c2 = 0 and thus γ is linearly independent and hence a basis for N(A).
Consider the matrix

A =


1 1 −1
0 −2 4
2 0 2
2 4 −5


Let S = {a1,a2,a3} where

a1 =


1
0
2
2

 , a2 =


1
−2
0
4

 , a3 =


−1
4
2
−5


and note that col(A) = span(S). Applying row operations to A results in the matrix

C =


1 0 0
0 1 0
0 0 1
0 0 0


Suppose

c1a1 + c2a2 + c3a3 = 0

Then 
1 0 0
0 1 0
0 0 1
0 0 0

 c = 0

and hence c = 0. Thus β = {a1,a2,a3} is a linearly independent set of 3 vectors and hence a basis for
col(A). Since N(A) = N(C) = {0} we have that γ = ∅ is a basis for N(A).
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Exercise 5.2

Consider the matrix

A =

 1 0 2 1
1 1 −1 0
−1 1 −5 1


Find a basis for col(A) and N(A).

Exercise 5.3

Consider the matrix

A =


1 −1 2 3 1
2 −3 6 9 4
3 −1 2 4 1
7 −2 4 8 1


Find a basis for col(A) and N(A).

Definition 5.2

A vector space V with a finite basis is called finite-dimensional.

The vector spaces Rn and Pn(R) are finite-dimensional. By theorem 4.4, the vector space P (R) cannot
have a finite basis β containing n vectors since β would be a generating set for P (R) and T = {1, t, . . . , tn}
is a linearly independent set containing n+1 vectors in P (R). Thus, P (R) is an infinite-dimensional vector
space.

Exercise 5.4

Let V be a finite-dimensional vector space. Prove that any basis β for V is a finite set.

Let V be a finite-dimensional vector space. By exercise 5.4 any basis for V is finite. Suppose

β = {v1,v2, . . . ,vm}, γ = {w1,w2, . . . ,wn}

are bases for V containing m and n vectors respectively. Since β generates V and γ is linearly independent
we have that n ≤ m by theorem 4.4. Since γ generates V and β is linearly independent we have that
m ≤ n by theorem 4.4. Thus, m = n and we have justified the following result.

Theorem 5.1

Let V be a finite-dimensional vector space. Then all bases for V are finite and have the same
number of vectors.

Definition 5.3

Let V be a finite-dimensional vector space. The number of vectors in any basis for V is called the
dimension of V and is denoted dim(V ).

Note that dim(Rn) = n and dim(Pn(R)) = n + 1. The next theorem says that the dimension of a
finite-dimensional vector space V is an upper bound on the size of a linearly independent set in V and a
lower bound on the size of a generating set for V . We leave the proof as an exercise.
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Theorem 5.2

Let V be a finite-dimensional vector space and let S be a set of m vectors in V .

(1) If S is linearly independent, then m ≤ dim(V ).
(2) If S generates V , then m ≥ dim(V ).

Exercise 5.5

Prove theorem 5.2.

5.2. Subspace Dimension

It turns out that any subspace W of a finite-dimensional vector space V must also be finite-dimensional
but we will need a couple more results to prove it.

Lemma 5.2.1

Let S = {v1,v2, . . . ,vk} be a linearly independent set of k vectors in a vector space V . Let v be a
vector in V that is not in S. Then S ∪ {v} is linearly dependent if and only if v ∈ span(S).

Proof. Let S = {v1,v2, . . . ,vk} be a linearly independent set of k vectors in a vector space
V . Let v be a vector in V that is not in S. If v ∈ span(S), then S ∪ {v} is linearly dependent
by definition. Next, suppose S ∪ {v} is linearly dependent. Since v is not in S, we must have
v ∈ span(S) or vi ∈ span((S ∪ {v}) − {vi}) for some 1 ≤ i ≤ k. Suppose the second case is true.
Then

vi = c1v1 + · · ·+ ci−1vi−1 + ci+1vi+1 + · · ·+ ckvk + αv

where we must have α 6= 0 since S is linearly independent. Solving for v gives

v =
1

α
(vi − (c1v1 + · · ·+ ci−1vi−1 + ci+1vi+1 + · · ·+ ckvk))

and hence v ∈ span(S). �

Lemma 5.2.2

Suppose a vector space V is not finite-dimensional. Then for all n ≥ 0 there exists a linearly
independent set T of n vectors.

Proof. Suppose V is not finite-dimensional. The proof is by mathematical induction on n.
The induction begins with n = 0. In this case T = ∅ works since ∅ is linearly independent. Now
suppose the thereom is true for some integer n ≥ 0. We prove the theorem is true for n + 1.
By the inductive hypothesis there exists a linearly independent set T of n vectors. Since V is not
finite-dimensional we know that span(T ) 6= V since otherwise T would be a finite basis. Pick v ∈ V
so that v /∈ span(T ). Since v /∈ span(T ) we know that T ∪{v} is a linearly independent set of n+1
vectors by the contrapositive of lemma 5.2.1. �

Suppose that W is a subspace of a finite-dimensional vector space V and let β be a basis for V
containing dim(V ) vectors. By theorem 5.2 the subspace W ⊆ V cannot contain a linearly independent
set of more than dim(V ) vectors. Thus, by lemma 5.2.2 we must have that W is also finite-dimensional
and furthermore dim(W ) ≤ dim(V ). We have justified the next theorem.

Theorem 5.3

A subspace W of a finite-dimensional vector space V is finite-dimensional and dim(W ) ≤ dim(V ).
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Let A ∈ Rm×n. By theorem 5.3 we have that col(A) and N(A) are finite-dimensional and furthermore

dim(col(A)) ≤ m, dim(N(A)) ≤ n

since col(A) is a subspace of Rm and N(A) is a subspace of Rn.

Definition 5.4

Let A ∈ Rm×n. We define

rank(A) = dim(col(A)), nullity(A) = dim(N(A))

Consider the matrix

A =

 1 1 2 −4
−1 1 −4 2
1 2 1 −5


We have shown previously that β = {a1,a2} is a basis for col(A) where a1 =

 1
−1
1

, a2 =

1
1
2

 and

γ = {v1,v2} is a basis for N(A) where v1 =


−3
1
1
0

, v2 =


3
1
0
1

. Thus we have that rank(A) = 2 and

nullity(A) = 2.
Next suppose

A =


1 1 −1
0 −2 4
2 0 2
2 4 −5



We have shown that β = {a1,a2,a3} is a basis for col(A) where a1 =


1
0
2
2

, a2 =


1
−2
0
4

, a3 =


−1
4
2
−5

 and

γ = ∅ is a basis for N(A). Thus we have that rank(A) = 3 and nullity(A) = 0.

Exercise 5.6

Consider the matrix

A =

 1 0 2 1
1 1 −1 0
−1 1 −5 1


Calculate rank(A) and nullity(A).

Exercise 5.7

Consider the matrix

A =


1 −1 2 3 1
2 −3 6 9 4
3 −1 2 4 1
7 −2 4 8 1


Calculate rank(A) and nullity(A).
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Exercise 5.8

Let V be a finite-dimensional vector space and supppose that U and W are subspaces of V .

(1) Prove that if V = U +W , then dim(V ) ≤ dim(U) + dim(W ).
(2) Prove that if V = U ⊕W , then dim(V ) = dim(U) + dim(W ).

Suppose A ∈ Rm×n has column vectors a1,a2, . . . ,an. Let β = {w1,w2, . . . ,wk} be a basis for col(A)
containing k = rank(A) vectors. Let W ∈ Rm×k be the matrix with column vectors w1,w2, . . . ,wk. Since
β generates col(A), for all i in 1, . . . , n we can write

ai = b1iw1 + b2iw2 + · · ·+ bkiwk

for some scalars b1i, b2i, . . . , bki ∈ R. In matrix form we have

A = WB

where B ∈ Rk×n is the matrix

B =


b11 b12 · · · b1n
b21 b22 · · · b2n
...

...
. . .

...
bk1 bk2 · · · bkn


Using equation (1.12) we have

(5.4) AT = BTW T

where BT has column vectors c1, c2, . . . , ck. Equation (5.4) shows that the column vectors of AT are
in span(γ) where γ = {c1, c2, . . . , ck} and corollary 4.1.1 implies that col(AT ) is generated by γ. By
theorem 5.2 we thus have that

(5.5) rank(AT ) ≤ rank(A)

Plugging AT into equation (5.5) gives

rank(A) ≤ rank(AT )

and we have justified the following theorem.

Theorem 5.4

Let A ∈ Rm×n. Then
rank(A) = rank(AT )

Exercise 5.9

Let A ∈ Rm×n. Prove that rank(A) ≤ m and rank(A) ≤ n.

5.3. Reduction and Extension

The next result gives an algorithm for reducing a finite generating set to a finite basis. This result
implies that a vector space that can be generated by a finite set must be finite-dimensional.
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Lemma 5.3.1

Let V be a vector space with finite generating set S = {v1,v2, . . . ,vn}. Define S0 = ∅ and for k
in 1, . . . , n define Sk = {v1,v2, . . . ,vk}. Define T0 = ∅ and for k in 0, . . . , n− 1 define Tk+1 = Tk
if vk+1 ∈ span(Tk) or Tk+1 = Tk ∪ {vk+1} otherwise. Then for all k in 0, . . . , n we have that

(1) Tk is linearly independent.
(2) span(Sk) = span(Tk).

Proof. The proof is by mathematical induction on k. The induction begins with k = 0. In
this case T0 = ∅ is linearly independent and since S0 = T0 we have span(S0) = span(T0). Now
suppose the the lemma is true for some integer k in 0, . . . , n − 1. We prove the lemma is true for
k + 1. By the inductive hypothesis we have Tk is linearly independent and span(Sk) = span(Tk).
Suppose that vk+1 ∈ span(Tk). Then Tk+1 = Tk is linearly independent and

span(Sk+1) = span(Sk) = span(Tk) = span(Tk+1)

by lemma 4.3.1 since vk+1 ∈ span(Sk). Suppose that vk+1 /∈ span(Tk). Then Tk+1 = Tk ∪ {vk+1}
is linearly independent by the contrapositive of lemma 5.2.1. Since

Sk ⊆ span(Sk) = span(Tk) ⊆ span(Tk+1)

by exercise 4.5 and
vk+1 ∈ Tk+1 ⊆ span(Tk+1)

we have that Sk+1 ⊆ span(Tk+1) and hence span(Sk+1) ⊆ span(Tk+1) by corollary 4.1.1. Finally,
since Tk+1 ⊆ Sk+1 we have span(Tk+1) ⊆ span(Sk+1) by exercise 4.5. �

The next theorem follows from lemma 5.3.1. We leave the proof as an exercise.

Theorem 5.5

Let V be a vector space and S be a finite generating set for V . Then there exists a set T ⊆ S such
that T is a basis for V and hence V is finite-dimensional.

Consider the matrix

A =


1 0 0 2
0 1 −1 0
0 1 −1 0
1 0 0 2


with column vectors a1,a2,a3,a4. Applying the reduction algorithm to find a basis for col(A) gives

T0 = ∅, T1 = {a1}, T2 = {a1,a2}, T3 = {a1,a2}, T4 = {a1,a2}

Thus T = T4 = {a1,a2} is a basis for col(A) and rank(A) = 2.

Exercise 5.10

Consider the matrix

A =


1 1 0 2 −1
1 0 1 2 0
1 0 1 2 0
1 1 0 2 −1


Use the reduction algorithm to find a basis for col(A) and calculate rank(A).

Let V be a finite-dimensional vector space and let S be a generating set for V containing m = dim(V )
vectors. By theorem 5.5, there exists a basis T for V such that T ⊆ S. But by theorem 5.1, T must have
dim(V ) vectors and hence S = T . We have justified the following result.
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Corollary 5.3.1

Let V be a finite-dimensional vector space and let S be a subset of V containing m = dim(V )
vectors. If S generates V , then S is a basis for V .

Exercise 5.11

Let A ∈ Rm×n. Prove nullity(A) = 0 if and only if rank(A) = n.

Exercise 5.12

Let V be a finite-dimensional vector space and supppose that U and W are subspaces of V . Prove
that if V = U +W and dim(V ) = dim(U) + dim(W ), then V = U ⊕W .

The next result gives an algorithm for extending a linearly independent set in a finite-dimensional
vector space V to a basis for V . We leave the proof as an exercse.

Lemma 5.3.2

Let V be a finite-dimensional vector space and let S be a linearly independent set in V . Let
β = {v1,v2, . . . ,vn} be a basis for V containing n = dim(V ) vectors. Define S0 = S and for k in
1, . . . , n define Sk = S ∪ {v1,v2, . . . ,vk}. Define T0 = S and for k in 0, . . . , n− 1 define Tk+1 = Tk
if vk+1 ∈ span(Tk) or Tk+1 = Tk ∪ {vk+1} otherwise. Then for all k in 0, . . . , n we have that

(1) Tk is linearly independent.
(2) span(Sk) = span(Tk).

Exercise 5.13

Prove lemma 5.3.2.

The next theorem follows from lemma 5.3.2. We leave the proof as an exercise.

Theorem 5.6

Let V be a finite-dimensional vector space and suppose S is a linearly independent subset of V .
Then there exists a basis T for V such that S ⊆ T .

Consider the linearly independent set S = {v} in R3 where v =

1
1
0

. Applying the extension

algorithm with the basis β = {e1, e2, e3} to find a basis for R3 containing S gives

T0 = {v}, T1 = {v, e1}, T2 = {v, e1}, T3 = {v, e1, e3}

Thus T = T3 =


1

1
0

 ,
1

0
0

 ,
0

0
1

 is a basis for R3 containing the set S.

Exercise 5.14

Consider the linearly independent set S =




1
1
0
0

 ,


0
0
1
1


 in R4. Use the extension algorithm with

the basis β = {e1, e2, e3, e4} to find a basis for R4 containing S.
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Let V be a finite-dimensional vector space and let S be a linearly independent set in V containing
m = dim(V ) vectors. By theorem 5.6, there exists a basis T for V such that S ⊆ T . But by theorem 5.1,
T must have dim(V ) vectors and hence S = T . We have justified the following result.

Corollary 5.3.2

Let V be a finite-dimensional vector space and let S be a set in V containing m = dim(V ) vectors.
If S is linearly independent, then S is a basis for V .

Exercise 5.15

Which (if any) of the following sets are a basis for R3?

S =


 2
−4
1

 ,
 0

3
−1

 ,
 6

0
−1

 , T =


 1

0
−1

 ,
2

5
1

 ,
 0
−4
3


Exercise 5.16

Is the set S = {1 + 2t+ t2, 3 + 6t+ t2, t+ t2} a basis for P2(R)? Explain.

Exercise 5.17

Let c1, c2, . . . , cn be distinct scalars in R. Recall that the Lagrange polynomials f1,f2, . . . ,fn are
defined by

fi(t) =
(t− c1) · · · (t− ci−1)(t− ci+1) · · · (t− cn)

(ci − c1) · · · (ci − ci−1)(ci − ci+1) · · · (ci − cn)

Prove that β = {f1,f2, . . . ,fn} is a basis for Pn−1(R).

Let W be a subspace of a finite-dimensional vector space V . If W = V , then dim(W ) = dim(V ). Next
suppose that dim(W ) = dim(V ). Let β be a basis for W with dim(W ) = dim(V ) vectors. Since W ⊆ V ,
β is a linearly independent subset of V with dim(V ) vectors and is hence a basis for V by corollary 5.3.2.
Thus we have W = span(β) = V . We have justified the following theorem.

Theorem 5.7

Let W be a subspace of a finite-dimensional vector space V . Then we have that W = V if and
only if dim(W ) = dim(V ).

Exercise 5.18

Let A ∈ Rm×n. Prove that col(A) = Rm if and only if rank(A) = m.

Exercise 5.19

Let A ∈ Rn×n. Prove that the following statements are equivalent.

(1) nullity(A) = 0.
(2) rank(A) = n.
(3) A is invertible.



CHAPTER 6

Linear Maps

6.1. Definition and Examples

Definition 6.1

Let V and W be vector spaces. The map T : V →W is called linear if for all x,y ∈ V and a, b ∈ R
we have that

(6.1) T (ax+ by) = aTx+ bTy

Let V and W be vector spaces and T : V →W be a linear map. We note that

T0 + 0 = T0 Axiom (VS 3)

= T (0 + 0) Axiom (VS 3)

= T (10 + 10) Axiom (VS 5)

= 1T0 + 1T0 Equation (6.1)

= T0 + T0 Axiom (VS 5)

and thus we have

T0 = 0

by theoreom 3.1. We have justified the following result.

Lemma 6.1.1

Let V and W be vector spaces and T : V →W be a linear map. Then

T0 = 0

Define T : R2 → R2 by T

[
x1
x2

]
=

[
x1 + 1
x2

]
. Since T

[
0
0

]
=

[
1
0

]
, T is not linear by lemma 6.1.1.

Let A ∈ Rm×n and define the map T : Rn → Rm for x ∈ Rn using the formula

Tx = Ax

Using equation (1.3) we note that for all x,y ∈ Rn and a, b ∈ R we have that

T (ax+ by) = A(ax+ by) = aAx+ bAy = aTx+ bTy

and thus T is a linear map. We have justified the following result.

Lemma 6.1.2

If A ∈ Rm×n, then the map T : Rn → Rm defined for x ∈ Rn using the formula

Tx = Ax

is linear.

Consider the map T : R2 → R2 defined using the formula

T

[
x1
x2

]
=

[
x2
−x1

]
51
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Since Tx = Ax where A =

[
0 1
−1 0

]
, the map T is linear by lemma 6.1.2.

Exercise 6.1

Consider the map T : R3 → R2 defined using the formula

T

x1x2
x3

 =

[
x1 − 2x2 + x3
x2 − 5x3

]
Is T a linear map? Explain.

Let V = F(R,R) and consider the map T : V → V defined by (Tf)(t) = (t2 + t)f(t). Let f , g ∈ V
and a, b ∈ R. Note that for all t ∈ R we have that

T (af + bg)(t) = (t2 + t)(af + bg)(t)

= (t2 + t)((af)(t) + (bg)(t))

= (t2 + t)(af(t) + bg(t))

= a(t2 + t)f(t) + b(t2 + t)g(t)

= a(Tf)(t) + b(Tg)(t)

= (aTf)(t) + (bTg)(t)

= (aTf + bTg)(t)

Thus we have that

T (af + bg) = aTf + bTg

and hence T is a linear map.

Exercise 6.2

Consider the map T : P2(R)→ P3(R) defined for f ∈ P2(R) by

(Tf)(t) = tf(t) + f ′(t)

Prove that the map T is linear.

Exercise 6.3

Let V and W be vector spaces and T : V → W and U : V → W be linear maps. Let a ∈ R. The
map T + aU is defined for x ∈ V by

(T + aU)x = Tx+ aUx

Prove that the map T + aU is linear.

Exercise 6.4

Let v1,v2, . . . ,vn be vectors in a vector space V . Define the map T : Rn → V by

Tx = x1v1 + x2v2 + · · ·+ xnvn

Prove that the map T is linear.

Suppose that T : R2 → R2 is a linear map and that

T

[
1
0

]
=

[
−1
3

]
, T

[
0
1

]
=

[
2
0

]
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Using equation (6.1) we calculate

T

[
−1
2

]
= T

(
−1

[
1
0

]
+ 2

[
0
1

])
= −1T

[
1
0

]
+ 2T

[
0
1

]
=

[
1
−3

]
+

[
4
0

]
=

[
5
−3

]
We again use equation (6.1) and note that for any x ∈ R2 we have

Tx = T

[
x1
x2

]
= T

(
x1

[
1
0

]
+ x2

[
0
1

])
= x1

[
−1
3

]
+ x2

[
2
0

]
= A

[
x1
x2

]
= Ax

where A =

[
−1 2
3 0

]
. Again we see that

T

[
−1
2

]
= A

[
−1
2

]
=

[
−1 2
3 0

] [
−1
2

]
=

[
5
−3

]
Suppose that T : R2 → R3 is a linear map and that

T

[
1
1

]
=

1
0
2

 , T

[
2
3

]
=

 1
−1
4


Suppose we want to know T

[
8
11

]
. We look for x =

[
x1
x2

]
such that

x1

[
1
1

]
+ x2

[
2
3

]
=

[
1 2
1 3

]
x =

[
8
11

]
It is easy to check that the matrix

[
1 2
1 3

]
is invertible and

[
1 2
1 3

]−1
=

[
3 −2
−1 1

]
. Thus we have

x =

[
3 −2
−1 1

] [
8
11

]
=

[
2
3

]
and furthermore

T

[
8
11

]
= T

(
2

[
1
1

]
+ 3

[
2
3

])
= 2T

[
1
1

]
+ 3T

[
2
3

]
= 2

1
0
2

+ 3

 1
−1
4

 =

 5
−3
16


Next we note that since [

3 −2
−1 1

] [
1
0

]
=

[
3
−1

]
,

[
3 −2
−1 1

] [
0
1

]
=

[
−2
1

]
we have that

T

[
1
0

]
= T

(
3

[
1
1

]
−
[
2
3

])
= 3

1
0
2

−
 1
−1
4

 =

2
1
2


T

[
0
1

]
= T

(
−2

[
1
1

]
+

[
2
3

])
= −2

1
0
2

+

 1
−1
4

 =

−1
−1
0


and hence Tx = Ax where

A =

[
T

[
1
0

]
T

[
0
1

]]
=

2 −1
1 −1
2 0


Finally, we verify that

A

[
8
11

]
=

2 −1
1 −1
2 0

[ 8
11

]
=

 5
−3
16

 = T

[
8
11

]
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Exercise 6.5

Suppose that T : R3 → R3 is a linear map and that

T

1
0
1

 =

 2
−3
4

 , T

1
1
1

 =

3
0
1

 , T

 1
2
−1

 =

5
1
0


(1) Calculate T

2
1
1

.

(2) Find a matrix A ∈ R3×3 such that for all x ∈ R3 we have that Tx = Ax.

Exercise 6.6

Let V and W be vector spaces and suppose the map T : V →W is linear. Use induction on k ≥ 2
to show that for all c1, c2, . . . , ck ∈ R and all v1,v2, . . . ,vk ∈ V we have

(6.2) T (c1v1 + c2v2 + · · ·+ ckvk) = c1Tv1 + c2Tv2 + · · ·+ ckTvk

Suppose that T : Rn → Rm is a linear map. Using equation (6.2) we note that for any x ∈ Rn

Tx = T (x1e1 + x2e2 + · · ·+ xnen) = x1Te1 + x2Te2 + · · ·+ xnTen = A


x1
x2
...
xn

 = Ax

where A ∈ Rm×n is the matrix A =
[
Te1 Te2 · · · Ten

]
. We have justified the following result.

Lemma 6.1.3

If T : Rn → Rm is a linear map, then there exists A ∈ Rm×n such that for all x ∈ Rn we have

Tx = Ax

Exercise 6.7

Suppose that V and W are vector spaces and that S = {v1,v2, . . . ,vn} is a generating set for V .
Prove that if T : V → W and U : V → W are linear maps such that Tvi = Uvi for all 1 ≤ i ≤ n,
then T = U .

6.2. Null Space and Range

Definition 6.2

Let V and W be vector spaces and let T : V →W be a linear map. The map T is called one-to-one
if for all vectors x,y ∈ V we have Tx = Ty only if x = y.

Let V and W be vector spaces and let T : V → W be a linear map. Suppose Tx = Ty. Then since
T is linear we have that

(6.3) T (x− y) = 0

We see from equation (6.3) that equality of x and y depends on which vectors T maps to 0.
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Definition 6.3

Let V and W be vector spaces and let T : V → W be a linear map. The null space of T , denoted
N(T ), is defined as

N(T ) = {x ∈ V : Tx = 0}

Exercise 6.8

Let V and W be vector spaces and let T : V → W be a linear map. Prove that T is one-to-one if
and only N(T ) = {0}.

Let V and W be vector spaces and let T : V →W be a linear map. We make two observations.

(1) Since T0 = 0 by lemma 6.1.1, we have that 0 ∈ N(T ).
(2) Suppose x,y ∈ N(T ) and let a, b ∈ R. Then we have Tx = 0 and Ty = 0. Since T is a linear

map we have
T (ax+ by) = aTx+ bTy = a0 + b0 = 0

and ax+ by is in N(T ).

Thus by theorem 3.2 we have the following result.

Lemma 6.2.1

Let V and W be vector spaces and let T : V →W be linear. Then N(T ) is a subspace of V .

Definition 6.4

Let V and W be vector spaces and let T : V →W be a linear map. If N(T ) is finite-dimensional,
we define

nullity(T ) = dim(N(T ))

Let V and W be vector spaces and let T : V → W be a linear map and suppose that V is finite-
dimensional. Since N(T ) is a subspace of V we have that N(T ) is finite-dimensional and furthermore

(6.4) nullity(T ) ≤ dim(V )

by theorem 5.3.

Exercise 6.9

Let A ∈ Rm×n and define T : Rn → Rm by Tx = Ax. Prove that N(T ) = N(A) and hence
nullity(T ) = nullity(A).

Definition 6.5

Let V and W be vector spaces and let T : V → W be linear. Let S ⊆ V be a subset of V . We
define

T (S) = {Tv : v ∈ S}

Let V and W be vector spaces and let T : V → W be a linear map that is one-to-one. Let S =
{v1,v2, . . . ,vk} be a linearly independent set of k vectors in V . Suppose that

c1Tv1 + c2Tv2 + · · ·+ ckTvk = 0

Since T is linear, we have that
T (c1v1 + c2v2 + · · ·+ ckvk) = 0

Since T is one-to-one, we have that N(T ) = {0} by exercise 6.8 and hence

c1v1 + c2v2 + · · ·+ ckvk = 0
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But then since S is linearly independent, we have that c1 = c2 = · · · = ck = 0 and hence the set

T (S) = {Tv1, Tv2, . . . , Tvk}
is a linearly independent set of k vectors in W . We have justified the following result.

Lemma 6.2.2

Let V and W be vector spaces and let T : V → W be a linear map that is one-to-one.
Suppose that S = {v1,v2, . . . ,vk} is a linearly independent set of k vectors in V . Then
T (S) = {Tv1, Tv2, . . . , Tvk} is a linearly independent set of k vectors in W .

Definition 6.6

Let V and W be vector spaces and let T : V →W be a linear map. The range of T , denoted R(T ),
is defined as

R(T ) = T (V ) = {Tv : v ∈ V }

Definition 6.7

Let V and W be vector spaces and let T : V → W be a linear map. The map T is called onto if
R(T ) = W .

Exercise 6.10

Let V and W be vector spaces and let T : V → W be a linear map. Prove that T is onto if and
only if for any vector w ∈W there exists a vector v ∈ V such that Tv = w.

Exercise 6.11

Suppose A ∈ Rm×n and let T : Rn → Rn be the linear map defined by Tx = Ax.

(1) Prove that the linear system Ax = b has a solution for all b ∈ Rm if and only if T is onto.
(2) Prove that the linear system Ax = b has a unique solution for all b ∈ col(A) if and only

if T is one-to-one.
(3) Prove that the linear system Ax = b has a unique solution for all b ∈ Rm if and only if T

is one-to-one and onto.

Let V and W be vector spaces and let T : V →W be a linear map. We make two observations.

(1) Since T0 = 0 by lemma 6.1.1, we have that 0 ∈ R(T ).
(2) Suppose x,y ∈ R(T ) and let a, b ∈ R. Then we have Tu = x and Tv = y for some vectors

u,v ∈ V . Since T is a linear map we have

T (au+ bv) = aTu+ bTv = ax+ by

and ax+ by is in R(T ).

Thus by theorem 3.2 we have the following result.

Lemma 6.2.3

Let V and W be vector spaces and let T : V →W be linear. Then R(T ) is a subspace of W .

Definition 6.8

Let V and W be vector spaces and let T : V → W be a linear map. If R(T ) is finite-dimensional,
we define

rank(T ) = dim(R(T ))
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Let V and W be vector spaces and let T : V → W be a linear map and suppose that W is finite-
dimensional. Since R(T ) is a subspace of W we have that R(T ) is finite-dimensional and furthermore

(6.5) rank(T ) ≤ dim(W )

by theorem 5.3.

Exercise 6.12

Let V and W be vector spaces and let T : V → W be a linear map and suppose that W is
finite-dimensional. Prove that T is onto if and only if

rank(T ) = dim(W )

Let V and W be vector spaces and let T : V → W be linear. Let S ⊆ V be a generating set for V .
Since T (S) ⊆ T (V ) = R(T ) and R(T ) is a subspace of W we have that span(T (S)) ⊆ R(T ) by theorem
4.1. Next, let y ∈ R(T ). Then Tx = y for some x ∈ V . Since S generates V we have that

x = c1v1 + c2v2 + · · ·+ ckvk

for some v1,v2, . . . ,vk ∈ V and c1, c2, . . . , ck ∈ R. We note that

y = Tx = T (c1v1 + c2v2 + · · ·+ ckvk) = c1Tv1 + c2Tv2 + · · ·+ ckTvk ∈ span(T (S))

We have justified the following result.

Lemma 6.2.4

Let V and W be vector spaces and let T : V → W be linear. If S ⊆ V is a generating set for V ,
then

R(T ) = span(T (S))

Suppose A ∈ Rm×n has column vectors a1,a2, . . . ,an. Define T : Rn → Rm by Tx = Ax. Since the
set S = {e1, e2, . . . , en} generates Rn we have by lemma 6.2.4 that

R(T ) = span(T (S))

= span({Te1, Te2, . . . , Ten})
= span({Ae1, Ae2, . . . , Aen})
= span({a1,a2, . . . ,an})
= col(A)

We have justified the following result.

Lemma 6.2.5

Suppose A ∈ Rm×n and define T : Rn → Rm by Tx = Ax. Then R(T ) = col(A) and hence
rank(T ) = rank(A).

Let V and W be vector spaces and let T : V → W be a linear map and suppose that V is finite-
dimensional. Let β be a basis for V . By lemma 6.2.4, the finite set T (β) generates R(T ). Thus R(T ) is
finite-dimensional by theorem 5.5. Furthermore, since T (β) has at most dim(V ) vectors we have that

(6.6) rank(T ) ≤ dim(V )

by theorem 5.2.

Exercise 6.13

Let V and W be vector spaces. Suppose V1 is a subspace of V , W1 is a subspace of W , and
T : V → W is a linear map. Show that U1 = {x ∈ V : Tx ∈ W1} is a subspace of V and that
U2 = {Tx : x ∈ V1} is a subspace of W .
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Exercise 6.14

Let V and W be finite-dimensional vector spaces and T : V →W be a linear map.

(1) Prove that if T is one-to-one, then dim(V ) ≤ dim(W ).
(2) Prove that if T is onto, then dim(V ) ≥ dim(W ).
(3) Conclude that if T is one-to-one and onto, then dim(V ) = dim(W ).

Consider the map T : P2(R)→ P3(R) defined for f ∈ P2(R) by

(Tf)(t) = tf(t) + f ′(t)

By exercise 6.2, we have that T is a linear map. Let a + bt + ct2 be an arbitrary vector in P2(R) and
suppose that

T (a+ bt+ ct2) = 0

Then we have that

0 = t(a+ bt+ ct2) + (b+ 2ct) = b+ (a+ 2c)t+ bt2 + ct3

Since the set {1, t, t2, t3} is linearly independent, we must have

b = 0, a+ 2c = 0, c = 0

which implies that a = b = c = 0. We have shown that Tf = 0 if and only if f = 0 and thus N(T ) = {0},
nullity(T ) = 0, and T is one-to-one by exercise 6.8. Since S = {1, t, t2} is a basis for V we have that

R(T ) = span(T (S))

where T (S) = {T1, T t, T t2} = {t, 1 + t2, 2t + t3}. Since S is linearly independent and T is one-to-one,
T (S) is a basis for R(T ) by lemma 6.2.2 and hence rank(T ) = 3. Since

rank(T ) = 3 6= 4 = dim(P3(R))

we have that T is not onto by exercise 6.12.

Exercise 6.15

Consider the map T : P2(R)→ R2 defined by

Tf =

[
f(1)− f(2)

f(0)

]
(1) Prove that T is linear.
(2) Find a basis for N(T ). What is nullity(T )?
(3) Is T one-to-one? Explain.
(4) Find a basis for R(T ). What is rank(T )?
(5) Is T onto? Explain.

Exercise 6.16

Let V and W be vector spaces and let T : V → W be a linear map and suppose that V is
finite-dimensional.

(1) Prove that if nullity(T ) = 0, then rank(T ) = dim(V ).
(2) Prove that if nullity(T ) = dim(V ), then rank(T ) = 0.
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6.3. Composition and Inverses

Definition 6.9

Let V , W , and Z be vector spaces and let T : V →W and U : W → Z be linear maps. We define
the map UT : V → Z for x ∈ V by

(UT )x = U(Tx)

The map UT is called the composition of U and T .

Let V , W , and Z be vector spaces and let T : V → W and U : W → Z be linear maps. Using the
fact that T and U are linear, we note that for all x,y ∈ V and a, b ∈ R we have that

(UT )(ax+ by) = U(T (ax+ by))

= U(aTx+ bTy)

= aU(Tx) + bU(Ty)

= a(UT )x+ b(UT )y

Thus, the map UT is linear. We have justified the following result.

Lemma 6.3.1

Let V , W , and Z be vector spaces and let T : V → W and U : W → Z be linear maps. Then the
composition UT is linear.

Exercise 6.17

Let T : V → W and U : W → Z be linear maps. Prove that if UT is one-to-one, then T is
one-to-one.

Let V , W , Y , and Z be vector spaces and let S : V → W , T : W → Y , and U : Y → Z be linear
maps. For all x ∈ V we have that

(U(TS))x = U((TS)x) = U(T (Sx)) = (UT )(S(x)) = ((UT )S)x

We have shown that linear map composition is associative.

(6.7) U(TS) = (UT )S

Let V be a vector space. The identity on V is the map IV : V → V defined by IV x = x. Note that
IV is a linear map.

Definition 6.10

Suppose V and W are vector spaces and let T : V →W be linear. A map U : W → V is called an
inverse of T if U is linear and

UT = IV , TU = IW
If T has an inverse, then T is said to be invertible.

Suppose V and W are vector spaces and let T : V → W be linear. Suppose U1 : W → V and
U2 : W → V are linear maps such that

U1T = IV , TU1 = IW , U2T = IV , TU2 = IW

Using equation (6.7) we note that

U1 = U1IW = U1(TU2) = (U1T )U2 = IV U2 = U2

and thus U1 = U2. We have shown the following result.
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Lemma 6.3.2

Suppose V and W and vector spaces and let T : V → W be linear. If T is invertible, then its
inverse is unique.

If T is invertible, we denote the unique inverse by T−1.

Exercise 6.18

Suppose V and W are vector spaces and let T : V → W be linear. Prove that if T is invertible,
then T−1 is invertible and (T−1)−1 = T .

Exercise 6.19

Let V , W , and Y be vector spaces and let S : V →W and T : W → Y be linear maps. Prove that
if S and T are invertible, then TS is invertible and furthermore we have

(TS)−1 = S−1T−1

Suppose V and W are vector spaces and let T : V →W be a linear map that is invertible with inverse
T−1 : W → V satisfying

T−1T = IV , TT−1 = IW

Suppose Tv1 = Tv2 for some vectors v1,v2 ∈ V . Then we have that

v1 = IV v1 = (T−1T )v1 = T−1(Tv1) = T−1(Tv2) = (T−1T )v2 = IV v2 = v2

and thus T is one-to-one. Next let w ∈W . Then

w = IWw = (TT−1)w = T (T−1w) = Tv

where v = T−1w ∈ V and thus T is onto. We have justified the following result.

Lemma 6.3.3

Suppose V and W are vector spaces and let T : V → W be a linear map. If T is invertible, then
T is one-to-one and onto.

Suppose V and W are vector spaces and let T : V →W be a linear map that is one-to-one and onto.
We define an inverse U : W → V as follows. Let w = W . Then since T is onto and one-to-one, there
exists a unique v ∈ V such that Tv = w. Define Uw = v. Note that for all v ∈ V we have

(UT )v = U(Tv) = Uw = v

and for all w ∈W we have
(TU)w = T (Uw) = Tv = w

We have shown that
UT = IV , TU = IW

It remains to show that U is linear. Let w1,w2 ∈ W and let a, b ∈ R. Let v1 = Uw1 and v2 = Uw2.
Then w1 = Tv1 and w2 = Tv2. Since T is linear we have

U(aw1 + bw2) = U(aTv1 + bTv2)

= U(T (av1 + bv2))

= (UT )(av1 + bv2)

= IV (av1 + bv2)

= av1 + bv2

= aUw1 + bUw2

When combined with lemma 6.3.3 we have justified the following theorem.
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Theorem 6.1

Suppose V and W are vector spaces and let T : V → W be a linear map. Then T is invertible if
and only if T is one-to-one and onto.

The next result follows from theorem 6.1 and exercise 6.14.

Lemma 6.3.4

Let V and W be finite-dimensional vector spaces and T : V →W be a linear map. If T is invertible,
then dim(V ) = dim(W ).

Exercise 6.20

Suppose V and W are vector spaces and T : V →W is a linear map that is invertible. Prove that
V is finite-dimensional if and only if W is finite-dimensional.

6.4. The Rank-Nullity Theorem

Consider the map T : P2(R)→ R2 defined by

Tf =

[
f(1)− f(2)

f(0)

]
In exercise 6.15 you showed that T is linear, nullity(T ) = 1, and rank(T ) = 2. The fact that

dim(P2(R)) = 3 = 1 + 2 = nullity(T ) + rank(T )

is not an accident.
Let V and W be vector spaces and let T : V → W be a linear map and suppose that V is finite-

dimensional. We will show that
dim(V ) = nullity(T ) + rank(T )

Since N(T ) is a subspace of V we have that

0 ≤ nullity(T ) ≤ dim(V )

Exercise 6.16 covers the special cases nullity(T ) = 0 and nullity(T ) = dim(V ) so suppose nullity(T ) = k
where 0 < k < dim(V ). Let L = {u1, . . . ,uk} be a basis for N(T ). Since L is a linearly inde-
pendent subset of V it can be extended to a basis for V by theorem 5.6. Let n = dim(V ) and let
β = {u1, . . . ,uk,uk+1, . . . ,un} be an extended basis for V . We will show that S = {Tuk+1, . . . , Tun}
contains n − k vectors and is a basis for R(T ). This will show that rank(T ) = dim(V ) − k and we will
have that

dim(V ) = k + (dim(V )− k) = nullity(T ) + rank(T )

First suppose that
ak+1Tuk+1 + · · ·+ anTun = 0

Since T is linear we have
T (ak+1uk+1 + · · ·+ anun) = 0

Thus
ak+1uk+1 + · · ·+ anun ∈ N(T )

Since L is a basis for N(T ) we can write

ak+1uk+1 + · · ·+ anun = a1u1 + · · · akuk
After rearranging we get

ak+1uk+1 + · · ·+ anun − a1u1 − · · · − akuk = 0

But since β is a basis for V we must have that

a1 = · · · = ak = ak+1 = · · · = an = 0
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Thus, S is linear independent set of n− k vectors. To check to see if S generates R(T ) we apply lemma
6.2.4 and calculate

R(T ) = span(T (β))

= span({Tu1, . . . , Tuk, Tuk+1, . . . Tun})
= span({0, . . . ,0, Tuk+1, . . . Tun})
= span({Tuk+1, . . . Tun}) = span(S)

We have justified the following theorem.

Theorem 6.2: Rank-Nullity

Let V and W be vector spaces, and let T : V →W be linear. If V is finite-dimensional then

dim(V ) = rank(T ) + nullity(T )

The next corollary follows from theorem 6.2. We leave the proof as an exercise.

Corollary 6.4.1

Let A ∈ Rm×n. Then
n = rank(A) + nullity(A)

Exercise 6.21

Prove corollary 6.4.1.

Consider the set W = {x ∈ R4 : x1 +x2 +x3 +x4 = 0}. Since W = N(A) where A =
[
1 1 1 1

]
, W

is a subspace of R4. By inspection, rank(A) = 1 and thus nullity(A) = dim(W ) = 4− 1 = 3 by corollary
6.4.1. We note that

β =




1
−1
0
0

 ,


1
0
−1
0

 ,


1
0
0
−1




is a linearly independent set of dim(W ) vectors in W and hence is a basis for W by corollary 5.3.2.

Exercise 6.22

Consider the set W = {x ∈ R4 : x1 − x2 + x3 − x4 = 0}.
(1) Show that W is a subspace of R4.
(2) Calculate dim(W ).
(3) Find a basis for W .

Exercise 6.23

Consider the matrix A =

1 1 1
1 1 1
1 1 1

.

(1) Calculate rank(A) and nullity(A).
(2) Find a basis for N(A).
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Exercise 6.24

Consider the matrix A =

[
1 2 1 1
1 0 −1 1

]
.

(1) Calculate rank(A) and nullity(A).
(2) Find a basis for N(A).

Exercise 6.25

Consider the matrix A =

1 3 2
1 0 2
0 3 0

.

(1) Calculate rank(A) and nullity(A).
(2) Find a basis for N(A).

Let A ∈ Rm×n and let C ∈ Rm×n be the matrix resulting from applying any number of elementary
row operations to A. Then we have that

N(A) = N(C)

by lemma 3.4.4. Thus nullity(A) = nullity(C) and

rank(A) = n− nullity(A) = n− nullity(C) = rank(C)

by corollary 6.4.1. We have justified the following result.

Corollary 6.4.2

Let A ∈ Rm×n and let C ∈ Rm×n be the matrix resulting from applying any number of elementary
row operations to A. Then we have that

rank(A) = rank(C)

Consider the matrix A =

 1 4 3
−4 −7 −3
3 3 0

. Adding 4 times the first row to the second row and −3

times the first row to the third row gives the matrix C =

1 4 3
0 9 9
0 −9 −9

. By corollary 6.4.2 we have that

rank(A) = rank(C) = 2. Thus by corollary 6.4.1 we have nullity(A) = 3 − rank(A) = 3 − 2 = 1. By

inspection we have β =


 1
−1
1

 is a linearly independent set of nullity(A) vectors in N(A) and hence

β is a basis for N(A) by corollary 5.3.2.

Exercise 6.26

Consider the matrix A =

 1 2 3 1
2 1 1 1
−1 4 7 1

.

(1) Calculate rank(A) and nullity(A).
(2) Find a basis for N(A).

Exercise 6.27

Let A ∈ Rm×n. If rank(A) = m and nullity(A) = 0 what can you say about m and n? Explain.
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Exercise 6.28

Let A ∈ R15×20 and suppose that Ax = b has a solution for all possible right hand sides b.
Calculate rank(A) and nullity(A).

Exercise 6.29

Let V and W be vector spaces, and let T : V → W be linear. Suppose V is finite-dimensional.
Prove that T is one-to-one if and only if rank(T ) = dim(V ).

Exercise 6.30

Let T : V → W be a linear map and suppose that V and W are finite-dimensional vector spaces
such that dim(V ) = dim(W ). Prove that the following statements are equivalent.

(1) T is one-to-one.
(2) T is onto.
(3) T is invertible.

Exercise 6.31

Let V and W be finite-dimensional vector spaces. Let T : V → W and U : W → V be linear and
assume that dim(V ) = dim(W ). Prove that if UT = IV , then TU = IW .

Let A ∈ Rm×n and P ∈ Rp×m such that N(P ) = {0}. Suppose x ∈ N(PA). Then (PA)x = 0. Hence
we have

0 = (PA)x = P (Ax)

and Ax ∈ N(P ) = {0}. Thus Ax = 0 and x ∈ N(A). Next suppose x ∈ N(A). Then Ax = 0. Hence we
have

(PA)x = P (Ax) = P0 = 0

Since N(A) = N(PA) we have that nullity(A) = nullity(PA). By corollary 6.4.1 we have that

rank(A) = n− nullity(A) = n− nullity(PA) = rank(PA)

We have justified the following lemma.

Lemma 6.4.1

Let A ∈ Rm×n and P ∈ Rp×m such that N(P ) = {0}. Then

rank(A) = rank(PA)

Exercise 6.32

Let A ∈ Rm×n and Q ∈ Rn×q such that rank(Q) = n. Prove that col(A) = col(AQ) and hence
rank(A) = rank(AQ).

The following theorem follows from lemma 6.4.1 and exercise 6.32.

Theorem 6.3

Let A ∈ Rm×n, P ∈ Rp×m such that N(P ) = {0}, and Q ∈ Rn×q such that rank(Q) = n. Then
rank(A) = rank(PAQ).



6.4. THE RANK-NULLITY THEOREM 65

Exercise 6.33

Let A ∈ Rm×n. Suppose that Q ∈ Rn×n is invertible and that P ∈ Rm×m is invertible. Prove that
rank(A) = rank(PAQ).

Exercise 6.34

Let V , W , Y , and Z be finite-dimensional vector spaces and let S : V → W , T : W → Y , and
U : Y → Z be linear maps. Prove that

(1) if S is onto, then rank(T ) = rank(TS).
(2) if U is one-to-one, then rank(T ) = rank(UT ).
(3) if S is onto and U is one-to-one, then rank(T ) = rank(UTS).

Exercise 6.35

Let x ∈ Rn. Prove that xTx = 0 if and only if x = 0.

Exercise 6.36

Let A ∈ Rm×n. Prove that if ATAx = 0, then Ax = 0. Hint: Calculate (Ax)TAx.

Exercise 6.37

Let A ∈ Rm×n.

(1) Prove that N(A) = N(ATA).
(2) Prove that rank(A) = rank(ATA).

Exercise 6.38

Let A ∈ Rm×n.

(1) Prove that rank(A) = rank(AAT ).
(2) Prove that col(AAT ) ⊆ col(A).
(3) Conclude that col(AAT ) = col(A) and hence col(ATA) = col(AT ).
(4) Conclude that for any b ∈ Rm the linear system ATAx = ATb is consistent.

Exercise 6.39

Let A ∈ Rm×n.

(1) Prove that ATA is invertible if and only if rank(A) = n.
(2) Prove that AAT is invertible if and only if rank(A) = m.



CHAPTER 7

Matrix Representations and Change of Coordinates

7.1. Coordinate Maps

Let V be a finite-dimensional vector space. An ordered basis is a basis β = {v1,v2, . . . ,vn} where
the sequence of vectors v1,v2, . . . ,vn determines the ordering. Suppose V = R3. Let β = {e1, e2, e3}
and γ = {e2, e1, e3}. Then β and γ are the same basis for V but β and γ are not the same as ordered
bases. We call β = {e1, e2, . . . , en} the standard ordered basis for Rn and γ = {1, t, . . . , tn} the standard
ordered basis for Pn(R).

Let V be a finite-dimensional vector space and let β = {v1,v2, . . . ,vn} be an ordered basis of n
vectors in V . We define the map T : Rn → V by

Tx = x1v1 + x2v2 + · · ·+ xnvn

By exercise 6.4, the map T is linear. Suppose Tx = 0 for some x ∈ Rn. Then we have

x1v1 + x2v2 + · · ·+ xnvn = 0

Since β is a basis, we must have x1 = x2 = · · · = xn = 0 and thus N(T ) = {0} and T is one-to-one. Since
dim(Rn) = dim(V ) we have that T is onto and invertible by exercise 6.30.

Definition 7.1

Let V be a finite-dimensional vector space and let β = {v1, v2, . . . , vn} be an ordered basis of n
vectors in V . Let T : Rn → V be the linear map defined by

Tx = x1v1 + x2v2 + · · ·+ xnvn

Then T is invertible and we define the coordinate map relative to β by

φβ = T−1

Let V be a finite-dimensional vector space and let β = {v1, v2, . . . , vn} be an ordered basis of n vectors
in V . Note that φβ : V → Rn is linear since it is the inverse of a linear map. Furthermore, φβ is invertible,
one-to-one, and onto by exercise 6.18 and theorem 6.1.

For all i in 1, . . . , n we have

(7.1) φβvi = ei, φ−1β ei = vi

We also use the notation

[v]β = φβv

for the coordinates of a specific vector v relative to β.

Exercise 7.1

Let V and W be finite dimensional vector spaces. We say that V is isomorphic to W if there exists
a linear map T : V → W that is invertible. Such a linear map is called an isomorphism from V
onto W .

(1) Prove that if dim(V ) = n, then V is isomorphic to Rn.
(2) Prove that V is isomorphic to W if and only if dim(V ) = dim(W ).

66
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Let β = {1 + 2t+ t2, 3 + t2, t+ t2}. We leave it as an exercise to show that β is an ordered basis for

P2(R). Suppose f ∈ P2(R) and that [f ]β =

 1
−1
1

. Applying φ−1β to both sides and using equation (7.1)

we note that

f = 1(1 + 2t+ t2) + (−1)(3 + t2) + 1(t+ t2) = t2 + 3t− 2

To calculate [2t2 + 3t+ 5]β, we find c1, c2, c3 such that

2t2 + 3t+ 5 = c1(1 + 2t+ t2) + c2(3 + t2) + c3(t+ t2)

by solving the system of equations

c1 + c2 + c3 = 2

2c1 + c3 = 3

c1 + 3c2 = 5

The unique solution is

c1 = 2, c2 = 1, c3 = −1

and hence

[2t2 + 3t+ 5]β =

 2
1
−1


Exercise 7.2

Show that
β = {t2, 1, 2t}, γ = {t2 − t+ 1, t+ 1, t2 + 1}

are ordered bases for P2(R). Find f , g ∈ P2(R) given that [f ]β = [g]γ =

−1
1
2

. Finally, calculate

[t2 + 2t+ 2]β and [t2 + 2t+ 2]γ .

Exercise 7.3

Let V be a vector space such that dim(V ) = n and let β be an ordered basis for V .

(1) Prove that γ is a basis for V if and only if φβ(γ) is a basis for Rn.

(2) Prove that α is a basis for Rn if and only if φ−1β (α) is a basis for V .

7.2. Matrix Representations

Let V and W be finite-dimensional vector spaces and T : V →W be a linear map. Suppose dim(V ) =
n and dim(W ) = m and let β = {v1,v2, . . . ,vn} be an ordered basis for V and γ = {w1,w2, . . . ,wm} be
an ordered basis for W . Let φβ : V → Rn and φγ : W → Rm be the associated coordinate maps. We will
study the linear map T by considering how it maps coordinates in Rn to coordinates in Rm. In particular,
consider the linear map φγTφ

−1
β : Rn → Rm. Since φγTφ

−1
β is a linear map from Rn to Rm, there exists

a matrix A ∈ Rm×n such that

(7.2) φγTφ
−1
β x = Ax
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for all x ∈ Rn by lemma 6.1.3. To find the matrix A we let x ∈ Rn be arbitrary and calculate

φγTφ
−1
β x = φγTφ

−1
β (x1e1 + · · ·xnen)

= x1φγTφ
−1
β e1 + · · ·+ xnφγTφ

−1
β en

= x1φγTv1 + · · ·+ xnφγTvn

= x1[Tv1]γ + · · ·+ xn[Tvn]γ

=
[
[Tv1]γ · · · [Tvn]γ

] x1...
xn


= Ax(7.3)

where A ∈ Rm×n is the matrix

(7.4) A =
[
[Tv1]γ · · · [Tvn]γ

]
Definition 7.2

Let T : V →W be a linear map between finite-dimensional vector spaces V and W where dim(V ) =
n and dim(W ) = m. Let β = {v1,v2, . . . ,vn} be an ordered basis for V and and γ be an ordered
basis for W . We define the matrix representation of T relative to β and γ by

(7.5) [T ]γβ =
[
[Tv1]γ [Tv2]γ · · · [Tvn]γ

]
By equations (7.3) and (7.5) we have that

(7.6) [T ]γβx = φγTφ
−1
β x

for all x in Rn. Let v ∈ V . Using equation (7.6) with x = [v]β gives

[T ]γβ[v]β = φγTφ
−1
β [v]β = [Tv]γ

We summarize this result in the next lemma.

Lemma 7.2.1

Let T : V → W be a linear map between finite-dimensional vector spaces, and let β and γ be
ordered bases for V and W . For all v ∈ V we have

(7.7) [Tv]γ = [T ]γβ[v]β

Let β = {e1, e2} be the standard ordered basis for R2 and let γ = {e3, e2, e1} be an ordered basis for

R3. Let T : R2 → R3 be the linear map defined by T

[
x1
x2

]
=

 x1 + 3x2
0

2x1 − 4x2

. We calculate

[T ]γβ =

[[
T

[
1
0

]]
γ

[
T

[
0
1

]]
γ

]

=


1

0
2


γ

 3
0
−4


γ


=

2 −4
0 0
1 3


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Let x =

[
1
−1

]
in R2. We verify equation (7.7) by noting that

[Tx]γ =

−2
0
6


γ

=

 6
0
−2

 =

2 −4
0 0
1 3

[ 1
−1

]
= [T ]γβ[x]β

Exercise 7.4

Let T : R2 → R3 be defined by T

[
x1
x2

]
=

 x1 − x2x1
2x1 + x2

. Let β = {e1, e2} be the standard ordered

basis for R2. Verify that γ =


1

1
0

 ,
0

1
1

 ,
2

2
3

 is an ordered basis for R3. Calculate [T ]γβ. Verify

that [Tx]γ = [T ]γβ[x]β for x =

[
1
2

]
.

Exercise 7.5

Let T : R2 → P2(R) be the map defined by

T

[
a
b

]
= (a+ b)(t+ 1)2 + a(t+ 1) + b

Show that T is linear. Let β =

{[
2
0

]
,

[
0
−1

]}
and γ = {2t2, t,−1} be ordered bases for R2 and

P2(R) respectively. Calculate [T ]γβ.

Exercise 7.6

Let β = {1, t, t2} be the standard ordered basis for P2(R). Verify that

γ =

{[
1 0
0 0

]
,

[
0 1
0 0

]
,

[
0 0
1 0

]
,

[
0 0
0 1

]}
is an ordered basis for R2×2. Verify that T : P2(R)→ R2×2 defined by

Tf =

[
f ′(0) 2f(1)

0 f ′′(3)

]
is linear. Calculate [T ]γβ.

Exercise 7.7

Let V and W be finite dimensional vector spaces with ordered bases β and γ, respectively. Suppose
T : V →W and U : V →W are linear maps. Prove that [T ]γβ = [U ]γβ if and only if T = U .

Exercise 7.8

Let T : V → W and U : V → W be linear maps between finite-dimensional vector spaces V and
W . Let β be an ordered basis for V and γ be an ordered basis for W . Let a ∈ R. The map T +aU
is defined for x ∈ V by (T + aU)x = Tx+ aUx. By exercise 6.3 we have that T + aU is a linear
map. Prove that

[T + aU ]γβ = [T ]γβ + a[U ]γβ
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Let T : V → W be a linear map between finite-dimensional vector spaces V and W , and let β and γ
be ordered bases for V and W , respectively. Recall that by equation (7.6) we have that

[T ]γβx = φγTφ
−1
β x

for all x ∈ Rn. By exercise 6.34 and lemma 6.2.5 we therefore have that

rank(T ) = rank(φγTφ
−1
β ) = rank([T ]γβ)

We summarize this result in the following theorem.

Theorem 7.1

Let T : V →W be a linear map between finite-dimensional vector spaces V and W , and let β and
γ be ordered bases for V and W , respectively. Then

rank(T ) = rank([T ]γβ)

Exercise 7.9

Let V and W be finite-dimensional vector spaces and T : V →W be linear. Prove that if β and β′

are ordered bases for V and γ and γ′ are ordered bases for W , then

rank([T ]γβ) = rank([T ]γ
′

β′)

Let V and W be finite-dimensional vector spaces with ordered bases β and γ respectively. Let
T : V →W be linear and suppose that

[T ]γβ =

1 1 1 2
1 0 −1 2
1 1 2 2


To calculate rank of [T ]γβ we first do row operations on [T ]γβ which preserve the rank. Adding −1 times

row 1 to row 2 and −1 times row 1 to row 3 gives1 1 1 2
0 −1 −2 0
0 0 1 0


Adding 2 times row 3 to row 2 and −1 times row 3 to row 1 gives1 1 0 2

0 −1 0 0
0 0 1 0


Adding row 2 to row 1 and multiply row 2 by −1 gives

C =

1 0 0 2
0 1 0 0
0 0 1 0


Thus we have rank([T ]γβ) = rank(C) = 3. Since rank(T ) = rank([T ]γβ) by theorem 7.1, we have that

rank(T ) = 3. Since dim(V ) = 4, we have that

nullity(T ) = 4− rank(T ) = 4− 3 = 1

by the rank-nullity theorem. Since nullity(T ) > 0, T is not one-to-one. Since rank(T ) = 3 = dim(W ), we
have that T is onto.
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Exercise 7.10

Let V and W be finite-dimensional vector spaces with ordered bases β and γ, respectively. Let
T : V →W be linear and suppose that

[T ]γβ =


1 1 −1
0 −2 4
2 0 2
2 4 −5


Calculate rank(T ) and nullity(T ). Is T one-to-one? Is T onto? Explain.

Definition 7.3

Let V be a finite-dimensional vector space with ordered basis β and suppose T : V → V is a linear
map. We define

[T ]β = [T ]ββ

Exercise 7.11

Let V be a vector space such that dim(V ) = n. Let β be an ordered basis for V . Let IV : V → V
be the identity map on V . Prove that [IV ]β = In

Exercise 7.12

Let T : P2(R) → P2(R) be defined by (Tf)(t) = f(t) + f ′(t) + f ′′(t). Show that T is linear.
Let β = {1, t, t2} be the standard ordered basis of P2(R). Calculate [T ]β. Calculate rank(T ) and
nullity(T ). Is T one-to-one? Is T onto? Is T invertible? Explain.

Let V , W , and Z be finite-dimensional vector spaces with ordered bases β, γ, and α, respectively.
Let T : V → W and U : W → Z be linear maps. Suppose dim(V ) = n and let β = {v1, . . . ,vn} be an
ordered basis for V . We calculate

[UT ]αβ =
[
[(UT )v1]α · · · [(UT )vn]α

]
=
[
[U(Tv1)]α · · · [U(Tvn)]α

]
=
[
[U ]αγ [Tv1]γ · · · [U ]αγ [Tvn]γ

]
= [U ]αγ

[
[Tv1]γ · · · [Tvn]γ

]
= [U ]αγ [T ]γβ

where we used lemma 7.2.1 to justify that [U(Tvi)]α = [U ]αγ [Tvi]γ . We summarize this result in the
following theorem.

Theorem 7.2

Let V , W , and Z be finite-dimensional vector spaces with ordered bases β, γ, and α, respectively.
Let T : V →W and U : W → Z be linear maps. Then

(7.8) [UT ]αβ = [U ]αγ [T ]γβ
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Exercise 7.13

Let T : P2(R)→ P2(R) and U : P2(R)→ R3 be the maps defined by

(Tf)(t) = f ′(t)(3 + t) + 2f(t), U(a+ bt+ ct2) =

a+ b
c

a− b


Prove that T and U are linear maps. Let β = {1, t, t2} and γ = {e1, e2, e3} be the standard ordered
bases of P2(R) and R3, respectively. Compute [U ]γβ, [T ]β, and [UT ]γβ directly. Use equation 7.8 to

calculate [UT ]γβ and verify theorem 7.2.

Let V and W be finite-dimensional vector spaces with ordered bases β and γ respectively and suppose
that dim(V ) = dim(W ) = n. Let T : V → W be a linear map. Since rank(T ) = rank([T ]γβ) we have

that T is invertible if and only if [T ]γβ is invertible by exercises 5.19 and 6.30. If T is invertible, then by

theorem 7.2 and exercise 7.11 we have that

[T−1]βγ [T ]γβ = [T−1T ]β = [IV ]β = In

[T ]γβ[T−1]βγ = [TT−1]γ = [IW ]γ = In

We summarize these results in the following theorem.

Theorem 7.3

Let V and W be finite-dimensional vector spaces with ordered bases β and γ and suppose dim(V ) =
dim(W ) = n. Let T : V →W be a linear map. Then T is invertible if and only if [T ]γβ is invertible.

Furthermore, if T is invertible, then

(7.9) ([T ]γβ)−1 = [T−1]βγ

Let T : P2(R)→ P2(R) be the map defined by (Tf)(t) = f(t)− 2f ′(t). We leave it as an exercise to
verify that T is linear. Let β = {1, t, t2} be the standard ordered basis for P2(R). We calculate

T1 = 1, T t = t− 2, T t2 = t2 − 4t

[T ]β =
[
[T1]β [Tt]β [Tt2]β

]
=

1 −2 0
0 1 −4
0 0 1


Using standard matrix inverse techniques we calculate

[T−1]β = ([T ]β)−1 =

1 2 8
0 1 4
0 0 1


Next we calculate

[T−1(2− t2)]β = [T−1]β[2− t2]β =

1 2 8
0 1 4
0 0 1

 2
0
−1

 =

−6
−4
−1


Applying φ−1β to both sides gives

T−1(2− t2) = −t2 − 4t− 6

Finally we note that

T (−t2 − 4t− 6) = (−t2 − 4t− 6)− 2(−2t− 4) = 2− t2

as expected.
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Exercise 7.14

Let T : P2(R) → P2(R) be defined by (Tf)(t) = f(t) + f ′(t) + f ′′(t). In exercise 7.12 you showed
that T is a linear map. Let β = {1, t, t2} be the standard ordered basis for P2(R). Calculate [T ]β
and [T−1]β. Use [T−1]β to calculate T−1(t2 − 2t+ 1). Verify your answer.

7.3. Change of Coordinates

Let V be a finite-dimensional vector space with ordered bases β and γ. Let T : V → V be a linear
map. For any v ∈ V we have that

(7.10) [v]γ = [IV v]γ = [IV ]γβ[v]β

We say that the matrix [IV ]γβ changes coordinates relative to β into coordinates relative to γ. Similarily,

for any v ∈ V we have that

(7.11) [v]β = [IV v]β = [IV ]βγ [v]γ

and we say that the matrix [IV ]βγ changes coordinates relative to γ into coordinates relative to β.
Let β = {t2 + t+4, 4t2−3t+2, 2t2 +3} and γ = {t2− t+1, t+1, t2 +1} be subsets of P2(R). We leave

it as an exercise to show that β and γ are ordered bases for P2(R). To calculate [IV ]γβ, we first calculate

the coordinates of the vectors in β relative to γ by solving systems of equations. We note that

[t2 + t+ 4]γ =

 2
3
−1

 , [4t2 − 3t+ 2]γ =

 1
−2
3

 , [2t2 + 3]γ =

1
1
1


Next, we note that by definition

[IV ]γβ =
[
[t2 + t+ 4]γ [4t2 − 3t+ 2]γ [2t2 + 3]γ

]
=

 2 1 1
3 −2 1
−1 3 1


Exercise 7.15

Let β =

{[
2
4

]
,

[
3
1

]}
and γ =

{[
1
1

]
,

[
1
−1

]}
. Verify that β and γ are ordered bases for R2. Find a

matrix Q ∈ R2×2 that changes coordinates relative to β into coordinates relative to γ.

By theorem 7.3 we have that

(7.12) ([IV ]γβ)−1 = [I−1V ]βγ = [IV ]βγ

By theorem 7.2 we have that

(7.13) [T ]β = [IV T IV ]β = [IV T ]βγ [IV ]γβ = [IV ]βγ [T ]γγ [IV ]γβ

and

(7.14) [T ]γ = [IV T IV ]γ = [IV T ]γβ[IV ]βγ = [IV ]γβ[T ]ββ[IV ]βγ

Let V be a finite-dimensional vector space with ordered bases β and γ. Let T : V → V be a linear
map. Suppose that for some v ∈ V we have

[v]β =

[
1
2

]
, [T ]β =

[
1 2
3 2

]
, [IV ]βγ =

[
2 −1
3 1

]
Using equation (7.10) we calculate

[v]γ = [IV ]γβ[v]β =

[
2 −1
3 1

] [
1
2

]
=

[
0
5

]
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Using equation (7.12) we calculate

[IV ]γβ = ([IV ]βγ )−1 =

[
2 −1
3 1

]−1
=

1

5

[
1 1
−3 2

]
Using equation (7.14) we calculate

[T ]γ = [IV ]γβ[T ]ββ[IV ]βγ =
1

5

[
1 1
−3 2

] [
1 2
3 2

] [
2 −1
3 1

]
=

1

5

[
1 1
−3 2

] [
8 1
12 −1

]
=

[
4 0
0 −1

]
Exercise 7.16

Let V be a finite-dimensional vector space with ordered bases β and γ. Let T : V → V be a linear

map. Given that [T ]β =

[
1 3
4 2

]
and [IV ]βγ =

[
1 3
−1 4

]
, calculate [T ]γ .



CHAPTER 8

Diagonalizable Operators

8.1. Eigenvalues and Eigenvectors

Let V be a vector space. We call a linear map T : V → V a linear operator on V . A matrix D ∈ Rn×n

D =

d11 · · · 0
...

. . .
...

0 · · · dnn


is called diagonal if dij = 0 for i 6= j.

Definition 8.1

A linear operator T : V → V on a finite-dimensional vector space V is called diagonalizable if there
is an ordered basis γ for V such that [T ]γ is a diagonal matrix.

Consider the linear operator T : P2(R)→ P2(R) defined by

(Tf)(t) = f(t)− 2tf ′(t) + (t2 + 1)f ′′(t)

Let γ = {1, t, 1− t2}. We calculate

[T ]γ =
[
[T1]γ [Tt]γ [T (1− t2)]γ

]
=
[
[1]γ [−t]γ [t2 − 1]γ

]
=

1 0 0
0 −1 0
0 0 −1

 = D

Thus, we have that T is a diagonalizable operator. Since

T1 = (1)1, T t = (−1)t, T (1− t2) = (−1)(1− t2)

we have that for each v ∈ γ that Tv = λv where λ ∈ R.

Definition 8.2

Let T : V → V be a linear operator on a vector space V . A scalar λ ∈ R is called an eigenvalue of
T if there exists a nonzero vector v ∈ V , called an eigenvector of T , such that

(8.1) Tv = λv

Exercise 8.1

Let T : R2 → R2 be the linear map defined by Tx = Ax where

A =

[
1 3
4 2

]
and let

v1 =

[
1
−1

]
, v2 =

[
3
4

]
Show that v1,v2 are eigenvectors of T . What are the corresponding eigenvalues? Find an ordered
basis γ for R2 such that [T ]γ is diagonal. Calculate [T ]γ .
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Let T : V → V be a linear operator on a finite-dimensional vector space V and suppose that

[T ]γ = D =

d11 · · · 0
...

. . .
...

0 · · · dnn


is a diagonal matrix for some ordered basis γ = {v1,v2, . . . ,vn}. Since γ is a basis we must have vi 6= 0
for all i in 1, . . . , n. Furthermore, for any i in 1, . . . , n we have that

(8.2) [Tvi]γ = [T ]γ [vi]γ = [T ]γei = diiei

Applying φ−1γ to both sides of equation (8.2) gives

(8.3) Tvi = diiφ
−1
γ (ei) = diivi

By equation (8.3) we have for all i in 1, . . . , n that vi is an eigenvector of T with corresponding eigenvalue
dii. We have justified the following lemma.

Lemma 8.1.1

Let T : V → V be a linear operator on a finite-dimensional vector space V and suppose that [T ]γ
is a diagonal matrix for some ordered basis γ = {v1,v2, . . . ,vn}. Then γ is an ordered basis for V
consisting of eigenvectors of T .

Let T : V → V be a linear operator on a finite-dimensional vector space V and suppose that γ =
{v1,v2, . . . ,vn} is an ordered basis for V consisting of eigenvectors of T . Since γ contains eigenvectors of
T we have for all i in 1, . . . , n that Tvi = λivi for some λi ∈ R. Since

[T ]γ =
[
[Tv1]γ [Tv2]γ · · · [Tvn]γ

]
=
[
[λ1v1]γ [λ2v2]γ · · · [λnvn]γ

]
=
[
λ1[v1]γ λ2[v2]γ · · · λn[vn]γ

]
=
[
λ1e1 λ2e2 · · · λnen

]
=

λ1 · · · 0
...

. . .
...

0 · · · λn


= D

we have that T is diagonalizable. Combining this result with lemma 8.1.1 gives us the following result.

Theorem 8.1

A linear operator T : V → V on a finite-dimensional vector space V is diagonalizable if and
only if there exists an ordered basis γ for V consisting of eigenvectors of T . Furthermore, if
γ = {v1,v2, . . . ,vn} is an ordered basis for V consisting of eigenvectors of T , then

[T ]γ =

λ1 · · · 0
...

. . .
...

0 · · · λn


where for all i in 1, . . . , n we have that Tvi = λivi.

Definition 8.3

Let A ∈ Rn×n and let T : Rn → Rn be defined by Tx = Ax. Then A is called diagonalizable if the
linear operator T is diagonalizable.
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Definition 8.4

Let A ∈ Rn×n. A scalar λ ∈ R is called an eigenvalue of A if there exists a nonzero vector x ∈ Rn,
called an eigenvector of A, such that

(8.4) Ax = λx

Exercise 8.2

Let A ∈ Rn×n. Prove that A is diagonalizable if and only if there exists a basis for Rn consisting
of eigenvectors of A.

Exercise 8.3

Let A ∈ Rn×n. Prove that A is diagonalizable if and only if there exists an invertible matrix
Q ∈ Rn×n and a diagonal matrix D ∈ Rn×n such that

A = QDQ−1

or equivalently
D = Q−1AQ

Let T be a linear operator on a finite-dimensional vector space V with ordered basis β. Suppose that
v ∈ V is an eigenvector of T with corresponding eigenvalue λ ∈ R. Then we have that

Tv = λv, v 6= 0

Applying φβ to both sides gives
[Tv]β = [λv]β, v 6= 0

and hence
[T ]β[v]β = λ[v]β, [v]β 6= 0

where [v]β 6= 0 since φβ is one-to-one and v 6= 0. Thus [v]β ∈ Rn is an eigenvector of [T ]β with
corresponding eigenvalue λ ∈ R. We have justified the first part of the following theorem. We leave the
remainder of the proof as an exercise.

Theorem 8.2

Let T be a linear operator on a finite-dimensional vector space V with ordered basis β. Then λ is
an eigenvalue of T if and only if λ is an eigenvalue of [T ]β. Furthermore,

(1) If v ∈ V is an eigenvector of T with corresponding eigenvalue λ, then φβ(v) ∈ Rn is an
eigenvector of [T ]β with corresponding eigenvalue λ.

(2) If x ∈ Rn is an eigenvector of [T ]β with corresponding eigenvalue λ, then φ−1β (x) ∈ V is

an eigenvector of T with corresponding eigenvalue λ.

Exercise 8.4

Prove theorem 8.2.

Exercise 8.5

Let T be a linear operator on a finite-dimensional vector space V with ordered basis β.

(1) Prove that if γ is an ordered basis for V consisting of eigenvectors of T then φβ(γ) is an
ordered basis for Rn consisting of eigenvectors of [T ]β.

(2) Prove that if α is an ordered basis for Rn consisting of eigenvectors of [T ]β, then φ−1β (α)

is an ordered basis for V consisting of eigenvectors of T .
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The next theorem allows us to focus on the problem of testing to see if a matrix is diagonalizable. We
leave the proof as an exercise.

Theorem 8.3

Let T be a linear operator on a finite-dimensional vector space V with ordered basis β. Then T is
diagonalizable if and only if [T ]β is diagonalizable.

Exercise 8.6

Prove theorem 8.3.

Let T be the linear operator on P2(R) defined by

(Tf)(t) = f(t) + (t+ 1)f ′(t)

and let β = {1, t, t2} be the standard ordered basis for P2(R). Since

T1 = 1, T t = 1 + 2t, T t2 = 2t+ 3t2

we have that

[T ]β =

1 1 0
0 2 2
0 0 3


It is easy to check that

α = {x1,x2,x3}

where

x1 =

1
0
0

 , x2 =

1
1
0

 , x3 =

1
2
1



is an ordered basis for R3 consisting of eigenvectors of [T ]β. We set Q =

1 1 1
0 1 2
0 0 1

, D =

1 0 0
0 2 0
0 0 3

, and

calculate

QDQ−1 =

1 1 1
0 1 2
0 0 1

1 0 0
0 2 0
0 0 3

1 −1 1
0 1 −2
0 0 1

 = [T ]β

which verifies that [T ]β is diagonalizable by exercise 8.3. Using exercise 8.5 we deduce that

γ = φ−1β (α) = {1, 1 + t, 1 + 2t+ t2}

is an ordered basis for P2(R) consisting of eigenvectors of T . Finally we note that

T1 = (1)1, T (1 + t) = 2 + 2t = 2(1 + t), T (1 + 2t+ t2) = 3 + 6t+ 3t2 = 3(1 + 2t+ t2)

[T ]γ =

1 0 0
0 2 0
0 0 3


which verifies that T is diagonalizable.
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8.2. Determinants

Let V be a vector space such that dim(V ) = n. Let T : V → V be a linear operator and β be
an ordered basis for V . By theorem 8.3, the linear operator T is diagonalizable if and only [T ]β is
diagonalizable. Furthermore, [T ]β is diagonalizable if and only if there exists an ordered basis for Rn
consisting of eigenvectors of [T ]β. We will thus need a procedure for finding an ordered basis for Rn
consisting of eigenvectors of [T ]β if such a basis exists. To look for a basis of eigenvectors, we must first
find all eigenvalues of the matrix [T ]β.

To find eigenvalues of a matrix A ∈ Rn×n we look for λ ∈ R and x 6= 0 such that

Ax = λx

or equivalently

(8.5) (A− λIn)x = 0, x 6= 0

Thus, we look for λ ∈ R such that N(A− λIn) contains a nonzero vector or equivalently A− λIn is not
invertible by exercise 5.19. To find λ ∈ R such that A−λIn is not invertible, we will use the determinant.

Definition 8.5

Let A ∈ Rn×n. The determinant of A is a scalar, denoted by det(A) or |A|, and is defined recursively
as follows.

(1) If A ∈ R1×1, then det(A) = a11, the single entry of A.
(2) If A ∈ Rn×n for n > 1, then

det(A) =
n∑
j=1

(−1)1+ja1j det(ã1j)

where ã1j is the (n − 1) × (n − 1) matrix obtained by deleting row 1 and column j from
the matrix A.

Exercise 8.7

Suppose A is a 2× 2 matrix. Show that det(A) = a11a22 − a12a21.

Exercise 8.8

Calculate det(A) where A =

[
1 2
5 3

]
.

Exercise 8.9

Calculate det(A) where A =

1 1 5
1 −4 −1
0 −3 1

.

The next result says that the determinant can be expanded along any row or column. We omit the
proof.
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Theorem 8.4

Let A ∈ Rn×n. Then for any 1 ≤ i ≤ n and any 1 ≤ j ≤ n we have

det(A) =
n∑
j=1

(−1)i+jaij det(ãij) =
n∑
i=1

(−1)i+jaij det(ãij)

where ãij is the (n− 1)× (n− 1) matrix obtained by deleting row i and column j from A.

Consider the matrix

A =

1 1 1
1 0 1
1 0 −1


To calculate det(A) efficiently, we use theorem 8.4 and expand along the second column to get

det(A) = (−1)1+2(1) det

([
1 1
1 −1

])
= (−1)(−2) = 2

A matrix A ∈ Rn×n is called upper triangular if all entries lying below the diagonal entries are zero
(i.e. aij = 0 whenever i > j). A matrix A ∈ Rn×n is called lower triangular if all entries lying above the
diagonal entries are zero (i.e. aij = 0 whenever i < j). A matrix that is both upper triangular and lower
triangular is diagonal. The next result says that it is easy to calculate the determinant for such matrices.
We leave the proof as an exercise.

Lemma 8.2.1

Let A ∈ Rn×n be an upper triangular, lower triangular, or diagonal matrix. Then

det(A) = a11a22 · · · ann

Exercise 8.10

Prove lemma 8.2.1.

Exercise 8.11

Calculate det(A) where A =

−3 1 2
0 4 5
0 0 −6

.

One easy consequence of lemma 8.2.1 is that for any n > 0 we have that

(8.6) det(In) = 1

Consider the matrix

A =


2 1 1 5
1 1 −4 −1
2 0 −3 1
3 1 1 2


Expanding along the second column or third row will be the most efficient due to the location of the 0.
However, many calculations will still be required. The following theorem, which we state without proof,
allows us to use elementary row operations to further simplify the calculation of determinants.
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Theorem 8.5

Let A ∈ Rn×n.

(1) If B is a matrix obtained by interchanging any two rows or interchanging any two columns
of A, then det(B) = −det(A).

(2) If B is a matrix obtained by multiplying a row or a column of A by a scalar k, then
det(B) = k det(A).

(3) If B is a matrix obtained from A by adding a multiple of row i to row j or a multiple of
column i to column j for i 6= j, then det(B) = det(A).

Again consider the matrix

A =


2 1 1 5
1 1 −4 −1
2 0 −3 1
3 1 1 2


Adding −1 times row 1 to row 2 and −1 times row 1 to row 4 gives

B =


2 1 1 5
−1 0 −5 −6
2 0 −3 1
1 0 0 −3


By theorem 8.5 we have that det(A) = det(B). Next we expand along the second column of B using
theorem 8.4 to get

det(A) = det(B) = (−1)1+2(1) det

−1 −5 −6
2 −3 1
1 0 −3


Let C =

−1 −5 −6
2 −3 1
1 0 −3

. Adding 3 times the first column to the third column gives

D =

−1 −5 −9
2 −3 7
1 0 0


By theorem 8.5 we have that det(C) = det(D). Finally, we expand along the third row of D using theorem
8.4 to get

det(A) = det(B) = −1 det(C) = −1 det(D) = (−1)(−1)3+1(1) det

([
−5 −9
−3 7

])
= 62

Exercise 8.12

Consider the matrix A =


1 0 −2 3
−3 1 1 2
0 4 −1 1
2 3 0 1

. Write det(A) as the determinant of a single 3×3 matrix

by expanding the determinant along the first column after first applying certain row operations.
Calculate the determinant of A.

Let A ∈ Rn×n with column vectors a1,a2, . . . ,an and suppose that A is not invertible. By exercise
5.19 we have that N(A) 6= {0}. Let x be a nonzero vector in N(A). Then we have that

x1a1 + x2a2 + · · ·+ xnan = 0
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Since x 6= 0, we have xi 6= 0 for some i in 1, . . . , n and thus

(8.7) ai =
−1

xi
(x1a1 + · · ·+ xi−1ai−1 + xi+1ai+1 + · · ·+ xnan)

Equation (8.7) shows that we can transform the ith column of A into 0 by adding multiples of the other
n− 1 column vectors without changing the determinant by theorem 8.5. Finally, expanding along the ith

column shows that det(A) = 0. We summarize this result in the following lemma.

Lemma 8.2.2

Let A ∈ Rn×n. If A is not invertible, then det(A) = 0.

The next lemma says that the determinant is multipliciative. We omit the proof.

Lemma 8.2.3

If A,B ∈ Rn×n, then
det(AB) = det(A) det(B)

Suppose A ∈ Rn×n is invertible. Then we have

AA−1 = In

By lemma 8.2.3 and equation (8.6) we have that

1 = det(In) = det(AA−1) = det(A) det(A−1)

and thus det(A) 6= 0. Combining this result with lemma 8.2.2 gives us the following result.

Theorem 8.6

Suppose A ∈ Rn×n. Then A is invertible if and only if det(A) 6= 0.

The following corollary gives us our primary tool for finding all eigenvalues of a matrix A using the
determinant. We leave the proof as an exercise.

Corollary 8.2.1

Let A ∈ Rn×n. Then the following statements are equivalent for all λ ∈ R.

(1) λ is an eigenvalue of A.
(2) N(A− λIn) 6= {0}.
(3) A− λIn is not invertible.
(4) det(A− λIn) = 0.

Exercise 8.13

Prove corollary 8.2.1.

Let A =

[
1 1
4 1

]
. To find all eigenvalues of A we solve

det(A− λI2) = det

([
1− λ 1

4 1− λ

])
= (1− λ)2 − 4 = λ2 − 2λ− 3 = 0

Since

λ2 − 2λ− 3 = (λ− 3)(λ+ 1)

the eigenvalues of A are λ1 = 3 and λ2 = −1 by corollary 8.2.1.



8.2. DETERMINANTS 83

Let A =

2 4 6
0 2 0
0 2 4

. To find all eigenvalues of A we solve

det(A− λI) = det

2− λ 4 6
0 2− λ 0
0 2 4− λ

 = (2− λ)2(4− λ)

Thus the eigenvalues of A are λ1 = 2 and λ2 = 4 by corollary 8.2.1.

Let A =


2 0 0 0
0 1 0 1
0 0 2 0
0 1 0 1

. To find all eigenvalues of A we solve

det(A− λI) = det




2− λ 0 0 0
0 1− λ 0 1
0 0 2− λ 0
0 1 0 1− λ




= (−1)1+1(2− λ) det

1− λ 0 1
0 2− λ 0
1 0 1− λ


= (2− λ)(−1)2+2(2− λ) det

([
1− λ 1

1 1− λ

])
= (2− λ)2(λ2 − 2λ)

= (2− λ)2λ(λ− 2)

Thus the eigenvalues of A are λ1 = 2 and λ2 = 0 by corollary 8.2.1.

Exercise 8.14

Let A ∈ R3×3 be given by

A =

 1 0 −1
0 0 0
−1 0 1


Use corollary 8.2.1 to find all eigenvalues of A.

Exercise 8.15

Let A ∈ R4×4 be given by

A =


1 2 0 0
0 −1 0 0
0 0 1 0
0 0 −1 2


Use corollary 8.2.1 to find all eigenvalues of A.

The next exercise gives us an easy way to find the eigenvalues of matrix that is upper triangular, lower
triangular, or diagonal.

Exercise 8.16

Let A ∈ Rn×n be an upper triangular, lower triangular, or diagonal matrix. Prove that A has
eigenvalues

λ1 = a11, λ2 = a22, · · · λn = ann
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Consider the matrix

A =


1 0 0 0
0 −1 1 0
0 0 −1 0
0 0 0 1


Since A is upper triangular, the eigenvalues of A are λ1 = 1 and λ2 = −1 by exercise 8.16.

Let T be the linear operator on P2(R) defined by

(Tf)(t) = f(t) + (t+ 1)f ′(t)

and let β = {1, t, t2} be the standard ordered basis for P2(R). We showed earlier that

[T ]β =

1 1 0
0 2 2
0 0 3


By exercise 8.16, the eigenvalues of [T ]β are λ1 = 1, λ2 = 2, and λ3 = 3. By theorem 8.2, the linear map
T also has eigenvalues λ1 = 1, λ2 = 2, and λ3 = 3.

Consider the linear operator T : P2(R)→ P2(R) given by

(Tf)(t) = f(t)− 2tf ′(t) + (t2 + 1)f ′′(t)

and let β = {1, t, t2} be the standard ordered basis for P2(R). We calculate

T1 = 1, T t = −t, T t2 = 2− t2

and thus we have

[T ]β =

1 0 2
0 −1 0
0 0 −1


By exercise 8.16, the eigenvalues of [T ]β are λ1 = 1 and λ2 = −1. By theorem 8.2, the linear map T also
has eigenvalues λ1 = 1 and λ2 = −1.

Exercise 8.17

Consider the linear operator T : P2(R)→ P2(R) given by

(Tf)(t) = tf ′(t) + f(2)t+ f(3)

Find the eigenvalues of T .

Definition 8.6

Let A,B ∈ Rn×n. We say that A is similar to B if A = CBC−1 for some invertible matrix
C ∈ Rn×n.

Note that by exercise 8.3, a matrix A ∈ Rn×n is diagonalizable if and only if A is similar to a diagonal
matrix D ∈ Rn×n.

Exercise 8.18

Let A,B ∈ Rn×n.

(1) Prove that if A is similar to B, then B is similar to A.
(2) Prove that if A is similar to B, then rank(A) = rank(B).
(3) Prove that if A is similar to B, then det(A) = det(B).
(4) Prove that if A is similar to B, then A− λIn is similar to B − λIn. Use corollary 8.2.1 to

conclude that if A is similar to B, then A and B have the same eigenvalues.
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8.3. Eigenspaces

Now that we know how to find all eigenvalues of a matrix A ∈ Rn×n using the determinant, the next
step in finding a basis for Rn consisting of eigenvectors of A is to find the corresponding eigenvectors for
each eigenvalue.

Let A =

[
1 1
4 1

]
. We showed earlier that the eigenvalues of A are λ1 = 3 and λ2 = −1. To find an

eigenvector of A with corresponding eigenvalue λ1 = 3, we look for a nonzero x ∈ R2 such that

Ax = 3x

or equivalently

(A− 3I2)x = 0

Since A− 3I2 =

[
−2 1
4 −2

]
we want to solve

[
−2 1
4 −2

]
x = 0

for some x 6= 0. Since

1

[
−2
4

]
+ 2

[
1
−2

]
= 0

one eigenvector is

x1 =

[
1
2

]
Another eigenvector is x2 =

[
2
4

]
. How do we describe all possible eigenvectors with corresponding

eigenvalue λ1 = 3? Since 0 is not an eigenvector, the set of eigenvectors with corresponding eigenvalue
λ1 = 3 is not a subspace of R2. However, the set of eigenvectors plus 0 is a subspace of R2.

Definition 8.7

Let A ∈ Rn×n and let λ be an eigenvalue of A. Define

Eλ = N(A− λIn)

The set Eλ is called the eigenspace of A corresponding to the eigenvalue λ.

Note that Eλ is a subspace of Rn consisting of the zero vector and the eigenvectors of A corresponding
to the eigenvalue λ. Furthermore, by the rank-nullity theorem we have

(8.8) dim(Eλ) = n− rank(A− λIn)

Let A =


2 0 0 0
0 1 0 1
0 0 2 0
0 1 0 1

. We showed earlier that the eigenvalues of A are λ1 = 2 and λ2 = 0. By the

rank-nullity theorem we have

dim(Eλ1) = 4− rank(A− 2I4) = 4− rank




0 0 0 0
0 −1 0 1
0 0 0 0
0 1 0 −1


 = 4− 1 = 3
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Since dim(Eλ1) = 3, we can find a basis for Eλ1 by finding a linearly independent set of 3 vectors in
Eλ1 = N(A− 2I4) by solving 

0 0 0 0
0 −1 0 1
0 0 0 0
0 1 0 −1

x = 0

We see by inspection that

α1 =




1
0
0
0

 ,


0
0
1
0

 ,


0
1
0
1




is a linearly independent set of 3 solutions and hence α1 is a basis for Eλ1 . By the rank-nullity theorem
we have

dim(Eλ2) = 4− rank(A− 0I4) = 4− rank




2 0 0 0
0 1 0 1
0 0 2 0
0 1 0 1


 = 4− 3 = 1

Since dim(Eλ2) = 1, we can find a basis for Eλ2 by finding a single nonzero vector in Eλ2 = N(A− 2I4)
by solving 

2 0 0 0
0 1 0 1
0 0 2 0
0 1 0 1

x = 0

We see by inspection that

α2 =




0
1
0
−1




is a basis for Eλ2 . To find a basis for R4 consisting of eigenvectors of A, we need a linearly independent
set of 4 eigenvectors of A. It is easy to verify that

α = α1 ∪ α2 =




1
0
0
0

 ,


0
0
1
0

 ,


0
1
0
1

 ,


0
1
0
−1




is a basis for R4 consisting of eigenvectors of A and thus A is diagonalizable by exercise 8.2. Note that if
we set

Q =


1 0 0 0
0 0 1 1
0 1 0 0
0 0 1 −1

 , D =


2 0 0 0
0 2 0 0
0 0 2 0
0 0 0 0


then

QDQ−1 =


1 0 0 0
0 0 1 1
0 1 0 0
0 0 1 −1




2 0 0 0
0 2 0 0
0 0 2 0
0 0 0 0




1 0 0 0
0 0 1 0
0 0.5 0 0.5
0 0.5 0 −0.5

 =


2 0 0 0
0 1 0 1
0 0 2 0
0 1 0 1

 = A

and we have verified that A is diagonalizable.
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Exercise 8.19

Let A ∈ R2×2 be given by

A =

[
1 2
3 2

]
Find the eigenvalues of A. For each eigenvalue λi calculate dim(Eλi) and find a basis for Eλi . Find
a basis α for R2 consisting of eigenvectors of A. Find an invertible matrix Q ∈ R2×2 and a diagonal
matrix D ∈ R2×2 such that A = QDQ−1.

Exercise 8.20

Let A ∈ R3×3 be given by

A =

2 0 −2
1 3 2
0 0 3


Find the eigenvalues of A. For each eigenvalue λi calculate dim(Eλi) and find a basis for Eλi . Find
a basis α for R3 consisting of eigenvectors of A. Find an invertible matrix Q ∈ R3×3 and a diagonal
matrix D ∈ R3×3 such that A = QDQ−1.

Exercise 8.21

Let A ∈ R4×4 be given by

A =


1 2 0 0
0 −1 0 0
0 0 1 0
0 0 −1 2


Find the eigenvalues of A. For each eigenvalue λi calculate dim(Eλi) and find a basis for Eλi . Find
a basis α for R4 consisting of eigenvectors of A. Find an invertible matrix Q ∈ R4×4 and a diagonal
matrix D ∈ R4×4 such that A = QDQ−1.

Exercise 8.22

Let A ∈ Rn×n and suppose A has distinct eigenvalues λ1, λ2 ∈ R. Prove that Eλ1 ∩ Eλ2 = {0}.

Consider the linear operator T : P2(R)→ P2(R) defined by

(Tf)(t) = f(t)− 2tf ′(t) + (t2 + 1)f ′′(t)

Let β = {1, t, t2} be the standard ordered basis for P2(R). We showed earlier that

[T ]β =

1 0 2
0 −1 0
0 0 −1


and the eigenvalues of [T ]β are λ1 = 1 and λ2 = −1. By the rank-nullity theorem we have

dim(Eλ1) = 3− rank(A− 1I3) = 3− rank

0 0 2
0 −2 0
0 0 −2

 = 3− 2 = 1

Since dim(Eλ1) = 1, we can find a basis for Eλ1 by finding a nonzero vector in Eλ1 = N(A − 1I3) by
solving 0 0 2

0 −2 0
0 0 −2

x = 0
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We see by inspection that

α1 =


1

0
0


a basis for Eλ1 . By the rank-nullity theorem we have

dim(Eλ2) = 3− rank(A+ 1I3) = 3− rank

2 0 2
0 0 0
0 0 0

 = 3− 1 = 2

Since dim(Eλ2) = 2, we can find a basis for Eλ2 by finding a linearly independent set of 2 vectors in
Eλ2 = N(A+ I3) by solving 2 0 2

0 0 0
0 0 0

x = 0

We see by inspection that

α2 =


0

1
0

 ,
 1

0
−1


is a linearly independent set of 2 solutions and hence α1 is a basis for Eλ2 . To find a basis for R3 consisting
of eigenvectors of A, we need a linearly independent set of 3 eigenvectors of A. It is easy to verify that

α = α1 ∪ α2 =


1

0
0

 ,
0

1
0

 ,
 1

0
−1


is a basis for R3 consisting of eigenvectors of A. Using exercise 8.5 we deduce that

γ = φ−1β (α) = {1, t, 1− t2}

is an ordered basis for P2(R) consisting of eigenvectors of T . As noted earlier we have

[T ]γ =

1 0 0
0 −1 0
0 0 −1


which verifies that T is a diagonalizable operator.

Exercise 8.23

Consider the linear operator T : P2(R)→ P2(R) given by

(Tf)(t) = f(t) + (t+ 1)f ′(t)

Find an ordered basis γ for P2(R) such that [T ]γ is a diagonal matrix. Verify your answer by
calculating [T ]γ .

Exercise 8.24

Consider the linear operator T : P2(R)→ P2(R) given by

(Tf)(t) = tf ′(t) + f(2)t+ f(3)

Find an ordered basis γ for P2(R) such that [T ]γ is a diagonal matrix. Verify your answer by
calculating [T ]γ .

In previous examples we took the union of eigenspace bases to find a basis for Rn consisting of
eigenvectors of a matrix A. In general, the union of linearly independent sets does not have to be linearly
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independent. For example, the set

{[
1
1

]}
∪
{[

2
2

]}
is linearly dependent. It turns out that the union of

linearly independent sets from different eigenspaces is always a linearly independent set.
Let A ∈ Rn×n and suppose A has distinct eigenvalues λ1, λ2 ∈ R. Let S = {v1,v2, . . . ,vn} be a

linearly independent set of n vectors in Eλ1 and T = {w1,w2, . . . ,wm} be a linearly independent set of
m vectors in Eλ2 . Suppose that

(8.9) c1v1 + · · ·+ cnvn + d1w1 + · · ·+ dmwm = 0

We next multiply both sides by the matrix A− λ1In to get

0 = (A− λ1In)0

= (A− λ1In)(c1v1 + · · ·+ cnvn + d1w1 + · · ·+ dmwm)

= c1(A− λ1In)v1 + · · ·+ cn(A− λ1In)vn + d1(A− λ1In)w1 + · · ·+ dm(A− λ1In)wm

= c1(Av1 − λ1v1) + · · ·+ cn(Avn − λ1vn) + d1(Aw1 − λ1w1) + · · ·+ dm(Awm − λ1wm)

= c1(λ1v1 − λ1v1) + · · ·+ cn(λ1vn − λ1vn) + d1(λ2w1 − λ1w1) + · · ·+ dm(λ2wm − λ1wm)

= (λ2 − λ1)(d1w1 + · · ·+ dmwm)

Since λ2 − λ1 6= 0, we must have

d1w1 + · · ·+ dmwm = 0

and since T is linearly independent

(8.10) d1 = · · · = dm = 0

Plugging equation (8.10) into equation (8.9) and using the fact that S is linearly independent gives

(8.11) c1 = · · · = cn = 0

and we have shown that S ∪ T is a linearly independent set of n + m vectors. We have justified the
following theorem for the special case k = 2. We leave the proof of the general case as an exercise.

Theorem 8.7

Let A ∈ Rn×n and suppose A has k distinct eigenvalues λ1, λ2, . . . , λk ∈ R. For each i = 1, 2 . . . , k,
let Si be a linearly independent subset of Eλi containing ni vectors. Then S = S1 ∪ S2 ∪ · · · ∪ Sk
is a linearly independent set in Rn containing n1 + n2 + · · ·+ nk vectors.

Exercise 8.25

Prove theorem 8.7. Hint: Use mathematical induction on k.

Let A ∈ Rn×n and suppose A has k distinct eigenvalues λ1, λ2, . . . , λk ∈ R. Further suppose that

dim(Eλ1) + dim(Eλ2) + · · ·+ dim(Eλk) = n

For i in 1, . . . , k, let αi be a basis for Eλi containing dim(Eλi) vectors. By theorem 8.7 and corollary 5.3.2
we have that

α = α1 ∪ α2 ∪ · · · ∪ αk
is a basis for Rn consisting of eigenvectors of A and thus A is diagonalizable by exercise 8.2. We have
justified the following result.

Corollary 8.3.1

Let A ∈ Rn×n and suppose A has k distinct eigenvalues λ1, λ2, . . . , λk ∈ R. If

dim(Eλ1) + dim(Eλ2) + · · ·+ dim(Eλk) = n

then A is diagonalizable.
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The matrix A =

2 1 1
1 2 1
1 1 2

 has eigenvalues λ1 = 4 and λ2 = 1. We calculate

dim(Eλ1) = 3− rank

−2 1 1
1 −2 1
1 1 −2

 = 3− 2 = 1

dim(Eλ2) = 3− rank

1 1 1
1 1 1
1 1 1

 = 3− 1 = 2

Since dim(Eλ1) + dim(Eλ2) = 3, we have that A is diagonalizable by corollary 8.3.1.

Exercise 8.26

Let A ∈ Rn×n and suppose A has k distinct eigenvalues λ1, λ2, . . . , λk ∈ R. Prove that

dim(Eλ1) + dim(Eλ2) + · · ·+ dim(Eλk) ≤ n

Exercise 8.27

Let A ∈ Rn×n and suppose A has n distinct eigenvalues λ1, λ2, . . . , λn ∈ R. Prove that A is
diagonalizable.

The matrix A =


3 0 0 0
0 2 0 0
0 0 2 0
1 0 0 3

 has eigenvalues λ1 = 3 and λ2 = 2. We calculate

dim(Eλ1) = 4− rank




0 0 0 0
0 −1 0 0
0 0 −1 0
1 0 0 0


 = 4− 3 = 1

dim(Eλ2) = 4− rank




1 0 0 0
0 0 0 0
0 0 0 0
1 0 0 1


 = 4− 2 = 2

Since dim(Eλ1) + dim(Eλ2) = 3 < 4, corollary 8.3.1 does not apply. If we take the union of a basis for
Eλ1 and a basis for Eλ2 we will have a linearly indpendent set of 3 eigenvectors. However, a basis for R4

requires 4 vectors. We suspect that A is not diagonalizble but we need another result to justify it.
Let A ∈ Rn×n and suppose that A is diagonalizable. Then by exercise 8.2 there exists a basis α for

Rn containing eigenvectors of A. Suppose A has distinct eigenvalues λ1, λ2, . . . , λk ∈ R. For 1 ≤ i ≤ k,
let

αi = α ∩ Eλi
and ni be the number of vectors in αi. Note that n ≤ n1 + n2 + · · · + nk since each eigenvector must
have a corresponding eigenvalue. Since each αi is linearly independent by exercise 4.13 we must have
ni ≤ dim(Eλi) for all 1 ≤ i ≤ k by theorem 5.2. Combining these results gives

n ≤ n1 + n2 + · · ·+ nk ≤ dim(Eλ1) + dim(Eλ2) + · · ·+ dim(Eλk)

and hence

dim(Eλ1) + dim(Eλ2) + · · ·+ dim(Eλk) = n

by exercise 8.26. This result combined with corollary 8.3.1 justifies the following result which gives us our
main test for diagonalizability of a matrix.
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Theorem 8.8

Let A ∈ Rn×n and suppose A has k distinct eigenvalues λ1, λ2, . . . , λk ∈ R. Then A is diagonalizable
if and only if

dim(Eλ1) + dim(Eλ2) + · · ·+ dim(Eλk) = n

Consider again the matrix A =


3 0 0 0
0 2 0 0
0 0 2 0
1 0 0 3

 with eigenvalues λ1 = 3 and λ2 = 2. Since dim(Eλ1) +

dim(Eλ2) = 3 < 4, the matrix A is not diagonalizable by theorem 8.8.

Exercise 8.28

Let A =

−1 0 1
3 0 −3
1 0 −1

. Is A diagonalizable? Explain.

Exercise 8.29

Let A =

2 4 6
0 2 0
0 2 4

. Is A diagonalizable? Explain.

Consider the linear operator T : P2(R) → P2(R) given by (Tf)(t) = f(t) − 2f ′(t). Let β = {1, t, t2}
be the standard ordered basis for P2(R). We calculate

T1 = 1, T t = t− 2, T t2 = t2 − 4t

[T ]β =

1 −2 0
0 1 −4
0 0 1


[T ]β has the single eigenvalue λ = 1. We calculate

dim(Eλ) = 3− rank

0 −2 0
0 0 −4
0 0 0

 = 3− 2 = 1

Since dim(Eλ) = 1 6= 3 we have that [T ]β is not diagonalizable by theorem 8.8 and hence T is not
diagonalizable by theorem 8.3.

Exercise 8.30

Consider the linear operator T : P2(R) → P2(R) given by (Tf)(t) = f(t) + f ′(t) + f ′′(t). Is T
diagonalizable? Explain.

Exercise 8.31

Find a matrix A ∈ R2×2 such that

(1) A is invertible but not diagonalizable.
(2) A is invertible and diagonalizable.
(3) A is not invertible but is diagonalizable.
(4) A is not invertible and not diagonalizable.



CHAPTER 9

Inner Product Spaces

9.1. Inner Products

Definition 9.1

Definition: An inner product on a vector space V is a function that takes two vectors x,y ∈ V
and returns a scalar in R denoted 〈x,y〉 such that for all x,y, z ∈ V and all c in R the following
axioms hold.

(1) 〈x+ z,y〉 = 〈x,y〉+ 〈z,y〉
(2) 〈cx,y〉 = c〈x,y〉
(3) 〈x,y〉 = 〈y,x〉
(4) 〈x,x〉 > 0 if x 6= 0

Definition 9.2

A vector space V with inner product 〈x,y〉 is called an inner product space.

For x =


x1
x2
...
xn

 and y =


y1
y2
...
yn

 in Rn we define x · y (called the dot product) as

(9.1) x · y =

n∑
i=1

xiyi

Note that for all x,y ∈ Rn we have that

(9.2) x · y = xTy

Exercise 9.1

Show that 〈x,y〉 = x · y is an inner product on Rn.

We call 〈x,y〉 = x · y the standard inner product on Rn.

Definition 9.3

A matrix A ∈ Rn×n is called symmetric positive definite if AT = A and xTAx > 0 for all x 6= 0.

Suppose that A ∈ Rn×n is a symmetric positive definite matrix and for x,y ∈ Rn define

(9.3) 〈x,y〉 = x ·Ay

We will show that 〈x,y〉 is an inner product on Rn.

(1) For x,y, z ∈ Rn we note that

〈x+ z,y〉 = (x+ z) ·Ay = x ·Ay + z ·Ay = 〈x,y〉+ 〈z,y〉

92
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(2) For x,y ∈ Rn and c ∈ R we calculate

〈cx,y〉 = (cx) ·Ay = c(x ·Ay) = c〈x,y〉

(3) For x,y ∈ Rn we have that

〈x,y〉 = x ·Ay = Ay · x = (Ay)Tx = yTATx = yTAx = y ·Ax = 〈y,x〉

(4) Let x ∈ Rn and suppose that x 6= 0. We calculate

〈x,x〉 = x ·Ax = xTAx > 0

since the matrix A is positive definite.

Definition 9.4

Let C([a, b]) be the subset of F([a, b],R) of all functions that are continuous for all t ∈ [a, b].

Exercise 9.2

Prove that C([a, b]) is a subspace of F([a, b],R).

Exercise 9.3

For f , g ∈ C([a, b]) define 〈f , g〉 =
∫ b
a f(t)g(t) dt. Prove that 〈x, y〉 is an inner product on C([a, b]).

The following result gives some basic inner product results that follow from the axioms. We leave the
proof as an exercise.

Lemma 9.1.1

Let 〈x,y〉 be an inner product on V . For x,y, z ∈ V and c in R we have

(1) 〈x,y + z〉 = 〈x,y〉+ 〈x, z〉.
(2) 〈x, cy〉 = c〈x,y〉.
(3) 〈x,0〉 = 〈0,x〉 = 0.
(4) 〈x,x〉 ≥ 0 and 〈x,x〉 = 0 if and only if x = 0.
(5) If 〈x,y〉 = 〈x, z〉 for all x ∈ V , then y = z.

Exercise 9.4

Prove lemma 9.1.1.

9.2. Norms and Orthogonality

Definition 9.5

Let V be an inner product space. For x ∈ V , we define the norm or length of x by

(9.4) ‖x‖ =
√
〈x, x〉

Let V = Rn with the standard inner product. Then

(9.5) ‖x‖ =
√
x21 + · · ·+ x2n
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Exercise 9.5

Let V be an inner product space. Prove that for all x,y ∈ V and all c ∈ R the following properties
hold.

(1) ‖cx‖ = |c| ‖x‖
(2) ‖x‖ = 0 if and only if x = 0

Consider a right triangle with side lengths a, b, c ∈ R where c is the length of the hypotenuse. The
Pythagorean theorem for right triangles says that

(9.6) a2 + b2 = c2

Now consider two vectors x,y in an inner product space V . Equation (9.6) suggests that if x and y are
orthogonal then we should have

(9.7) ‖x‖2 + ‖y‖2 = ‖x+ y‖2

Using properties of the inner product we calculate

(9.8) ‖x+ y‖2 = 〈x+ y,x+ y〉 = 〈x,x〉+ 〈x,y〉+ 〈y,x〉+ 〈y,y〉 = ‖x‖2 + 2〈x,y〉+ ‖y‖2

and note that in order for equation 9.7 to hold we must have 〈x,y〉 = 0.

Definition 9.6

Let V be an inner product space. We say that x and y are orthogonal if 〈x,y〉 = 0.

Equation (9.8) justifies the following theorem.

Theorem 9.1: Pythagorean Theorem

Let V be an inner product space. If x and y are orthogonal, then

‖x+ y‖2 = ‖x‖2 + ‖y‖2

Let V be an inner product space. By lemma 9.1.1, we have that 0 is orthogonal to any vector x ∈ V
and furthermore 0 is the only vector that is orthogonal to itself.

Exercise 9.6

Prove that the vectors 1, t in C([−1, 1]) are orthogonal. What is the length of the vector t in
C([−1, 1])?

Exercise 9.7

Let V be an inner product space. Consider the vectors v1, v2, v3 in V and suppose that

〈v1,v2〉 = 0, 〈v1,v3〉 = 0, 〈v2,v3〉 = 0

Prove that
‖v1 + v2 + v3‖2 = ‖v1‖2 + ‖v2‖2 + ‖v3‖2

Exercise 9.8

Let V be an inner product space. Prove that for all x,y ∈ V
‖x+ y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2
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Exercise 9.9

Let V be a finite-dimensional inner product space with generating set S = {v1, . . . ,vn}. Suppose
that for some x ∈ V we have that 〈x,vi〉 = 0 for all i ∈ 1, . . . , n. Prove that x = 0. Hint: Show
that 〈x,x〉 = 0.

Exercise 9.10

Suppose A ∈ Rm×n has column vectors a1,a2, . . . ,an. Let x ∈ Rm. Prove that x ∈ N(AT ) if and
only if x · ai = 0 for all i in 1, . . . , n.

Let V be an inner product space. Let x and y be vectors in V where y 6= 0. By properties of the
inner product we have that

〈x− cy,y〉 = 0⇔ c =
〈x,y〉
〈y,y〉

Definition 9.7

Let V be an inner product space. Let x and y be vectors in V where y 6= 0. The orthogonal
projection of x onto y, denoted projy x is defined by

projy x =
〈x,y〉
〈y,y〉

y =
〈x,y〉
‖y‖2

y =
〈x,y〉
‖y‖

(
y

‖y‖

)
The number

〈x,y〉
‖y‖

is called the component of x along y and is denoted compy x.

Let V = R2 with the standard inner product. Consider the problem of finding the distance from the

point P = (7, 6) to the line through the origin in the direction of the vector y =

[
4
2

]
. A vector normal to

the line is given by n =

[
−2
4

]
. Let O = (0, 0) denote the origin. The distance from the point to the line

is the absolute value of the component of the vector OP in the normal direction

d = |compnOP | =
∣∣∣∣n ·OP‖n‖

∣∣∣∣ =

∣∣∣∣ 10√
20

∣∣∣∣ =
√

5

Exercise 9.11

Find the distance from the point P = (−2, 3) ∈ R2 and the line that contains the points A =
(−3,−1) and B = (1, 2).

Let V be an inner product space. Let x and y be vectors in V where y 6= 0. Let c = 〈x,y〉
〈y,y〉 . Since

〈x− cy, cy〉 = c〈x− cy,y〉 = 0

we have by the Pythagorean theorem that

‖x‖2 = ‖x− cy‖2 + ‖cy‖2 ≥ ‖cy‖2

Using exercise 9.5 and plugging in c = 〈x,y〉
〈y,y〉 gives

‖x‖2 ≥ ‖cy‖2 = |c|2‖y‖2 =
〈x,y〉2

‖y‖4
‖y‖2

After taking square roots we have justified the following result (the case where y = 0 is easy).
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Lemma 9.2.1: Cauchy-Schwarz Inequality

Let V be an inner product space. Then for all x,y ∈ V we have that

(9.9) 〈x,y〉 ≤ ‖x‖‖y‖

Exercise 9.12

Let V be an inner product space. Prove that for all x,y ∈ V we have that

|〈x,y〉| = ‖x‖ ‖y‖
if and only if x = cy or y = cx.

Exercise 9.13

Let V = Rn with the standard inner product. Let x ∈ Rn. Use the Cauchy-Schwarz inequality to
prove

|x1|+ |x2|+ · · ·+ |xn| ≤
√
n ‖x‖

Let V be an inner product space and let x,y ∈ V . Using the Cauchy-Schwarz inequality we note

‖x+ y‖2 = 〈x+ y,x+ y〉
= ‖x‖2 + 2〈x,y〉+ ‖y‖2

≤ ‖x‖2 + 2〈|x,y〉|+ ‖y‖2

≤ ‖x‖2 + 2‖x‖‖y‖+ ‖y‖2

= (‖x‖+ ‖y‖)2

After taking square roots we have justified the following result.

Lemma 9.2.2: Triangle Inequality

Let V be an inner product space. For all x,y ∈ V we have

‖x+ y‖ ≤ ‖x‖+ ‖y‖

9.3. Orthogonal and Orthonormal Bases

Let V be an inner product space and let u ∈ V . If ‖u‖ = 1, we call u a unit vector. If v ∈ V and
v 6= 0, then u = v

‖v‖ is a unit vector since by exercise 9.5 we have∥∥∥∥ v

‖v‖

∥∥∥∥ =
1

‖v‖
‖v‖ = 1

Definition 9.8

Let V be an inner product space. A subset S of V

(1) is orthogonal if any two vectors in S are orthogonal.
(2) is an orthogonal basis for V if it is orthogonal and a basis for V .
(3) is orthonormal if S is orthogonal and consists entirely of unit vectors.
(4) is an orthonormal basis for V if it is orthonormal and a basis for V .

The set β = {e1, e2, . . . , en} is an orthonormal basis for Rn.
Let V be an inner product space and S = {v1, . . . ,vn} an orthogonal set of n nonzero vectors in V .

Suppose that
c1v1 + c2v2 + · · ·+ cnvn = 0
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For any i in 1, . . . , n we have

0 = 〈0,vi〉
= 〈c1v1 + c2v2 + · · ·+ cnvn,vi〉
= 〈c1v1,vi〉+ · · · 〈ci−1vi−1,vi〉+ 〈civi,vi〉+ 〈ci+1vi+1,vi〉+ · · · 〈c1vn,vi〉
= 〈civi,vi〉
= ci‖vi‖2

and hence ci = 0 since ‖vi‖ 6= 0. We have justified the following result.

Lemma 9.3.1

Let V be an inner product space and S = {v1, . . . ,vn} an orthogonal set of n nonzero vectors in
V . Then S is a linearly independent set of n vectors in V .

Consider the set S = {v1,v2,v3,v4} where

v1 =


1
1
1
1

 , v2 =


1
1
−1
−1

 , v3 =


1
−1
−1
1

 , v4 =


−1
1
−1
1


It is easy to check that S is orthogonal and hence an orthogonal basis for R4 by lemma 9.3.1 and corollary
5.3.2. Similarily, the set T = {u1,u2,u3,u4} where

u1 =


1/2
1/2
1/2
1/2

 , u2 =


1/2
1/2
−1/2
−1/2

 , u3 =


1/2
−1/2
−1/2
1/2

 , u4 =


−1/2
1/2
−1/2
1/2


is an orthonormal basis for R4 by by lemma 9.3.1 and corollary 5.3.2.

Exercise 9.14

Let V = R3 with the standard inner product. Prove that β = {v1,v2} where

v1 =

 1
−1
0

 , v2 =

 1
1
−2


is an orthogonal basis for the subspace

W = {x ∈ R3 : x1 + x2 + x3 = 0}

Exercise 9.15

Let V = C([−1, 1]) with the inner product 〈f , g〉 =
∫ 1
−1 f(t)g(t) dt. Prove that β = {u1,u2,u3}

where

u1 =
1√
2
, u2 =

√
3

2
t, u3 =

√
5

8
(3t2 − 1)

is an orthonormal basis for the subspace W = P2(R).

Let V be an inner product space and suppose that β = {u1,u2, . . . ,un} is an orthonormal basis of n
vectors for V . Then for any v ∈ V we have

(9.10) v = c1u1 + c2u2 + · · ·+ cnun



9.3. ORTHOGONAL AND ORTHONORMAL BASES 98

For any i in 1, . . . , n we have

〈v,ui〉 = 〈c1u1 + c2u2 + · · ·+ cnun,ui〉
= 〈c1u1,ui〉+ · · · 〈ci−1ui−1,ui〉+ 〈ciui,ui〉+ 〈ci+1ui+1,ui〉+ · · · 〈c1un,ui〉
= 〈ciui,ui〉
= ci‖ui‖2

= ci

We have justified the following result.

Lemma 9.3.2

Let V be an inner product space and suppose that β = {u1,u2, . . . ,un} is an orthonormal basis
of n vectors for V . Then for any v ∈ V we have

(9.11) v = 〈v,u1〉u1 + 〈v,u2〉u2 + · · ·+ 〈v,un〉un

Consider again the orthonormal basis T = {u1,u2,u3,u4} where

u1 =


1/2
1/2
1/2
1/2

 , u2 =


1/2
1/2
−1/2
−1/2

 , u3 =


1/2
−1/2
−1/2
1/2

 , u4 =


−1/2
1/2
−1/2
1/2



and let v =


1
2
3
4

. By lemma 9.3.2 we have that

v = 〈v,u1〉u1 + 〈v,u2〉u2 + 〈v,u3〉u3 + 〈v,u4〉u4

= 5u1 − 2u2 + u4

Exercise 9.16

Let V be an inner product space and suppose that β = {v1,v2, . . . ,vn} is an orthogonal basis of
n vectors for V . Prove that for any vector v ∈ V we have that

(9.12) v =
〈v,v1〉
‖v1‖2

v1 +
〈v,v2〉
‖v2‖2

v2 + · · ·+ 〈v,vn〉
‖vn‖2

vn

Exercise 9.17

Let V = R3 with the standard inner product.

(1) Prove that β = {v1,v2,v3} is an orthogonal basis for R3 where

v1 =

1
1
1

 , v2 =

−2/3
1/3
1/3

 , v3 =

 0
−1/2
1/2


(2) Let v =

−1
1
3

. Use equation (9.12) to calculate c1, c2, c3 such that

v = c1v1 + c2v2 + c3v3

(3) Verify that your coefficients c1, c2, c3 work.
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9.4. Orthogonal Complements

Definition 9.9

Let V be an inner product space and S be a subset of V . We define the orthogonal complement of
S as

S⊥ = {x ∈ V : 〈x,y〉 = 0 for all y ∈ S}

Let V = R3 with the standard inner product and let S =


1

1
1

. Then by definition we have

S⊥ = {x ∈ R3 : x1 + x2 + x3 = 0}

Thus S⊥ is a plane through the origin. Since S⊥ = N(A) where A =
[
1 1 1

]
, we have that S⊥ is a

subspace of R3. By the rank-nullity theorem we have

dim(S⊥) = 3− rank(
[
1 1 1

]
) = 3− 1 = 2

and it is easy to check that

β =


 1
−1
0

 ,
 1

0
−1


is a basis for S⊥. The fact that S⊥ in this example is a subspace of R3 is not an accident. We leave the
proof of the following result as an exercise.

Lemma 9.4.1

Let V be an inner product space and S be a subset of V . Then S⊥ is a subspace of V .

Exercise 9.18

Prove lemma 9.4.1.

Let V be an inner product space and W a subspace of V that is generated by S = {v1,v2, . . . ,vn}.
Let v ∈ V . If v ∈ W⊥, then 〈v,vi〉 = 0 for all i in 1, . . . , n since S ⊆ W . Next suppose that 〈v,vi〉 = 0
for all i in 1, . . . , n and let w ∈W . Since S generates W we have that

w = c1v1 + c2v2 + · · ·+ cnvn

for some scalars c1, c2, . . . , cn. But then we have that

〈v,w〉 = 〈v, c1v1 + c2v2 + · · ·+ cnvn〉
= 〈v, c1v1〉+ 〈v, c2v2〉+ · · ·+ 〈v, cnvn〉
= c1〈v,v1〉+ c2〈v,v2〉+ · · ·+ cn〈v,vn〉
= 0

We have justified the following result.

Lemma 9.4.2

Let V be an inner product space and let W be a subspace of V that is generated by the set
S = {v1,v2, . . . ,vn}. Then for any v ∈ V we have that v ∈ W⊥ if and only if 〈v,vi〉 = 0 for all i
in 1, . . . , n.
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Let V = R4 with the standard inner product and suppose that w1 =


1
−1
1
1

 and w2 =


0
1
2
3

. Let

W = span({w1,w2}). By lemma 9.4.2 we have that x ∈ W⊥ if and only if x ·w1 = 0 and x ·w2 = 0.
Thus x ∈W⊥ if and only if x ∈ N(A) where

A =

[
1 −1 1 1
0 1 2 3

]
By the rank-nullity theorem we have that

dim(W⊥) = nullity(A) = 4− rank(A) = 4− 2 = 2

Adding row 2 to row 1 gives

B =

[
1 0 3 4
0 1 2 3

]
It is easy to check that

β =



−3
−2
1
0

 ,

−4
−3
0
1




is a linearly independent set of 2 vectors in W⊥ = N(B) and hence β is a basis for W⊥.

Exercise 9.19

Let V = R4 with the standard inner product and suppose that W = span({v1,v2}) where

v1 =


1
1
1
0

 , v2 =


1
1
2
−1


Find a basis for W⊥.

Exercise 9.20

Let V = Rm with the standard inner product and let A ∈ Rm×n. Prove that

(9.13) (col(A))⊥ = N(AT )

Let V = Rn with the standard inner product and let A ∈ Rm×n. Plugging A = AT into equation
(9.13) gives the formula

(9.14) (col(AT ))⊥ = N(A)



CHAPTER 10

Projections and Least Squares

10.1. Orthogonal Projections

Let V = R3 with the standard inner product. Let W be the plane through the origin in R3 given by

W = {x ∈ R3 : x2 − x3 = 0}

Consider the problem of finding a vector x ∈ W that is closest to the vector y =

−1
0
2

. In particular,

we are looking for x ∈W such that

(10.1) ‖y − x‖ ≤ ‖y − v‖
for all v ∈ W . Intuition suggests that ‖y − x‖ will be minimized when y − x is orthogonal to the plane
W . Thus, we are looking for a vector x such that

(10.2) x ∈W, y − x ∈W⊥

We start by finding a basis for W . Since W = N(A) where A =
[
0 1 −1

]
we have that

dim(W ) = nullity(A) = 3− rank(A) = 3− 1 = 2

It is easy to check that β = {v1,v2} where v1 =

1
0
0

 and v2 =

0
1
1

 is a linearly independent set of 2

vectors in W and hence β is a basis for W . Since β is a basis, the x ∈ W we are looking for can be
written as

x = c1v1 + c2v2

for some constants c1, c2 ∈ R to be determined. Since β generates W , lemma 9.4.2 says the constraint
that y − x ∈W⊥ is equivalent to

(10.3) (y − c1v1 − c2v2) · v1 = 0, (y − c1v1 − c2v2) · v2 = 0

After simplifying, the system of equations (10.3) is equivalent to

(10.4) c1 = −1, 2c2 = 2

which has the unique solution c1 = −1 and c2 = 1. Thus, x = −1v1 + 1v2 =

−1
1
1

 is the unique vector

satisfying equation (10.2). Furthermore, our intuition suggests that x is the unique vector in W satisfying
equation (10.1) for all v ∈W .

Let V = C([−1, 1]) with inner product 〈f , g〉 =
∫ 1
−1 f(t)g(t) dt. Let W = P4(R) and consider the

problem of finding a polynomial f ∈W that is closest to the function g = et
2

in V . In particular, we are
looking for f ∈W such that

(10.5) ‖g − f‖ ≤ ‖g − h‖
for all polynomials h ∈W . As in the plane example, it turns out that the unique polynomial f ∈W that
satisfies equation (10.5) for all h ∈W is the unique polynomial f satisfying

(10.6) f ∈W, g − f ∈W⊥

101
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Let V be an inner product space and W a finite-dimensional subspace of V . Let y ∈ V and consider
the problem of finding a vector x such that

(10.7) x ∈W, y − x ∈W⊥

Let β = {v1,v2, . . . ,vn} be a basis for W containing n vectors. Any vector x ∈W can be written

x = c1v1 + c2v2 + · · ·+ cnvn

Note that by lemma 9.4.2 we have y − x ∈W⊥ if and only if

〈y − c1v1 − c2v2 − · · · − cnvn,vi〉 = 0

for all i ∈ 1, . . . , n or or equivalently Ac = z where

A =


〈v1,v1〉 〈v2,v1〉 · · · 〈vn,v1〉
〈v1,v2〉 〈v2,v2〉 · · · 〈vn,v2〉

...
...

. . .
...

〈v1,vn〉 〈v2,vn〉 · · · 〈vn,vn〉

 , c =


c1
c2
...
cn

 , z =


〈y,v1〉
〈y,v2〉

...
〈y,vn〉


Next suppose that Ac = 0 for some c ∈ Rn. Then for all i in 1, . . . , n we have

0 = c1〈v1,vi〉+ c2〈v2,vi〉+ · · ·+ cn〈vn,vi〉 = 〈c1v1 + c2v2 + · · ·+ cnvn,vi〉
But then

〈c1v1 + c2v2 + · · ·+ cnvn, c1v1 + c2v2 + · · ·+ cnvn〉 = 0

and hence
c1v1 + c2v2 + · · ·+ cnvn = 0

Since β is linearly independent, we have c = 0. Finally, we note that since N(A) = {0} we have that A
is invertible by exercise 5.19 and hence

x = c1v1 + c2v2 + · · ·+ cnvn

where c = A−1z is the unique vector satisfying equation (10.7). We have justified the following theorem.

Theorem 10.1

Let V be an inner product space and W a finite-dimensional subspace of V . For all y ∈ V there
exists a unique vector x ∈W such that y − x ∈W⊥.

Definition 10.1

Let V be an inner product space, W a finite-dimensional subspace of V , and y a vector in V . Let x
be the unique vector in W such that y−x ∈W⊥. The vector x is called the orthogonal projection
of y onto W and is denoted projW y.

Let V be an inner product space and W a finite-dimensional subspace of V . Since any vector y ∈ V
can be written

y = projW y + (y − projW y)

we have that
V = W +W⊥

Suppose v ∈W ∩W⊥. Then 〈v,v〉 = 0 and hence W ∩W⊥ = {0}. By exercise 3.10 we have justified the
following result.

Corollary 10.1.1

If V is an inner product space and W is a finite-dimensional subspace of V , then

V = W ⊕W⊥

Combining corollary 10.1.1 with exercise 5.8 gives the following result.
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Corollary 10.1.2

If V is a finite-dimensional inner product space and W is a subspace of V , then

dim(V ) = dim(W ) + dim(W⊥)

The next exercise gives an alternate proof of corollary 10.1.2.

Exercise 10.1

Let V be an inner product space and W a finite-dimensional subspace of V . We define the map
T : V → V for y ∈ V by

Ty = projWy

The map is well defined since the projection of y onto W is unique.

(1) Prove that T is a linear map.
(2) Prove that R(T ) = W and N(T ) = W⊥.
(3) Conclude using the rank-nullity theorem that if V is finite-dimensional then

dim(V ) = dim(W ) + dim(W⊥)

Exercise 10.2

Let V be a finite-dimensional inner product space and let W be a subspace of V . Prove that

W = (W⊥)⊥

Let V = Rm with the standard inner product. Let A ∈ Rm×n. Then W = col(A) is a subspace of V .
By corollary 10.1.2 and exercise 9.20 we have that

(10.8) m = rank(A) + nullity(AT )

The rank-nullity theorem applied to AT gives

(10.9) m = rank(AT ) + nullity(AT )

Combining equations (10.8) and (10.9) gives an alternate proof of theorem 5.4 which says that

rank(A) = rank(AT )

Let V be an inner product space and W a finite-dimensional subspace of V . In the proof of theorem
10.1 we showed that the the orthogonal projection of a vector y onto W could be calculated by solving a
linear system. We will next show that if an orthonormal or othogonal basis is available for W then the
orthogonal projection can be calculated directly. Suppose that

β = {u1,u2, . . . ,un}

is an orthonormal basis of n vectors for W and let y ∈ V . To find the orthogonal projection of y onto W
we look for a vector x ∈W such that y − x ∈W⊥. Since x ∈W we have

x = c1u1 + c2u2 + · · ·+ cnun

for some constants c1, c2, . . . , cn to be determined. By lemma 9.4.2 we have y − x ∈W⊥ if and only if

〈y − c1u1 − c2u2 − · · · − cnun,ui〉 = 0

for all i ∈ 1, . . . , n or since β is an orthonormal set

ci = 〈y,ui〉

for all i ∈ 1, . . . , n. We have justified the following result.
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Theorem 10.2

Let V be an inner product space, W a finite-dimensional subspace of V , and

β = {u1,u2, . . . ,un}
an orthonormal basis of n vectors for W . Then for all y ∈ V we have

projW y = 〈y,u1〉u1 + 〈y,u2〉u2 + · · ·+ 〈y,un〉un

The next result gives an easy way to calculate an orthogonal projection using an orthogonal basis for
W . We leave the proof as an exercise.

Corollary 10.1.3

Let V be an inner product space, W a finite-dimensional subspace of V , and

β = {v1,v2, . . . ,vn}
an orthogonal basis of n vectors for W . Then for all y ∈ V we have

projW y =
〈y,v1〉
‖v1‖2

v1 +
〈y,v2〉
‖v2‖2

v2 + · · ·+ 〈y,vn〉
‖vn‖2

vn

Let V = R4 with the standard inner product. Consider the matrix A =


1 −6
1 −2
1 1
1 7

 and vector b =


−1
2
1
6

. It is easy to check that β = {a1,a2} where a1 =


1
1
1
1

 and a2 =


−6
−2
1
7

 is an orthogonal basis for

W = col(A). Using corollary 10.1.3 we calculate

projcol(A)b =
b · a1
‖a1‖2

a1 +
b · a2
‖a2‖2

a2 =
8

4
a1 +

45

90
a2 =


−1
1

2.5
5.5


To check our result we note that

(b− projcol(A)) · a1 =


0
1
−1.5
0.5

 ·


1
1
1
1

 = 0, (b− projcol(A)) · a2 =


0
1
−1.5
0.5

 ·

−6
−2
1
7

 = 0

which shows that b− projcol(A) in (col(A))⊥ as expected.

Exercise 10.3

Let V = R3 with the standard inner product and suppose that

v1 =

 2
5
−1

 , v2 =

−2
1
1

 , y =

1
2
3


Let W = span({v1,v2}).

(1) Prove that β = {v1,v2} is an orthogonal basis for W .
(2) Calculate x = projW y.
(3) Verify that y − x is in W⊥.
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10.2. The Gram-Schmidt Process

Let V be an inner product space and suppose that S = {w1,w2, . . . ,wn} is a linearly independent
set of n vectors in V . For k in 1, . . . , n define

(10.10) Sk = {w1,w2, . . . ,wk}

and

(10.11) Tk = {v1,v2, . . . ,vk}

where v1 = w1 and for k in 2, . . . , n

(10.12) vk = wk − projspan(Tk−1)
wk

We will prove by mathematical induction that for all k in 1, . . . , n we have that Tk is an orthogonal set
of k nonzero vectors in span(Sk). The result is clear for k = 1. Suppose that the result holds for some k
in 1, . . . , n− 1. We will prove the result holds for k + 1. We first note that vk+1 6= 0 since otherwise by
equation (10.12)

(10.13) wk+1 = projspan(Tk)wk+1 ∈ span(Tk) ⊆ span(Sk)

which would contradict the fact that Sk+1 is a linearly independent set. Combining this result with the
fact that vk+1 ∈ (span(Tk))

⊥ and the inductive assumption gives us that Tk+1 is an orthogonal set of
k + 1 nonzero vectors. Finally, we note that by the inductive assumption and equation (10.12) we have
that Tk+1 is in span(Sk+1) Combining this result with corollary 10.1.3 proves the following theorem.

Theorem 10.3

Let V be an inner product space and suppose that S = {w1,w2, . . . ,wn} is a linearly independent
subset of n vectors in V . Define T = {v1,v2, . . . ,vn} where v1 = w1 and

(10.14) vk = wk −
k−1∑
j=1

〈wk,vj〉
‖vj‖2

vj , 2 ≤ k ≤ n

Then T is an orthogonal set of n nonzero vectors in span(S).

The construction of T = {v1,v2, . . . ,vn} using equation (10.14) is called the Gram-Schmidt process.
Let V = R3 with the standard inner product. Consider the problem of finding an orthogonal basis

β = {v1,v2,v3} for R3 that contains the vector w1 =

1
2
1

. Consider the set S = {w1,w2,w3} where

w1 =

1
2
1

, w2 =

1
0
0

, and w3 =

0
1
0

. We note that S is a set of 3 linearly independent vectors and

hence is a basis for R3 containing w1 since

det

1 1 0
2 0 1
1 0 0

 = 1(−1)3+1(1) = 1 6= 0

The Gram-Schmidt process gives

v1 = w1 =

1
2
1


v2 = w2 −

w2 · v1
v1 · v1

v1 =

1
0
0

− 1

6

1
2
1

 =

 5/6
−1/3
−1/6


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v3 = w3 −
w3 · v1
v1 · v1

v1 −
w3 · v2
v2 · v2

v2 =

0
1
0

− 2

6

1
2
1

+
2

5

 5/6
−1/3
−1/6

 =

 0
1/5
−2/5


and thus the set β = {v1,v2,v3} is an orthogonal basis for R3 containing w1.

Let V = R4 with the standard inner product. Consider the problem of finding an orthogonal basis
for the subspace

W = {x ∈ R4 : x1 − x2 + x3 − x4 = 0}
We first find a basis for W . Note that W = N(A) where A =

[
1 −1 1 −1

]
and hence

dim(W ) = 4− rank(A) = 4− 1 = 3

It is easy to check that S = {w1,w2,w3} is a basis for W where w1 =


1
1
0
0

, w2 =


−1
0
1
0

, and w3 =


1
0
0
1

.

To find an orthogonal basis β = {v1,v2,v3} for W we apply the Gram-Schmidt process to the vectors in
S. We have

v1 = w1 =


1
1
0
0



v2 = w2 −
w2 · v1
v1 · v1

v1 =


−1
0
1
0

− (−1

2

)
1
1
0
0

 =


−1/2
1/2
1
0



v3 = w3 −
w3 · v1
v1 · v1

v1 −
w3 · v2
v2 · v2

v2 =


1
0
0
1

− 1

2


1
1
0
0

− (−0.5)

1.5


−0.5
0.5
1
0

 =


1/3
−1/3
1/3
1


Since β is a linearly independent set of dim(W ) vectors in W , the set β is an orthogonal basis for W .

Exercise 10.4

Let V = R3 with the standard inner product. Find an orthogonal basis β = {v1,v2,v3} for R3

that contains the vector w1 =

1
1
1

.

Exercise 10.5

Let V = R4 with the standard inner product. Find an orthogonal basis for the subspace

W = {x ∈ R4 : x1 + x2 + x3 + x4 = 0}

Exercise 10.6

Let V = C([−1, 1]) with the inner product 〈f , g〉 =
∫ 1
−1 f(t)g(t) dt. Apply the Gram-Schmidt

process to the standard basis S = {1, t, t2} for W = P2(R) to obtain an orthogonal basis T for W .
Finally, normalize the vectors in T to obtain an orthonormal basis β for W .

Exercise 10.7

Prove that any finite-dimensional inner product space V has an orthonormal basis.
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10.3. Function Approximation

Let V be an inner product space and W be a finite-dimensional subspace of V . Let y ∈ V and let
x = projW y be the orthogonal projection of y onto W . Let v be any vector in W . First note that

(10.15) y − v = (y − x) + (x− v)

Since x,v ∈ W we have x − v ∈ W . Furthermore, since y − x ∈ W⊥ we have that 〈y − x,x − v〉 = 0.
The Pythagorean theorem gives

(10.16) ‖y − v‖2 = ‖y − x‖2 + ‖x− v‖2 ≥ ‖y − x‖2

and taking square roots gives

(10.17) ‖y − x‖ ≤ ‖y − v‖
Next suppose there exists a potentially different vector z ∈W such that

(10.18) ‖y − z‖ ≤ ‖y − v‖
for all v ∈W . Then plugging v = z into equation (10.17) and v = x into equation (10.18) gives

(10.19) ‖y − x‖ = ‖y − z‖
Next we plug v = z into equation (10.16) to get

(10.20) ‖y − z‖2 = ‖y − x‖2 + ‖x− z‖2

Combining equations (10.19) and (10.20) gives ‖x− z‖2 = 0 which implies that z = x. We have justified
the following result.

Theorem 10.4

Let V be an inner product space and W be a finite-dimensional subspace of V . Let y ∈ V and let
x = projW y be the orthogonal projection of y onto W . Then for all v ∈W

‖y − x‖ ≤ ‖y − v‖
Furthermore, if for some z ∈W we have that ‖y− z‖ ≤ ‖y− v‖ for all v ∈W , then z = x. Thus,
x = projWy is the unique vector in W that is closest to y.

Let V = C([−1, 1]) with inner product 〈f , g〉 =
∫ 1
−1 f(t)g(t) dt. Let W = P2(R) and consider the

problem of finding a polynomial f ∈W that is closest to the function g = et
2

in V . In particular, we are
looking for f ∈W such that

(10.21) ‖g − f‖ ≤ ‖g − h‖
for all polynomials h ∈W . By theorem 10.4, the unique solution to this minimization problem is

(10.22) f = projP2(R)e
t2

We will use theorem 10.2 to calculate projP2(R)e
t2 . To find an orthonormal basis for P2(R), we run the

Gram-Schmidt process on the standard basis S = {1, t, t2} and normalize the resulting vectors. It can be
shown (see exericse 10.6) that the resulting orthnormal basis is β = {u1, u2, u3} where

u1 =
1√
2
, u2 =

√
3

2
t, u3 =

√
5

8
(3t2 − 1)

By symmetry we have that

〈et2 ,u2〉 = 0

We use mathematical software to estimate the remaining coefficients.

〈et2 ,u1〉 ≈ 2.0685, 〈et2 ,u3〉 ≈ 0.66533

and set
f = projP2(R)e

t2 = 2.0685u1 + 0.66533u3
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We use mathematical software to estimate

‖et2 − f‖2 ≈ 0.0075399

For comparison, the Maclaurin polynomial approximation in P2(R) to et
2

is h = 1 + t2. Again using
mathematical software we estimate

‖et2 − h‖2 ≈ 0.10037

We see that with respect to the given norm, the projection f = projP2(R)e
t2 is much closer to g = et

2

then the Maclaurin polynomial approximation h = 1 + t2.

Exercise 10.8

Let V = C([−1, 1]) with the inner product 〈f , g〉 =
∫ 1
−1 f(t)g(t) dt and let W = P3(R).

(1) Let g = sin(πt). Calculate f = projP3(R) sin(πt), the orthogonal projection of g onto

W = P3(R).

Hint: The set β = {u1,u2,u3,u4} is an orthonormal basis for P3(R) where

u1 =
1√
2
, u2 =

√
3

2
t, u3 =

√
5

8
(3t2 − 1), u4 =

√
7

8
(5t3 − 3t)

(2) Let h = πt− (πt)3

6
in P3(R) be the Maclaurin polynomial approximation to g = sin(πt).

Using your favorite mathematical software package, plot the functions f , g, and h on the
same graph where t ∈ [−1, 1] and compare.

10.4. Linear Least Squares

Let A ∈ Rm×n and b ∈ Rm. In the case where Ax = b does not have an exact solution, we will seek
to find a vector x ∈ Rn such that ‖b−Ax‖ is as small as possible.

Definition 10.2

Let A ∈ Rm×n and b ∈ Rm. Then x̂ ∈ Rn is a least squares solution to Ax = b if

‖b−Ax̂‖ ≤ ‖b−Ax‖
for all x ∈ Rn.

Note that any exact solution to Ax = b is a least squares solution since if Ax = b then ‖b−Ax‖ = 0.
We first tackle the question of existence of a least squares solution. Let A ∈ Rm×n and b ∈ Rm. If

b is not in col(A), then Ax = b does not have an exact solution. In this case we will convert the linear
system to

(10.23) Ax = projcol(A)b

which does have an exact solution. Let x̂ be any solution to the linear system (10.23) and let x be any
vector in Rn. Since Ax ∈ col(A) we have by theorem 10.4 that

‖b−Ax̂‖ = ‖b− projcol(A)b‖ ≤ ‖b−Ax‖
We have justified the following result.

Theorem 10.5

Let A ∈ Rm×n and b ∈ Rm. For all b ∈ Rm there exists a least squares solution to Ax = b.

Next we tackle the question of how to find a least squares solution. Let A ∈ Rm×n and b ∈ Rm. Let
x̂ ∈ Rn be any least squares solution to Ax = b. Then we have that

(10.24) ‖b−Ax̂‖ ≤ ‖b−Ax‖
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for all x ∈ Rn. Since any vector in col(A) can be written as Ax for some x ∈ Rn we have that

(10.25) Ax̂ = projcol(A)b

since the projection is the unique vector closest to b by theorem 10.4. By definition of projection we have

(10.26) b−Ax̂ ∈ (col(A))⊥

and since (col(A))⊥ = N(AT ) by exercise 9.20 we have

(10.27) ATAx̂ = ATb

Next suppose that x̂ is any solution to equation (10.27). then b−Ax̂ ∈ N(AT ) and hence equation (10.26)
holds. By the uniqueness part of theorem 10.1 equation (10.25) holds which implies equation (10.24) by
theorem 10.4. Hence x̂ is a least squares solution to Ax = b. We have justified the next result.

Theorem 10.6

Let A ∈ Rm×n and b ∈ Rm. The vector x̂ ∈ Rn is a least squares solution to Ax = b if and only if
x̂ is a solution to the normal equations

(10.28) ATAx = AT b

Let A ∈ Rm×n and b ∈ Rm. By theorem 10.5 there exists a least squares solution x̂ to Ax = b and
by theorem 10.6 we have that x̂ is a solution to the normal equations. We have justified the following.

Corollary 10.4.1

Let A ∈ Rm×n. For all b ∈ Rm there exists a solution to the normal equations ATAx = ATb.

For an alternate proof of corollary 10.4.1, see exercise 6.38.
Suppose that

A =

−1 2
2 −3
−1 3

 , b =

4
1
2


It is easy to check that Ax = b is inconsistent. To find the least-squares solution, we solve

ATAx = AT b

We calculate

ATA =

[
6 −11
−11 22

]
, AT b =

[
−4
11

]
The least-squares solution is thus

x̂ = (ATA)−1AT b =
1

11

[
22 11
11 6

] [
−4
11

]
=

[
3
2

]
To calculate projcol(A)b we note that

projcol(A)b = Ax̂ =

−1 2
2 −3
−1 3

[3
2

]
=

1
0
3


Exercise 10.9

Find a least squares solution to the inconsistent system Ax = b where

A =

4 0
0 2
1 1

 , b =

 2
0
11


Also calculate projcol(A)b.
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Let A ∈ Rm×n. Then Ax = projcol(A)b has a unique solution for all b ∈ Rm if and only if nullity(A) = 0

or equivalently rank(A) = n. Thus Ax = b has a unique least squares solution for all b ∈ Rm if and only
if rank(A) = n. Combining this result with exercises 6.37 and 6.39 gives the following theorem.

Theorem 10.7

Let A ∈ Rm×n. Then the following statements are equivalent.

(1) Ax = b has a unique least squares solution for all b ∈ Rm.
(2) rank(A) = n.
(3) rank(ATA) = n.
(4) ATA is invertible.
(5) The normal equations ATAx = ATb have a unique solution for all b ∈ Rm

Let (x1, y1), (x2, y2), . . . , (xn, yn) be n given data points in R2 and suppose that xi 6= xj for i 6= j. Let

X =


1 x1
1 x2
...

...
1 xn

 , β =

[
β1
β2

]
, y =


y1
y2
...
yn


Since the assumptions give rank(X) = 2, the linear system Xβ = y has a unique least squares solution

by theorem 10.7. Let β̂ be the unique least squares solution to Xβ = y. We define the least-squares line
to be the line y = β̂1 + β̂2x. Note that

(10.29) ‖y −Xβ̂‖ ≤ ‖y −Xβ‖

for all β ∈ R2. Since equation (10.29) is equivalent to ‖y −Xβ̂‖2 ≤ ‖y −Xβ‖2, equation (10.29) says

(10.30)

n∑
i=1

(yi − (β̂1 + β̂2xi))
2 ≤

n∑
i=1

(yi − (β1 + β2xi))
2

for all β =

[
β1
β2

]
∈ R2. Thus the least-squares line minimizes the sum of squares of the differences between

the actual and predicted y-coordinates.
Consider the problem of finding the equation y = β̂1 + β̂2x of the least-squares line that best fits the

data points (0, 1), (1, 1), (2, 2), and (3, 2). To find the least-squares line, we need to find the least-squares
solution to the following system:

X =


1 0
1 1
1 2
1 3

 , β =

[
β0
β1

]
, y =


1
1
2
2


We calculate

XTX =

[
4 6
6 14

]
, XT y =

[
6
11

]
The least-squares solution is thus

β̂ = (XTX)−1XT y =
1

20

[
14 −6
−6 4

] [
6
11

]
=

[
18/20
8/20

]
=

[
0.9
0.4

]
Thus, the least-squares line is given by y = β̂0 + β̂1x = 0.9 + 0.4x.

Exercise 10.10

Find the equation y = β̂1 + β̂2x of the least-squares line that best fits the data points (2,1), (5,2),
(7,3), and (8,3). Using your favorite mathematical software package, plot the data points and your
least-squares line on the same graph where x ∈ [0, 3] and compare.



CHAPTER 11

Orthogonal Diagonalization and the Spectral Theorem

11.1. Projection Matrices and Orthogonal Matrices

If U ∈ Rm×n has column vectors u1,u2, . . . ,un then

(11.1) UTU =


uT1
uT2
...
uTn

 [u1 u2 · · · un
]

=


u1 · u1 u1 · u2 · · · u1 · un
u2 · u1 u2 · u2 · · · u2 · un

...
...

. . .
...

un · u1 un · u2 · · · un · un


Thus by equation 11.1 we have that UTU = In if and only if ui ·ui = 1 for all i in 1, . . . , n and ui ·uj = 0
for i 6= j. We have justified the following result.

Lemma 11.1.1

Let U ∈ Rm×n have column vectors u1,u2, . . . ,un. Then S = {u1,u2, . . . ,un} is an orthonormal
set if and only if

UTU = In

Exercise 11.1

Let U ∈ Rm×n. Prove that if UTU = In, then n ≤ m.

Exercise 11.2

Let U ∈ Rm×n and suppose that UTU = In. Prove that

(1) Ux · Uy = x · y for every x and y in Rn
(2) ‖Ux‖ = ‖x‖ for every x in Rn

Suppose U ∈ Rm×n has column vectors u1,u2, . . . ,un and UTU = In. By lemmas 11.1.1 and 9.3.1,
the set of column vectors S = {u1,u2, . . . ,un} is an orthonormal basis for col(U). Thus, for any b ∈ Rm
we have by equation (1.15) and theorem 10.2 that

UUTb = (u1u
T
1 + u2u

T
2 + · · ·+ unuTn )b

= u1u
T
1 b+ u2u

T
2 b+ · · ·+ unuTnb

= (b · u1)u1 + (b · u2)u2 + · · ·+ (b · un)un

= projcol(U)b

We have justified the following result.

Lemma 11.1.2

Let U ∈ Rm×n. If UTU = In, then for any b ∈ Rm we have

UUTb = projcol(U)b

111
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Consider the matrix

U =

1 0

0 1/
√

2

0 1/
√

2


and note that UTU = I2. We calculate

UUT =

1 0 0
0 1/2 1/2
0 1/2 1/2


By lemma 11.1.2, we have

projcol(U)

−1
0
2

 =

1 0 0
0 1/2 1/2
0 1/2 1/2

−1
0
2

 =

−1
1
1


Consider the matrix

A =

1 0 0 1
0 1 1 0
1 0 0 1


It is easy to check that β = {u1,u2} where

u1 =

1/
√

2
0

1/
√

2

 , u2 =

0
1
0


is an orthonormal basis for col(A). Thus if U =

1/
√

2 0
0 1

1/
√

2 0

 we have that col(A) = col(U) and UTU = I2.

By lemma 11.1.2, we have

projcol(A)

1
2
3

 = projcol(U)

1
2
3

 = UUT

1
2
3

 =

1/2 0 1/2
0 1 0

1/2 0 1/2

1
2
3

 =

2
2
2


Exercise 11.3

Let A ∈ Rm×n. Prove that for all b ∈ Rm we have

(1) b ∈ col(A) if and only if projcol(A)b = b.

(2) b ∈ N(AT ) if and only if projcol(A)b = 0.

Exercise 11.4

Consider the matrix

A =

 1 0 0 −1
0 1 −1 0
−1 0 0 1


(1) Find a matrix P ∈ R3×3 such that for all b ∈ R3 we have

Pb = projcol(A)b

(2) Calculate projcol(A)

1
2
3

.
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Definition 11.1

A matrix U in Rn×n is called an orthogonal matrix if UTU = In.

Exercise 11.5

Prove that U ∈ Rn×n is an orthogonal matrix if and only if U is invertible and U−1 = UT .

Exercise 11.6

Example: Suppose that

U =

0 1 0
0 0 1
1 0 0


Is U an orthogonal matrix? If so, what is U−1?

Exercise 11.7

Prove that U ∈ Rn×n is an orthogonal matrix if and only if UT is an orthogonal matrix.

Exercise 11.8

Prove that if U1, U2 ∈ Rn×n are orthogonal matrices, then U1U2 is an orthogonal matrix.

11.2. Orthogonal Diagonalization

Definition 11.2

A matrix A ∈ Rn×n is called orthogonally diagonalizable if there exists an orthogonal matrix
U ∈ Rn×n and a diagonal matrix D ∈ Rn×n such that

A = UDUT

or equivalently
D = UTAU

Note that if A is orthogonally diagonalizable, then A is diagonalizable. Suppose that A is orthogonally
diagonalizable. Then since A = UDUT for some orthogonal matrix U ∈ Rn×n and diagonal matrix
D ∈ Rn×n we have that

AT = (UDUT )T = (UT )TDTUT = UDUT = A

We have justified the following result.

Lemma 11.2.1

If A ∈ Rn×n is orthogonally diagonalizable, then AT = A and hence A is a symmetric matrix.

Let A =

[
1 1
0 2

]
. Since A has 2 distinct eigenvalues λ1 = 1 and λ2 = 2, A is diagonalizable by exercise

8.27. However since A 6= AT , the matrix A is not orthogonally diagonalizable by lemma 11.2.1.
By exercise 8.2, we have that a matrix A ∈ Rn×n is diagonalizable if and only if there exists a basis

for Rn consisting of eigenvectors of A. As the example A =

[
1 1
0 2

]
indicates, the existence of a basis for

Rn consisting of eigenvectors of A is not a sufficient condition for orthogonal diagonalizability.
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Suppose that A ∈ Rn×n is orthogonally diagonalizable. Then A = UDUT for some orthogonal matrix
U ∈ Rn×n and diagonal matrix D ∈ Rn×n. Suppose U has column vectors then u1,u2, . . . ,un Then for
all i in 1, . . . , n we have

Uei = ui, UTui = ei

Aui = UDUTui = UDei = UDiiei = Diiui

and thus β = {u1,u2, . . . ,un} is an orthonormal basis for Rn consisting of eigenvectors of A. We have
justified the first part of the following theorem. We leave the remainder of the proof as an exercise.

Theorem 11.1

A matrix A ∈ Rn×n is orthogonally diagonalizable if and only if there exists an orthonormal basis
for Rn consisting of eigenvectors of A.

Exercise 11.9

Finish the proof of theorem 11.1.

Consider the matrix A =

3 0 1
0 0 0
1 0 3

. Since A is symmetric it could be orthogonally diagonalizable.

To apply theorem 11.1, we search for an an orthonormal basis for Rn consisting of eigenvectors of A. We
first calculate

det

3− λ 0 1
0 −λ 0
1 0 3− λ

 = (−λ)(−1)2+2[(3− λ)2 − 1]

= (−λ)(λ2 − 6λ+ 8)

= (−λ)(λ− 2)(λ− 4)

Thus there are three distinct eigenvalues

λ1 = 4, λ2 = 2, λ3 = 0

To find a unit length eigenvector for λ1 = 4, we solve−1 0 1
0 −4 0
1 0 −1

x = 0

to get x =

1
0
1

. Thus we set u1 =

1/
√

2
0

1/
√

2

. To find a unit length eigenvector for λ2 = 2, we solve

1 0 1
0 −2 0
1 0 1

x = 0

to get x =

 1
0
−1

. Thus we set u2 =

 1/
√

2
0

−1/
√

2

. To find a unit length eigenvector for λ3 = 0, we solve

3 0 1
0 0 0
1 0 3

x = 0
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to get x =

0
1
0

. Thus we set u3 =

0
1
0

. It is easy to check that β = {u1,u2,u3} is an orthonormal

basis for Rn consisting of eigenvectors of A and hence A is orthogonally diagonalizable by theorem 11.1.
In fact, setting

U =

1/
√

2 1/
√

2 0
0 0 1

1/
√

2 −1/
√

2 0

 , D =

4 0 0
0 2 0
0 0 0


gives

UTU =

1/
√

2 0 1/
√

2

1/
√

2 0 −1/
√

2
0 1 0

1/
√

2 1/
√

2 0
0 0 1

1/
√

2 −1/
√

2 0

 =

1 0 0
0 1 0
0 0 1

 = I3

UDUT =

1/
√

2 1/
√

2 0
0 0 1

1/
√

2 −1/
√

2 0

4 0 0
0 2 0
0 0 0

1/
√

2 0 1/
√

2

1/
√

2 0 −1/
√

2
0 1 0


=

4/
√

2 2/
√

2 0
0 0 0

4/
√

2 −2/
√

2 0

1/
√

2 0 1/
√

2

1/
√

2 0 −1/
√

2
0 1 0


=

3 0 1
0 0 0
1 0 3


= A

The fact that eigenvectors from different eigenspaces in the previous example are orthogonal is not a
coincidence. Let A ∈ Rn×n such that AT = A. Suppose that Au1 = λ1u1, Au2 = λ2u2, and λ1 6= λ2.
First we note that

λ1(u1 · u2) = (λ1u1) · u2

= (λ1u1)
Tu2

= (Au1)
Tu2

= (uT1A
T )u2

= uT1 (ATu2)

= uT1 (Au2)

= uT1 (λ2u2)

= u1 · (λ2u2)

= λ2(u1 · u2)

Thus we have λ1(u1 · u2) = λ2(u1 · u2) and hence

0 = λ1(u1 · u2)− λ2(u1 · u2) = (λ1 − λ2)(u1 · u2)

Finally, since λ1 − λ2 6= 0 we must have

u1 · u2 = 0

We have justifed the following theorem.

Theorem 11.2

Let A ∈ Rn×n such that AT = A. Then any two eigenvectors corresponding to distinct eigenvalues
of A are orthogonal.
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Exercise 11.10

Let A ∈ Rn×n such that AT = A and suppose A has n distinct eigenvalues λ1, λ2, . . . , λn ∈ R.
Prove that A is orthogonally diagonalizable.

Exercise 11.11

Suppose that A =

[
1 2
2 −2

]
. Is A orthogonally diagonalizable? If so, find U ∈ R2×2 and D ∈ R2×2

such that UTU = I2 and A = UDUT .

Exercise 11.12

Suppose that A =

 1 0 −1
0 1 0
−1 0 1

. Is A orthogonally diagonalizable? If so, find U ∈ R3×3 and

D ∈ R3×3 such that UTU = I3 and A = UDUT .

As the next example shows, a symmetric matrix A ∈ Rn×n can be orthogonally diagonalizable even

if A does not have n distinct eigenvalues. Consider the matrix A =

3 1 1
1 3 1
1 1 3

. Using mathematical

software we determine that A has two distinct eigenvalues λ1 = 2 and λ2 = 5. For λ1 = 2 we solve1 1 1
1 1 1
1 1 1

x = 0

It is easy to check that S = {w1,w2} where

w1 =

−1
1
0

 , w2 =

−1
0
1


is a basis for Eλ1 . Running the Gram-Schmidt process on S gives us an orthogonal basis for Eλ1 given
by T = {v1,v2} where

v1 =

−1
1
0

 , v2 =

−1/2
−1/2

1


Normalizing the vectors in T gives us an orthonormal basis for Eλ1 given by β1 = {u1,u2} where

u1 =

−1/
√

2

1/
√

2
0

 , u2 =

−1/
√

6

−1/
√

6

2/
√

6


For λ2 = 5 we solve

A =

−2 1 1
1 −2 1
1 1 −2

x = 0

It is easy to check that β2 = {u3} where u3 =

1/
√

3

1/
√

3

1/
√

3

 is an orthonormal basis for Eλ2 . By theorem 11.2,

β = β1 ∪ β2 = {u1,u2,u3}
is an orthonormal basis for R3 consisting of eigenvectors of A and hence A is orthogonally diagonalizable
by theorem 11.1.
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Exercise 11.13

Suppose that

A =

2 1 1
1 2 1
1 1 2


Find an orthogonal matrix U and a diagonal matrix D such that

A = UDUT

Hint: A has two distinct eigenvalues λ1 = 1 and λ2 = 4.

11.3. The Spectral Theorem

Let A ∈ Rn×n. By lemma 11.2.1, a necessary condition for A to be orthogonally diagonalizable is that
AT = A. The fact that this necessary condition is also sufficient is a consequence of the spectral theorem
which we prove in this section.

In order to prove the spectral theorem we will need the result that any real symmetric matrix must
have a real eigenvalue. This is not an easy result and requires some ideas from analysis. For reference we
will give the proof of the following lemma at the end of this chapter.

Lemma 11.3.1: Spectral Lemma

Let A ∈ Rn×n and suppose that AT = A. Then there exists λ ∈ R and x ∈ Rn such that

Ax = λx, ‖x‖ = 1

We will next show that for all k in 1, . . . , n there exists an orthonormal set of k eigenvectors of A
using mathematical induction on k. The base case where k = 1 is handled by the spectral lemma. Now
suppose that the theorem is true for some integer k satisfying 1 ≤ k < n. We prove the result for k + 1.
By the inductive assumption, there exists an orthonormal set S = {u1, . . . ,uk} in Rn consisting of k
eigenvectors of A. Let T = {u1, . . . ,uk,uk+1, . . . ,un} be an orthonormal basis for Rn that contains S.

Let U ∈ Rn×(n−k) be the matrix with column vectors uk+1, . . . ,un. Since

(UTAU)T = UTAT (UT )T = UTAU

there exists x ∈ Rn−k and λ ∈ R such that

(11.2) UTAUx = λx, ‖x‖ = 1

by the spectral lemma. We will show that S ∪ {Ux} is an orthonormal set in Rn consisting of k + 1
eigenvectors of A. First note that Ux ∈ Rn and that

‖Ux‖ = ‖x‖ = 1

by exercise 11.2. Next note that for all i in 1, . . . , k we have

Ux · ui = xTUTui = xT0 = 0

since T is an orthonormal set. We have shown that S ∪ {Ux} is an orthonormal set of k + 1 vectors in
Rn so it remains to show that Ux is an eigenvector of A. We next use the orthonormal basis T to write

AUx = (AUx · u1)u1 + · · ·+ (AUx · uk)uk + (AUx · uk+1)uk+1 + · · ·+ (AUx · un)un

and note that for i in 1, . . . , k we have

AUx · ui = xTUTATui = xTUTAui = xTUTλiui = λix
TUTui = 0

Thus AUx ∈ col(U) and by equation (11.2) and lemma 11.1.2 we have

λUx = U(λx) = UUTAUx = projcol(U)AUx = AUx

and we have justified the following result.
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Lemma 11.3.2

Let A ∈ Rn×n. If AT = A, then for any k satisfying 1 ≤ k ≤ n, there exists an orthonormal set
S = {u1, . . . ,uk} in Rn containing k eigenvectors of A.

We now have all the tools necessary to prove the spectral theorem which we leave as an exercise.

Theorem 11.3: Spectral Theorem

Let A ∈ Rn×n. Then A is orthogonally diagonalizable if and only if AT = A.

Exercise 11.14

Prove theorem 11.3.

Exercise 11.15

Let A in Rn×n such that AT = A. Let β = {u1,u2, . . . ,un−1,un} be an orthonormal basis for Rn
where the vectors u1,u2, . . . ,un−1 are all eigenvectors of A. That is, for all i satisfying 1 ≤ i ≤ n−1
we have that

Aui = λiui
for some eigenvalue λi ∈ R. Prove that Aun · ui = 0 for all i satisfying 1 ≤ i ≤ n− 1. Write Aun
as a linear combination of vectors in β and conclude that un is an eigenvector of A.

11.4. Spectral Lemma Proof

Let f : Rn → R be a function of n variables. We define

∂f

∂xi
(a) =

d

dt
f(a+ tei)

∣∣∣∣
t=0

, ∇f(a) =


∂f

∂x1
(a)

...
∂f

∂xn
(a)



Exercise 11.16

Consider the functions of n variables given by

f(x) = a · x, g(x) = ‖x‖2 = x · x
where a is a constant vector in Rn. Show that

∇f = a, ∇g = 2x, ∇xi = ei

Let A ∈ Rn×n and suppose A is symmetric. Let f(x) = xTAx = Ax · x. The function f(x) is called
a quadratic form. We will show that ∇f = 2Ax. Suppose A has column vectors a1,a2, . . . ,an. Using the
product rule and sum rule for gradients

∇(f1 + · · ·+ fn) = ∇f1 + · · ·+∇fn, ∇(fg) = g∇f + f∇g
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and exercise 11.16 gives

∇Ax · x = ∇(x1a1 + x2a2 + · · ·+ xnxn) · x
= ∇(x1a1 · x+ x2a2 · x+ · · ·+ xnan · x)

= ∇x1(a1 · x) +∇x2(a2 · x) + · · ·+∇xn(an · x)

= (a1 · x)e1 + x1a1 + (a2 · x)e2 + x1a2 + · · ·+ (an · x)en + x1an

= ATx+Ax

= 2Ax

We have justified the following result

Lemma 11.4.1

Let A ∈ Rn×n and suppose A is symmetric. Let f(x) = xTAx = Ax · x. Then ∇f = 2Ax.

Consider the Rayleigh Quotient

(11.3) f(x) =
Ax · x
x · x

where A ∈ Rn×n is symmetric. Using the quotient rule for gradients ∇(f/g) = (g∇f − f∇g)/g2, exercise
11.16, and lemma 11.4.1 we calculate

(11.4) ∇f =
(x · x)(2Ax)− (Ax · x)(2x)

(x · x)2

Let S be the closed and bounded set S = {x ∈ Rn : x · x = 1}. By the extreme value theorem, there
exists x0 ∈ S such that f(x0) ≥ f(x) for all x ∈ S. Let y ∈ Rn−{0} be arbitrary and set u = y

‖y‖ . Since

f(x0) ≥ f(u) = f(y)

we have that f(x0) ≥ f(y) for all y in Rn − {0} and thus

0 = ∇f(x0) = 2Ax0 − (Ax0 · x0)2x0

Setting λ = Ax0 · x0 ∈ R gives

(11.5) Ax0 = λx0

The above proof of the spectral lemma was taken from a book by Frank Jones at Rice. The spectral
lemma can also be shown using the Cauchy-Schwarz inequality or Lagrange Multipliers. The other
standard proof is to use the fundamental theorem of algebra and show that a symmetric matrix can only
have real eigenvalues.



CHAPTER 12

Singular Value Decomposition

12.1. Derivation and Examples

Let A ∈ Rm×n and suppose AAT ∈ Rm×m has eigenvalue λ ∈ R with corresponding unit length
eigenvector u ∈ Rm. Then

0 ≤ ‖ATu‖2 = ATu ·ATu = uTAATu = λu · u = λ

and we have justified the following result.

Lemma 12.1.1

Let A ∈ Rm×n and suppose AAT ∈ Rm×m has eigenvalue λ ∈ R with corresponding unit length
eigenvector u ∈ Rm. Then

λ = ‖ATu‖2

and hence λ ≥ 0.

Let A ∈ Rm×n. Since AAT ∈ Rm×m is symmetric, the spectral theorem gives

(12.1) AAT = UDUT =
[
u1 u2 · · · um

] λ1 · · · 0
...

. . .
...

0 · · · λm

 [u1 u2 · · · um
]T

where UTU = Im and AATui = λiui for i in 1, . . . ,m. By lemma 12.1.1, we can assume that

(12.2) λ1 ≥ λ2 ≥ · · · ≥ λm ≥ 0

Suppose rank(A) = r. By exercises 6.33 and 6.38, we have

rank(D) = rank(UDUT ) = rank(AAT ) = rank(A) = r

and thus

(12.3) λ1 ≥ λ2 ≥ · · · ≥ λr > 0, λr+1 = · · · = λm = 0

Let

(12.4) Ur =
[
u1 u2 · · · ur

]
and note that

(12.5) UTr Ur = Ir

For all i in 1, . . . , r we have ui = 1
λi
AATui and thus ui ∈ col(A). But then col(Ur) ⊆ col(A) and since

rank(Ur) = r = rank(A) we have by theorem 5.7 that

(12.6) col(Ur) = col(A)

Next suppose A has column vectors a1,a2, . . . ,an and note that by lemma 11.1.2 we have

UrU
T
r A =

[
UrU

T
r a1 UrU

T
r a2 · · · UrU

T
r an

]
=
[
projcol(Ur)a1 projcol(Ur)a2 · · · projcol(Ur)an

]
=
[
projcol(A)a1 projcol(A)a2 · · · projcol(A)an

]
= A

120
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and thus

(12.7) A = UrU
T
r A

For all i in 1, . . . , r define vi = ATui√
λi

and set

(12.8) Vr =
[
v1 v2 · · · vr

]
By lemma 12.1.1 we have

‖vi‖2 =
‖ATui‖2

λi
= 1

and for all i, j in 1, . . . , r such that i 6= j we have

vi · vj =
1√

λi
√
λj
ATui ·ATuj =

1√
λi
√
λj
uTi AA

Tuj =
λj√
λi
√
λj
ui · uj = 0

Thus we have that

(12.9) V T
r Vr = Ir

For all i in 1, . . . , r set σi =
√
λi and define

(12.10) Σr =

σ1 · · · 0
...

. . .
...

0 · · · σr


We call σ1 ≥ σ2 ≥ . . . ≥ σr > 0 the singular values of A. Next note that

(12.11) ATUr =
[
ATu1 ATu2 · · · ATur

]
=
[
σ1v1 σ2v2 · · · σrvr

]
= VrΣr

Finally we have by equations (12.7) and (12.11) that

(12.12) A = UrU
T
r A = Ur(A

TUr)
T = Ur(VrΣr)

T = UrΣrV
T
r

We call

(12.13) A = UrΣrV
T
r

a singular value decomposition (SVD) for A. We have justified the following result.

Theorem 12.1

For any A ∈ Rm×n such that rank(A) = r, there exists Ur ∈ Rm×r, Vr ∈ Rn×r, and a diagonal
matrix Σr ∈ Rr×r such that

A = UrΣrV
T
r , UTr Ur = Ir, V T

r Vr = Ir, Σr =

σ1 · · · 0
...

. . .
...

0 · · · σr


and σ1 ≥ σ2 ≥ · · · ≥ σr > 0

Consider the matrix A =

1 0 0 1
0 1 1 0
1 0 0 1

. By inspection we have r = rank(A) = 2. We calculate

AAT =

1 0 0 1
0 1 1 0
1 0 0 1




1 0 1
0 1 0
0 1 0
1 0 1

 =

2 0 2
0 2 0
2 0 2


As expected, we have rank(AAT ) = 2 = r. We next note that

det

2− λ 0 2
0 2− λ 0
2 0 2− λ

 = (2− λ)(−1)2+2((2− λ)2 − 4) = (2− λ)(λ)(λ− 4)
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and the eigenvalues of AAT are
λ1 = 4, λ2 = 2, λ3 = 0

Thus we have that σ1 = 2, σ2 =
√

2 and

Σr =

[
2 0

0
√

2

]
Next we find Ur. Starting with λ1 = 4 we solve−2 0 2

0 −2 0
2 0 −2

x = 0

to get x =

1
0
1

 and hence u1 =

1/
√

2
0

1/
√

2

. Next we consider λ2 = 2 and solve

0 0 2
0 0 0
2 0 0

x = 0

to get x =

0
1
0

 and hence u2 =

0
1
0

. Thus we have

Ur =

1/
√

2 0
0 1

1/
√

2 0


Next we find Vr. We calculate

v1 =
ATu1

σ1
=

1

2


1 0 1
0 1 0
0 1 0
1 0 1


1/
√

2
0

1/
√

2

 =


1/
√

2
0
0

1/
√

2

 , v2 =
ATu2

σ2
=

1√
2


1 0 1
0 1 0
0 1 0
1 0 1


0

1
0

 =


0

1/
√

2

1/
√

2
0


Thus we have

Vr =


1/
√

2 0

0 1/
√

2

0 1/
√

2

1/
√

2 0


Finally we verify that

UrΣrV
T
r =

1/
√

2 0
0 1

1/
√

2 0

[2 0

0
√

2

] [
1/
√

2 0 0 1/
√

2

0 1/
√

2 1/
√

2 0

]
=

1 0 0 1
0 1 1 0
1 0 0 1

 = A

Exercise 12.1

Find a singular value decomposition (SVD) for the following matrix

A =

3 0 1
0 0 0
1 0 3


Verify by direct calculation that A = UrΣrV

T
r .

Exercise 12.2

Let A ∈ Rm×n have SVD A = UrΣrV
T
r . Prove that col(Vr) = col(AT ).
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Exercise 12.3

Let A ∈ Rm×n have SVD A = UrΣrV
T
r . Prove that for all b ∈ Rm and all x ∈ Rn we have

UrU
T
r b = projcol(A)b, VrV

T
r x = projcol(AT )x

Consider again the matrix A =

1 0 0 1
0 1 1 0
1 0 0 1

 with SVD given by

A = UrΣrV
T
r =

1/
√

2 0
0 1

1/
√

2 0

[2 0

0
√

2

] [
1/
√

2 0 0 1/
√

2

0 1/
√

2 1/
√

2 0

]

We calculate

UrU
T
r =

1/2 0 1/2
0 1 0

1/2 0 1/2

 , VrV
T
r =


1/2 0 0 1/2
0 1/2 1/2 0
0 1/2 1/2 0

1/2 0 0 1/2


and by exercise 12.3 we have

projcol(A)

2
1
2

 = UrU
T
r

2
1
2

 =

2
1
2

 , projcol(AT )


1
1
−1
−1

 = VrV
T
r


1
1
−1
−1

 =


0
0
0
0



We conclude that the vector b =

2
1
2

 is in col(A) and the vector x =


1
1
−1
−1

 is in (col(AT ))⊥ = N(A).

Exercise 12.4

Let A ∈ R3×3 where A = UrΣrV
T
r and

Ur =

1/
√

2 0
0 1

1/
√

2 0

 , Σr =

[
2 0
0 1

]
, Vr =

 1/
√

2 0
0 1

−1/
√

2 0


(1) What is rank(A)?
(2) Calculate UrU

T
r and VrV

T
r .

(3) Is the vector b =

1
0
3

 in col(A)? Explain.

(4) Is the vector x =

 1
0
−1

 in col(AT )? Explain.
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Exercise 12.5

Let A ∈ Rm×n and suppose r = rank(A). Suppose ATA has orthogonal diagonalization

ATA = V DV T =
[
v1 v2 · · · vn

] λ1 · · · 0
...

. . .
...

0 · · · λn

 [v1 v2 · · · vn
]T

where V TV = In and λ1 ≥ λ2 ≥ · · · ≥ λn.

(1) How many nonzero eigenvalues does ATA have? Explain.
(2) Prove that λi ≥ 0 for all i in 1, . . . , n. Hint: Calculate ‖Avi‖2.
(3) Prove that β = {Av1, Av2, . . . , Avr} is an orthogonal basis for col(A).

Exercise 12.6

Let A ∈ Rm×n. Recall by exercise 6.37 that N(ATA) = N(A) and hence N(AAT ) = N(AT ). Let
λ ∈ R be a nonzero scalar. Prove that λ is an eigenvalue of ATA if and only if λ is an eigenvalue
of AAT . Conclude that A and AT have the same singular values.

Exercise 12.7

Let A ∈ Rm×n and suppose that rank(A) = r. Prove that

rank(UrU
T
r ) = rank(VrV

T
r ) = r

Exercise 12.8

Let A ∈ R10×15. Suppose you know that rank(A) = 10. Calculate rank(UrU
T
r ) and nullity(UrU

T
r ).

Calculate rank(VrV
T
r ) and nullity(VrV

T
r ).

12.2. The Pseudoinverse

Let A ∈ Rm×n, b ∈ Rm, and suppose that Ax = b is consistent. Let x ∈ Rn be any solution to
Ax = b and set p = projcol(AT )x. Since x− p is in (col(AT ))⊥ = N(A) we have that

(12.14) 0 = A(x− p) = Ax−Ap
and thus p ∈ col(AT ) is a solution to Ax = b since

(12.15) Ap = Ax = b

Suppose y ∈ Rn is a potentially different vector satisfying

y ∈ col(AT ), Ay = b

Then p− y ∈ col(AT ) and since

A(p− y) = Ap−Ay = b− b = 0

we have that p− y in N(A) = (col(AT ))⊥. But then p− y is perpendicular to itself and thus p− y = 0
and y = p. We have justified the following result.

Lemma 12.2.1

Suppose A ∈ Rm×n, b ∈ Rm and Ax = b is consistent. Then there exists a unique vector
p ∈ col(AT ) such that Ap = b. Furthermore if x ∈ Rn is any solution to Ax = b then

p = projcol(AT )x
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Consider the matrix A =

[
1 0 1
1 0 1

]
with SVD

A = UrΣrV
T
r =

[
1/
√

2

1/
√

2

] [
2
] [

1/
√

2 0 1/
√

2
]

Let b =

[
3
3

]
. Then Ax = b has the solution x =

3
0
0

. To find the unique vector p ∈ col(AT ) such that

Ap = b we calculate

p = projcol(AT )x = VrV
T
r x =

1/2 0 1/2
0 0 0

1/2 0 1/2

3
0
0

 =

3/2
0

3/2


We calculate

‖p‖ = 3
√

2/2, ‖x‖ = 3

and note that

(12.16) ‖p‖ ≤ ‖x‖
As the next exercise shows, equation (12.16) is not a coincidence.

Exercise 12.9

Suppose A ∈ Rm×n, b ∈ Rm and Ax = b is consistent. Let p be the unique vector in col(AT ) such
that Ap = b. Show that for any solution x to Ax = b we have that

‖p‖ ≤ ‖x‖
and furthermore ‖x‖ = ‖p‖ if and only if x = p. Thus p is the unique solution to Ax = b of
minimal length.

Suppose A ∈ Rm×n, b ∈ Rm and Ax = b is consistent. Suppose A has SVD given by A = UrΣrV
T
r .

Plugging the SVD into Ax = b where x is any solution gives

(12.17) UrΣrV
T
r x = b

Multiplying both sides on the left by VrΣ
−1
r UTr and using exercise 12.3 gives

(12.18) VrΣ
−1
r UTr b = VrΣ

−1
r UTr UrΣrV

T
r x = VrV

T
r x = projcol(AT )x

Combining lemma 12.2.1, exercise 12.9, and equation 12.18 gives us the following result.

Lemma 12.2.2

Suppose A ∈ Rm×n, b ∈ Rm and Ax = b is consistent. Then VrΣ
−1
r UTr b is the unique solution to

Ax = b of minimal length.

Definition 12.1

Suppose A has SVD given by A = UrΣrV
T
r . We define the pseudoinverse of A, denoted A+, by

A+ = VrΣ
−1
r UTr

Consider again the matrix A =

1 0 0 1
0 1 1 0
1 0 0 1

 with SVD given by

A = UrΣrV
T
r =

1/
√

2 0
0 1

1/
√

2 0

[2 0

0
√

2

] [
1/
√

2 0 0 1/
√

2

0 1/
√

2 1/
√

2 0

]
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It is easy to check that b =

2
1
2

 is in col(A) and thus Ax = b is consistent. We calculate

A+ = VrΣ
−1
r UTr =


1/
√

2 0

0 1/
√

2

0 1/
√

2

1/
√

2 0

[1/2 0

0 1/
√

2

] [
1/
√

2 0 1/
√

2
0 1 0

]
=


1/4 0 1/4
0 1/2 0
0 1/2 0

1/4 0 1/4


By lemma 12.2.2 we have that

p = A+b =


1/4 0 1/4
0 1/2 0
0 1/2 0

1/4 0 1/4


2

1
2

 =


1

1/2
1/2
1


is the unique solution to Ax = b of minimal length.

Exercise 12.10

Let A ∈ Rn×n and suppose that A is invertible. Prove that

A+ = A−1

Exercise 12.11

Find a reduced SVD for A =

[
3 2 2
2 3 −2

]
and calculate A+.

Suppose A ∈ Rm×n, b ∈ Rm and Ax = b is inconsistent. In this case b is not in col(A) so we transform
to the consistent system

(12.19) Ax = projcol(A)b

Recall that x̂ is a least square solution to Ax = b if and only if x̂ is a solution to equation (12.19). Thus,
by lemma 12.2.2 we have that A+projcol(A)b is the unique solution to equation (12.19) of minimal length
and hence the unique least squares solution to Ax = b of minimal length. Using exercise 12.3 we have

A+projcol(A)b = VrΣ
−1
r UTr UrU

T
r b = VrΣ

−1
r UTr b = A+b

and we have justified the following result.

Theorem 12.2

Suppose A ∈ Rm×n, b ∈ Rm. Then A+b is the unique least squares solution to Ax = b of minimal
length.

Consider again the matrix A =

1 0 0 1
0 1 1 0
1 0 0 1

 with SVD given by

A = UrΣrV
T
r =

1/
√

2 0
0 1

1/
√

2 0

[2 0

0
√

2

] [
1/
√

2 0 0 1/
√

2

0 1/
√

2 1/
√

2 0

]
We recall the following calculations.

UrU
T
r =

1/2 0 1/2
0 1 0

1/2 0 1/2

 , VrV
T
r =


1/2 0 0 1/2
0 1/2 1/2 0
0 1/2 1/2 0

1/2 0 0 1/2

 , A+ =


1/4 0 1/4
0 1/2 0
0 1/2 0

1/4 0 1/4


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Let b =

 1
2
−3

. We first note that

projcol(A)b = UrU
T
r b =

1/2 0 1/2
0 1 0

1/2 0 1/2

 1
2
−3

 =

−1
2
−1


and since b 6= projcol(A), we have that b is not in col(A). By theorem 12.2 we have that

x+ = A+b =


1/4 0 1/4
0 1/2 0
0 1/2 0

1/4 0 1/4


 1

2
−3

 =


−1/2

1
1
−1/2


is the unique least squares solution to Ax = b of minimal length. Next we note that

projcol(AT )x
+ = VrV

T
r x

+ =


1/2 0 0 1/2
0 1/2 1/2 0
0 1/2 1/2 0

1/2 0 0 1/2



−1/2

1
1
−1/2

 =


−1/2

1
1
−1/2


which verifies that x+ is in col(AT ).

Exercise 12.12

Let A ∈ R3×3 and b ∈ R3 where A = UrΣrV
T
r and

Ur =

1/
√

2 0
0 1

1/
√

2 0

 , Σr =

[
2 0
0 1

]
, Vr =

 1/
√

2 0
0 1

−1/
√

2 0

 , b =

1
0
3


(1) Calculate A+ and use it to calculate the unique least squares solution x+ to Ax = b of

minimal length.
(2) Calculate projcol(AT )x

+ and verify that x+ is in col(AT ).

Exercise 12.13

Let A ∈ Rm×n and suppose that rank(A) = r. Prove that

rank(A+) = r

Exercise 12.14

Let A ∈ Rm×n. Prove that for all b ∈ Rm and all x ∈ Rn we have

AA+b = projcol(A)b, A+Ax = projcol(AT )x


