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CHAPTER 1

Matrix Operations

We use R™*"™ to denote the set of all matrices with m rows and n columns whose entries are in R.
For a matrix A € R™*", the entry in row ¢ and column j is denoted a;;. Let A,B € R™*" and c € R
where

ailr Ay bir - b
A= , B =
Aml - G bt -+ b
We define
a1 +bin -0 ap +bip
A+ B = :
Am1 +bmi - Qmn + bmn
cayy -+ caip
cA =
CQm1 - CQmn

We define R” to be the set of n x 1 matrices R®*! and we use x; to denote the i component of the
column vector € R™. Let ,y € R"™ and ¢ € R. Then

1+ Y1 cx
T+Y= : , cxr =

Tn + Yn CTn

1.1. Matrix Multiplication

Definition 1.1

Suppose A € R™*™ and B € R"*P. The matrix product AB € R™*? is defined using the formula

n
(1.1) (AB)ij = Z aikbr; = a;1b1j + azobaj + - - - + ainby;
k=1
Note that AB is defined only if the number of columns of A equals the number of rows of B.

NS

11 0 0
AB:[O 0}’ BA:L 1}

Note that AB # BA. Thus, matrix multiplication is not commutative.
Let A € R™*™ and ® € R™. Suppose A has column vectors a1, as,...,a, where

Consider the matrices

We calculate

atq
a; =

Ami
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Using equation (1.1) we calculate

1171 + a12T2 + - - + 1Ty
a21T1 + G222 + - - + ATy
Ax =
| Am1T1 + amaxa + -+ QmnTn
a11x1 122 A1nTy
a21x1 222 a2n Ty
= + 4+ 4
| Am1T1 Am2T2 AmnTn
=x1a1 + 2202 + - - - + TpHQY
and hence
(1.2) Ax = x1a1 + 2209 + - - - + xpaA,

Equation (1.2) says that Ax is a linear combination of the column vectors of A where the coefficients are
determined by the components of x.

Let A € R™*" x, y € R", and ¢,d € R. Suppose A has column vectors a1, as, ..., a,. Using equation
(1.2) we calculate

Alex + dy) = (cz1 + dy1)ay + (cx2 + dyz)as + - - - + (cxy + dyn)an
= (cx1a1 + croag + - - - + crpay) + (dyrar + dy2az + - - - + dynpay,)
= cAx + dAy
and hence
(1.3) | Alcz + dy) = cAz + dAy|

We say that matrix vector multiplication is a linear operation.

1

3 1 5 2
1] = |0| and A {2] = |1]|. We would like to calculate A [1}

1 0
without explicity finding the matrix A. We note that

bl =F

Let A € R3*2 and suppose that A [

and hence by equation (1.3) we have

Let A € R™*™ ¢q,¢co,...,c; € R, and v1,v9,...,v; € R™ Use induction on k > 2 to show that
(1.4) A(cl'vl + CcoVg + - - + ck’vk) = c1Av + o Avg + - - - + ¢ Ay,
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Let A € R™*™ and B € R"*P. Suppose B has column vectors by, b, ..., b,. Using equation (1.1) we
calculate

(AB)” = Z aikbkj

k=1
= air(bj)k
k=1
= (Ab;);
= [Ab1 Aby - Aby),
and hence
(1.5) AB = [Aby Aby --- Ab]

Next, let & € RP. Using equations (1.2), (1.4), and (1.5) we calculate
(AB)x = [Ab; Aby --- Aby|x
= x1Aby + x9Aby + - - - + prbp
= A(w1by + waby + -+ + 1,by)
= A(Bx)
and hence

(1.6) [(AB)x = A(Bz)

Finally, let C € RP*9. Suppose C has column vectors ci, ¢g, ..., ¢, Using equations (1.5) and (1.6)
we calculate

(AB)C = [(AB)e1 (AB)ey -+ (AB)cq)
= [A(Bc1) A(Bey) -+ A(Bey)]
=A [Bcl Bey - ch}
= A(BC)

We have shown that
(1.7) [(AB)C = A(BC)|

and thus matrix multiplication is associative.

1.2. Matrix Inverse and Transpose

The identity matrix, I,, € R™*", has column vectors ey, es, ..., e, € R™ where
1] [0] [0]
0 1 0
e = 0 3 €y = 0 ) e €, =
: : 0
0] 0] 1]

Let A, B € R™*™, Show that if Ae; = Be; for all i in 1,...,n, then A = B.
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Definition 1.2

The matrix A € R™"*" is called invertible if there exists a B € R™*" such that
AB=BA=1,

Let A € R™™, Suppose that
AB = BA = I, AC=CA=1,
for some B,C € R™"*". Using equation (1.7) we calculate

B = BI, = B(AC) = (BA)C = I,C = C'

We have shown that If A is invertible, then its inverse is unique. We use A~! to denote the unique inverse
of an invertible matrix A.

Let A € R™™ 1If A is invertible, then its inverse is unique.

Suppose that A € R"*" is invertible. Since
A'A=1,, AA T =1,

we have that A~! is invertible and

(1.8) (AhH =4

Let A, B € R"™" where A and B are invertible. Using equation (1.7) we calculate

(AB)(B'A™Y) = AB(B'A™)) = A(BB YA ) = A(I,A ™) =447 =1,

(B'A™HY(AB) = (B'A ™ HYA)B= (B Y(A'A)B=(B'I,)B=B"'B=1,

We have shown that if A and B are invertible then AB is invertible and

(1.9) (AB)"' =B 'A!

Exercise 1.3

Let Ay, Ao, ... A € R™™ and suppose that A; is invertible for all i € 1,...k. Use induction on
k > 2 to show that AjAs--- Ay, is invertible and that

(1.10) (AjAg - Ap) = A TA AT

Definition 1.3

Let A € R™*". We define AT € R™*™ by the formula
(1.11) (AT)ij = aji

-1
)

Note that (AT)T = A. If A = [ 2 1 g], then AT =
7

-1 5

S =N
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Suppose A € R™*™ and B € R™"*P. We calculate
(AB)}; = (AB);i

n
= ajib
k=1
n
= briajk
k=1

= (BD)ir(A )i
k=1
= (BTAT);
We have shown that
(1.12) (AB)T = BT AT

Suppose A € R™*™ B € R™"P and C € RP*Y. Show that
(1.13) (ABC)T = cTBT AT

Let A € R™" and suppose that A is invertible. Show that AT is invertible and that
(1.14) ATt = (T

Definition 1.4

A matrix A € R™*" is called symmetric if A7 = A.

Let A € R™*". Show that AT A and AA”T are symmetric matrices.

Suppose A € R™*™ and B € RP*". Suppose that A has column vectors ai,as,...,a, and B has
column vectors vectors by, bo, ..., b,. We first note that for any k satisfying 1 < k < n we have
alk
aj = a?k . bl =[bik b o bl (arbi)i = aibik
-

Using the definition of matrix multiplication we note that
(AB")ij = anbji + aigbjo + - - + ainbjn
= (a1b])ij + (@b )ij + -+ + (anby)i;
= (a1b] + asb] + -+ a,bl);;
We have shown that

(1.15) ABT = a1b] + agbl + - +a,bl
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1.3. Elementary Row Operations

Definition 1.5

Let A € R™*™. The following three operations on the rows of A are called elementary row opera-
tions.

(1) Interchange any two rows of A.

(2) Multiply any row of A be a nonzero scalar.

(3) Add any scalar multiple of a row of A to another row of A.
The result of applying a single elementary row operation to an identity matrix is called an elemen-
tary matrix.

Let A € R¥*4 be given by

01 2 3
A=12 3 -2 -3
2 2 -2 =2
0 0 1
and let £1 = |0 1 0]. Note that Fq is I3 with rows 1 and 3 interchanged and is thus an elementary
1 00

matrix. To find £ L apply the reverse of the elementary row operation to Is. To reverse interchanging
rows 1 and 3, we interchange rows 1 and 3 again. It is easy to check that F is invertible and E° L= E.
We calculate

2 2 =2 =2
EA=12 3 -2 -3
o1 2 3
and note that E1A is the matrix A with rows 1 and 3 interchanged.
1/2 0 0
Next let B = F1Aand F3 = | 0 1 0. Note that Fy is Is with row 1 mutliplied by 1/2 and is
0 01

thus an elementary matrix. To find E5 L apply the reverse of the elementary row operation to Is. To
reverse multiplying row 1 by 1/2, we multiply row 1 by 2. It is easy to check that Fs is invertible and

2 00
that Fy L= 10 1 0] is also an elementary matrix. We calculate
0 01
11 -1 -1
ErB=12 3 -2 -3
01 2 3
and note that E9B is the matrix B with row 1 multiplied by 1/2.
1 00
Next let C = E9B and E3 = |—2 1 0]. Note that E3 is I3 with —2 times row 1 added to row 2
0 01

and is thus an elementary matrix. To find F3 L apply the reverse of the elementary row operation to Is.
To reverse adding —2 times row 1 to row 2, we add 2 times row 1 to row 2. It is easy to check that Ej is

1 00
invertible and that F3 L= 12 1 0] is also an elementary matrix. We calculate
0 0 1
11 -1 -1
EsC=(01 0 -1
01 2 3

and note that F3C is the matrix C' with —2 times row 1 added to row 2.
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Let D = E3C and note that D = PA where P = E3E»E,; is an invertible matrix with P~1 =
E;'ESYES

In general, suppose k elementary operations are performed on the matrix A resulting in the matrix C.
Let E; be the elementary matrix that encodes the i*" elementary row operation. Then we have C' = PA
where P = EpEy_1--- F1. Since elementary row operations can be reversed, all elementary matrices are
invertible. Thus P is invertible with P~! = E| 1E2_ ... E; . 'We have outlined the proof of the following
theorem.

Theorem 1.1

Let A € R™*™.  Let C be the matrix resulting from applying any number of elementary row
operations to A. Then there exists an invertible matrix P € R™*™ such that C = PA.

Exercise 1.7

Consider the matrices
1 -2 0 2 -3 1 -2 0 2 -3
A=1|2 -4 2 0 8|, C=]|0 0 1 -2 7
1 -2 3 -3 16 0 0 3 =5 19
(1) Find an invertible matrix P € R3*3 that is the product of elementary matrices such that
C=PA

(2) Write P! as a product of elementary matrices.
(3) Explicitly calculate P~ and P~'C. Verify that A = P~!C.




CHAPTER 2

Solving Linear Systems

The set of equations

a11°1 + a1awe + - + a1pTy = by

a2171 + agxe + - - + a2 Ty = b

Am121 + Ama®2 + -+ + QmnTn = by,

is called a system of linear equations or linear system. The linear system can be written as in matrix form
as Ax = b where

a1 a2 - Gin 1 b1

a1 @2 -+ G2y ) by
A - . . . . 9 w - . 9 b -

Aml am2 - (mn Tn bm

A linear system that has a solution is called consistent. A linear system with no solution is called
inconsistent. A linear system is called homogeneous if b = 0 and nonhomogeneous otherwise. A linear
system is called underdetermined if there are more variables than equations and overdetermined if there
are more equations than variables.

Let A € R™*™ and b € R™. Let C be the matrix resulting from applying any number of elementary
row operations to A and d € R™ be the column vector resulting from applying the same elementary row
operations to b. By theorem 1.1 there exists an invertible matrix P € R™*™ such that C = PA and
d = Pb. Let x € R" be arbitrary. If Ax = b, then

Cx = (PA)x = P(Ax) =Pb=d

If Cx =d, then
Az = (P7'C)x =P Y(Cx)=P 'd=1b

We summarize these results in the following theorem.

Let A € R™*™ and b € R™. Let C be the matrix resulting from applying any number of elementary
row operations to A and d € R™ be the column vector resulting from applying the same elementary
row operations to b. For all x € R™ we have that Axz = b if and only if Cx = d.

2.1. Gauss-Jordan Elimination

Suppose that

ain a2 - Qip b1
a1 a2 - a9, bo

Gml Om2 " OGmn bm
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The augmented matriz for the system Ax = b is the matrix

air a2 - aip | b

a1 a2 -+ Qo | ba
Alb =

aml Am2 *°° Qmn bm

Algorithm 2.1

Gauss-Jordan elimination uses elementary row operations to reduce a matrix (or augmented matrix)
to reduced row echelon form. The algorithm consists of two passes.

(1) In the forward pass, the matrix is transformed into a matrix in which the first nonzero
entry of each row is 1, and it occurs in a column to the right of the first nonzero entry of
each preceding row.

(2) In the backward pass, the matrix is transformed into a matrix in which the first nonzero
entry of each row is the only nonzero entry of its column.

Consider the linear system Ax = 0 where

o -1 1 -4
A=1]1 -4 -1 1
-1 4 -2 5

We use Gauss-Jordan elimination to reduce A to reduced row echelon form. We first interchange the first
row and the second row

1 -4 -1 1

o -1 1 -4

-1 4 -2 5
Adding the first row to the third row
1 -4 -1 1
0 -1 1 -4
0 0 -3 6
Multiplying the second row by —1
1 -4 -1 1
0 1 -1 4
0 0 -3 6
Multiplying the third row by —1/3
1 -4 -1 1
0 1 -1 4
0o 0 1 =2

completes the first pass of Gauss-Jordan elimination. Next, we add the third row to the second row and
add the third row to the first row

1 -4 0 -1
0 1 0 2
0 0 1 -2
Finally, adding 4 times the second row to the first row
1 00 7
cC=101 0 2
0 01 -2

completes the second pass of Gauss-Jordan elimination and the matrix C' is in reduced row echelon form.
By theorem 2.1, the linear systems Az = 0 and Cxz = 0 have the same solutions. We can write the linear
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system C'x = 0 as

1+ 724 =0
To+2x4 =0
33‘3—233‘420

Solving for the leftmost variables gives

(21) Tr1 = —733‘4
(2.2) T = —233‘4
(2.3) xr3 = 214

If we set x4 = 1 we get the nonzero solution

-7
—2
2
1

xr =

Note that for any choice for x4 we can use equations (2.1), (2.2), and (2.3) to determine the remaining
variables x1, x2, and x3. We call the variable x4 a free variable. Setting the free variable x4 to t we can
write the general solution to the linear system Ax = 0 as

il —Tt -7
I —2t . —2
T = 3| | 2t =1 2
Ty t 1
Consider the linear system
1
1 -2 0 2 =3 |z 2
(2.4) 2 —4 2 0 8 z3| = |6
1 -2 3 -3 16 T4 8
T3

We apply Gauss-Jordan elimination to reduce the augmented matrix

1 -2 0 2 =32
2 -4 2 0 8|6
1 -2 3 -3 16 |8

to reduced row echelon form. Adding —2 times the first row to the second row and —1 times the first row
to the third row gives

-2 0 2 =3|2
-4 14
0 3 -5 1916

OO =
[a)
[\
[\

Multiplying the second row by —1/2

1 -2 0 2 =32
0 0 1 -2 7|1
0 0 3 -5 19 |6

Adding —3 times the second row to the third row

1 -2 0 2 -3]|2
0 0 1 -2 711
0 0 0 1 -213
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completes the first pass of Gauss-Jordan elimination. Adding 2 times the third row to the second row
and —2 times the third row to the first row

1 -2 00 1 |—4
(2.5) 0 0 10 3]|7
0 0 01 —2|3

completes the second pass of Gauss-Jordan elimination and the augmented matrix in equation (2.5) is in
reduced row echelon form. By theorem 2.1 the solutions to the corresponding linear system

1
1 =2 00 17 | —4
(2.6) 00 10 3| |ag]=]7
0 0 0 1 —2| |z 3

x5

are the same as the solutions to the linear system in equation (2.4). The linear system in equation (2.6)
can be written as

T — 210 + x5 = —4
$3—|—3$5:7
.%'4—2.%'523

Solving for the leftmost variables in each equation gives

(2.7) Ir1 = 23?2 — Iy — 4
(2.8) T3 =—3x5+7
(2.9) T4 =225+ 3

If we set z9 = x5 = 0 we get the solution to equation (2.4) given by

—4

8
Il
o wo

Note that for any assignment of scalars to the variables xo and x5 we can use equations (2.7), (2.8), and
(2.9) to determine the remaining variables z1, x3, and x4. We call the variables xo and x5 free variables.
Thinking of the free variables as parameters we set t; = x9 and to = x5. The general solution to equation
(2.4) can thus be written as

1 2t1 —tg — 4 —4 2 -1
i) tl 0 1 0
x= |x3| = —3to + 7 = | 7|+t |0 +t2 |3
Ty 2to + 3 3 0 2
xT5 t2 0 0 1

2.2. An Inconsistent Linear System

Consider the linear system

12 -1 1] |™ 5
(2.10) 2 3 -1 4| % =8
1 4 -3 —3||™ 6
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We apply Gauss-Jordan elimination to the augmented matrix

12 -1 1|5
2 3 -1 4|8
1 4 -3 =316

Adding —2 times the first row to the second row gives

Multiplying the second row by —1 gives

12 -1 115
01 -1 -2
0 2 -2 —4]|1

Adding —2 times the second row to the third row gives

12 -1 1 )
01 -1 -2 2
00 0 O0]-3

By theorem 2.1 the solutions to the linear system

12 -1 1] |” 5
(2.11) 01 -1 —2| ™| =12
00 0 of]|™ -3

T4

12

are the same as the solutions to the linear system (2.10). Since it is impossible to choose scalars

x1,x2, X3, x4 such that

0xy1 4+ O0xo + Ox3 + Oxy = —3

the linear system (2.11) has no solutions and hence the linear system (2.10) also has no solutions. We say

that the linear system (2.10) is inconsistent.
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For each of the following linear systems:

e If necessary, write the system in the form Ax = b.
e Use Gauss-Jordan elimination to reduce A or A|b to reduced row echelon form.
e Find the general solution of the linear system.

(1)
xr1 + 229 — 23 = —1
201+ 2x0 + 23 =1
3%1 < 5$2 — 2563 =-1

(2)
1 +x9+x3+2x4=0
T1—x9+x3—24=0
(3)
02 0o 2]|™ 9
1 2 -1 3| |*2 =I5
2 4 -1 6| |3 3
T4
(4)
1 -1 2 3 1] |™ —1
2 -3 6 9 4] [ |5
3 -1 2 4 1 S =19
7 -2 4 8 1| |™ 6
5

Does the following linear system have a solution? Explain.
T1+x0—3x3+x4=1
T1+x9+T3— x4 =2
r1+x9—23=0

2.3. Calculating Matrix Inverses

Let A € R™" and suppose that A is invertible. Consider the problem of finding A=! € R™*" with
column vectors by, b, ..., b, such that AA~! = I,,. The equation
[61 ey en] =1, = AAT = A [bl ) bn] = [Abl Aby Abn]
shows that we must have Ab; = e; for all 4 in 1,...,n. We can find b; by row reducing the augmented
matrix Ale; to reduced row echelon form which will output I,|b;. We can find all n columns of A~!
simultaneously by row reducing the matrix A|,, to reduced row echelon form which will output I,,| A~

Consider the matrix

b

Il

| =

—_
O =N
T G
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We attempt to row reduce the augmented matrix A|I3 to I3]A~!. We start with

1 2 1/1 0 0
-1 1 2|0 1 0
1 0 1]0 0 1

Adding the first row to the second row and adding —1 times the first row to the third row gives

1

2

1

00

1
0 3 3|1

Multiplying the second row by 1/3 gives

10
0 -2 0|-1 0 1

1 2 1|1 0O O
0 1 1]1/3 1/3 0
0 -2 0, -1 0 1
Adding 2 times the second row to the third row gives
[1 2 1] 1 0 O]
0 1 1| 1/3 1/3 0
0 0 2]-1 /3 2/3 1]
Multiplying the third row by 1/2 gives
1 2 1 1 0 0
01 1{1/3 1/3 0
0 0 1|-1/6 1/3 1/2

14

Adding —1 times the third row to the second row and adding —1 times the third row to the first row gives

(1 2 0| 7/6 —1/3 —1/2]
0 1 0| 1/2 0 -1/2
0 0 1 -1/6  1/3 1/2_
Adding —2 times the second row to the first row gives
(1 0 0| 1/6 —1/3 1/2]
0 1 0| 1/2 0 -1/2
0 0 1 -1/6  1/3 1/2_
We have shown that if A is invertible we must have
1/6 —-1/3 1/2
At =11/2 0 —1/2
-1/6 1/3 1/2
To verify our answer we calculate
1 2 1] [1/6 —1/3 1/2] 0
AAT =1 1 2| | 1/2 0 -1/2| = 1 I3
|1 01 -1/6 1/3 1/2_ 0
[1/6 —1/3 1/2 1 2 1] 0
AtA=11/2 0 —1/2f |-1 1 2| = 1 I3
_—1/6 1/3 1/2 1 0 1] 0
Next, we consider the matrix
1 -1 -1
A=|-4 3 0
2 0 6
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We attempt to row reduce the augmented matrix A|I3 to I3]A~!. We start with

1 -1 —=1]1 0 0]
-4 3 01]0 10
2 0 6|0 0 1]

Adding —2 times the first row to the second row and 4 times the first row to the third row gives

(1 -1 —=1] 1 0 0
0 -1 -4 4 1 0
0 2 8 |-2 01

Multiplying the second row by —1 gives

1 -1 —=1] 1 0 0
0 1 4 |—-4 -1 0
0 2 8|[-2 0 1

Adding —2 times the second row to the third row gives

1 -1 —=1] 1 0 0
0 1 4 |—-4 -1 0
0o 0 0|6 2 1

We now see that A|e; row reduces to

B =

o O =
—
B~
|
i~

Hence Ax = e; has no solution and A is not invertible since if A was invertible the vector A~'e; would
be a solution to Az = e;.

2.4. Polynomial Interpolation
Consider the problem of finding a polynomial
f(t) = 21 + zat + 23t°
that satisfies f(1) =8, f(2) =5, and f(3) = —4. The constraints yield the linear system
1+ a9 +2x3 =28
r1 +2x9+4x3 =5
1+ 3x9 + 923 = —4

which can be written in matrix form as

11 1] = 8
(2.12) 1 2 4| |aa] =15
1 3 9| |3 —4

We apply Gauss-Jordan elimination to the augmented matrix

1 1 1| 8
1 2 4|5
1 3 9|4

Adding —1 times the first row to the second row and —1 times the first row to the third row gives

1 1 1| 8
01 3| -3
0 2 8| -12
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Adding —2 times the second row to the third row gives

11 1|8
01 3|-3
10 0 2] 6]
Multiplying the third row by 1/2 gives i i
11 1|8
01 3|-3
0 0 1]-=3]
Adding —3 times the third row to the second row and —1 times the third row to the first row gives
[1 1 0] 11]
01 0|6
0 0 1]-3]
Adding —1 times the second row to the first row gives
[1 0 0| 5]
01 0|6
0 0 1]-3]
5
By inspection we get the unique solution = | 6 | with corresponding interpolating polynomial f(t) =
-3

5+ 6t — 3t2. It is easy to check that f(1) =8, f(2) =5, and f(3) = —4.

If possible, find a polynomial of the form
f(t) =x1 +xot + x5t + x4t

such that f(—2) = 3, f(—1) = —6, f(1) = 0, and f(3) = —2. If you found such a polynomial
satisfying the constraints, is it unique?




CHAPTER 3

Vector Spaces

A vector space is a set of objects called vectors together with an operation that adds two vectors and
an operation that multiplies a scalar times a vector. These two operations must satisfy certain wvector
space axrioms. This axiomatic definition enable us to prove generic results that apply to all vector spaces.

3.1. Definition and Examples

Definition 3.1

Definition: A vector space V (over R) is a set of objects V called vectors with an addition and
scalar multiplication such that for all «,y,z € V and a,b € R the following axioms are satisfied.
e (Closure) ax + by in V
e (VS zt+y=y+x
e (VS2) (@+y)+2=a+(y+2)
e (VS 3) There exists 0 € V such that £ + 0 =x for all x € V.
e (VS 4) For all & € V there exists y € V such that £ + y = 0.
o (VSH)lz ==
e (VS 6) (ab)x = a(bx)
e (VST7)a(x+y)=ax+ay
e (VS8) (a+b)x =ax+ bx

J

The set of column vectors V' = R” with the normal addition and scalar multiplication operations is a
vector space. We verify axioms (VS 3), (VS 4), (VS 7) and leave the remainder of the proof as an exercise.

0
0

(1) (VS 3) Let 0 = | .| be the vector in R™ with all components equal to 0. Note that for any
0

x € R"™ we have that
T 0 140 T
X9 0 To+ 0 T9
Tn, 0 T, +0 Tn
(2) (VS 4) Let @ € R™ be arbitrary. Define y = | . | and note that
—Ty
T —x xr1 + (—xl) 0
T2 —X9 To + (—1'2) 0
r+y=|.|+ : = . =1.1= 0
T —Zy Tn + (—xp) 0

17
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(3) (VS 7) Let ¢,y € R" and a € R. We calculate

1+ Y1 a(r1 +y1) axry +ayn azry ayl

T2 + Y2 a(r2 + y2) ax + ay2 azr2 ay2
alr+y)=a . = . = . = . |+ .| =ax+ay

Tn + Yn a(Tn + yn) ary, + ayy aTy ayn

Prove that the set of matrices V' = R"*" with the normal addition and scalar multiplication
operations is a vector space.

€1
Let V = To| 121,79 € R 3 and define the addition and scalar mutliplication to be the usual
1
1 2
operations for R®. Then V is not a vector space since v = [1| isin V but 2v = |[2/| is not in V.
1 2
_ 2 _ | _ | 2
Let V =R“ and for & = [:1: } Y = [y] € R® and ¢ € R, define
2 2
2 k) _|ex
Try= {2@ + 3/2:| ’ = [CCUQ]

Since
1 1 |2 £ 2] |1 1
T 2 T a7 5] T 2| T 11
axiom (VS 1) does not hold and the set V' with the given operations is not a vector space.

Let V =R2. For ¢ = Bl] Y = [31] € V and ¢ € R, define
%

2
|zt _ | e
Ty = [a:Q + yz] ’ “r = |:—C£C2:|

Is V with the given operations a vector space? Explain.

Let F(S,R) denote the set of all functions from a set S to R. Two functions f,g € F(S,R) are equal
if f(t)=g(t) forallte S. For f,g € F(S,R) define f + g and cf to be the functions satisfying

(F+9)) = F(t)+9@),  (cf)t) =cf(t)
Then, the set F(S,R) with the given operations is a vector space. We verify axioms (VS 3), (VS 4), (VS
8) and leave the remainder of the proof as an exercise.
(1) (VS 3) Let 0 be the function whose value is 0 for all ¢ in S. Let f € F(S,R) be arbitrary. For
any t € S we have
(f +0)(t) = f(t) +0(t) = f(t) + 0= f(t)
and thus
fro=f
(2) (VS 4) Let f € F(S,R) be arbitrary. Let g € F(S,R) be the function whose values are given by
g(t) = —f(t). For any t € S we have
(f +9)(t) = F(t) +9(t) = f() + (=F(t)) = 0= 0(¢)
and thus
f+g=0
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(3) (VS 8) Let f € F(S,R) and a,b € R be arbitrary. For any ¢ € S we have
((a+0)f)(t) = (a+0)f(t) = af () + bf (1) = (af)(t) + (bf)(t) = (af +F)(t)
and thus
(a+b)f=af +bf
3.2. Basic Results
Let V be a vector space. By (VS 3), there exists 0 € V such that for all z € V

(3.1) r+0==x
Suppose that for some potentially different vector 0’ € V' we also have that for all z € V
(3.2) z+0 ==z
We note that
0=0+0 Equation (3.2)
=0+0 Axiom (VS 2)
=0 Equation (3.1)

We have justified the following result.

Let V be a vector space. Then there is a unique vector 0 € V' such that

z+0==x
for all x € V.
Let V be a vector space and suppose that
(3.3) r+z=y+z
for vectors @, y,z € V. By (VS 4) there exists a vector w € V such that
(3.4) z+w=0
We note that
r=x+0 Axiom (VS 3)
=x+ (2 +w) Equation (3.4)
=(x+z2)+w Axiom (VS 2)
=y+z)+w Equation (3.3)
=y+(z+w) Axiom (VS 2)
=y+0 Equation (3.4)
=y Axiom (VS 3)

We have justified the following result.

Let V be a vector space. If € + z = y + z where ,y,z € V, then « = y.

Let V be a vector space and suppose that

(3.5) z+x=z+y
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We note that

rt+tz=z+x Axiom (VS 2)
=z+y Equation (3.5)
—y+z Axiom (VS 2)

and thus = y by lemma 3.2.2. We have justified the following theorem.

Theorem 3.1: Cancellation Law

Let V be a vector space. If t + z =y + z or 2+ x = z + y where z,y,z € V, then x = y.

Let V' be a vector space and let & € V' be arbitrary. By (VS 4), there exists y € V' such that
(3.6) z+y=0
Suppose that for some potentially different vector z € V we also have that

(3.7) z+z=0

Then « + y = & + z and by theorem 3.1 we have y = z. We have justified the following result.
Corollary 3.2.1

Let V be a vector space and let & € V' be arbitrary. Then there exists a unique y € V such that
r+y=0

We denote the unique additive inverse of by —x and define  — y to mean x + (—y).
Let V be a vector space and let & € V' be arbitrary. We note that

O0x +0 =0z Axiom (VS 3)
=(0+0)x
= 0z + Oz Axiom (VS 8)

and thus Oz = 0 by theorem 3.1. We have justified the following result

Corollary 3.2.2

Let V be a vector space. Then for all * € V we have that
Ox =0

Exercise 3.3

Let V be a vector space. Then for all a € R we have that
a0 =0

Let V be a vector space and let x € V be arbitrary. We note that

z+ (-l)x=1lz+ (-1=x Axiom (VS 5)
= (14 (-1))= Axiom (VS 8)
= 0x
=0 Corollary 3.2.2

and thus (—1)x = —x by corollary 3.2.1. We have justified the following result.
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Corollary 3.2.3

Let V be a vector space and let € V' be arbitrary. Then
(—Dx =—=

Let V be a vector space. Prove that

(—d)z = —(cx) = ¢(-x)

forallceRand all x € V.

3.3. Subspaces

Definition 3.2

A subset W of a vector space V is called a subspace of V if W is a vector space with the operations
of addition and scalar multiplication defined on V.

Note that V is a subspace of any vector space V. Suppose W is a subspace of a vector space V. By
axiom (VS3), W must contain an additive identity Oy . Since W C V we have that Oy € V as well.
Let Oy be the unique zero vector for V. By corollary 3.2.2 we have that 0(0y) = Oy. But then axiom
(Closure) applied to W implies that 0y € W. Let & € W. Then & € V and by axiom (VS3) applied to
V we have « 4+ Oy = x. Thus Oy works as an additive identity for W and by lemma 3.2.1 we must have
Oy = 0y. We have justified the following result.

Suppose W is a subspace of a vector space V. Then 0y € W. Furthermore, Oy is the unique zero
vector for W.

The next theorem gives us a way to check if a subset W of a vector space V is a subspace of V.

Theorem 3.2

A subset W of a vector space V is a subspace of V' if and only if
(1) Oy e W
(2) ax+by € W for all x,y € W and a,b € R.

PRrROOF. Let W be a subset of a vector space V. First suppose that W is a subspace of V. By
lemma 3.3.1 we have that Oy € W and thus (1) holds. Since W is a vector space, axiom (Closure)
implies that (2) holds. Next suppose that (1) and (2) hold. Note that (2) implies axiom Closure
for W and axioms (VS1), (VS2), and (VS5)-(VS8) hold for W since W C V and the operations
are the same. By (1) we have that Oy € W. Since  + 0y = x for all x € W (since W C V)
axiom (VS3) holds for W. Let x € W. We know that —x € V by axiom (VS4) applied to V. By
corollary 3.2.3 we have that —x = (—1)x and hence —x € W by (2). Thus, axiom (VS4) holds for
W which completes the proof that W is a vector space and hence a subspace of V. O

Let U, W be subspaces of a vector space V. We will prove that U N W is a subspace of V. Since
U and W are subspaces of V', we have that Oy € U and Oy € W. Thus 0y € U NW. Next suppose
z,y c UNW and a,b € R. Then x,y € U and x,y € W. Since U and W are subspaces we have that
axr +by € U and ax + by € W. Thus ax + by € U NW and by theorem 3.2 we have that U N W is a
subspace of V. We have justified the following lemma.
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N

Lemma 3.3.2

Let U, W be subspaces of a vector space V. Then U N W is a subspace of V.

Exercise 3.5

Prove that W = {0y} is a subspace of any vector space V.

Exercise 3.6

IsW = {:c ER3:m + 23+ 13 = 1} a subspace of R3? Explain.

r
\.

Exercise 3.7

Is W ={f € F(R,R) : f(0) =0} a subspace of F(R,R)? Explain.

Exercise 3.8

Let U, W be subspaces of a vector space V. Prove that if U C W, then U is a subspace of W.

Definition 3.3

Suppose U and W are subspaces of V. The sum of U and W, denoted U + W, is defined to be
U+W={u+w:uecUand we W}

Exercise 3.9

Suppose U and W are subspaces of V.

(1) Prove that U + W is a subspace of V.
(2) Prove that if T is any subspace of V' that contains U UW, then T' contains U + W. Thus,
U + W is the smallest subspace of V' containing U U .

Definition 3.4

A vector space V is called the direct sum of subspaces U and W if each vector in V' can be uniquely
written as u + w, where u € U and w € W. We denote that V is the direct sum of U and W by
writing V =U ¢ W.

Exercise 3.10

Suppose U and W are subspaces of V. Prove that V = U @ W if and only if V = U + W and
Unw ={0}.

3.4. Null Space of a Matrix

Let A € R™*™, We consider the question of how many different solutions x € R™ a linear system
Ax = b can have for a particular right-hand side b € R™. The key to answering this question is the
corresponding homogenous equation Ax = 0.
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For any matrix A € R™*™ we have that A0 = 0 but for some matrices the system Ax = 0 has a
nonzero solution. For example, it is easy to check that

1 2 1 1 0
(3.8) 2 2 0| |=1| =10
1 1 0 1 0
Let A € R™*™ and b € R™ such that Ax = b for some & € R™. Suppose there exists y # 0 such that

Ay = 0. For any scalar ¢ € R we have that
Alx+cy) =Ax+cAy=b+0=>

and thus Az = b has an infinite number of solutions. For example, note that

[1 2 11 [1 3
(3.9) 2 2 0f |1 = |4
1 1 0|10 2
and that
1 21 1] 1] 1 2 1] [2 3
(3.10) 2 20 1|+ -1l ]=12 2 0] |0] = |4
1 10 0] 1 1 1 0] |1 2

We summarize these ideas in the following lemma.

Let A € R™*™. If there exists & # 0 such that Az = 0, then for all b € R™ the linear system
Ax = b either has no solution or an infinite number of solutions—a unique solution is not possible.

Let A € R™*™ and suppose that Az = 0 has the unique solution & = 0. Suppose that for some
b € R™ we have that Ay = b and Az = b. Subtracting the equations gives

0=Ay —Az=A(y— 2)

But since Az = 0 has the unique solution & = 0, we have that y — z = 0 and hence y = z. We have
justified the following lemma.

Lemma 3.4.2

Let A € R™*™ and suppose that Az = 0 has the unique solution & = 0. Then for all b € R™ the
linear system Ax = b either has no solution or a single unique solution.

Definition 3.5

Let A € R™*"™. We define the null space of A, denoted N(A), as
(3.11) N(A) ={x e R": Az = 0}

Let A € R™*"™, We make two observations.

(1) Since A0 = 0 we have that 0 € N(A).
(2) Suppose x,y € N(A) and let a,b € R. Then we have Ax = 0 and Ay = 0. Hence

A(ax + by) = aAzx + bAy+ = a0 + b0 =0

and ax + by is in N(A).
Thus by theorem 3.2 we have the following result.

Let A € R™*™. Then N(A) is a subspace of R".
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For any a,b,c € R, the plane

W = {a:ER?’:aa:1+bx2+c:z:3:0}
is a subspace of R? since W = N(A) where A € R™3 is givenby A=[a b c].

Is W ={x € R3: 21 = 3x3 and 3 = —12} a subspace of R3? Explain.

Note that
le{mERQ:xlfxgzo}, Wgz{w€R2:x1+x2:0}

are subspaces of R? since W; = N([1 —1]) and Wo = N([1 1]). Let z = and y = [_11 . Note that

i

E] € Wi and hence W7 UW5 and [_11] € W5 and hence W1 UW5;. However, the vector [ﬂ + [_11} = [a

is not in Wi U W and hence Wi U W5 is not a subspace of R2. We have shown that if U and W are
subspaces of V', then U U W is not always a subspace of V.

Let U and W be subspaces of a vector space V. Prove that U U W is a subspace of V if and only
HfUCWorWCU.

Let A € R™*™ and let C' € R™*" be the matrix resulting from applying any number of elementary
row operations to A. By theorem 2.1, we have that Az = 0 if and only if Cx = 0. We summarize this
result in the following lemma.

Lemma 3.4.4

Let A € R™*™ and let C' € R™*"™ be the matrix resulting from applying any number of elementary
row operations to A. Then we have that

Consider the matrix

N O =
|
)
S

2 4 =5

Adding —2 times the first row to the third row and fourth row gives the matrix

1 1 -1

0 -2 4

0 -2 4

0 2 -3
Multiplying the second row by —1/2 and then adding 2 times the second row to the third row and —2
times the second row to the fourth row gives the matrix

11 -1
01 -2
¢= 00 O
0 0 1

Since Cx = 0 if and only if = 0 we have that N(C) = {0} and hence N(A) = {0} by lemma 3.4.4.
Thus for all b € R™ the linear system Ax = b either has no solution or a single unique solution by lemma
3.4.2.
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Let A € R™™ and b € R™. If m < n, we call Az = b an underdetermined linear system. It turns
out that such linear systems can never have a single unique solution because there has to be a nonzero
vector x in N(A).

We first consider the case where A € R™*(m+1) ~ Ag a specific example, let A4 € R34 be given by

1 2 -1 1
2 2 -1 -1
11 1 =2

A

and consider the problem of finding € N(A) such that & # 0. We look for a smaller version of the
problem within our problem. We first try to construct a solution to our problem using the fact that

=Rt

We note that _
12 -1 1 0

2 2 -1 -1 1 = |—4
1 1 1 =2 i 1 -2
This first attempt would have been successful if as; = 0 and a3y = 0 since
1 2 -1 1 _12 0
0o 2 —-1 -1 1= 0
o1 1 =2 1 0

This failed attempt shows us that we must first apply elementary row operations to zero out the second
and third rows in the first column. Fortunately, we can do this without changing the set of solutions by
theorem 2.1. Adding —2 times the first row to the second row and —1 times the first row to the third
row of A gives

1 2 -1 1
0 -2 1 -3
0 -1 2 =3
It is easy to check that
—1
-2 1 -3 0
612) = [ [
1
and that
1 2 -1 1 _21 0
0 -2 1 -3 1] = 0
0 -1 2 -3 0
1
Finally we verify that
12 -1 1 _21 0
2 2 -1 -1 1= 0
11 1 -2 1 0

as expected.

Notice that to make this process work we had to be given a solution to the smaller problem (3.12). On
the other hand that smaller problem contains a still smaller problem and so on. This problem reduction
idea can be turned into a formal proof using mathematical induction on m. The induction begins with

m = 1. Suppose A = [au a12]. If a;7 = 0 set ¢ = [(1)], otherwise set © = [—algl/an]‘ In either
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case x is a nonzero solution to Ax = 0. Now suppose the result is true for some integer m > 1. Let
A e RmtDx(m+2) 16 arbitrary. We will prove that Az = 0 has a nonzero solution. If the first column of
A is 0, then Ae; and the result holds. Otherwise we can perform elementary row operations on A to find
a matrix B of the form
1’
B =
0 D

where ¢ € R”*t! and D € R"*(m+1)_ By the inductive hypothesis, there exists y € R™*! such that y # 0
and Dy = 0. Define
—C1Y1 — " — Cm+1Ym+1

Y1

Ym+1
and note that £ € R™*2, & # 0 and Bx = 0. Since B was obtained by performing elementary row
operations on A we also have Az = 0 by theorem 2.1. We have justified the following lemma.

For all m > 1 and A € R™*("+1) there exists & € N(A) such that a # 0.

Next let’s consider the general underdetermined homogenous system Ax = 0 where A € R™*™ where
m <n. If n=m+ 1, then Az = 0 for some x # 0 by lemma 3.4.5. If not, we have n > m + 1 and can
write A in the form
A=[B C]
where B € R™*(m+1) and ¢ € R™*(»=m=1) By lemma 3.4.5, there exists y € R such that y # 0 and
By = 0. Define & € R” by
- T
Y2

T = |Ym+1

U
and note that Az = 0 where « % 0. We have justified the next theorem.

Let A € R™* ™. If m < n, then there exists & € N(A) such that = # 0.

The following corollary follows from theorem 3.3 and lemma 3.4.1
Corollary 3.4.1

Let A € R™*". If m < n, then for all b € R™ the linear system Ax = b either has no solution or
an infinite number of solutions—a unique solution is not possible.




CHAPTER 4

Span and Linear Independence

4.1. Linear Combinations and Span

Definition 4.1

Let v1,vo, ..., v, be vectors in a vector space V. We say that a vector v € V' is a linear combination
of the vectors v, vo,...,v, if there exist scalars c1,co,...,c, € R such that

V= C1V1 + cva+ - + v,

Consider the vectors v, v, vs, v3 € R? given by

2 1 0 0
v=|—4 y v = 0 s Vo = 2 s V3 = 1
—2 0 0 -1

Since v = 2v1 — 3vs + 2v3, the vector v is a linear combination of the vectors v, vs, v3.

Suppose A € R™*"™ has column vectors ai,as,...,a, € R™. Prove that for all b € R™ the
linear system Ax = b has a solution if and only if b is a linear combination of the column vectors
ai,ag,...,an.

Consider the vectors v, v1, va, v3,v4 in R? given by

5 1 2 -1 1
v= |8, vi= |2, vo=|3|, vy=|-1|, vy4=1]4
6 1 4 -3 3
Exercise 4.1 gives that v is a linear combination of the vectors v, vo, v3, vy if and only if
Ax =b
for some z € R* where )
1 2 -1 1 5
A=12 3 -1 4 |.b= |8
1 4 -3 -3 6

We consider the augmented matrix

Row reducing gives

10 1 5100
Cld=10 1 -1 =20
00 0 011

Thus, the system Axz = b is inconsistent and hence v is not a a linear combination of the vectors
V1,02, 0U3, V4.

27
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Exercise 4.2

Let v1,vo,...,v, be vectors in a vector space V. Prove that the set of linear combinations of the
vectors v1,va, ..., v, is a subspace of V.

Definition 4.2

Let S be a nonempty set of vectors in a vector space V. A vector v is called a linear combination
of vectors in S if there exist vectors vq,vs,...,v, € S and scalars ¢y, ca, ..., c, € R such that

vV =c1v1 +cve+ -+ cpuy,

1 2 -2
Let S = 21,15],]6 be a set of vectors in R3. Then
-1 0 -3
1 —2 1 2
v=3|2|-2|6|+2|2]|+7|5
-1 -3 -1 0

is a linear combination of vectors in S.

Definition 4.3

The span of a nonempty set S in a vector space V, denoted span(S), is the set of all linear
combinations of vectors in S. We define span(@) = {0}.

Let S be a set of vectors in a vector space V. For all v € § we have v = 1v and thus
(4.1) S C span(S)

Let V be a vector space. Note that span(@) = {0} is a subspace of V. Next, let S be a nonempty set
in V. We make two observations.
(1) Let v € S. Then 0 = Ov and we have that 0 € span(S).
(2) Let @,y € span(S) and a,b € R. Then we have
T =crwi + -+ CrWn, vy =diur + -+ dyug
for some vectors wi,...,w,, € S and uwy,...,u, € S as well as scalars ¢i1,...,¢, € R and
di,...,d, € R. Thus we have that
ax + by = (aci)wy + -+ + (acy)wp, + (bdy)uy + -+ + (bdy,)uy,
is a linear combination of vectors in S. Hence ax + by is in span(5).
Thus, by theorem 3.2 we have that span(S) is a subspace of V. Next let S be a subset of a vector space
V and let W be a subspace of V' such that S C W. If S = &, then span(S) = span(2&) = {0} is a subset
of W since W is a subspace. Next, suppose S is nonempty and let v € span(S). Then
V= ClU1 + CV2 + -+ - + CpUy

where v1,vs,...,v, are vectors in S and also in W since S C W. Since W is a subspace, v € W since
W is closed under addition and scalar multiplication. We summarize our results in the next theorem.

Theorem 4.1

Let S be a subset of a vector space V.
(1) S C span(S)
(2) span(.S) is a subspace of V.
(3) If W is a subspace of V and S C W, then span(S) C W.
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Suppose S and T are subsets of a vector space V. If S C span(T'), then
span(S) C span(7)

by theorem 4.1. We have justified the following.
Corollary 4.1.1

Suppose S and T are subsets of a vector space V. If S C span(T), then
span(S) C span(7)

Consider the subsets of R? given by

s={l-B} = (B )
IR

we have that S C span(7’) and hence
(4.2) span(S) C span(T)

R A R
we have that 7' C span(S) and hence
(4.3) span(T’) C span(S)

by corollary 4.1.1. Since

by corollary 4.1.1. Combing equations (4.2) and (4.3) gives
span(S) = span(7)

Exercise 4.3

Let w, v be vectors in a vector space V. Prove that

span({u,v}) = span({u + v,u — v})

Exercise 4.4

Let vq,v2,...,v, be vectors in a vector space V and let ay,a9,...,a, be nonzero scalars in R.
Prove that
span({v1,v2,...,v,}) = span({a1v1, V2, . . ., VL })

Exercise 4.5

Suppose S and T are subsets of a vector space V. Prove that if S C T, then
span(S) C span(7)

Exercise 4.6

Consider the set S = {v1,v2,...,v,} of vectors in a vector space V. Prove that span(S) is equal
to the set of linear combinations of the vectors vy, vo, ..., v,.
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Consider the vectors v, v1,va, v3,v4 in R? given by

3 1 2 —1 1
v=1|2|, vi=1|2, vo=1|3|, wv3=|-1|, vg= 1|4
11 1 4 -3 3

Is v € span({vy,v2,v3,v4})? Explain.

Definition 4.4

Let S be a subset of a vector space V. We say that S generates V if
span(S) =V

We also call S a generating set for V.

The set of column vectors of I,, given by S = {ej,ea,...,e,} generates R™. Let S be a subset of a
vector space V. Then S is a generating set for span(.S).
Consider the matrix

1 1 2 -4
A=|-1 1 -4 2
1 2 1 =5

We will find a generating set for N(A), the null space of A. We apply Guass-Jordan elimination to reduce
A to the matrix C in reduced row echelon form

Since N(A) = N(C) by lemma 3.4.4 it suffices to find a generating set for N(C'). We rewrite the system
Cx =0 as

1+ 3x3 — 34 =0, To—x3—24 =0
After solving for left most variable in each equation we get
1 = —3x3 + 324, To = T3 + T4

We next let t; = x3 and t3 = x4 and note that Cx = 0 if and only if

T —3t1 + 3t2 -3 3
x| t1 + to . 1 1
x = vs| T t =1 1 + 12 0
T4 to 0 1

Thus Cx = 0 if and only if x is a linear combination of the vectors

-3

w

v = Vg =

O = =
—_ O =

Hence we have
N(A) = N(C) = span({v1,v2})
and we say that N(A) is generated by the set S = {v1,v2}.
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Exercise 4.8

Consider the matrix

Find a generating set for N(A).

4.2. Column Space of a Matrix

Definition 4.5

Suppose A € R™*™ has column vectors a1, as, ..., a,. We define the column space of A, denoted
col(A), as
col(A) = span({ai, as,...,a,})

Exercise 4.9
Let A € R™*™,
(1) Prove that
col(A) ={Ax:x € R"} = {b € R": Az = b for some x € R"}

(2) Prove that the linear system Ax = b has a solution for all b € R™ if and only if col(A) =
R™.

The next corollary follows immediately from theorem 4.1.
Corollary 4.2.1

Let A € R™*™. Then col(A) is a subspace of R™.

If A € R™*™ has column vectors ai,as, ..., ay, then the set of column vectors S = {a1,as,...,a,}
generates col(A).

Exercise 4.10

Let A € R**4, Suppose you are given that
1 1 2 0
-1 0 0 -1
4 2| |2/’ 4 -1 3
0 3 3 1
2 1
Find « such that Az = 2 and find y such that Ay = _51
6 4
Consider the matrices
1 =11 0 -1 1 0 1 1
A=1[1 1 3 4], B=|1 1 4 3 1
2 -4 0 —4 —4 2 —4 0 2

with column vectors S = {a1, as,as,as} and T = {by, ba, b3, by, b5} respectively. Since the sets S and T'
contain the same vectors, they are equal and thus

col(A) = span(S) = span(T') = col(B)
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Let A € R™*™ and let C € R™*™ be the matrix resulting from applying any number of elementary

row operations to A. In general, we will not have that col(4) = col(C). For example, let A = } i .
Add —1 times the first row to the second row to get C' = (1) (1) . Note that the vector b = E] is in

col(A) since Ae; = b. However, b is not in col(C') since Cx = b has no solution. The next theorem covers
a special case where we do have col(A) = col(C).

Theorem 4.2

Let A € R™*™ and let C' € R™*"™ be the matrix resulting from applying any number of elementary
row operations to A. Then col(A) = R™ if and only if col(C) = R™.

PRrROOF. Let A € R™*™ and let C € R™*" be the matrix resulting from applying any number
of elementary row operations to A. By theorem 1.1 there exists an invertible matrix P € R™*™
such that C = PA. First suppose that col(A) = R™ and let b € R™. Then Az = P~!b for some
x € R™ and hence we have that

b= PAx =Cx
which implies that b € col(C) and thus col(C) = R™. Next suppose that col(C) = R™ and let
b € R™. Then Cx = Pb for some x € R"™ and hence we have that

b=P 'Cx = Ax
which implies that b € col(A) and thus col(A) = R™. O

Exercise 4.11

Consider the matrix

A=

— =
—_ O =
N DN DN
|
—_

Does Az = b have a solution for all b € R3? Explain.

Exercise 4.12

Let A € R™*™, Let C' € R™*™ be a matrix resulting from applying any number of elementary row
operations to A. Prove that
col(AT) = col(CT)

4.3. Linearly Independent Sets
Consider the vectors v, vs, v3 in R? where

1 -1 0
V1 = -1 5 Vo = 2 5 V3 = 1
2 3

—_

Since vg = v1 + v2 any linear combination of the vectors v, vo, v3
V = €1V + C2V2 + C3V3
is also a linear combination of the vectors v, v since
V = C1V1 + CcoUg + 63(’01 + ’02) = (Cl + 63)1)1 + (CQ + 63)1)2
Let S be a set of vectors in a vector space V and suppose that for some v € S we have that

v € span(S — {v})
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First, since S — {v} C S we have that
span(S — {v}) C span(S5)
by exercise 4.5.
Next, since S — {v} C span(S — {v}) by theorem 4.1 and and v € span(S — {v}) we have that
S C span(S — {v})
and hence
span(S) C span(S — {v})
by corollary 4.1.1. We have justified the following result.

Lemma 4.3.1

Let S be a set of vectors in a vector space V' and suppose that for some v € S we have
v € span(S — {v})

Then we have that
span(S) = span(S — {v})

Let A € R3*4 be given by

1 -1 1 0
A=11 1 3 4
2 -4 0 -4

and consider the column space of A

col(A) = span({a1, az,as,as})

where
1 -1 1 0
a) = 1 y as = 1 , az — 3 s ays — 4
2 —4 0 —4

The set S = {a1,a2,a3,a4} generates col(A) but it is possible to generate col(A) with fewer than 4
vectors. To see how, we apply Guass-Jordan elimination to reduce A to the matrix C' in reduced row
echelon form

1 0 2 2
C=1011 2
00 00
with column vectors
1 0] 2 2
Ccl = 0, Cy = 1 s C3 = 1 N Cyq = 2
0 O_ 0 0

By inspection we observe that

2ci+co—c3=0
But then we must also have that

2a1 +as—a3z3 =0
or
(4.4) a3 = 2a1 + a
since elementary row operations preserve solutions to Ax = 0 by theorem 2.1. By lemma 4.3.1 we have
that

span({a1, az,as,as}) = span({ai, as,as})

Similarily, we note that

2c1 +2c5—c4, =0
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and hence
(4.5) as = 2a1 + 2a-
By lemma 4.3.1 we have
span({a1, az,a4}) = span({ai, as})
and we have shown that
col(A) = span({ai,as})
Similarily, It is easy to verify that

a; =a3 — — as = —as + a4

and hence
col(A) = span({as, as})

Definition 4.6

Let S be a set of vectors in a vector space V. We say that S is linearly dependent if there exists
a vector v € S such that v € span(S — {v}). We say that S is linearly independent if it is not
linearly dependent.

The empty set @ is linearly independent by definition since it contains no vectors. The set S = {0}
is linearly dependent since
span({0}) = {0} = span(2)
The set S = {v} where v # 0 is linearly independent since in this case span({v}) # {0} = span(@).
Consider the set of vectors S = {vy,vs,v3} in R® where

1 1 0
v = —1 s Vo = 2 y V3 = 3
1 1 0

Since v1 = vy — v3, we have that v; € span(S — {v1}) and S is linearly dependent.

Exercise 4.13

Let S and T be subsets of a vector space V and suppose that S C T.

(1) Prove that if S is linearly dependent, then T is linearly dependent.
(2) Prove that if T is linearly independent, then S is linearly independent.

The next theorem gives our primary test for linear independence. We leave the proof as an exercise.

Theorem 4.3

Let v1,va, ..., v, be vectors in a vector space V. Then S = {v;,vs,...v,} is a linearly independent
set of n vectors if and only if

V] + Uy + -+ v, =0
has the unique solution ¢y = ¢y =--- = ¢, = 0.

Exercise 4.14

Prove thereom 4.3.

Consider the set S = {ey,...,e,} of column vectors of I,,. If
cie; +caey+ -+ cpe, =0

then
c=I,c=ce +ces+---+c,e,=0=0
Thus S is a a linearly independent set of n vectors in R™ by theorem 4.3.
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Again consider the matrix

1 -1 1 0
A=1]1 1 3 4
2 -4 0 -4

with column vectors a1, ao, a3, as. We have shown that
col(A) = span({ai,as})
Suppose that
cia1 +coag =0

which we can write in matrix form as

1 -1
1 1f{e=0
2 -4

Applying Gauss-Jordan elimination gives us the system

10
0 1le=0
00

which has the unique solution ¢ = 0. Thus, the set S = {a1, a2} is linearly independent by theorem 4.3.
It is easy to prove that the set T' = {as3, a4} is also linearly independent. These examples suggest that
any generating set for col(A) must contain at least two vectors.

Exercise 4.15

Suppose A € R™*" has column vectors a1, as, ..., a,. Prove that S = {a;, as,...,a,} is a linearly
independent set of n vectors if and only if N(A) = {0}.

Exercise 4.16

Consider the following vectors in R3.

1 1 1
V1 = 1 5 Vo = 0 9 V3 = —1
1 1 2

Is the set S = {v1, v2,v3} linearly independent? Explain.

Exercise 4.17

Let S = {v1,v2,...,v,} be a linearly independent set of n vectors in R™. Prove that n < m.

Let S = {u,v,w} be a linearly independent set of 3 vectors in R* and consider the set
T={u+v,u+w,v+w}
Suppose
ci(u+v)+c(ut+w)+c(v+w)=0
After collecting terms we get
(c1 4+ c2)u+ (c1 + c3)v + (c2 + c3)w =0
Using theorem 4.3 we note that

c1 4+ co =0, c1+c3 =0, co+c3=0



4.3. LINEARLY INDEPENDENT SETS 36

which in matrix form says that c = 0. Applying Gauss-Jordan elimination gives us the system

O = =
— O
— = O

10
01 ¢ = 0 which has the unique solution ¢ = 0. Thus T is a linearly independent set of 3 vectors
00

————
= O O

lon

v theorem 4.3.

Exercise 4.18
Suppose S = {u,v,w} is a linearly independent set of 3 vectors in a vector space V. Prove that
T={u+v—-—wu—v+w,—u+v+w}

is also a linearly independent set of 3 vectors in V.

Exercise 4.19

Let V = F(R,R). Suppose that
f(t)=sin(t),  g(t) = cos(?)
Is the set of vectors S = {f, g} linearly independent? Explain.

Exercise 4.20

Let A € R™*™ and suppose that N(A) = {0}. Let S = {v1,v9,...,v;} be a linearly independent
set of k vectors in R™. Prove that the set T' = {Avy, Avg, ..., Avy} is a linearly independent set
of k vectors in R™.

The next result will be a fundamental tool for obtaining an upper bound on the size of a linearly
independent set in a vector space V' and a lower bound on the size of a generating set for V.

Theorem 4.4

If T ={w;,wy,...,w,} is a linearly independent subset of a vector space V' containing n vectors
and S = {v1,vs,...,v,} is a generating set for V' containing m vectors, then n < m.
PROOF. Since S generates V, for all 4 in 1,...,n we have that

W; = a1; V1 + -+ Qi Um

for some scalars aq;,...,am; € R. Let C € R™*™ be the matrix
ail a2 - Qip
a1 Q2 - Q2p
C =
Uml am2 " Omn

Let € R™ be any solution to Cx = 0. We note that
riwy + -+ xpw, = x1(a11 V1 F -+ A1) oo+ (a1, V1 F G Um)
= (x1011 + -+ Tpan)vi + -+ (T1am1 + - - F TnGmn)Vm
=0v1 +---+0vy,
=0
Since T is a linearly independent set of n vectors we have that 1 = 9 = --- = x,, = 0 by theorem
4.3 and thus Cx = 0 only if @ = 0. Finally, we note that n < m by theorem 3.3. O
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Let S = {v1,v2,...,v} be a generating set for R” containing m vectors. Since T' = {ej, ea,...,e,}
is a linearly independent set of n vectors in R we must have m > n by theorem 4.4.

Exercise 4.21

Let A € R™*™, Prove that if m > n, then there exists a vector b € R such that Az = b does not
have a solution.

Exercise 4.22

Let S = {v1,vs,...,v,} be a subset of R containing n vectors. Prove that if S generates R and
S is linearly independent, then n = m.

Exercise 4.23

Let A € R™*", Prove that if Az = b has a unique solution for all b € R™, then m = n.

4.4. Invertibility and the Vandermonde Matrix

Let A € R™" and suppose that the linear system Ax = b has a unique solution for all b € R™. Then
Ax = 0 must have the unique solution & = 0. It turns out that Ax = 0 having the unique solution = 0
is not only a necessary condition to guarantee a unique solution for all b € R™, but it is also a sufficient
condition. Let A € R™ "™ and suppose that the linear system Axz = 0 has the unique solution & = 0. By
lemma 3.4.2, it remains to show that Ax = b has a solution for all b € R". By theorem 3.3, the linear
system (A|b)y = 0 has a nonzero solution y # 0. Thus we have

(4.6) y1a1 + y2a2 + -+ yn@p + Yn41b =10
where a1, as, ..., a, are the column vectors of A and at least one of y1,y2, ..., ynr1 is nonzero. But since
Az = 0 only if & = 0 we must have y, 11 # 0. Solving for b in equation (4.6) gives
(4.7) N+ Pay+o o+ —a, =b
Yn+1 Yn+1 Yn+1

and thus

—Y1

Yn+1

—Y2

T = yn'Jrl

_éJn

Yn+1
is a solution to Az = b. We have justified the following result.

Lemma 4.4.1

Let A € R"™"™. Then Ax = b has a unique solution for all b € R™ if and only if N(A) = {0}.

Exercise 4.24

1 2 0
Consider the matrix A= [—1 1 3 |. Does Ax = b have a unique solution for all b € R3?
0 5 —4

7

J

Let A, B € R™™. In general we cannot say that AB = BA since matrix multiplication is not
commutative. It turns out, however, that if AB = I,, then we must have BA = I,, as well. To show this
suppose that AB = I,,. Let & € R be any solution to Bz = 0 and note that

x=1I,x=(AB)x = A(Bx) = A0 =0
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Thus, Bx = 0 only if * = 0 and by lemma 4.4.1 we have that Bx = y has a unique solution for all
y € R". Next, for an arbitrary ¢ € 1,...,n choose & € R" such that Bx = e; and note that

(BA)e; = (BA)(Bz) = B(AB)x) = B(I,x) = Bx = ¢;

Since ¢ € 1,...,n was arbitrary we have that BA = I,, by exercise 1.2. We have justified the following
lemma.

Let A, B € R™". If AB = I,,, then BA = I,.

Let A € R™™ and suppose that Az = e; has a solution for all : € 1,...,n. For ¢ in 1,...,n choose
b; € R™ such that Ab; = e;. Let B € R"*™ have column vectors by, ..., b, and note that
AB=[Ab; - Ab)=[er - en]=1I,

Finally, we note that BA = I,, by lemma 4.4.2 and hence A is invertible. We summarize our results with
the following lemma.

Lemma 4.4.3

Let A € R™" If Ax = e; has a solution for all 7 in 1,...,n, then A is invertible.

The following theorem gives several statements equivalent to invertibility of a matrix A € R"*™. We
leave the proof as an exercise.

Theorem 4.5

Let A € R™*™. Then the following statements are equivalent.

(1) A is invertible.
(2) Az = b has a unique solution for all b € R™.
(3) N(A4) = {0}.

(4) col(A) =R™

(5) Ax = e; has a solution for all 7 in 1,.

. J

Exercise 4.25

Prove theorem 4.5.

We next return to the polynomial interpolation problem. Let ¢y, ca, ..., ¢, be distinct scalars in R and
b1,bo,...,b, be any scalars in R. The polynomial interpolation problem is that of finding a polynomial
of the form

ft) =21+ ot + -+ z,t" !

such that f(¢;) = b; for all ¢ in 1,...,n. The given constraints yield the linear system
1 ¢ -+ 0711_1 1 b1

43) SR I i
1 ¢, -+ cﬁ._l Tn bn,

Define the matrix A € R™*", called a Vandermonde matrix, as

n—1
1 cl .. cl 1
1 62 PEEEEY C;L
A= .
1 ¢, el

n
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We will show that A is invertible and hence the linear system (4.8) (and the associated polynomial
interpolation problem) always has a unique solution. By theorem 4.5 it suffices to show that Az = e; has
a solution for all 7 in 1,...,n. To this end we define the Lagrange polynomials f1, fa,..., fn by

o (=ca) (=)t —ciy1) - (E—cn)
N O BRI R e e sy
Note that f;(c;) =1, and fi(cx) = 0 for ¢ # k. Finally we write

fi(t) = 21+ zot + -+ + x,t" 7t

for some scalars x1,xo,...,x, € R and note that
n—1
il 1 c1 - Cl ) X fi(cl)
To 1L ocg -+ 7 |22 fi(ca)
A = = = e’L
In 1 o¢y - 7 | fien)

We have justified the following result.

Corollary 4.4.1

Let c1,ca,. .., ¢, be distinct scalars in R. The Vandermonde matrix A € R™*"™ given by
1 ¢ - &t
1 (&) 000 Cnil
A= ?
1 ¢y -+ L
is invertible.

Consider again the problem of finding a polynomial

f(t) = 21 + 2ot + 23t

that satisfies f(1) =8, f(2) =5, and f(3) = —4. The constraints yield the linear system
1 1 1f |z 8

(4.9) 1 2 4] |z| = |5
1 3 9 T3 —4

Let’s first find the inverse of the Vandermonde matrix

fit) = m = % (6 — 5t + t?)
fo(t) = ((; — 1;5;_?) = —3+4t —t?
f3(t) = g — 3?;__22)) = % (2-3t+1¢%)
We next check that
3 -3 1
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and thus
3 -3 1
Al=1|-25 4 -15
05 -1 05
Finally we note that
3 -3 1 8 5
z=A"'"b=1|-25 4 —-15||5|=16
05 -1 05| |-4 -3

and hence the unique interpolating polynomial is f(t) = 5 + 6t — 3t2.

Exercise 4.26

Consider the problem of finding a polynomial
f(t) = z1 + zot + 2382 + 2483

such that f(—2) =3, f(—=1) = —6, f(1) = 0, and f(3) = —2. The constraints lead to the linear
system Ax = b where

1 -2 4 -8
1 -1 1 -1
A=17 1 1 1
1 3 9 27

is a Vandermonde matrix. In this problem we will find A~! using Lagrange polynomials. Let
c1=—2,c0=—1,c3 =1, and ¢4 = 3. Write each of the Lagrange polynomials fi, fo, f3, f4 given
by

(t—c1) (=)t —cit1) - (t —cn)
(ci—c1)-++ (e —ci—1)(ci — cit1) -+ - (ci — cn)

fi(t) =
in the form
fi(t) = 1 + xot + 3% + 248>

(you must determine the constants x1, z2, z3, 24 for each Lagrange polynomial). Use these constants
to form A~! and verify that AA~! = A='A = I,. Finally, use A~! to solve Az = b and find the

unique interpolating polynomial f(¢) that fits the given points.

Let c1,ca,... ¢, be distinct scalars in R and let f(t) = x1 + @9t + -+ + 2t 1 for some scalars
x1,%2,...,%, € R. Suppose that f(¢;) =0 for all iin 1,...,n.
1 ¢ --- c?_l T1 0
1 ocg - &7 |22 0
1 ocp oo A g 0
Since the Vandermonde matrix
1 c1 . C?ii
= 1 co - Cg_
1 e et
is invertible, we have that
x1
xI9 1
=A70=0
T,

and we have justified the following result.
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Corollary 4.4.2

Let c1,ca,...,cy be distinct scalars in R and let f(t) = z1 + xot + - -+ + 2,t" ! for some scalars
1,2, ..., 2, € R.If f(¢;) =0foralliin1,...,nthenz; =0foralliin1,...,n and thus f(¢t) = 0.

4.5. Polynomial Spaces

The set of polynomials
P(R) = span({1,t,%,...})
is a subspace of F(R,R). Forn >0
P,(R) = span({1,t,12,...,t"})

is a subspace of P(R).
Let V = P(R) and for any n > 1 consider the set S = {1,#,¢2,... t""!}. Suppose that

T+ Dot + 2yt =0

Let f(t) = 21 + @t + - - - + 2,t" " and pick n distinct scalars c1, cg, . .., ¢, in R. Then since f(c;) = 0 for
all ¢ in 1,...,n we must have z; = 29 = --- = x,, = 0 by corollary 4.4.2. We have justified the following
lemma.

For any n > 1 the set S = {1,¢,¢%,...,t" "1} is a linearly independent set of n vectors in P(R).

Let V = P3(R). Suppose that

F=3+4+3t+22—t>, g =14+t+t2+t>, go=1+t+1t> gy3=1+t

We will check to see if f € span({g;,gs,95}). Suppose that
343t+28 — B3 =ci(I+t+ 2+ + (1 +t+1°) +c3(1+1)
for some c1, co, c3 € R. Collecting terms gives
(c1+catez3—3)1+(cr+eatez—3)t+(c1+ea—2)2 4 (e +1)t2 =0
Since {1,t,t2,#3} is a linearly independent set of 4 vectors by lemma 4.5.1, we must have
c1+co+c3—3=0, c1+c—2=0, c1+1=0

We note that ¢; = =1, co =2 —¢; =3, ¢c3 =3 —¢; — ca = 1 works and hence f € span({g;,92,95}).
Further note that since f € span({g;, g2,93}) we have that {f,g;,9,,93} is a linearly dependent set.

Exercise 4.27

Is S = {1+t+t2,3+12t+ 12} alinearly independent set of 3 vectors in P»(R)? Explain.




CHAPTER 5

Basis and Dimension

5.1. Finite-Dimensional Vector Spaces

Let S = {vi,v9,...,v,} be a generating set for a vector space V' containing n vectors. Then any
vector v € V can be written as

(5.1) V= Cc1U1 + V2 + - + ¢, Un
for some scalars c1,co,...,c, € R. Suppose that
(52) v=div1 +dovo + -+ d,vp

for some potentially different scalars dy,ds, ... ,d,. Subtracting equations (5.1) and (5.2) gives
(5.3) (Cl — dl)vl + (CQ — dQ)Uz + -+ (Cn — dn)vn =0

We see from equation (5.3) that uniqueness of representation of the vector v is equivalent to linear
independence of the generating set S.

Definition 5.1

Let V be a vector space. A set § C V is a basis for V if

(1) S generates V.
(2) S is linearly independent.

Exercise 5.1

Let V be a vector space and let § = {v1,vs,...,v,} be a subset of n vectors in V. Prove that [
is a basis for V if and only only if each v € V can be expressed as

V=V + U2+ -+ ey

for unique scalars ci,ca, ..., Cp.

The empty set & is a basis for the vector space V' = {0}, the set 5 = {ej,ea,...,e,} is a basis for
R™, and the set v = {1,¢,...,t"} is a basis for P,(R).
Consider the matrix

1 1 2 -4
A=|-1 1 —4 2
1 2 1 =5
Let S = {aj,as,as,as} where
1 1 2 —4
a; = -1 5 as = 1 5 as = —4 s ay = 2
1 2 1 -5

and note that col(A) = span(.S). Applying row operations to A results in the matrix

10 3 =3
c=1]101 -1 -1
00 0 O

42
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By inspecting the column vectors of C' we see that a3 = 3a; — a2. Thus col(A) = span({a1, az,as}). We
also note that as = —3a; — as. Thus col(A) = span({a1, az}). Finally suppose that

cial +coag =0
But then
10
01
00

and hence ¢ = 0. Thus 8 = {a1,as} is a linearly independent set and hence a basis for col(A). Next we
find a basis for N(A). In equation form the system Cx = 0 reads

c=0

T = —3x3 + 324, To = T3 + T4
We set t; = x3 and ty = 24 and note that @ € N(A) if and only if
T —3t1 + 3to -3 3
I o t1 + o . 1 1
xr = vs| = t =1 1 + 19 0
T4 to 0 1

Thus the set v = {v1,v2} generates N(A) where
-3

V1 = Vo =

S = =
— O = W

Next suppose that
civ1 +cove =0
Then ¢; = ¢2 = 0 and thus 7 is linearly independent and hence a basis for N(A).
Consider the matrix

1 1 -1
0 -2 4
A= 2 0 2
2 4 =5
Let S = {a1, as, a3} where
1 1 -1
o —2 4
a/l - 2 b a’2 - 0 Y a3 - 2
2 4 -5
and note that col(A) = span(.S). Applying row operations to A results in the matrix
1 00
010
¢= 0 0 1
0 00
Suppose
ciai + coas + czaz =0
Then
1 00
01 0
00 1/¢=0°
0 00

and hence ¢ = 0. Thus 5 = {a1,a2,a3} is a linearly independent set of 3 vectors and hence a basis for
col(A). Since N(A) = N(C) = {0} we have that v = & is a basis for N(A).
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Consider the matrix

1 0 2 1
A=1]1 1 -1 0
-1 1 -5 1

Find a basis for col(A) and N(A).

Consider the matrix

-1
-3
—1
-2

N W N~
=N Oy N
Q0 = © W
e e

Find a basis for col(A) and N(A).

Definition 5.2

A vector space V' with a finite basis is called finite-dimensional.

The vector spaces R” and P, (R) are finite-dimensional. By theorem 4.4, the vector space P(R) cannot
have a finite basis  containing n vectors since § would be a generating set for P(R) and T’ = {1,¢,...,t"}
is a linearly independent set containing n+1 vectors in P(R). Thus, P(R) is an infinite-dimensional vector

space.

Let V be a finite-dimensional vector space. Prove that any basis 8 for V is a finite set.

Let V be a finite-dimensional vector space. By exercise 5.4 any basis for V' is finite. Suppose

B ={v1,v2,...,9m}, v ={wi,wa,...,wn}

are bases for V' containing m and n vectors respectively. Since 8 generates V' and <y is linearly independent
we have that n < m by theorem 4.4. Since v generates V and  is linearly independent we have that
m < n by theorem 4.4. Thus, m = n and we have justified the following result.

Theorem 5.1

Let V be a finite-dimensional vector space. Then all bases for V' are finite and have the same
number of vectors.

Definition 5.3

Let V be a finite-dimensional vector space. The number of vectors in any basis for V is called the
dimension of V and is denoted dim(V).

\. J

Note that dim(R") = n and dim(P,(R)) = n + 1. The next theorem says that the dimension of a
finite-dimensional vector space V is an upper bound on the size of a linearly independent set in V' and a
lower bound on the size of a generating set for V. We leave the proof as an exercise.
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Theorem 5.2

Let V be a finite-dimensional vector space and let S be a set of m vectors in V.
(1) If S is linearly independent, then m < dim(V').
(2) If S generates V, then m > dim(V).

Exercise 5.5

Prove theorem 5.2.

5.2. Subspace Dimension

It turns out that any subspace W of a finite-dimensional vector space V must also be finite-dimensional
but we will need a couple more results to prove it.

Lemma 5.2.1

Let S = {v1,v2,...,v;} be a linearly independent set of k vectors in a vector space V. Let v be a
vector in V' that is not in S. Then S U {v} is linearly dependent if and only if v € span(S5).

PROOF. Let S = {wvy,v2,...,v;} be a linearly independent set of k vectors in a vector space
V. Let v be a vector in V' that is not in S. If v € span(S), then S U {v} is linearly dependent
by definition. Next, suppose S U {v} is linearly dependent. Since v is not in S, we must have
v € span(S) or v; € span((S U {v}) — {v;}) for some 1 < i < k. Suppose the second case is true.
Then
Vi =C1V1 + -+ C-1Vi—1 + Ci11Vi1 + -+ CRUE + QU
where we must have o # 0 since S is linearly independent. Solving for v gives
1
v=_ (vi— (v + -+ ci—1Vi-1 + Ciy1Vip1 + - -+ + CyVE))
and hence v € span(S). O

Lemma 5.2.2

Suppose a vector space V is not finite-dimensional. Then for all n > 0 there exists a linearly
independent set T' of n vectors.

PROOF. Suppose V is not finite-dimensional. The proof is by mathematical induction on n.
The induction begins with n = 0. In this case T' = @ works since & is linearly independent. Now
suppose the thereom is true for some integer n > 0. We prove the theorem is true for n + 1.
By the inductive hypothesis there exists a linearly independent set T of n vectors. Since V is not
finite-dimensional we know that span(7’) # V since otherwise 7" would be a finite basis. Pick v € V
so that v ¢ span(T). Since v ¢ span(T') we know that T"U{v} is a linearly independent set of n+ 1
vectors by the contrapositive of lemma 5.2.1. O

. J

Suppose that W is a subspace of a finite-dimensional vector space V and let 8 be a basis for V
containing dim(V') vectors. By theorem 5.2 the subspace W C V cannot contain a linearly independent
set of more than dim (V') vectors. Thus, by lemma 5.2.2 we must have that W is also finite-dimensional
and furthermore dim(W) < dim(V'). We have justified the next theorem.

A subspace W of a finite-dimensional vector space V is finite-dimensional and dim(W) < dim(V).
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Let A € R™*". By theorem 5.3 we have that col(A) and N (A) are finite-dimensional and furthermore
dim(col(A4)) < m, dim(N(A4)) <n

since col(A) is a subspace of R™ and N(A) is a subspace of R".

Definition 5.4

Let A € R™*™, We define
rank(A) = dim(col(A)), nullity(A4) = dim(N(A))

Consider the matrix

1 1 2 -4
A=|-1 1 —4 2
1 2 1 =5
1 1
We have shown previously that 8 = {a1,a2} is a basis for col(A) where a; = |—1|, az = |1| and
1 2
-3 3
v = {v1,v2} is a basis for N(A) where v; = 1 , Vg = (1) . Thus we have that rank(A) = 2 and
0 1
nullity (A) = 2.
Next suppose
1 1 -1
0 -2 4
A= 2 0 2
2 4 =5
1 1 -1
. . 0 -2 4
We have shown that § = {a1, a2, as} is a basis for col(A) where a; = alr@2= 1 a=|, and
2 4 -5
v = @ is a basis for N(A). Thus we have that rank(A) = 3 and nullity(A) = 0.

Consider the matrix

1 0 2 1
A=1]1 1 -1 0
-1 1 -5 1

Calculate rank(A) and nullity(A).

Consider the matrix

1 -1 2 3 1
2 -3 6 9 4
s 3 -1 2 4 1
7T -2 4 8 1

Calculate rank(A) and nullity(A).
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Exercise 5.8

Let V be a finite-dimensional vector space and supppose that U and W are subspaces of V.
(1) Prove that if V. =U + W, then dim(V) < dim(U) + dim(W).
(2) Prove that if V. =U @ W, then dim(V) = dim(U) + dim(W).

Suppose A € R™*™ has column vectors ay, @z, ..., ay. Let = {w1, w2, ..., wg} be a basis for col(A)
containing k = rank(A) vectors. Let W € R™*k be the matrix with column vectors w1, w2, ..., Wg. Since
B generates col(A), for all 4 in 1,...,n we can write

a; = biyw + byjwz + -+ - + bWk
for some scalars by;, bo;, . .., br; € R. In matrix form we have
A=WB

where B € RF*™ is the matrix

bir bz -+ b
b2t b2 e bop
b1 bi;z bin,
Using equation (1.12) we have
(5.4) AT = pTw?T
where BT has column vectors ¢i,¢a, ..., ck. Equation (5.4) shows that the column vectors of AT are

in span(y) where v = {cj,¢a,...,cx} and corollary 4.1.1 implies that col(A”) is generated by . By
theorem 5.2 we thus have that

(5.5) rank(AT) < rank(A)
Plugging A” into equation (5.5) gives
rank(A) < rank(AT)

and we have justified the following theorem.

Theorem 5.4

Let A € R™ ™. Then
rank(A) = rank(AT)

Exercise 5.9

Let A € R™*™. Prove that rank(A) < m and rank(A) < n.

5.3. Reduction and Extension

The next result gives an algorithm for reducing a finite generating set to a finite basis. This result
implies that a vector space that can be generated by a finite set must be finite-dimensional.
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Lemma 5.3.1

Let V be a vector space with finite generating set S = {v1,va,...,vn}. Define Sy = @ and for k
in 1,...,n define Sy, = {v1,v2,...,v}. Define Ty = @ and for k in 0,...,n — 1 define Ty 1 = T}
if vg41 € span(Ty) or Tyy1 = T U {vky1} otherwise. Then for all k in 0,...,n we have that

(1) T} is linearly independent.

(2) span(Sk) = span(T}).

PrOOF. The proof is by mathematical induction on k. The induction begins with kK = 0. In
this case Ty = @ is linearly independent and since Sy = Ty we have span(Sy) = span(7p). Now
suppose the the lemma is true for some integer k in 0,...,n — 1. We prove the lemma is true for
k + 1. By the inductive hypothesis we have T} is linearly independent and span(Sy) = span(7T}).
Suppose that vgy1 € span(Ty). Then Ty = T}, is linearly independent and

span(Sk+1) = span(Sg) = span(T) = span(Ty1)
by lemma 4.3.1 since vg41 € span(Sk). Suppose that viy1 ¢ span(Ty). Then Ty = T U {vgk+1}
is linearly independent by the contrapositive of lemma 5.2.1. Since
Sy C span(Sy) = span(Ty) C span(Tj41)
by exercise 4.5 and
V41 € Ty C span(Th1)

we have that Sii11 C span(7j1) and hence span(S11) C span(Tky1) by corollary 4.1.1. Finally,
since Tyy1 € Sky1 we have span(Ty1) C span(Sky1) by exercise 4.5. O

The next theorem follows from lemma 5.3.1. We leave the proof as an exercise.

Let V' be a vector space and S be a finite generating set for V. Then there exists a set 7' C .S such
that T is a basis for V' and hence V is finite-dimensional.

Consider the matrix

0
-1
—1
0 0

—_ = O

A=

o O
N OO N

with column vectors a1, a2, as, as. Applying the reduction algorithm to find a basis for col(A) gives
Tp = o, Ty ={a1}, Ty = {a1, a2}, T3 = {a1, a2}, Ty = {a1, a2}
Thus T' =Ty = {a1, a2} is a basis for col(4) and rank(A) = 2.

Exercise 5.10

Consider the matrix

A:

—_ ==

= O O =

O~~~ O

DN DN DN
o

Use the reduction algorithm to find a basis for col(A) and calculate rank(A).

. J
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Let V be a finite-dimensional vector space and let S be a generating set for V' containing m = dim(V')
vectors. By theorem 5.5, there exists a basis T' for V' such that 7' C S. But by theorem 5.1, T" must have
dim (V') vectors and hence S = T. We have justified the following result.
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Corollary 5.3.1

Let V be a finite-dimensional vector space and let S be a subset of V' containing m = dim(V')
vectors. If S generates V, then S is a basis for V.

Exercise 5.11

Let A € R™*™. Prove nullity(A) = 0 if and only if rank(A) = n.

Exercise 5.12

’
\

Let V be a finite-dimensional vector space and supppose that U and W are subspaces of V. Prove
that if V. =U + W and dim(V) = dim(U) + dim(W), then V =U & W.

The next result gives an algorithm for extending a linearly independent set in a finite-dimensional
vector space V' to a basis for V. We leave the proof as an exercse.

Lemma 5.3.2

Let V be a finite-dimensional vector space and let S be a linearly independent set in V. Let
B = {v1,v2,...,v,} be a basis for V' containing n = dim(V") vectors. Define Sy = S and for k in
1,...,n define Sy = SU{v1,v2,...,vg}. Define Ty = S and for k in 0,...,n — 1 define Ty = Ty
if vg41 € span(Ty) or Tjy1 = T U {vk+y1} otherwise. Then for all £ in 0,...,n we have that

(1) Ty, is linearly independent.

(2) span(Sg) = span(T}).

Exercise 5.13

Prove lemma 5.3.2.

r
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The next theorem follows from lemma 5.3.2. We leave the proof as an exercise.

Theorem 5.6

Let V be a finite-dimensional vector space and suppose S is a linearly independent subset of V.
Then there exists a basis T for V such that S C T.

1
Consider the linearly independent set S = {v} in R?® where v = |[1|. Applying the extension
0

algorithm with the basis 8 = {e1, e2, e3} to find a basis for R? containing S gives

Ty = {v}, Ty = {v,e1}, Ty = {v,e1}, T3 ={v,eq,e3}

Thus T =135 =

Exercise 5.14

1
1
0

is a basis for R? containing the set S.

S = =
o O =
o

Consider the linearly independent set S = in R, Use the extension algorithm with

9

0

0

1
0 1

the basis B = {e1, ez, e3, e4} to find a basis for R* containing S.
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Let V be a finite-dimensional vector space and let S be a linearly independent set in V' containing
m = dim(V') vectors. By theorem 5.6, there exists a basis T for V' such that S C T'. But by theorem 5.1,
T must have dim(V') vectors and hence S = T. We have justified the following result.

Corollary 5.3.2

Let V' be a finite-dimensional vector space and let S be a set in V' containing m = dim(V") vectors.
If S is linearly independent, then S is a basis for V.

Exercise 5.15

Which (if any) of the following sets are a basis for R3?

2 0 6 17 2] o
S=|-4|,[3].,lo|y, T=<|0]|,|5],|-4
1 1| [-1 1| 1| |3

Exercise 5.16

Is the set S = {1+ 2t + 12,3 + 6t + t2,¢ + t} a basis for P,(R)? Explain.

Exercise 5.17

Let c1,ca,...,cy be distinct scalars in R. Recall that the Lagrange polynomials f1, fa, ..., fn are
defined by
_ (—a) (=)t —ciy1) - (E—cn)
filt) = — S . :
(Cz - Cl) cee (Cz — Ci—1 (C'L - Cz+1) s (Cz - Cn)
Prove that 8 = {f1, f2,..., fn} is a basis for P,_1(R).

Let W be a subspace of a finite-dimensional vector space V. If W = V| then dim(W) = dim(V'). Next
suppose that dim(W') = dim(V'). Let 8 be a basis for W with dim(W) = dim(V') vectors. Since W C V|
B is a linearly independent subset of V' with dim(V') vectors and is hence a basis for V' by corollary 5.3.2.
Thus we have W = span(3) = V. We have justified the following theorem.

Theorem 5.7

Let W be a subspace of a finite-dimensional vector space V. Then we have that W = V if and
only if dim(W) = dim(V').

,
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Exercise 5.18

Let A € R™*™. Prove that col(4) = R™ if and only if rank(A) = m.

Exercise 5.19

Let A € R™"™. Prove that the following statements are equivalent.
(1) nullity(A) = 0.
(2) rank(A) = n.
(3) A is invertible.




CHAPTER 6

Linear Maps

6.1. Definition and Examples

Definition 6.1

Let V and W be vector spaces. The map T : V' — W is called linear if for all z,y € V and a,b € R
we have that

(6.1) T(ax +by) = aTz + Ty

Let V and W be vector spaces and T : V — W be a linear map. We note that

T0+0=1T0 Axiom (VS 3)
=T(0+0) Axiom (VS 3)
=T(10 + 10) Axiom (VS 5)
=170+ 170 Equation (6.1)
=T0+T0 Axiom (VS 5)
and thus we have
T70=0

by theoreom 3.1. We have justified the following result.

Let V and W be vector spaces and T': V — W be a linear map. Then
70=0

Define T': R? — R? by T T = L . Since T O _ | , T is not linear by lemma 6.1.1.
T2 x2 0 0
Let A € R™*™ and define the map T : R® — R™ for & € R™ using the formula
Tx = Ax
Using equation (1.3) we note that for all ,y € R™ and a,b € R we have that

T(ax + by) = Alax + by) = aAx + bAy = aTx + bTy

and thus 7 is a linear map. We have justified the following result.

If A € R™*" then the map T : R™ — R™ defined for x € R™ using the formula
Tx = Ax

is linear.

Consider the map 7 : R? — R? defined using the formula

w1

51
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Since Tx = Ax where A = [_01 (1)] , the map 7' is linear by lemma 6.1.2.

Exercise 6.1

Consider the map T : R? — R? defined using the formula

il B {xl — 229 + :103]

T |z
2 To — Dxy
€3

Is T a linear map? Explain.

\. J

Let V = F(R,R) and consider the map T': V — V defined by (Tf)(t) = (t* +t)f(t). Let f,g €V
and a,b € R. Note that for all ¢ € R we have that

T(af +bg)(t) =

+t)(af +bg)(t)
t2+t)((a F)@) + (bg)(t))
+t)(af(t) +bg(t))
t2+ t)f(t) +b(t* + t)g(t)
b(T'g)(t)
(bTg)(t)

Thus we have that
T(af +bg)=aTlf+bTg
and hence T is a linear map.

Exercise 6.2

Consider the map T : P»(R) — P3(R) defined for f € P>(R) by
(TF)() =t£E) + ()

Prove that the map 7T is linear.

7
.
.
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Exercise 6.3

Let V and W be vector spaces and T': V — W and U : V — W be linear maps. Let a € R. The
map T + aU is defined for & € V by

(T+aU)x =Tx+ aUx
Prove that the map T + aU is linear.

Exercise 6.4

Let v1,vo,...,v, be vectors in a vector space V. Define the map T : R — V by
Tx = x1v1 + x2v2 + - - - + TLV,

Prove that the map 7' is linear.

Suppose that T': R? — R? is a linear map and that

ol =[5 of=
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Using equation (6.1) we calculate

e[ = Crlof e ) = ool e B = [+ o <

We again use equation (6.1) and note that for any x € R? we have

re-rfg] ool - [3] - 4f) -

a . Again we see that

)=l R

Suppose that T': R? — R? is a linear map and that

1] - 1
TH_ 0f, T[2_ —1
2_

—1

where A = [ 3

T2

R e ]

1 2 1 2] [3 -2
It is easy to check that the matrix [1 3} is invertible and [ } = [ 1 ] . Thus we have

Suppose we want to know T’ LSJ . We look for « = [xl] such that

1 3 -1

3 —21[8] |2
=00 11| |3
and furthermore

[l ) B o]

Next we note that since

we have that

and hence Tx = Ax where

- 2 -1
SRR
L 2 0
Finally, we verify that i
2 -1 )
A[181] =0 [181]: 3 :TLSJ
2 0 16
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Suppose that T : R3 — R3? is a linear map and that

1 2 1 3 1 )
Tlol=|=3|, Tl|i|=1o], T|2|=]1
1 4 1 1 =1l 0
2
(1) Calculate T [1].
1

(2) Find a matrix A € R3*3 such that for all € R? we have that Tx = Ax.

" 7
Exercise 6.6

Let V and W be vector spaces and suppose the map T : V' — W is linear. Use induction on k > 2
to show that for all ¢1,co,...,c; € R and all vq,vs,...,v € V we have

(6.2) T(c1v1 + cova + -+ - + cpv) = c1Tvy + coTve + - - - + ¢ Tvg,

Suppose that 7' : R" — R™ is a linear map. Using equation (6.2) we note that for any € R"

Z1
Z2
Tx =T (x1e1 +x9e3+ -+ xne,) =x1Te; + xoTes + -+ x,Te, = A | = Ax
Tn
where A € R™*" is the matrix A = [Tel Tey --- Ten]. We have justified the following result.

Lemma 6.1.3

If T : R™ — R™ is a linear map, then there exists A € R™*" such that for all x € R™ we have
Tx = Ax

Exercise 6.7

Suppose that V' and W are vector spaces and that S = {v,ve,...,v,} is a generating set for V.
Prove that if T: V — W and U : V. — W are linear maps such that Tv; = Uwv; for all 1 <i < n,
then T'=U.

6.2. Null Space and Range

Definition 6.2

Let V and W be vector spaces and let T': V' — W be a linear map. The map T is called one-to-one
if for all vectors x,y € V we have Tx = Ty only if x = y.

Let V and W be vector spaces and let T : V' — W be a linear map. Suppose Tx = T'y. Then since
T is linear we have that

(6.3) Tx—y)=0

We see from equation (6.3) that equality of  and y depends on which vectors T maps to O.
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Definition 6.3

Let V and W be vector spaces and let T': V' — W be a linear map. The null space of T, denoted
N(T), is defined as
NT)={x eV :Tx =0}

Exercise 6.8

Let V and W be vector spaces and let T : V' — W be a linear map. Prove that T is one-to-one if
and only N(T') = {0}.

Let V and W be vector spaces and let T': V' — W be a linear map. We make two observations.

(1) Since T0 = 0 by lemma 6.1.1, we have that 0 € N (7).
(2) Suppose z,y € N(T) and let a,b € R. Then we have Tx = 0 and T'y = 0. Since T is a linear
map we have
T(ax +by) =aTx+bTy=a0+00=0
and azx + by is in N(T).
Thus by theorem 3.2 we have the following result.

Lemma 6.2.1

Let V and W be vector spaces and let T': V' — W be linear. Then N(T') is a subspace of V.

Definition 6.4

Let V and W be vector spaces and let T': V' — W be a linear map. If N(T') is finite-dimensional,
we define
nullity (7") = dim(N (7))

Let V and W be vector spaces and let T : V' — W be a linear map and suppose that V is finite-
dimensional. Since N(T') is a subspace of V' we have that N(T') is finite-dimensional and furthermore

(6.4) nullity(7") < dim(V)
by theorem 5.3.

Exercise 6.9

Let A € R™*" and define 7' : R® — R™ by Tx = Az. Prove that N(T) = N(A) and hence
nullity (7") = nullity(A).

Definition 6.5

Let V and W be vector spaces and let 7' : V. — W be linear. Let S C V be a subset of V. We
define

T(S) = {Tw: v € S}

Let V and W be vector spaces and let T : V — W be a linear map that is one-to-one. Let S =
{v1,v2,...,v;} be a linearly independent set of k vectors in V. Suppose that

ciTvi+cTvo+ -+ T, =0

Since T is linear, we have that
T(civ1 + cova + -+ cxvg) =0
Since T is one-to-one, we have that N(7T") = {0} by exercise 6.8 and hence

cv] + v+ -+ v =0
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But then since S is linearly independent, we have that ¢c; = co = -+ = ¢ = 0 and hence the set
T(S) ={Tvy,Tvsy,...,Tv;}
is a linearly independent set of k vectors in W. We have justified the following result.
Lemma 6.2.2

Let V and W be vector spaces and let T" : V — W be a linear map that is one-to-one.
Suppose that S = {wvi,v2,...,v;} is a linearly independent set of k vectors in V. Then
T(S) ={Tvi,Tvs,..., Ty} is a linearly independent set of k vectors in W.

Definition 6.6

Let V and W be vector spaces and let T': V' — W be a linear map. The range of T', denoted R(T),
is defined as
RT)=T(V)={Tv:veV}

r
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Definition 6.7

Let V and W be vector spaces and let T : V — W be a linear map. The map T is called onto if
R(T)=W.

Exercise 6.10

Let V and W be vector spaces and let T': V' — W be a linear map. Prove that T is onto if and
only if for any vector w € W there exists a vector v € V such that Tv = w.

Exercise 6.11

Suppose A € R™*™ and let T : R™ — R"™ be the linear map defined by Tx = Ax.

(1) Prove that the linear system Ax = b has a solution for all b € R™ if and only if T" is onto.

(2) Prove that the linear system Ax = b has a unique solution for all b € col(A) if and only
if T" is one-to-one.

(3) Prove that the linear system Ax = b has a unique solution for all b € R™ if and only if T
is one-to-one and onto.

Let V and W be vector spaces and let T': V' — W be a linear map. We make two observations.

(1) Since T0 = 0 by lemma 6.1.1, we have that 0 € R(T).
(2) Suppose x,y € R(T) and let a,b € R. Then we have Tu = x and Tv = y for some vectors
u,v € V. Since T is a linear map we have

T(au+ bv) = aTu + bTv = ax + by
and ax + by is in R(T).
Thus by theorem 3.2 we have the following result.
Lemma 6.2.3

Let V and W be vector spaces and let T': V' — W be linear. Then R(T) is a subspace of W.

Definition 6.8

Let V and W be vector spaces and let T : V' — W be a linear map. If R(T) is finite-dimensional,

we define
rank(7") = dim(R(T))
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Let V and W be vector spaces and let T': V. — W be a linear map and suppose that W is finite-
dimensional. Since R(T') is a subspace of W we have that R(T") is finite-dimensional and furthermore
(6.5) rank(7") < dim(W)
by theorem 5.3.

Exercise 6.12

Let V and W be vector spaces and let T" : V — W be a linear map and suppose that W is
finite-dimensional. Prove that 7' is onto if and only if

rank(7") = dim(WW)

Let V and W be vector spaces and let T : V' — W be linear. Let S C V be a generating set for V.
Since T'(S) C T(V) = R(T) and R(T) is a subspace of W we have that span(7(S)) C R(T) by theorem
4.1. Next, let y € R(T). Then Tx = y for some & € V. Since S generates V we have that

T = C1V1 + coV2 + - - - 4 CcLUE
for some v1,vo,...,vp € V and c1,co,...,cp € R. We note that
y=Tx =T(c1v1 + cov2+ -+ cxvg) = c1Tv1 + coTvs + - - - + ¢ Tvi € span(T'(S))
We have justified the following result.

Lemma 6.2.4

Let V and W be vector spaces and let T': V' — W be linear. If S C V is a generating set for V,
then
R(T) = span(T'(9))

Suppose A € R™*™ has column vectors ai, as,...,a,. Define T : R® — R™ by Tx = Ax. Since the
set S = {e1,eq,...,e,} generates R” we have by lemma 6.2.4 that

R(T) = span(T'(S))
=span({Te1,Tes,...,Te,})
= span({4ey, Aes, ..., Ae,})
= span({ai,as,...,a,})
= col(A4)

We have justified the following result.

Suppose A € R™*™ and define T : R* — R™ by Te = Ax. Then R(T) = col(A) and hence
rank(7") = rank(A).

Let V and W be vector spaces and let T : V' — W be a linear map and suppose that V is finite-
dimensional. Let 3 be a basis for V. By lemma 6.2.4, the finite set T'(3) generates R(T). Thus R(T) is
finite-dimensional by theorem 5.5. Furthermore, since T'(3) has at most dim(V") vectors we have that

(6.6) rank(7") < dim(V')
by theorem 5.2.

Exercise 6.13

Let V and W be vector spaces. Suppose Vj is a subspace of V, W is a subspace of W, and
T :V — W is a linear map. Show that Uy = {& € V : Tx € W;} is a subspace of V' and that
Uy ={Tx: x € V1} is a subspace of W.




6.2. NULL SPACE AND RANGE 58

Exercise 6.14

Let V and W be finite-dimensional vector spaces and T': V' — W be a linear map.
(1) Prove that if 7' is one-to-one, then dim(V') < dim(W).
(2) Prove that if T" is onto, then dim (V') > dim(W).
(3) Conclude that if T' is one-to-one and onto, then dim(V') = dim(W).

Consider the map T : P»(R) — P3(R) defined for f € P>(R) by

(TF)(&) =tf(E) + (1)

By exercise 6.2, we have that T is a linear map. Let a + bt + ct? be an arbitrary vector in P»(R) and
suppose that

T(a+bt+ct?) =0
Then we have that
0 = t(a + bt + ct?) + (b + 2ct) = b+ (a + 2¢)t + bt* + ct?
Since the set {1,¢,¢2,¢3} is linearly independent, we must have
b=0, a—+2c=0, c=0

which implies that a = b = ¢ = 0. We have shown that T'f = 0 if and only if f = 0 and thus N(T") = {0},
nullity(7') = 0, and T is one-to-one by exercise 6.8. Since S = {1,t,t2} is a basis for V we have that

R(T') = span(T'(S))

where T(S) = {T1,Tt, Tt} = {t,1 +t2 2t +t3}. Since S is linearly independent and T is one-to-one,
T(S) is a basis for R(T") by lemma 6.2.2 and hence rank(7") = 3. Since

rank(7) = 3 # 4 = dim(P3(R))

we have that T is not onto by exercise 6.12.

Exercise 6.15

Consider the map T : P»(R) — R? defined by
f) =7 (2)]

rr= "%
(1) Prove that T is linear.
(2) Find a basis for N(7'). What is nullity(7")?
(3) Is T one-to-one? Explain.
(4) Find a basis for R(T"). What is rank(7")?
(5) Is T onto? Explain.

Exercise 6.16

Let V and W be vector spaces and let T' : V' — W be a linear map and suppose that V is
finite-dimensional.
(1) Prove that if nullity(7") = 0, then rank(7") = dim(V).
(2) Prove that if nullity(7") = dim(V'), then rank(7") = 0.
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6.3. Composition and Inverses

Definition 6.9

Let V, W, and Z be vector spaces and let T : V — W and U : W — Z be linear maps. We define
the map UT : V — Z for x € V by

(UT)x =U((Tx)
The map UT is called the composition of U and T

Let V, W, and Z be vector spaces and let T': V — W and U : W — Z be linear maps. Using the
fact that T and U are linear, we note that for all ,y € V and a,b € R we have that

(UT)(ax + by) = U(T (ax + by))
=U(aTx + bTy)
=aU(Tx) + bU(Ty)
=a(UT)x +b(UT)y

Thus, the map UT is linear. We have justified the following result.

Lemma 6.3.1

Let V, W, and Z be vector spaces and let T : V — W and U : W — Z be linear maps. Then the
composition UT is linear.

Exercise 6.17

Let T : V. — W and U : W — Z be linear maps. Prove that if UT is one-to-one, then T is
one-to-one.

Let V, W, Y, and Z be vector spaces and let S : V — W, T : W — Y, and U : Y — Z be linear
maps. For all # € V we have that

U(TS)z =U((TS)z) =U(T(Sz)) = (UT)(S(x)) = (UT)S)=
We have shown that linear map composition is associative.

(6.7) \U(TS) = (UT)S]

Let V be a vector space. The identity on V is the map Iy : V' — V defined by I}y = . Note that
Iy is a linear map.

Definition 6.10

Suppose V and W are vector spaces and let T': V' — W be linear. A map U : W — V is called an
tnwerse of T if U is linear and
Url = Iy, TU = Iy

If T has an inverse, then T is said to be invertible.

Suppose V' and W are vector spaces and let T : V' — W be linear. Suppose U; : W — V and
Uy : W — V are linear maps such that

UT = Iy, TU, = Iwy, UT = Iy, TUy = Iwy
Using equation (6.7) we note that
Uy =Uilyw =Ui1(TUz) = (U1T)Uy = IyUy = Us
and thus U; = Uy. We have shown the following result.
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Suppose V and W and vector spaces and let T : V. — W be linear. If T' is invertible, then its
inverse is unique.

If T is invertible, we denote the unique inverse by 7!,

Exercise 6.18

Suppose V and W are vector spaces and let 7' : V' — W be linear. Prove that if T is invertible,
then T~ is invertible and (T—!)~! = T.

Exercise 6.19

Let V, W, and Y be vector spaces and let S: V — W and T : W — Y be linear maps. Prove that
if S and T are invertible, then TS is invertible and furthermore we have

(18)™t =s-1r71

Suppose V and W are vector spaces and let 7' : V' — W be a linear map that is invertible with inverse
T~': W — V satisfying

T7'T = Iy, TT ! = Iy
Suppose Twv, = Tws for some vectors v1,vo € V. Then we have that
v = Iyvy = (T7'T)vy = T7H(Tw)) = T HTws) = (T7'T)vy = Iy vy = vy
and thus T is one-to-one. Next let w € W. Then
w=Iyw=(TT Hw =TT 'w) = Tv
where v = T7'w € V and thus T is onto. We have justified the following result.

Suppose V and W are vector spaces and let T': V' — W be a linear map. If T is invertible, then
T is one-to-one and onto.

Suppose V and W are vector spaces and let T : V' — W be a linear map that is one-to-one and onto.
We define an inverse U : W — V as follows. Let w = W. Then since T is onto and one-to-one, there
exists a unique v € V such that Tw = w. Define Uw = v. Note that for all v € V we have

UT)v=UTv)=Uw =
and for all w € W we have
(TU)w=TUw)=Tv=w
We have shown that
Url = Iy, TU = Iy
It remains to show that U is linear. Let wi,ws € W and let a,b € R. Let v; = Uw; and vy = Uws.
Then wy = Twv; and wy = Twy. Since T is linear we have

U(aw; + bwsy) = U(aTv; + bTvs)
= U(T(av; + bva))
= (UT)(av; + bva)
= Iy (av; + bvy)
= avi + bvs
= aUw; + bUw-

When combined with lemma 6.3.3 we have justified the following theorem.
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Theorem 6.1

Suppose V and W are vector spaces and let T': V' — W be a linear map. Then T is invertible if
and only if 7" is one-to-one and onto.

The next result follows from theorem 6.1 and exercise 6.14.
Lemma 6.3.4

Let V and W be finite-dimensional vector spaces and T': V' — W be a linear map. If T' is invertible,
then dim(V') = dim(W).

Exercise 6.20

Suppose V and W are vector spaces and T : V — W is a linear map that is invertible. Prove that
V is finite-dimensional if and only if W is finite-dimensional.

6.4. The Rank-Nullity Theorem
Consider the map T : P»(R) — R? defined by
f) = f (2)]
T —
="
In exercise 6.15 you showed that T is linear, nullity(7") = 1, and rank(7") = 2. The fact that
dim(P(R)) = 3 = 1 + 2 = nullity(7) + rank(T")
is not an accident.
Let V and W be vector spaces and let T": V' — W be a linear map and suppose that V is finite-

dimensional. We will show that

dim (V') = nullity(T") + rank(7T)
Since N(T') is a subspace of V' we have that

0 < nullity(7) < dim(V)
Exercise 6.16 covers the special cases nullity(7") = 0 and nullity(7") = dim(V’) so suppose nullity(7') = k
where 0 < k < dim(V). Let L = {wu1,...,u;} be a basis for N(T'). Since L is a linearly inde-
pendent subset of V' it can be extended to a basis for V by theorem 5.6. Let n = dim(V) and let
g ={u1,...,uk, uky1,...,Un} be an extended basis for V. We will show that S = {Tugi1,...,Tu,}
contains n — k vectors and is a basis for R(T"). This will show that rank(7") = dim(V') — k and we will
have that
dim(V) = k + (dim(V) — k) = nullity(7") + rank(T)

First suppose that

ak+1Tuk+1 +-+a,Tu, =0
Since T is linear we have

T(aps1Upy1 + -+ apuy) =0
Thus

Ap+1Uk4+1 + -+ apUuy € N(T)
Since L is a basis for N(T') we can write

A1 Wt + -+ ApUp = a1U + - - - QUL
After rearranging we get
Apt1Uk+1 + -+ apy —a1u — - — apup =0
But since 3 is a basis for V' we must have that

al:”':ak:ak-l—l:”':an:o
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Thus, S is linear independent set of n — k vectors. To check to see if S generates R(T") we apply lemma
6.2.4 and calculate

R(T) = span(T'(5))
=span({Tuq,...,Tug, Tugsq1,...Tuy})
=span({0,...,0, Tugy1,...Tu,})
= span({T w41, ... Tu,}) = span(S)

We have justified the following theorem.

Theorem 6.2: Rank-Nullity

Let V and W be vector spaces, and let T : V' — W be linear. If V is finite-dimensional then
dim (V') = rank(T") + nullity(T")

The next corollary follows from theorem 6.2. We leave the proof as an exercise.

Corollary 6.4.1

Let A € R™*"™. Then
n = rank(A) + nullity(A)

Exercise 6.21

Prove corollary 6.4.1.

Consider the set W = {x € R* : 1 + 22+ 23+ x4 = 0}. Since W = N(A) where A=[1 1 1 1], W
is a subspace of R*. By inspection, rank(A) = 1 and thus nullity(A) = dim(W) = 4 — 1 = 3 by corollary
6.4.1. We note that

1 1 1
-1 0 0
= 0’ |-1]1"10
0 0 -1

is a linearly independent set of dim(W) vectors in W and hence is a basis for W by corollary 5.3.2.

Exercise 6.22

Consider the set W = {x € R*: 21 — 29 + 23 — 24 = 0}.
(1) Show that W is a subspace of R*.
(2) Calculate dim(W).
(3) Find a basis for W.

Exercise 6.23

1
Consider the matrix A = |1
1

(1) Calculate rank(A) an
(2) Find a basis for N(A).
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Exercise 6.24

Consider the matrix A = [1 2 1 1} )

1 0 -1 1
(1) Calculate rank(A) and nullity(A).
(2) Find a basis for N(A).

Exercise 6.25

1 3
Consider the matrix A= |1 0
0 3

(1) Calculate rank(A) and

(2) Find a basis for N(A).

. J

nullity(A).

Let A € R™™ and let C € R™*™ be the matrix resulting from applying any number of elementary
row operations to A. Then we have that

N(A)=N(C)
by lemma 3.4.4. Thus nullity(A) = nullity(C) and
rank(A) = n — nullity(A4) = n — nullity(C) = rank(C)
by corollary 6.4.1. We have justified the following result.
Corollary 6.4.2

Let A € R™*™ and let C' € R™*™ be the matrix resulting from applying any number of elementary
row operations to A. Then we have that

rank(A) = rank(C)

1 4 3
Consider the matrix A = [—4 —7 —3]|. Adding 4 times the first row to the second row and —3
3 3 0
1 4 3
times the first row to the third row gives the matrix C' = |0 9 9 |. By corollary 6.4.2 we have that
0 -9 -9
rank(A) = rank(C) = 2. Thus by corollary 6.4.1 we have nullity(A) = 3 — rank(4) =3 -2 = 1. By
1
inspection we have § = -1 is a linearly independent set of nullity(A) vectors in N(A) and hence
1

B is a basis for N(A) by corollary 5.3.2.
Exercise 6.26

1 2
Consider the matrix A= | 2 1
-1 4
(1) Calculate rank(A) and nullity(A).
(2) Find a basis for N(A).

N~ W

1
1].
1

Exercise 6.27

Let A € R™*™, If rank(A) = m and nullity(A) = 0 what can you say about m and n? Explain.
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Exercise 6.28

Let A € RY%*20 and suppose that Az = b has a solution for all possible right hand sides b.
Calculate rank(A) and nullity(A).

Exercise 6.29

Let V and W be vector spaces, and let T': V' — W be linear. Suppose V is finite-dimensional.
Prove that 7" is one-to-one if and only if rank(7") = dim(V).

Exercise 6.30

Let T : V — W be a linear map and suppose that V and W are finite-dimensional vector spaces
such that dim(V') = dim(W). Prove that the following statements are equivalent.

(1) T is one-to-one.

(2) T is onto.

(3) T is invertible.

Exercise 6.31

Let V and W be finite-dimensional vector spaces. Let T : V — W and U : W — V be linear and
assume that dim(V') = dim(W). Prove that if UT = Iy, then TU = Iy .

Let A € R™*™ and P € RP*™ such that N(P) = {0}. Suppose € N(PA). Then (PA)xz = 0. Hence
we have

0= (PA)x = P(Ax)

and Az € N(P) = {0}. Thus Az = 0 and « € N(A). Next suppose € N(A). Then Az = 0. Hence we
have

(PA)x = P(Az) = P0=0
Since N(A) = N(PA) we have that nullity(A) = nullity(PA). By corollary 6.4.1 we have that
rank(A) = n — nullity(A4) = n — nullity(PA) = rank(PA)

We have justified the following lemma.

Let A € R™*™ and P € RP*™ such that N(P) = {0}. Then
rank(A) = rank(PA)

Exercise 6.32

Let A € R™™ and @ € R"*? such that rank(Q)) = n. Prove that col(A) = col(AQ) and hence
rank(A) = rank(AQ).

The following theorem follows from lemma 6.4.1 and exercise 6.32.

Theorem 6.3

Let A € R™" P € RP*™ such that N(P) = {0}, and @ € R"*? such that rank(Q)) = n. Then
rank(A) = rank(PAQ).
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Exercise 6.33

Let A € R™*". Suppose that Q € R™*" is invertible and that P € R™*™ ig invertible. Prove that
rank(A) = rank(PAQ).

Exercise 6.34

Let V, W, Y, and Z be finite-dimensional vector spaces and let S : V — W, T : W — Y, and
U :Y — Z be linear maps. Prove that

(1) if S is onto, then rank(7") = rank(7'S).

(2) if U is one-to-one, then rank(7") = rank(UT).

(3) if S is onto and U is one-to-one, then rank(7") = rank(UTS).

Exercise 6.35

Let € R™. Prove that =’ « = 0 if and only if = 0.

Exercise 6.36
Let A € R™*". Prove that if A” Az = 0, then Az = 0. Hint: Calculate (Ax)” Ax.

Exercise 6.37

Let A € R™*™,
(1) Prove that N(A4) = N(AT A).
(2) Prove that rank(A) = rank(AT A).

Exercise 6.38

Let A € R™*™,
(1) Prove that rank(A) = rank(AAT).
(2) Prove that col(AAT) C col(A).
(3) Conclude that col(AAT) = col(A) and hence col(AT A) = col(AT).
(4) Conclude that for any b € R™ the linear system A7 Ax = AT’ is consistent.

Exercise 6.39

Let A € R™*™.

(1) Prove that AT A is invertible if and only if rank(A4) = n.
(2) Prove that AA” is invertible if and only if rank(A) = m.




CHAPTER 7

Matrix Representations and Change of Coordinates

7.1. Coordinate Maps

Let V' be a finite-dimensional vector space. An ordered basis is a basis § = {vi,vs,...,v,} where
the sequence of vectors v1,vs, ..., v, determines the ordering. Suppose V = R3. Let 8 = {ej, ez, e3}
and v = {eg,ej,e3}. Then § and v are the same basis for V' but 8 and 7 are not the same as ordered
bases. We call 5 = {e1, ea,...,e,} the standard ordered basis for R™ and v = {1,¢,...,t"} the standard
ordered basis for P, (R).

Let V be a finite-dimensional vector space and let = {wvj,v2,...,v,} be an ordered basis of n
vectors in V. We define the map 7' : R” — V by

Tx = 2101 + 2202 + -+ + TpVp
By exercise 6.4, the map T is linear. Suppose T'x = 0 for some € R™. Then we have
101 + 222 + -+ 2pv, =0

Since f is a basis, we must have 1 = 29 = -+ = x,, = 0 and thus N(7') = {0} and T is one-to-one. Since
dim(R"™) = dim(V') we have that T is onto and invertible by exercise 6.30.

Definition 7.1

Let V be a finite-dimensional vector space and let § = {vj,v9,...,v,} be an ordered basis of n
vectors in V. Let T': R® — V be the linear map defined by

Tx = x1v1 + 2209 + - - - + U,
Then T is invertible and we define the coordinate map relative to 3 by
¢p=T""

. J

Let V be a finite-dimensional vector space and let = {v1,v2,...,v,} be an ordered basis of n vectors
in V. Note that ¢g : V' — R" is linear since it is the inverse of a linear map. Furthermore, ¢g is invertible,
one-to-one, and onto by exercise 6.18 and theorem 6.1.

For alliin 1,...,n we have

(7.1) Gpvi =€,  ¢5'ei=v;
We also use the notation
[v]g = dpv

for the coordinates of a specific vector v relative to 3.

Let V and W be finite dimensional vector spaces. We say that V' is isomorphic to W if there exists
a linear map T : V — W that is invertible. Such a linear map is called an isomorphism from V
onto W.

(1) Prove that if dim(V') = n, then V is isomorphic to R".

(2) Prove that V' is isomorphic to W if and only if dim(V) = dim(W).

66
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Let 8 = {1 +2t + 12,3 +t2,t +t?}. We leave it as an exercise to show that 3 is an ordered basis for
1
P>(R). Suppose f € P>(R) and that [f]g = |—1|. Applying qﬁgl to both sides and using equation (7.1)
1
we note that

F=1014+2t+ )+ (~1)B+ )+ 1(t + ) = + 3t — 2
To calculate [2t? + 3t + 5], we find ¢1, c2, c3 such that
22 43t +5=c1(1+ 2t + %) + c2(3+ %) + e3(t + 2
by solving the system of equations

c1+ca+c3=2

2c1 +c3=3
c1+3co =5
The unique solution is
01:2, 02:1, 63:—1
and hence
2

(262 + 3t +5]5= | 1

|
| H

Exercise 7.2
Show that
B={*1,2t}, y={-t+1Lt+1,*+1}
-1
are ordered bases for P(R). Find f,g € P>(R) given that [f]g = [g], = | 1 |. Finally, calculate

[t? + 2t + 2]5 and [t? + 2t + 2],.

Exercise 7.3

Let V' be a vector space such that dim(V') = n and let 8 be an ordered basis for V.
(1) Prove that v is a basis for V' if and only if ¢g(v) is a basis for R™.
(2) Prove that « is a basis for R if and only if qﬁgl(a) is a basis for V.

7.2. Matrix Representations

Let V and W be finite-dimensional vector spaces and T': V' — W be a linear map. Suppose dim(V') =
n and dim(W) = m and let 8 = {v1,v2,...,v,} be an ordered basis for V and v = {w1, ws,...,wy} be
an ordered basis for W. Let ¢g: V — R" and ¢, : W — R™ be the associated coordinate maps. We will
study the linear map 1" by considering how it maps coordinates in R™ to coordinates in R™. In particular,
consider the linear map ¢, T’ gbgl : R™ — R™. Since ¢, T gbgl is a linear map from R™ to R™, there exists
a matrix A € R™*" such that

(7.2) ¢, Toy'® = Az
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for all © € R™ by lemma 6.1.3. To find the matrix A we let & € R™ be arbitrary and calculate

Tz e = ¢, Thg' (w1e1 + - xnen)
— xng)VTqb/glel I $n¢7T¢Elen
=110 Tv1 + - + 20TV,
= z1[Tvi]y + -+ + zp[Ton],

= “Tvl]v [Tvn}v]

Tn

(7.3) = Ax
where A € R™*" is the matrix

(7.4) A=[[Tvi], - [Tv,]

Definition 7.2

Let T : V- — W be a linear map between finite-dimensional vector spaces V and W where dim (V') =
n and dim(W) = m. Let 8 = {v1,v2,...,v,} be an ordered basis for V' and and - be an ordered
basis for W. We define the matriz representation of T relative to B and v by

(7.5) [T]E = “Tvl]v [TUQ]W [Tvn]v]

By equations (7.3) and (7.5) we have that

(7.6) T = 6,765 '@

for all  in R™. Let v € V. Using equation (7.6) with = = [v]s gives

[T13lv]s = ¢ Te5" [v]s = [Tv],

We summarize this result in the next lemma.

Let T : V — W be a linear map between finite-dimensional vector spaces, and let 8 and v be
ordered bases for V' and W. For all v € V we have

(7.7) [Tv], = [T]5vls

Let 3 = {e1, ea} be the standard ordered basis for R? and let v = {e3, e, €1} be an ordered basis for

1 + 3x2
R3. Let T : R? — R? be the linear map defined by 7' [wl] = 0 . We calculate
T2 2:L'1 — 4£L'2
1 0
m={[rfof], [7[3]])
L ¥ ¥
[ [1 3
_ [o ;
2 —4
L ¥ ¥
2 —4
=10 0
11 3
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Let © = {_11] in R2. We verify equation (7.7) by noting that

-2 6 2 —4 1
ral = (o || =] of=|o of 1] =wpe
6 -2 1 3
gl
2 i r1 — T2
Let T : R? — R3 be defined by T [:):1} = x1 . Let 8 = {e1, ez} be the standard ordered
2 _2x1 + 2
1] [o] [2
basis for R?. Verify that v = 11,11, ]2 is an ordered basis for R3. Calculate [T]Z_} Verify
0 1 [3
1
that [Tx], = [T]g)[m]g for x = [2]

,
\.

Let T : R? — P»(R) be the map defined by

Tm =@+b)t+1)2+at+1)+b

Show that 7' is linear. Let 8 = {[(2)

P3(R) respectively. Calculate [T7}.

] , [_01]} and v = {2t2,t,—1} be ordered bases for R? and

Exercise 7.6

Let 3 = {1,t,t%} be the standard ordered basis for P,(R). Verify that

{98 LB

is an ordered basis for R?*2. Verify that T : Py(R) — R?*? defined by
_ | f(0) 2£(1)

is linear. Calculate [T7}.

Exercise 7.7

Let V and W be finite dimensional vector spaces with ordered bases 8 and ~, respectively. Suppose
T:V—WandU:V — W are linear maps. Prove that [T]} = [U]} if and only if T = U.

Exercise 7.8

Let T:V — W and U : V — W be linear maps between finite-dimensional vector spaces V and
W. Let 8 be an ordered basis for V' and v be an ordered basis for W. Let a € R. The map T + aU
is defined for @ € V by (T + aU)x = Tx + aUx. By exercise 6.3 we have that 7' + aU is a linear
map. Prove that
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Let T : V — W be a linear map between finite-dimensional vector spaces V' and W, and let 8 and
be ordered bases for V' and W, respectively. Recall that by equation (7.6) we have that

[Tjx = ¢, To5'x
for all * € R™. By exercise 6.34 and lemma 6.2.5 we therefore have that
rank(7") = rank(¢7T¢El) = rank([T]g)

We summarize this result in the following theorem.

Theorem 7.1

Let T : V — W be a linear map between finite-dimensional vector spaces V and W, and let 8 and
~ be ordered bases for V' and W, respectively. Then

rank(7") = rank([T]g)

Exercise 7.9

Let V and W be finite-dimensional vector spaces and T : V' — W be linear. Prove that if 5 and 3’
are ordered bases for V and v and +' are ordered bases for W, then

rank([T7}) = rank([7] gl,)

Let V and W be finite-dimensional vector spaces with ordered bases § and ~ respectively. Let
T :V — W be linear and suppose that

11 1 2

v

[T, =11 0 -1 2
11 2 2

To calculate rank of [T} we first do row operations on [T} which preserve the rank. Adding —1 times
row 1 to row 2 and —1 times row 1 to row 3 gives

1 1 1 2
0 -1 -2 0
0 0 1 0

Adding 2 times row 3 to row 2 and —1 times row 3 to row 1 gives

1 1 0 2
0 -1 00
0 0 10

Adding row 2 to row 1 and multiply row 2 by —1 gives

1 0 0 2
C=101 00
0010

Thus we have rank([T]g,) = rank(C') = 3. Since rank(7") = rank([T]g) by theorem 7.1, we have that
rank(7") = 3. Since dim(V') = 4, we have that

nullity(7') =4 —rank(T) =4-3=1

by the rank-nullity theorem. Since nullity(7") > 0, 7" is not one-to-one. Since rank(7") = 3 = dim (W), we
have that 7" is onto.
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Exercise 7.10

Let V and W be finite-dimensional vector spaces with ordered bases [ and ~, respectively. Let
T :V — W be linear and suppose that

1 1 -1
0 -2 4

Y
[T]ﬁ 2 0 2
2 4 =5

Calculate rank(7") and nullity(7"). Is T one-to-one? Is T onto? Explain.

Definition 7.3

Let V be a finite-dimensional vector space with ordered basis 5 and suppose T : V' — V is a linear
map. We define

Exercise 7.11

Let V be a vector space such that dim(V') = n. Let 8 be an ordered basis for V. Let Iy, : V — V
be the identity map on V. Prove that [Iy]g = I,

Let T : P(R) — P(R) be defined by (Tf)(t) = f(t) + f'(t) + f”(t). Show that T is linear.
Let 8 = {1,,t*} be the standard ordered basis of P»(R). Calculate [T]s. Calculate rank(7) and
nullity(7"). Is T one-to-one? Is T onto? Is T invertible? Explain.

Let V, W, and Z be finite-dimensional vector spaces with ordered bases (3, v, and «, respectively.
Let T:V — W and U : W — Z be linear maps. Suppose dim(V) = n and let § = {v1,...,v,} be an
ordered basis for V. We calculate

UT)§ = [[(UT)vila -+ [(UT)vnla]
= [[U(Tv1)]a [U(Tvn)]a]
= [WErel, - WETe,]
= [U}?/ [[Tvl]v [Tvn]v]
= [UI5[TT}
where we used lemma 7.2.1 to justify that [U(Tv;)]a = [U]§[Tvi],. We summarize this result in the

following theorem.

Let V, W, and Z be finite-dimensional vector spaces with ordered bases 3, v, and «, respectively.
Let T:V — W and U : W — Z be linear maps. Then

(7.8) [UT§ = V15T

Y=g
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Exercise 7.13

Let T : Po(R) — P2(R) and U : P»(R) — R? be the maps defined by

a+b
(TH)E) = F OB +t)+2f(t), Ula+bt+ct’)=| c
a—2>b
Prove that T'and U are linear maps. Let 8 = {1,¢,t?} and v = {e1, es, €3} be the standard ordered
bases of P»(R) and R3, respectively. Compute [U 13 [T, and [UTT]} directly. Use equation 7.8 to
calculate [UT ]g and verify theorem 7.2.

Let V and W be finite-dimensional vector spaces with ordered bases 5 and -y respectively and suppose
that dim(V) = dim(W) = n. Let T : V. — W be a linear map. Since rank(T") = rank([T]}) we have
that T is invertible if and only if [T]Z_j is invertible by exercises 5.19 and 6.30. If T is invertible, then by
theorem 7.2 and exercise 7.11 we have that

(TSI, = [T T]s = [Iv]s = In

[T =TT, = Iwly = I

We summarize these results in the following theorem.

Theorem 7.3

Let V and W be finite-dimensional vector spaces with ordered bases 8 and 7 and suppose dim(V') =
dim(W) =n. Let T': V — W be a linear map. Then T is invertible if and only if [T} is invertible.
Furthermore, if T is invertible, then

(7.9) (T~ =T

Let T : P2(R) — P3(R) be the map defined by (T'f)(t) = f(t) — 2f'(t). We leave it as an exercise to
verify that T is linear. Let 3 = {1,t,¢?} be the standard ordered basis for P,(R). We calculate

T1=1, Tt=t—2, Tt? =2 — 4t

1 -2 0
[T =[[T1s [Tt [Tt}s]=1]0 1 —4
0 0 1
Using standard matrix inverse techniques we calculate
1 2 8
[T =([T)s)" = {0 1 4
0 01
Next we calculate
1 2 8 2 —6
T 2-)g=1T""s2-tp=10 1 4/ | 0| =|-4
0 0 1] |—-1 -1

Applying qﬁ/gl to both sides gives
T7'2—-t*)=—t*—4t—6
Finally we note that
T(—t* —4t —6) = (—t* —4t — 6) — 2(—2t —4) = 2 —

as expected.
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Exercise 7.14

Let T : P,(R) — P»(R) be defined by (T'f)(t) = f(t) + f/(t) + f”(t). In exercise 7.12 you showed
that 7T is a linear map. Let 8 = {1,¢,#?} be the standard ordered basis for P»(R). Calculate [T]s
and [T71g. Use [T !4 to calculate T71(#? — 2t + 1). Verify your answer.

7.3. Change of Coordinates

Let V' be a finite-dimensional vector space with ordered bases 8 and v. Let T': V — V be a linear
map. For any v € V we have that

(7.10) [v]y = voly = [v]jlv]s

We say that the matrix [Iv]g changes coordinates relative to 3 into coordinates relative to . Similarily,
for any v € V we have that

(7.11) [w]g = [Ivvlg = [Iv]5[v],

and we say that the matrix [I V]g changes coordinates relative to v into coordinates relative to f.

Let B = {t?+t+4,4t> -3t +2,2t> + 3} and v = {t> —t+1,t + 1,2+ 1} be subsets of P,(R). We leave
it as an exercise to show that 8 and ~ are ordered bases for P»(R). To calculate [IV]Z;, we first calculate
the coordinates of the vectors in (8 relative to v by solving systems of equations. We note that

2 1 1
P +t+4,=1|3 |, [4*-3t+2,=|-2|, [224+3,=]1
-1 3 1
Next, we note that by definition
2 1 1
()= [ +t+4], [42-3t+2, [22+3],]=|3 -2 1
-1 3 1

Let 8 = { [ﬂ , E] } and v = { [ﬂ , [_11] } Verify that 3 and ~ are ordered bases for R2. Find a

matrix @ € R?*? that changes coordinates relative to 3 into coordinates relative to .

By theorem 7.3 we have that

(7.12) ()" =11 = [Iv)f

By theorem 7.2 we have that

(7.13) [T)s = [Iv T Iv]s = [Iv TV [Iv]} = [IvIE[T1[Iv]}
and

(7.14) [T}, = Iy T Iv], = [Iy TP[Iv]E = [TV} (T3 )

Let V be a finite-dimensional vector space with ordered bases § and 7. Let T': V — V be a linear
map. Suppose that for some v € V we have

Mﬁ:[ﬂ, [T]BZB ;] [Iv]ﬁz[g —11]

Using equation (7.10) we calculate
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Using equation (7.12) we calculate

SRR A REH

Using equation (7.14) we calculate

(T)y = (VYT = % [_13 ﬂ B 3] [?, _11] = % [_13 ;] [182 —11} = [3 —OJ

Exercise 7.16

Let V' be a finite-dimensional vector space with ordered bases 5 and . Let T : V — V be a linear

map. Given that [T]g = [411 3] and [Iy]) = [_11 i], calculate [T7,.




CHAPTER 8

Diagonalizable Operators

8.1. Eigenvalues and Eigenvectors
Let V be a vector space. We call a linear map T : V — V a linear operator on V. A matrix D € R"*"
dy -~ 0
D=|: .
0 - d,
is called diagonal if d;; = 0 for i # j.

Definition 8.1

A linear operator T : V' — V on a finite-dimensional vector space V is called diagonalizable if there
is an ordered basis v for V' such that [T], is a diagonal matrix.

Consider the linear operator T : P,(R) — P>(R) defined by

(TF)(E) = F(8) = 2tf'(t) + (¢ + 1) f"(2)
Let v = {1,¢,1 — t?}. We calculate

1
[T}, =[[T1)y [Tty [TA-)] = [y [t [*-1]] = 8 -1 0|=D

Thus, we have that T is a diagonalizable operator. Since
T1=(1)1, Tt=(-1t, TA-t})=(-1)1-1t>
we have that for each v € v that Tw = Av where A € R.

Definition 8.2

Let T : V — V be a linear operator on a vector space V. A scalar A € R is called an eigenvalue of
T if there exists a nonzero vector v € V, called an eigenvector of T', such that

(8.1) Tv = \v

Exercise 8.1

Let T : R? — R? be the linear map defined by T = Ax where

A=l d

a-[1]. w-f]

Show that v1,vo are eigenvectors of 7. What are the corresponding eigenvalues? Find an ordered
basis v for R? such that [T, is diagonal. Calculate [T, .

and let
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Let T : V — V be a linear operator on a finite-dimensional vector space V and suppose that

dyy -+ 0
[Tly=D=|: - :
0 - dup
is a diagonal matrix for some ordered basis 7 = {v1,v2,...,v,}. Since 7 is a basis we must have v; # 0
for all 7 in 1,...,n. Furthermore, for any ¢ in 1,...,n we have that
(8.2) [Twily = [T][vily = [T]ye: = diei
Applying ¢, 1 to both sides of equation (8.2) gives
(83) Tv; = dii;, " (€:) = diivi
By equation (8.3) we have for all i in 1,...,n that v, is an eigenvector of T' with corresponding eigenvalue

d;;. We have justified the following lemma.

Let T': V — V be a linear operator on a finite-dimensional vector space V' and suppose that [T,
is a diagonal matrix for some ordered basis 7 = {v1,v2,...,v,}. Then 7 is an ordered basis for V'
consisting of eigenvectors of T'.

Let T': V — V be a linear operator on a finite-dimensional vector space V and suppose that v =

{v1,v9,...,v,} is an ordered basis for V' consisting of eigenvectors of T'. Since ~ contains eigenvectors of
T we have for all 7 in 1,...,n that Tv; = A\;v; for some \; € R. Since
[T]y = [[Tvi)y [Twaly -+ [Toal,]
[[/\1”1 v [Pevaly o ]y
P‘l iy Agfvaly - )\n[vn]w]
= [Ae1 Aex - Aney]
AN -0 0
0 - A\
=D

we have that T is diagonalizable. Combining this result with lemma 8.1.1 gives us the following result.

Theorem 8.1

A linear operator 7' : V' — V on a finite-dimensional vector space V is diagonalizable if and
only if there exists an ordered basis v for V consisting of eigenvectors of 7. Furthermore, if

v = {v1,v2,...,v,} is an ordered basis for V' consisting of eigenvectors of 7', then
N - 0
[Tly= |+ -
0 - A\
where for all 7 in 1,...,n we have that Tv; = \;v;.

Definition 8.3

Let A € R™ ™ and let T : R™ — R"™ be defined by T = Ax. Then A is called diagonalizable if the
linear operator T is diagonalizable.
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Definition 8.4

Let A € R™™™. A scalar A € R is called an eigenvalue of A if there exists a nonzero vector € R",
called an eigenvector of A, such that

(8.4) Ax =z

Exercise 8.2

Let A € R™ ™. Prove that A is diagonalizable if and only if there exists a basis for R consisting
of eigenvectors of A.

r
\.

Exercise 8.3

Let A € R™"™. Prove that A is diagonalizable if and only if there exists an invertible matrix
@ € R™"™ and a diagonal matrix D € R™*" such that

A=QDQ™!
or equivalently

D=Q 'AQ

Let T be a linear operator on a finite-dimensional vector space V with ordered basis 8. Suppose that

v € V is an eigenvector of T" with corresponding eigenvalue A € R. Then we have that
Tv = Mo, v#0
Applying ¢g to both sides gives
[Tv]g = [Av]g, v#0
and hence
[T]glvls = Alvlg,  [v]g#0

where [v]g # O since ¢g is one-to-one and v # 0. Thus [v]g € R" is an eigenvector of [Tz with
corresponding eigenvalue A € R. We have justified the first part of the following theorem. We leave the
remainder of the proof as an exercise.

Theorem 8.2

Let T be a linear operator on a finite-dimensional vector space V with ordered basis 8. Then A is
an eigenvalue of T if and only if X is an eigenvalue of [T]3. Furthermore,
(1) If v € V is an eigenvector of 7" with corresponding eigenvalue A, then ¢g(v) € R" is an
eigenvector of [T']3 with corresponding eigenvalue .
(2) If £ € R™ is an eigenvector of [Tz with corresponding eigenvalue A, then (bgl(w) eVis
an eigenvector of 7' with corresponding eigenvalue \.

Exercise 8.4

Prove theorem 8.2.

Exercise 8.5

Let T be a linear operator on a finite-dimensional vector space V' with ordered basis j3.
(1) Prove that if v is an ordered basis for V' consisting of eigenvectors of 7" then ¢g(7) is an
ordered basis for R™ consisting of eigenvectors of [T]g.
(2) Prove that if v is an ordered basis for R consisting of eigenvectors of [T]g, then ¢gl(a)
is an ordered basis for V' consisting of eigenvectors of 7.
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The next theorem allows us to focus on the problem of testing to see if a matrix is diagonalizable. We
leave the proof as an exercise.

Theorem 8.3

Let T be a linear operator on a finite-dimensional vector space V with ordered basis #. Then T is
diagonalizable if and only if [T is diagonalizable.

Exercise 8.6

Prove theorem 8&.3.

Let T be the linear operator on P(R) defined by
() = FO) + (t+ DI ()
and let 8 = {1,t,t*} be the standard ordered basis for P»(R). Since
T1 =1, Tt =1+ 2t, Tt? = 2t + 3t*

we have that

[T =

OO =
SN =
w N o

It is easy to check that

a={x,z2, 3}

where
1 1 1
w:[: O 5 ,’,EQ— 1 s $3: 2
0 0 1
111 1 00
is an ordered basis for R? consisting of eigenvectors of [T’ lJg. Weset Q=10 1 2|,D=]0 2 0f,and
0 01 0 0 3
calculate
11 1] (1t 0 of |1 -1 1
QD™ =10 1 2/]0 2 0| |0 1 =2|=[T)
0 0 110 0 3]0 O 1

which verifies that [T is diagonalizable by exercise 8.3. Using exercise 8.5 we deduce that
v=¢5" () = {1, 141,142t +*}
is an ordered basis for P,(R) consisting of eigenvectors of T'. Finally we note that

T1=(1)1, TOA+t)=2+2t=2(1+1t), T +2t+t%) =3+6t+3t>=3(1+2t+1t)

[T}v =

SO =
SN O
w o O

which verifies that T is diagonalizable.
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8.2. Determinants

Let V' be a vector space such that dim(V) = n. Let T : V — V be a linear operator and (3 be
an ordered basis for V. By theorem 8.3, the linear operator T' is diagonalizable if and only [Tz is
diagonalizable. Furthermore, [T]g is diagonalizable if and only if there exists an ordered basis for R"
consisting of eigenvectors of [T]z. We will thus need a procedure for finding an ordered basis for R"
consisting of eigenvectors of [T]g if such a basis exists. To look for a basis of eigenvectors, we must first
find all eigenvalues of the matrix [T7g.

To find eigenvalues of a matrix A € R™*" we look for A € R and x # 0 such that

Ax = \x
or equivalently
(8.5) (A— A,z =0, x#0

Thus, we look for A € R such that N(A — AI,,) contains a nonzero vector or equivalently A — A\, is not
invertible by exercise 5.19. To find A € R such that A — I, is not invertible, we will use the determinant.

Definition 8.5

Let A € R™™™. The determinant of A is a scalar, denoted by det(A) or |A|, and is defined recursively
as follows.
(1) If A € RY™! then det(A) = ay1, the single entry of A.
(2) If A e R™™™ for n > 1, then
n
det(A) =Y (=1)""ay; det(ar;)
j=1
where ay; is the (n — 1) x (n — 1) matrix obtained by deleting row 1 and column j from
the matrix A.

Exercise 8.7

Suppose A is a 2 x 2 matrix. Show that det(A) = aj1a22 — aj2a2;.

Exercise 8.8

Calculate det(A) where A = [é g]

Exercise 8.9

Calculate det(A) where A =

O = =
|
B~
|
—

The next result says that the determinant can be expanded along any row or column. We omit the
proof.
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Theorem 8.4

Let A € R™"™. Then for any 1 <i <n and any 1 < j < n we have
n n
det(A) =) (—=1)"ay; det(ai;) = Y (—1)"ay; det(ay)
j=1 i=1

where @;; is the (n — 1) x (n — 1) matrix obtained by deleting row ¢ and column j from A.

Consider the matrix

To calculate det(A) efficiently, we use theorem 8.4 and expand along the second column to get

det(A) = (—1)"*+2(1) det (E _11> — (—1)(=2) =2

A matrix A € R™" is called upper triangular if all entries lying below the diagonal entries are zero
(i.e. aj; = 0 whenever 7 > j). A matrix A € R"*" is called lower triangular if all entries lying above the
diagonal entries are zero (i.e. a;; = 0 whenever 7 < j). A matrix that is both upper triangular and lower
triangular is diagonal. The next result says that it is easy to calculate the determinant for such matrices.
We leave the proof as an exercise.

Lemma 8.2.1

Let A € R™™™ be an upper triangular, lower triangular, or diagonal matrix. Then

det(A) = 11022 *** Ann

Exercise 8.10

Prove lemma 8.2.1.

Exercise 8.11

Calculate det(A) where A= | 0 4 5

One easy consequence of lemma 8.2.1 is that for any n > 0 we have that

(8.6) det(l,) =1
Consider the matrix
2 1 1 5
1 1 -4 -1
A=190 23 1
3 1 1 2

Expanding along the second column or third row will be the most efficient due to the location of the 0.
However, many calculations will still be required. The following theorem, which we state without proof,
allows us to use elementary row operations to further simplify the calculation of determinants.
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Theorem 8.5

Let A € R™™.

(1) If B is a matrix obtained by interchanging any two rows or interchanging any two columns
of A, then det(B) = —det(A).

(2) If B is a matrix obtained by multiplying a row or a column of A by a scalar k, then
det(B) = kdet(A).

(3) If B is a matrix obtained from A by adding a multiple of row ¢ to row j or a multiple of
column ¢ to column j for ¢ # j, then det(B) = det(A).

Again consider the matrix

21 1 5

11 -4 -1
A= 2 0 -3 1

31 1 2

Adding —1 times row 1 to row 2 and —1 times row 1 to row 4 gives

2 1 1 5

-1 0 -5 —6
B= 2 0 -3 1

1 0 0 -3

By theorem 8.5 we have that det(A) = det(B). Next we expand along the second column of B using
theorem 8.4 to get

-1 -5 —6
det(A) = det(B) = (-1)'"?(1)det [ | 2 -3 1
1 0 -3
-1 -5 —6
Let C= |2 -3 1 |. Adding 3 times the first column to the third column gives
1 0 =3
-1 -5 -9
D=|2 -3 7
10 0

By theorem 8.5 we have that det(C') = det(D). Finally, we expand along the third row of D using theorem
8.4 to get

det(A) = det(B) = —1det(C) = —1det(D) = (—1)(—1)*+1(1) det <[:5 _QD — 62

3 7
Exercise 8.12
1 0 -2 3
. . -3 1 1 2 . . . .
Consider the matrix A = 0 4 —1 1| Write det(A) as the determinant of a single 3 x 3 matrix
2 3 0 1
by expanding the determinant along the first column after first applying certain row operations.
Calculate the determinant of A.

Let A € R™" with column vectors a1, as,...,a, and suppose that A is not invertible. By exercise
5.19 we have that N(A) # {0}. Let « be a nonzero vector in N(A). Then we have that

r1a1 + 2092 + -+ THay, =0
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Since x # 0, we have x; # 0 for some 7 in 1,...,n and thus

-1
(8.7) a; = — (2181 + -+ 2i-1@i-1 + Tig1Qig1 + o F Tnn)
(2
Equation (8.7) shows that we can transform the i*" column of A into 0 by adding multiples of the other
n — 1 column vectors without changing the determinant by theorem 8.5. Finally, expanding along the **
column shows that det(A) = 0. We summarize this result in the following lemma.

Lemma 8.2.2

Let A € R™ ™. If A is not invertible, then det(A) = 0.

The next lemma says that the determinant is multipliciative. We omit the proof.

Lemma 8.2.3

It A, B € R™" then
det(AB) = det(A) det(B)

Suppose A € R™*" is invertible. Then we have
AAT =1,
By lemma 8.2.3 and equation (8.6) we have that
1 = det(I,,) = det(AA™1) = det(A) det(A™1)
and thus det(A) # 0. Combining this result with lemma 8.2.2 gives us the following result.

Theorem 8.6

Suppose A € R™*™. Then A is invertible if and only if det(A) # 0.

The following corollary gives us our primary tool for finding all eigenvalues of a matrix A using the
determinant. We leave the proof as an exercise.

Corollary 8.2.1

Let A € R™ ™. Then the following statements are equivalent for all A € R.

(1) X is an eigenvalue of A.
(2) N(A - )\I,) # {0}.

(3) A— A, is not invertible.
(4) det(A — AI,) = 0.

Exercise 8.13

Prove corollary 8.2.1.

Let A= [le ﬂ . To find all eigenvalues of A we solve
1—A 1 2 2
det(A — A\I3) = det 4 1\ =(1-XN)"—-4=X-2\-3=0

Since
M_2X-3=A-3)A+1)
the eigenvalues of A are A1 = 3 and A2 = —1 by corollary 8.2.1.
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Let A= . To find all eigenvalues of A we solve

O O N
NN
= O O

2-\ 4 6
det(A — XI) = det 0 2-X 0 =(2-N*4 -\
0 2 4-)

Thus the eigenvalues of A are A\; = 2 and A2 = 4 by corollary 8.2.1.

2 000
010 :
Let A= 00 2 0 . To find all eigenvalues of A we solve
01 01
2—A 0 0 0
0 1—-A 0 1
det(A — AI) = det 0 0 2-x 0
0 1 0 1—A
1—A 0 1
= (—D)"(2 = \) det 0 2-X 0
1 0 1—A

— (2= A (=1)**2(2 — A) det ([l ! AD
= (2= N)?(\2 =2))
=(2-22\—2)

Thus the eigenvalues of A are A\; = 2 and A2 = 0 by corollary 8.2.1.

Exercise 8.14

Let A € R3X3 be given by

1 0 -1
A=|10 0 O
-1 0 1

Use corollary 8.2.1 to find all eigenvalues of A.

Exercise 8.15

Let A € R**4 be given by
1 2 0 0
0 -1 0 O
A= 0 0 1 0
0 0 -1 2
Use corollary 8.2.1 to find all eigenvalues of A.

The next exercise gives us an easy way to find the eigenvalues of matrix that is upper triangular, lower
triangular, or diagonal.

Exercise 8.16

Let A € R™ ™ be an upper triangular, lower triangular, or diagonal matrix. Prove that A has
eigenvalues
A1 = a1y, A2 = aga, An = Gnn
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Consider the matrix

1 0 0 O
0 -1 1 0
A= 0 0 -1 0
0 0 0 1
Since A is upper triangular, the eigenvalues of A are A\ = 1 and Ao = —1 by exercise 8.16.

Let T be the linear operator on P(R) defined by

(THE) =f&)+E+1)f @)
and let 3 = {1,¢,12} be the standard ordered basis for P,(R). We showed earlier that

1 1 0
T)s= 10 2 2
00 3

By exercise 8.16, the eigenvalues of [T']g are Ay = 1, Ay = 2, and A3 = 3. By theorem 8.2, the linear map
T also has eigenvalues Ay = 1, Ao = 2, and A3 = 3.
Consider the linear operator T': P,(R) — P3(R) given by

(TF)(t) = f(t) =2t (t) + (£ + ) f"(1)
and let 8 = {1,t,t?} be the standard ordered basis for P,(R). We calculate
T1 =1, Tt = —t, Tt? =2 —¢?

and thus we have

1 0 2
[T]zs=10 -1 0
0 0 -1

By exercise 8.16, the eigenvalues of [T]3 are A\; =1 and Ay = —1. By theorem 8.2, the linear map 7" also
has eigenvalues Ay = 1 and Ay = —1.

Exercise 8.17

Consider the linear operator T : P(R) — P»(R) given by

(THE) =)+ f(2)t+ £(3)
Find the eigenvalues of T

Definition 8.6

Let A,B € R™", We say that A is similar to B if A = CBC~! for some invertible matrix
C e R™*™,

\. J

Note that by exercise 8.3, a matrix A € R™*" is diagonalizable if and only if A is similar to a diagonal
matrix D € R"*".

Exercise 8.18

Let A, B € R"*™.
(1) Prove that if A is similar to B, then B is similar to A.
(2) Prove that if A is similar to B, then rank(A) = rank(B).
(3) Prove that if A is similar to B, then det(A) = det(B).
(4) Prove that if A is similar to B, then A — AI,, is similar to B — Al,,. Use corollary 8.2.1 to
conclude that if A is similar to B, then A and B have the same eigenvalues.
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8.3. Eigenspaces

Now that we know how to find all eigenvalues of a matrix A € R"*" using the determinant, the next
step in finding a basis for R™ consisting of eigenvectors of A is to find the corresponding eigenvectors for
each eigenvalue.

Let A = [}1 ﬂ We showed earlier that the eigenvalues of A are Ay = 3 and Ao = —1. To find an
eigenvector of A with corresponding eigenvalue A\; = 3, we look for a nonzero € R? such that
Ax = 3x
or equivalently
(A — 3IQ)$ =0
. -2 1
Since A — 315 = 4 _o| We want to solve

for some x # 0. Since

one eigenvector is

Another eigenvector is xs = { 4]. How do we describe all possible eigenvectors with corresponding

eigenvalue A\; = 3?7 Since 0 is not an eigenvector, the set of eigenvectors with corresponding eigenvalue
A1 = 3 is not a subspace of R?. However, the set of eigenvectors plus 0 is a subspace of R2.

Definition 8.7

Let A € R™"™ and let A be an eigenvalue of A. Define
E\,=N(A-)\,)
The set E) is called the eigenspace of A corresponding to the eigenvalue .

Note that E) is a subspace of R™ consisting of the zero vector and the eigenvectors of A corresponding
to the eigenvalue A. Furthermore, by the rank-nullity theorem we have

(8.8) dim(E)) = n —rank(A — \I,,)
2000
0101 . .
Let A= 00 2 ol We showed earlier that the eigenvalues of A are Ay = 2 and Ay = 0. By the
01 01
rank-nullity theorem we have
0 0 0 O
dim(E),) = 4 — rank(A — 2I;) = 4 — rank 0 -1 01 =4-1=3
im(Ey,) = ran 1) = ran 00 0 0 = =
0 1 0 -1



8.3. EIGENSPACES 86

Since dim(F)y,) = 3, we can find a basis for Ey, by finding a linearly independent set of 3 vectors in
Ey\, = N(A —214) by solving

0 0 0 O
0 -1 0 1
0 0o 0 o]0
0 1 0 -1
We see by inspection that
1 0 0
o — 0 0 1
Ty o] |10
0 0 1

is a linearly independent set of 3 solutions and hence «; is a basis for E),. By the rank-nullity theorem
we have

2 000

dim(F),) = 4 —rank(A — 0I4) = 4 — rank 0101 =4-3=1
2 00 20
0101

Since dim(E),) = 1, we can find a basis for E, by finding a single nonzero vector in Ey, = N(A — 214)
by solving

2 0 0 O
01 0 1
002 0/%=0
01 0 1
We see by inspection that
0
_ 1
a9 = 0
-1

is a basis for E\,. To find a basis for R* consisting of eigenvectors of A, we need a linearly independent
set of 4 eigenvectors of A. It is easy to verify that

S O =
S = O

a=uoay1Uag =

o~ OO
_ o = O

is a basis for R* consisting of eigenvectors of A and thus A is diagonalizable by exercise 8.2. Note that if
we set

1 0 0 O 2 0 0 0
001 1 02 00
QiOlOO’ D70020
00 1 -1 00 0O
then
1 0 0 O 2 0 0 0|1 0o 0 O 2 0 0 0
-1 _ {00 1 1 020010 0O 1 0] _ 1010 1|
QDQ_OIOO 002000.500.5_0020_A
001 —-1{]0 0 0 0] |0 05 0 —-0.5 01 0 1

and we have verified that A is diagonalizable.
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Exercise 8.19

Let A € R%2X? be given by
1 2
E
Find the eigenvalues of A. For each eigenvalue \; calculate dim(E),) and find a basis for Ey,. Find

a basis a for R? consisting of eigenvectors of A. Find an invertible matrix Q € R?*? and a diagonal
matrix D € R?*? such that A = QDQ L.

Exercise 8.20

Let A € R3%3 be given by

2 0 -2
A=11 3 2
0 0 3

Find the eigenvalues of A. For each eigenvalue \; calculate dim(F£),) and find a basis for Ey,. Find
a basis a for R? consisting of eigenvectors of A. Find an invertible matrix Q € R3*3 and a diagonal
matrix D € R3*3 such that A = QDQ L.

Exercise 8.21

Let A € R**4 be given by

1 2 0 O
0 -1 0 0
A= 0 0 1 0
0 0 -1 2

Find the eigenvalues of A. For each eigenvalue \; calculate dim(E),) and find a basis for E),. Find

a basis o for R* consisting of eigenvectors of A. Find an invertible matrix Q € R**4 and a diagonal
matrix D € R*** such that A = QDQ L.

Exercise 8.22

Let A € R™" and suppose A has distinct eigenvalues A\, A2 € R. Prove that Ey, N E), = {0}.

Consider the linear operator T": P»(R) — P»(R) defined by

(TF)(E) = f(£) = 2tf'(t) + (¢ + 1) f"(2)
Let 3 = {1,t,1%} be the standard ordered basis for P,(R). We showed earlier that

1 0 2
T]g= 1|0 -1 0
0O 0 -1
and the eigenvalues of [T g are Ay = 1 and A9 = —1. By the rank-nullity theorem we have
0 0 2
dim(F)y,) =3 —rank(A —1[3) =3 —rank | |0 —2 O =3-2=1
0O 0 -2

Since dim(FE),) = 1, we can find a basis for E), by finding a nonzero vector in F\, = N(A — 1I3) by
solving

0 0 2

0 -2 0|x=0

0 0 -2
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We see by inspection that
o] = 0
a basis for Ey,. By the rank-nullity theorem we have

dim(E),) = 3 —rank(A + 113) = 3 — rank =3-1=2

S O N
oS O O
O O N

Since dim(F),) = 2, we can find a basis for F), by finding a linearly independent set of 2 vectors in
E), = N(A + I3) by solving

2 0 2
0 0 Ofx=0
0 00

We see by inspection that

0 1
g = 1 y 0
0 -1

is a linearly independent set of 2 solutions and hence «; is a basis for E),. To find a basis for R? consisting
of eigenvectors of A, we need a linearly independent set of 3 eigenvectors of A. It is easy to verify that

1 0 1
a=oayUay = O, (1,0
0 0 -1

is a basis for R? consisting of eigenvectors of A. Using exercise 8.5 we deduce that
v=¢5' (@) ={1,t,1 -1}

is an ordered basis for P»(R) consisting of eigenvectors of T'. As noted earlier we have

1 0 0
], =10 -1 0
0 0 -1

which verifies that T is a diagonalizable operator.

Exercise 8.23

Consider the linear operator 7' : P,(R) — P2(R) given by

(THE) = f) + E+1)f(t)
Find an ordered basis v for P>(R) such that [T, is a diagonal matrix. Verify your answer by
calculating [T7,.

Exercise 8.24

Consider the linear operator 7' : P,(R) — P2(R) given by

(TF)() =t () + F(2)t + f(3)
Find an ordered basis v for P»(R) such that [T, is a diagonal matrix. Verify your answer by
calculating [T7,.

In previous examples we took the union of eigenspace bases to find a basis for R™ consisting of
eigenvectors of a matrix A. In general, the union of linearly independent sets does not have to be linearly
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independent. For example, the set { [ﬂ } U { B] } is linearly dependent. It turns out that the union of

linearly independent sets from different eigenspaces is always a linearly independent set.

Let A € R™™ and suppose A has distinct eigenvalues A\j, Ay € R. Let S = {v1,v2,...,v,} be a
linearly independent set of n vectors in E)y, and T' = {w;, wa, ..., wy,} be a linearly independent set of
m vectors in Ejy,. Suppose that

(8.9) vl + -+ vy +diwy + -+ dpwy, =0
We next multiply both sides by the matrix A — A1 I, to get
0=(A—\I,)0
= (A= ML) (crv1 + -+ ey + dywy + -+ - + dpywi,)
=c1(A—Mlp)vi+ -+ (A= ML)v, +di(A— Mlp)wi + -+ dp (A — M\ Ip)ws,
=c1(Avy — \v1) + -+ en(Avy, — \oy,) + di(Awy — \wq) + -+ - + di (Awy, — AMqwyy,)
=c1(Mv1 — \v1) + -+ epn(Mvn — Nvy) F di(Aewr — Mwr) + - - F dp (Aews, — Awsy,)
= (A — A1) (dywy + -+ + dpywyy,)
Since A2 — A1 # 0, we must have
dywi + - +dpwy, =0

and since T’ is linearly independent

(8.10) di= =dp=0
Plugging equation (8.10) into equation (8.9) and using the fact that S is linearly independent gives
(8.11) cp=---=c¢,=0

and we have shown that S U T is a linearly independent set of n + m vectors. We have justified the
following theorem for the special case k = 2. We leave the proof of the general case as an exercise.

Theorem 8.7

Let A € R™™ and suppose A has k distinct eigenvalues A1, Aa,..., Ay € R. Foreach i =1,2...,k,
let S; be a linearly independent subset of E), containing n; vectors. Then S = S U Sy U---U Si
is a linearly independent set in R™ containing ny + no + - - - + nj vectors.

Exercise 8.25

Prove theorem 8.7. Hint: Use mathematical induction on k.

Let A € R™"™ and suppose A has k distinct eigenvalues A1, Ag, ..., \r € R. Further suppose that
dim(Ey,) + dim(E),) + - - +dim(E),) =n

Foriin 1,...,k, let a; be a basis for F), containing dim(E),) vectors. By theorem 8.7 and corollary 5.3.2
we have that

a=arUasU---Uag
is a basis for R™ consisting of eigenvectors of A and thus A is diagonalizable by exercise 8.2. We have
justified the following result.

Corollary 8.3.1

Let A € R™"™ and suppose A has k distinct eigenvalues A1, Ag, ..., \p € R. If
dim(E)\l) e dim(E)\z) SF oo =P dim(E)\k) =n
then A is diagonalizable.
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2 11
The matrix A = |1 2 1| has eigenvalues \; = 4 and Ay = 1. We calculate

11 2

-2 1 1
dim(E),) = 3 —rank 1 -2 1 =3-2=1
1 1 -2
1 11
dim(Fy,) =3 —rank | |1 1 1| | =3-1=2

1 1 1
Since dim(E),) 4+ dim(E),) = 3, we have that A is diagonalizable by corollary 8.3.1.
Exercise 8.26

Let A € R™ ™ and suppose A has k distinct eigenvalues A, Ag, ..., A\r € R. Prove that
dim(E)\l) + dim(E)\Q) SFoco e dim(E)\k) <n

Exercise 8.27

Let A € R™"™ and suppose A has n distinct eigenvalues A1, Aa,..., A\, € R. Prove that A is

diagonalizable.
3000
. 0200 .
The matrix A = 00 2 0 has eigenvalues A1 = 3 and Ay = 2. We calculate
1 0 0 3
0 0 0 O]
. 0O -1 0 O
dim(E),) = 4 — rank 0 0 -1 0 =4-3=1
1 0 0 0
1 0 00
. 0 00O
dim(E),) = 4 — rank 000 0 =4-2=2
1 0 01

Since dim(E), ) + dim(E),) = 3 < 4, corollary 8.3.1 does not apply. If we take the union of a basis for
E,, and a basis for Ey, we will have a linearly indpendent set of 3 eigenvectors. However, a basis for R*
requires 4 vectors. We suspect that A is not diagonalizble but we need another result to justify it.
Let A € R™™ and suppose that A is diagonalizable. Then by exercise 8.2 there exists a basis a for
R™ containing eigenvectors of A. Suppose A has distinct eigenvalues A1, Ag,..., A\ € R. For 1 < i < k,
let
o = an by,

and n; be the number of vectors in «;. Note that n < n; + no + - -+ + ng since each eigenvector must
have a corresponding eigenvalue. Since each «; is linearly independent by exercise 4.13 we must have
n; < dim(E),) for all 1 <+i <k by theorem 5.2. Combining these results gives

n<ng+ng+---+n, <dim(E)y, ) + dim(E),) + - - + dim(E),)

and hence
dim(Ey,) + dim(Ey,) +--- + dim(E)\k) =n

by exercise 8.26. This result combined with corollary 8.3.1 justifies the following result which gives us our
main test for diagonalizability of a matrix.
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Theorem 8.8

Let A € R™"™ and suppose A has k distinct eigenvalues A1, A2, ..., Ay € R. Then A is diagonalizable
if and only if
dim(Ey,) + dim(E),) + - - +dim(E),) =n

3 000
. . . 0 200 . . . .
Consider again the matrix A = 00 2 0 with eigenvalues A\; = 3 and Ay = 2. Since dim(E),) +
1 0 0 3

dim(E),) = 3 < 4, the matrix A is not diagonalizable by theorem 8.8.
Exercise 8.28

-1 0 1
Let A= 3 0 —3|.Is A diagonalizable? Explain.
1 0 -1

Exercise 8.29

Let A = . Is A diagonalizable? Explain.

S O N
NN
= O o

Consider the linear operator T : P»(R) — P»(R) given by (T'f)(t) = f(t) — 2f'(t). Let 8 = {1,t,t*}
be the standard ordered basis for P»(R). We calculate

T1 =1, Tt=t—2, Tt? =2 — 4t

1 -2 0
Tg=[0 1 -4
0o 0 1
[T has the single eigenvalue A = 1. We calculate
0 -2 0
dim(Ey) =3 —rank [ |0 0 —4| ]| =3-2=1
0 0 O

Since dim(E)) = 1 # 3 we have that [Tz is not diagonalizable by theorem 8.8 and hence T is not
diagonalizable by theorem 8.3.

Exercise 8.30

Consider the linear operator T : Po(R) — P»(R) given by (Tf)(t) = f(t) + f'(¢t) + f"(t). Is T
diagonalizable? Explain.

Exercise 8.31

Find a matrix A € R2*2 guch that

(1) A is invertible but not diagonalizable.

(2) A is invertible and diagonalizable.

(3) A is not invertible but is diagonalizable.
(4) A is not invertible and not diagonalizable.




CHAPTER 9

Inner Product Spaces

9.1. Inner Products

Definition 9.1

Definition: An inner product on a vector space V is a function that takes two vectors ¢,y € V
and returns a scalar in R denoted (x,y) such that for all ,y,z € V and all ¢ in R the following
axioms hold.

(1) (x+2,9) = (x,y) + (z,9)
(2) (cx,y) = cla.y)

3) (z,y) = (y, )
(4)(:U:B>>01f:c7é0

Definition 9.2

A vector space V' with inner product (z,y) is called an inner product space.

L1 W
T2 Y2 .

Forxz=| . | andy= | .| in R" we define x - y (called the dot product) as
In Yn

n
(9.1) Toy=) Ty
=1

Note that for all ,y € R™ we have that

(9.2) z-y=xly

Show that (x,y) = « - y is an inner product on R™.

We call (x,y) = x -y the standard inner product on R™.
Definition 9.3

A matrix A € R™*" is called symmetric positive definite if AT = A and T Az > 0 for all  # 0.

Suppose that A € R™*"™ is a symmetric positive definite matrix and for &,y € R™ define
(9.3) (@,y) =z Ay

We will show that (z,y) is an inner product on R".

(1) For x,y,z € R" we note that
(@+zy) =(®+z2) Ay=a-Ay+z- Ay = (z,y) + (2,9)

92
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(2) For «,y € R"” and ¢ € R we calculate

(cx,y) = (cx) - Ay = c(z - Ay) = c(z, y)
(3) For «,y € R™ we have that
TAT

(y)=z Ay=Ay-z = (Ay) e =y ATz =y Az =y Az = (y,2)

(4) Let @ € R™ and suppose that  # 0. We calculate
(x,x) =x- Ax = 27 Az > 0
since the matrix A is positive definite.

Definition 9.4

Let C([a,b]) be the subset of F([a,b],R) of all functions that are continuous for all ¢ € [a, b].

Exercise 9.2

Prove that C([a,b]) is a subspace of F([a, b],R).

Exercise 9.3

For f,g € C([a,b]) define (f,g) = f; f(t)g(t) dt. Prove that (z,y) is an inner product on C(]a,b]).

The following result gives some basic inner product results that follow from the axioms. We leave the
proof as an exercise.

Lemma 9.1.1

Let (x,y) be an inner product on V. For x,y,z € V and ¢ in R we have

(1) (z,y + 2) = (z,y) + (x, 2).

(2) <ZE, Cy> - C(iE, y)

(3) (x.0) = (0,2) = 0.

(4) (x,x) > 0 and (x, ) = 0 if and only if = 0.
(5) If (x,y) = (x, z) for all x € V, then y = z.

Prove lemma 9.1.1.

9.2. Norms and Orthogonality

Definition 9.5

Let V be an inner product space. For € V', we define the norm or length of x by

(9-4) 2]l = V/(z, z)

Let V = R"™ with the standard inner product. Then

95) 2]l = /a3 + -+ 2
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Let V be an inner product space. Prove that for all ,y € V' and all ¢ € R the following properties
hold.

(1) lex]| = |e] [l]
(2) ||z|| = 0 if and only if x =0

Consider a right triangle with side lengths a, b, ¢ € R where c is the length of the hypotenuse. The
Pythagorean theorem for right triangles says that

(9.6) a4+ b =¢?

Now consider two vectors @,y in an inner product space V. Equation (9.6) suggests that if x and y are
orthogonal then we should have

(9.7) l)* + 1y = l|lz + y]?
Using properties of the inner product we calculate
(9.8) Iz +yl* = (x+y,x+y) = (@2)+ (x,9) + (y,2) + (y,y) = =] + 2(x,y) + |y[

and note that in order for equation 9.7 to hold we must have (x,y) =0

Definition 9.6

Let V' be an inner product space. We say that & and y are orthogonal if (x,y) = 0.

Equation (9.8) justifies the following theorem.

Theorem 9.1: Pythagorean Theorem

Let V' be an inner product space. If  and y are orthogonal, then

lz +ylI* = [l + lly]*

Let V be an inner product space. By lemma 9.1.1, we have that 0 is orthogonal to any vector x € V
and furthermore 0 is the only vector that is orthogonal to itself.

Exercise 9.6

Prove that the vectors 1,¢ in C([—1,1]) are orthogonal. What is the length of the vector ¢ in
C([-1,1])?

Exercise 9.7

Let V be an inner product space. Consider the vectors v, v2, v3 in V and suppose that
<’01, ’02> = 07 <’Ul, U3> = 07 <’U2,’03> =0

Prove that
[v1 4+ v + vs||* = lv1]]* + [Jv2|* + [|lvs|?

r
\

Exercise 9.8

Let V be an inner product space. Prove that for all x,y € V
lz +yl* + |z — ylI* = 2||=|* + 2]y
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Exercise 9.9

Let V be a finite-dimensional inner product space with generating set S = {vy,...,v,}. Suppose
that for some € V we have that (z,v;) =0 for all ¢ € 1,...,n. Prove that = 0. Hint: Show
that (x,x) = 0.

Exercise 9.10

Suppose A € R™*™ has column vectors ai, as, ..., a,. Let x € R™. Prove that € N(A”) if and
onlyife-a;=0foralliin1,..., n.

Let V be an inner product space. Let & and y be vectors in V where y # 0. By properties of the
inner product we have that

(—cy,y)=0&c=

Definition 9.7

Let V be an inner product space. Let & and y be vectors in V where y # 0. The orthogonal
projection of x onto y, denoted proj, x is defined by
(z.y) _ (xy)  (z.y) < y >

proj, = Y= y=
Y (y,v) lyll? lyll  \lyll

x,y)
ly]|

\. J

The number is called the component of x along y and is denoted comp, x.

Let V = R? with the standard inner product. Consider the problem of finding the distance from the

point P = (7,6) to the line through the origin in the direction of the vector y = {4

2] . A vector normal to

4
is the absolute value of the component of the vector OP in the normal direction

the line is given by n = [_2} . Let O = (0,0) denote the origin. The distance from the point to the line

n-OP 10
d:’c"mpnopz‘ ml Hm =5

Exercise 9.11

Find the distance from the point P = (—2,3) € R? and the line that contains the points A =
(—=3,—1) and B = (1,2).

(z,y)

Let V' be an inner product space. Let & and y be vectors in V where y # 0. Let ¢ = ) Since

(x —cy,cy) = c{®—cy,y) =0
we have by the Pythagorean theorem that
Ilz]* = |z — cyl® + lleyl* = [ley]?

Using exercise 9.5 and plugging in ¢ = gz; gives

(z, y)?
lyll*

After taking square roots we have justified the following result (the case where y = 0 is easy).

] > lleyl® = Iel*l|lyl* = Iyl
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Lemma 9.2.1: Cauchy-Schwarz Inequality

Let V be an inner product space. Then for all &,y € V we have that
(9.9) (z,y) <|lzllyll

Exercise 9.12

Let V be an inner product space. Prove that for all x,y € V we have that
[z, y)| = |l 1yl

if and only if & = cy or y = cx.

Exercise 9.13

Let V = R"™ with the standard inner product. Let & € R™. Use the Cauchy-Schwarz inequality to
prove
1| + |22| + -+ [zn] < V|||

Let V be an inner product space and let @,y € V. Using the Cauchy-Schwarz inequality we note
le +yl* = (x +y,z+y)
= |l=|* +2(z,y) + |y|”
< la|* + 2(|z, y)| + [ly|®
< lel* + 2] 2lly] + ]
= ([l + lyl)?

After taking square roots we have justified the following result.

Lemma 9.2.2: Triangle Inequality

Let V be an inner product space. For all &,y € V we have

e+ yll < llz] + [yl

9.3. Orthogonal and Orthonormal Bases

Let V' be an inner product space and let w € V. If ||u|| = 1, we call w a unit vector. If v € V and
v # 0, then u = ﬁ is a unit vector since by exercise 9.5 we have
v 1
|l = oot =1
ol fl [l

Definition 9.8

Let V be an inner product space. A subset S of V/

(1) is orthogonal if any two vectors in S are orthogonal.

(2) is an orthogonal basis for V if it is orthogonal and a basis for V.

(3) is orthonormal if S is orthogonal and consists entirely of unit vectors.
(4)

3
4) is an orthonormal basis for V if it is orthonormal and a basis for V.

The set 5 = {ey,ea,...,e,} is an orthonormal basis for R".
Let V be an inner product space and S = {v1,...,v,} an orthogonal set of n nonzero vectors in V.
Suppose that
cv1 +cevo+ -+ vy, =0
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For any ¢ in 1,...,n we have
= (0, v;)

= (C1v1 + U2 + - - + ¢V, ;)

= (v, i) + - - <Ciflvifla'vi> + (civi, vi) + (Ci+1Vit1,vi) + -+ (c1Vp, V;)
<Cz'vzavz>

= ¢;l|vi?

and hence ¢; = 0 since ||v;|| # 0. We have justified the following result.

Let V be an inner product space and S = {v1,...,v,} an orthogonal set of n nonzero vectors in
V. Then S is a linearly independent set of n vectors in V.

Consider the set S = {v1, v, v3,v4} where

1 1 -1
1 S 1
-1 U3 = —11> V4 =

-1 1 1

Vg =

&4

i

Il
e

It is easy to check that S is orthogonal and hence an orthogonal basis for R* by lemma 9.3.1 and corollary
5.3.2. Similarily, the set T' = {u, u2, us, us} where

1/2 1/2 1/2 ~-1/2
w — |12 w — | 12 e — | 1/2 e — | 172
72 27 1 —1/2| 37 1—1/2|” 1T -1/2
1/2 ~1/2 1/2 1/2

is an orthonormal basis for R* by by lemma 9.3.1 and corollary 5.3.2.

Exercise 9.14

Let V = R3 with the standard inner product. Prove that 3 = {v1,v2} where

is an orthogonal basis for the subspace

W={xecR: 2+ 2z +23=0}

Exercise 9.15

Let V = C([-1,1]) with the inner product (f,g) f f()g(t)dt. Prove that 8 = {u1,us, u3}

where
1 3 9, .9
“ V2’ 2 \/; ’ s \/;( )

is an orthonormal basis for the subspace W = P»(R).

Let V be an inner product space and suppose that § = {u1,us,...,u,} is an orthonormal basis of n
vectors for V. Then for any v € V we have

(9.10) v =ciu] +cous + -+ cpy,
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For any ¢ in 1,...,n we have
(v,u;) = (c1u1 + caua + -+ - + Crty, u;)
= (crur, w;) + - (Ci1Wi—1, W) + (iU, Ui) + (Cip1Uit1, Ui) + - - (C1Up, U;)
= <Ciuiaui>
= cillwi?

We have justified the following result.

Let V' be an inner product space and suppose that f = {uy,us,...,u,} is an orthonormal basis
of n vectors for V. Then for any v € V' we have
(9.11) v = (v,u)u; + (v, uz)us + - - + (v, up)uy

Consider again the orthonormal basis 7' = {u1, u2, u3, us} where

1/2 1/2 1/2 —~1/2
w 1/2 . — 1/2 . — —-1/2 s — 1/2
72 2 —-1/2|° 3 —-1/2|° 4 —-1/2
1/2 ~1/2 1/2 1/2

and let v = . By lemma 9.3.2 we have that

=W N =

v = (v,u)u) + (v, u2)us + (v, uz)us + (v, ug)uy
=buy — 2us + uy

Exercise 9.16

Let V be an inner product space and suppose that § = {v1,v9,...,v,} is an orthogonal basis of
n vectors for V. Prove that for any vector v € V we have that

(v,v1) (v,v2) (v, V)
(9.12) v = vy + Vg + -+

o] vz loaf2 "

Exercise 9.17

Let V = R3 with the standard inner product.
(1) Prove that 3 = {v1,v2,v3} is an orthogonal basis for R? where

1 —2/3 0
V1 = 1 s Vo = 1/3 y V3 = —1/2
1 1/3 1/2
-1
(2) Let v= | 1 |. Use equation (9.12) to calculate ¢, c2, c3 such that
3

UV = 1V + CV32 + Cc3V3

(3) Verify that your coefficients ¢y, co, c3 work.
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9.4. Orthogonal Complements

Definition 9.9

Let V be an inner product space and S be a subset of V. We define the orthogonal complement of
S as
St={xeV:(x,y)=0foralyes}

1
Let V = R? with the standard inner product and let S = 1| ». Then by definition we have
1
SL:{$€R325E1+$2+$3:0}

Thus S+ is a plane through the origin. Since S+ = N(A) where A = [1 1 1], we have that S* is
subspace of R3. By the rank-nullity theorem we have

<

dim(St) =3 —rank([1 1 1])=3-1=2
and it is easy to check that
B = -1 ) 0
0 -1

is a basis for S*. The fact that ST in this example is a subspace of R? is not an accident. We leave the
proof of the following result as an exercise.

Lemma 9.4.1

Let V be an inner product space and S be a subset of V. Then St is a subspace of V.

Exercise 9.18

| r

Prove lemma 9.4.1.

Let V be an inner product space and W a subspace of V' that is generated by S = {v1,v2,...,v,}.
Let v € V. If v € W, then (v,v;) =0 for all i in 1,...,n since S C W. Next suppose that (v, v;) = 0
forall in 1,...,n and let w € W. Since S generates W we have that

w = Cc1V] + V2 + - - + U,
for some scalars ¢y, co,...,c,. But then we have that

(v,w) = (v,c1v] + V2 + - - + LUy
= (v,c1v1) + (v, cov2) + -+ - + (v, crvy)

= c1(v,v1) + c2(v,v2) + - -+ + cp(V, Vy)

We have justified the following result.

Lemma 9.4.2

Let V be an inner product space and let W be a subspace of V that is generated by the set
S = {v1,v,...,v,}. Then for any v € V we have that v € W+ if and only if (v,v;) = 0 for all i
inl,...,n.
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1 0
Let V = R* with the standard inner product and suppose that w; = _11 and wo = ; . Let
1 3

W = span({w1,w2}). By lemma 9.4.2 we have that x € W+ if and only if ¢ - w; = 0 and = - ws = 0.
Thus & € W+ if and only if € N(A) where

By the rank-nullity theorem we have that
dim(W+) = nullity(A) =4 — rank(4) =4 — 2 =2
Adding row 2 to row 1 gives
1 0 3 4
B= 0 1 2 3

p= 0
1
)

is a linearly independent set of 2 vectors in WJ- N(B) and hence 3 is a basis for W+.

Exercise 9.19

Let V = R?* with the standard inner product and suppose that W = span({v1,v2}) where

It is easy to check that

1 1
1 1
V1= V2= | 9
0 -1

Find a basis for W+,

Exercise 9.20

Let V = R™ with the standard inner product and let A € R™*™. Prove that
(9.13) (col(A))t = N(AT)

Let V = R"™ with the standard inner product and let A € R™*". Plugging A = A’ into equation
(9.13) gives the formula

(9.14) (col(AT))+ = N(A4)



CHAPTER 10

Projections and Least Squares

10.1. Orthogonal Projections
Let V = R? with the standard inner product. Let W be the plane through the origin in R? given by
W:{zce]R?’:a:g—wg:O}

-1

Consider the problem of finding a vector © € W that is closest to the vector y = | 0 |. In particular,
2

we are looking for @ € W such that

(10.1) ly —zll < lly — ||

for all v € W. Intuition suggests that ||y — | will be minimized when y — @ is orthogonal to the plane
W. Thus, we are looking for a vector ® such that

(10.2) zecW, y—xcWt
We start by finding a basis for W. Since W = N(A) where A= [0 1 —1] we have that
dim(W) = nullity(A) = 3 —rank(4) =3 —-1=2

1 0
It is easy to check that § = {v1,v2} where vi = [0| and vo = [1] is a linearly independent set of 2
0 1

vectors in W and hence [ is a basis for W. Since [ is a basis, the & € W we are looking for can be
written as

T = C1v1 + C2V2
for some constants c1,co € R to be determined. Since § generates W, lemma 9.4.2 says the constraint
that y — ¢ € W+ is equivalent to

(10.3) (y — c1v1 — cov2) - v1 =0, (y — c1v1 — cov2) - v2 =0

After simplifying, the system of equations (10.3) is equivalent to

(10.4) c1 = —1, 2c9 = 2
-1

which has the unique solution ¢; = —1 and ¢ = 1. Thus, * = —1v; + lvo = | 1 | is the unique vector
1

satisfying equation (10.2). Furthermore, our intuition suggests that « is the unique vector in W satisfying
equation (10.1) for all v € W.
Let V = C([—1,1]) with inner product (f,g) = fil f(t)g(t)dt. Let W = P4(R) and consider the

problem of finding a polynomial f € W that is closest to the function g = e in V. In particular, we are
looking for f € W such that

(10.5) lg — Il < llg — Rl

for all polynomials h € W. As in the plane example, it turns out that the unique polynomial f € W that
satisfies equation (10.5) for all h € W is the unique polynomial f satisfying

(10.6) few, g-fewt

101
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Let V' be an inner product space and W a finite-dimensional subspace of V. Let y € V and consider
the problem of finding a vector x such that
(10.7) zeW, y—xcWt
Let 8 = {vi,v,...,v,} be a basis for W containing n vectors. Any vector * € W can be written
T =cv;+cva+ -+ vy

Note that by lemma 9.4.2 we have y — & € W= if and only if

(y —c1v1 —caug — -+ — oy, v;) = 0
forall i € 1,...,n or or equivalently Ac = z where
(vi,v1) (v2,v1) -+ (v, V1) c1 (y,v1)
(vi,v2) (v2,v2) -+ (Vn,v2) C2 (y,v2)
= . . . . 9 c - . 9 z - .
<Ulavn> <’l)2,’l)n> U <'Un;'vn> Cn <y7vn>
Next suppose that Ac = 0 for some ¢ € R™. Then for all 7 in 1,...,n we have

0 = c1(v1,v;) + c2(v2, Vi) + - -+ + cp{Vn, Vi) = (C1V1 + oV + - -+ + CpVn, Vi)
But then
(c1v1 + o2 + + -+ 4 CpUp, 1V + CQUa F - - F pUy) =0

and hence

€1V + U + -+ U, =0
Since 3 is linearly independent, we have ¢ = 0. Finally, we note that since N(A) = {0} we have that A
is invertible by exercise 5.19 and hence

T = C1U] + U2 + -+ + CpUp

where ¢ = A~1z is the unique vector satisfying equation (10.7). We have justified the following theorem.

Theorem 10.1

Let V be an inner product space and W a finite-dimensional subspace of V. For all y € V there
exists a unique vector & € W such that y — x € W,

Definition 10.1

Let V be an inner product space, W a finite-dimensional subspace of V', and y a vector in V. Let x
be the unique vector in W such that y — € W+. The vector « is called the orthogonal projection
of y onto W and is denoted projy, y.

Let V' be an inner product space and W a finite-dimensional subspace of V. Since any vector y € V'
can be written
y = projy Y + (¥ — proji y)
we have that
V=W+Wwt
Suppose v € WN W+, Then (v,v) = 0 and hence W N W+~ = {0}. By exercise 3.10 we have justified the
following result.

Corollary 10.1.1

If V is an inner product space and W is a finite-dimensional subspace of V', then
V=wWew"

Combining corollary 10.1.1 with exercise 5.8 gives the following result.
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Corollary 10.1.2

If V' is a finite-dimensional inner product space and W is a subspace of V', then
dim(V) = dim(W) + dim(W+)

The next exercise gives an alternate proof of corollary 10.1.2.

Exercise 10.1

Let V be an inner product space and W a finite-dimensional subspace of V. We define the map
T:V = VioryeV by

Ty = projyy
The map is well defined since the projection of y onto W is unique.

(1) Prove that T is a linear map.
(2) Prove that R(T) = W and N(T) = W+.
(3) Conclude using the rank-nullity theorem that if V' is finite-dimensional then

dim(V) = dim(W) + dim(W+)

Exercise 10.2

Let V be a finite-dimensional inner product space and let W be a subspace of V. Prove that
W =Wt

Let V = R™ with the standard inner product. Let A € R™*™. Then W = col(A) is a subspace of V.
By corollary 10.1.2 and exercise 9.20 we have that

(10.8) m = rank(A) + nullity (A7)

The rank-nullity theorem applied to AT gives

(10.9) m = rank(AT) + nullity(AT)

Combining equations (10.8) and (10.9) gives an alternate proof of theorem 5.4 which says that
rank(A) = rank(AT)

Let V' be an inner product space and W a finite-dimensional subspace of V. In the proof of theorem
10.1 we showed that the the orthogonal projection of a vector y onto W could be calculated by solving a
linear system. We will next show that if an orthonormal or othogonal basis is available for W then the
orthogonal projection can be calculated directly. Suppose that

B ={ui,ug,...,u,}

is an orthonormal basis of n vectors for W and let y € V. To find the orthogonal projection of y onto W
we look for a vector & € W such that y — & € W, Since € W we have

T =cluy +cous + -+ chu,

for some constants ci, ¢a, . .., ¢, to be determined. By lemma 9.4.2 we have y — € W if and only if
(y —cruy — coug — -+ — cpup,u;) =0
foralli € 1,...,n or since B is an orthonormal set
¢ = (Y, wi)

for all i € 1,...,n. We have justified the following result.
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Theorem 10.2

Let V be an inner product space, W a finite-dimensional subspace of V', and

5: {u17u27"'aun}

an orthonormal basis of n vectors for W. Then for all y € V' we have

prOjW Yy = <y7 ’LL]_>U1 + <y7 u2>u2 TP eoeIF <y7 un>un

\. J

The next result gives an easy way to calculate an orthogonal projection using an orthogonal basis for
W. We leave the proof as an exercise.

Corollary 10.1.3

Let V be an inner product space, W a finite-dimensional subspace of V', and
B ={v1,v2,...,v,}
an orthogonal basis of n vectors for W. Then for all y € V' we have
: <y,'01> <y7'02> <yavn>
PRI = o2 T gl 2T w2
1 —6
Let V = R* with the standard inner product. Consider the matrix A = i _12 and vector b =
1 7
-1 1 —6
% . It is easy to check that § = {a1, a2} where a; = i and ay = _1 is an orthogonal basis for
6 1 7
W = col(A). Using corollary 10.1.3 we calculate
-1
. b- ai b- a9 8 45 1
pI‘OJCOl(A)b = 7“%”2@1 + ”a2H2a2 = Zal + %aQ = los
5.5
To check our result we note that
0 1 0 —6
. 1 1 . 1 -2
(b - pro.]col(A)) tap = ~1.5 1 =0, (b - prOJcol(A)) caz2 = —150 1 =0
0.5 1 0.5 7

which shows that b — projg,(4) in (col(A))* as expected.

Exercise 10.3

Let V = R? with the standard inner product and suppose that
2 —2
vi=1|95 |, V2

I
[

1
o y= |2
3

Let W = span({vy,v2}).
(1) Prove that 8 = {v1,v2} is an orthogonal basis for W.

(2) Calculate & = projy, y.
(3) Verify that y — x is in W+,
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10.2. The Gram-Schmidt Process

Let V' be an inner product space and suppose that S = {wi,wa,...,w,} is a linearly independent
set of n vectors in V. For kin 1,...,n define
(10.10) Sk = {wi,wo, ..., wi}
and
(10.11) Ty = {v1,v2,...,v;}
where v1 = w1y and for kin 2,...,n
(10.12) Vi = Wk — PIOjspan(Ty,_,) Wk
We will prove by mathematical induction that for all £ in 1,...,n we have that T} is an orthogonal set

of k nonzero vectors in span(Sy). The result is clear for k¥ = 1. Suppose that the result holds for some k
in1,...,n—1. We will prove the result holds for k + 1. We first note that v # 0 since otherwise by
equation (10.12)

(10.13) W11 = PrOjspan(1y) Wk+1 € span(Ty) C span(Sk)

which would contradict the fact that Sii1 is a linearly independent set. Combining this result with the
fact that viy1 € (span(T;))* and the inductive assumption gives us that Ty ; is an orthogonal set of
k + 1 nonzero vectors. Finally, we note that by the inductive assumption and equation (10.12) we have
that Ty is in span(Sky1) Combining this result with corollary 10.1.3 proves the following theorem.

Theorem 10.3

Let V be an inner product space and suppose that S = {w1, ws,...,w,} is a linearly independent
subset of n vectors in V. Define T' = {v1,v2,...,v,} where v; = w; and
k—1 <UJ v )
(10.14) vp=wy— Y Sy, 2<k<n
2o
Then T is an orthogonal set of n nonzero vectors in span(S5).

The construction of T' = {v,v2,...,v,} using equation (10.14) is called the Gram-Schmidt process.
Let V = R? with the standard inner product. Consider the problem of finding an orthogonal basis
1
B = {v1,v2,v3} for R? that contains the vector w; = |2|. Consider the set S = {w;, w2, w3} where
1
1 1 0
wi; = |2|, we = [0], and w3z = [1|. We note that S is a set of 3 linearly independent vectors and
1 0 0
hence is a basis for R? containing w; since
1 10
det [ [2 0 1| | =1(-1)*"1)=14#0
100
The Gram-Schmidt process gives
1
v =w; = |2
1
W v 1 1 5/6
Vo = W9 — 2 11: of —= 12| = —1/3
v 0 1 -1/6
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ws3 - v ws3 - v 0 2 1 2 5/6 0
V3 = W3 — 3 11)1— 3 21)2: 1{—= 12| +-= —1/3 = 1/5
101 V2 U2 ol O|1| ®|-1s| |25

and thus the set 3 = {v1, vy, v3} is an orthogonal basis for R? containing w;.

Let V = R?* with the standard inner product. Consider the problem of finding an orthogonal basis
for the subspace

W:{x€R4:x1—$2+$3—x4:O}
We first find a basis for W. Note that W = N(A) where A=[1 —1 1 —1] and hence
dim(W) =4 —rank(A)=4—-1=3

—1
0
1
0
To find an orthogonal basis = {v1, v2,v3} for W we apply the Gram-Schmidt process to the vectors in
S. We have

It is easy to check that S = {w, w2, w3} is a basis for W where wy = , Wy = , and wy =

SO = =
_ o O =

1
1
V] = w1 = 0
0
-1 1 —1/2
vy = wy — P2 Uy — 0 _(—1> 12
0 0 0
1 1 —-0.5 1/3
vgzwg—w3.vlv1—w3'v202: 0| 1i1f (=05)1]05 _|-1/3
V1 -V V9 - V2 0 210 1.5 1 1/3
1 0 0 1

Since (3 is a linearly independent set of dim(WW') vectors in W, the set (3 is an orthogonal basis for W.

Exercise 10.4

Let V = R3 with the standard inner product. Find an orthogonal basis 3 = {v1,vs,v3} for R?
1
that contains the vector w; = |1

| '_\

Exercise 10.5

Let V = R* with the standard inner product. Find an orthogonal basis for the subspace
W:{mER4:x1+$2+x3+x4:O}

Exercise 10.6

Let V = C([-1,1]) with the inner product (f,g) = fil f(t)g(t)dt. Apply the Gram-Schmidt
process to the standard basis S = {1,¢,t?} for W = P»(R) to obtain an orthogonal basis T for W.
Finally, normalize the vectors in T' to obtain an orthonormal basis g for W.

Exercise 10.7

Prove that any finite-dimensional inner product space V has an orthonormal basis.




10.3. FUNCTION APPROXIMATION 107

10.3. Function Approximation

Let V be an inner product space and W be a finite-dimensional subspace of V. Let y € V and let
T = projy, y be the orthogonal projection of y onto W. Let v be any vector in W. First note that

(10.15) y—-v=(y—x)+ (x—v)

Since x,v € W we have © — v € W. Furthermore, since y — & € W+ we have that (y — x,z — v) = 0.
The Pythagorean theorem gives

(10.16) ly —vl* = lly =z + |z —v|* > ||y — 2/

and taking square roots gives

(10.17) ly — [l < lly — v

Next suppose there exists a potentially different vector z € W such that

(10.18) ly — 2] < lly — v

for all v € W. Then plugging v = z into equation (10.17) and v = x into equation (10.18) gives
(10.19) ly — =l = lly — =]

Next we plug v = z into equation (10.16) to get

(10.20) ly = =I* = lly — 2 + |z — =

Combining equations (10.19) and (10.20) gives ||z — z||> = 0 which implies that z = . We have justified
the following result.

Theorem 10.4

Let V be an inner product space and W be a finite-dimensional subspace of V. Let y € V and let
= projy, y be the orthogonal projection of y onto W. Then for all v € W

ly =zl < lly — v
Furthermore, if for some z € W we have that ||y — z|| < ||y —v| for all v € W, then z = «. Thus,
T = projyy is the unique vector in W that is closest to y.

Let V = C([-1,1]) with inner product (f,g) = f_ll f(t)g(t)dt. Let W = P(R) and consider the

problem of finding a polynomial f € W that is closest to the function g = e in V. In particular, we are
looking for f € W such that

(10.21) lg — fIl < llg — Rl

for all polynomials h € W. By theorem 10.4, the unique solution to this minimization problem is
. 2

(10.22) f= prOJP2(R)€t

We will use theorem 10.2 to calculate projp,g) e”. To find an orthonormal basis for P,(R), we run the

Gram-Schmidt process on the standard basis S = {1,¢,#?} and normalize the resulting vectors. It can be
shown (see exericse 10.6) that the resulting orthnormal basis is 8 = {u1, ua, us} where

1 3 5)
- — — /2t =\ /2321
“ \/5, Y2 \/; ’ U3 \/;( )

(etQ,uQ> =0

We use mathematical software to estimate the remaining coefficients.

(e uy) ~2.0685, (e, us) ~ 0.66533

By symmetry we have that

and set ,
f = projp,me" = 2.0685u; + 0.66533us3
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We use mathematical software to estimate

le” — £ ~ 0.0075399

For comparison, the Maclaurin polynomial approximation in P»(R) to e’ is h = 1+ ¢ Again using
mathematical software we estimate ,
|et” — h|? ~ 0.10037

We see that with respect to the given norm, the projection f = proj PQ(R)etQ ?

is much closer to g = e
then the Maclaurin polynomial approximation b = 1 + ¢2.

Exercise 10.8

Let V = C(]—1,1]) with the inner product (f,g) = f_ll f(t)g(t) dt and let W = P3(R).
(1) Let g = sin(nt). Calculate f = projp,)sin(nt), the orthogonal projection of g onto
W = P3(R).

Hint: The set 8 = {u1, u2,us,us} is an orthonormal basis for P3(R) where

1 3 5, .9 \ﬁ 5
- — /5t =1/=(3t2 -1 — G
w=m W \@ u3 \/;( ), ug =l )

13
(2) Let h = nt — (7T6) in P3(R) be the Maclaurin polynomial approximation to g = sin(nt).
Using your favorite mathematical software package, plot the functions f, g, and h on the
same graph where ¢ € [—1, 1] and compare.

10.4. Linear Least Squares

Let A € R™*"™ and b € R™. In the case where Az = b does not have an exact solution, we will seek
to find a vector & € R™ such that ||b — Ax|| is as small as possible.

Definition 10.2

Let A € R™*™ and b € R™. Then & € R" is a least squares solution to Ax = b if
1b— Az[| < [|b— Ax|
for all x € R™.

Note that any exact solution to Az = b is a least squares solution since if Az = b then ||b— Az| = 0.

We first tackle the question of existence of a least squares solution. Let A € R™*"™ and b € R™. If
b is not in col(A), then Az = b does not have an exact solution. In this case we will convert the linear
system to

(10.23) Az = projeoi(ayb

which does have an exact solution. Let & be any solution to the linear system (10.23) and let & be any
vector in R™. Since Ax € col(A) we have by theorem 10.4 that

1b— Az[| = [|b — projeoia)bll < [|b— Az|
We have justified the following result.

Theorem 10.5

Let A € R™*™ and b € R™. For all b € R™ there exists a least squares solution to Az = b.

Next we tackle the question of how to find a least squares solution. Let A € R™*™ and b € R™. Let
& € R™ be any least squares solution to Az = b. Then we have that

(10.24) Ib— Ag|| < ||b— Az|
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for all € R™. Since any vector in col(A) can be written as Ax for some & € R™ we have that

(10.25) AZ = projeoi(a)b

since the projection is the unique vector closest to b by theorem 10.4. By definition of projection we have
(10.26) b— Ad € (col(A))"

and since (col(A))+ = N(AT) by exercise 9.20 we have

(10.27) AT Az = ATb

Next suppose that & is any solution to equation (10.27). then b— Az € N(A”) and hence equation (10.26)
holds. By the uniqueness part of theorem 10.1 equation (10.25) holds which implies equation (10.24) by
theorem 10.4. Hence & is a least squares solution to Ax = b. We have justified the next result.

Theorem 10.6

Let A € R™*"™ and b € R™. The vector & € R" is a least squares solution to Ax = b if and only if
& is a solution to the normal equations

(10.28) ATAx = ATb

Let A € R™*™ and b € R™. By theorem 10.5 there exists a least squares solution & to Az = b and
by theorem 10.6 we have that & is a solution to the normal equations. We have justified the following.

Corollary 10.4.1

Let A € R™*". For all b € R™ there exists a solution to the normal equations AT Az = ATb.

For an alternate proof of corollary 10.4.1, see exercise 6.38.
Suppose that

-1 2 4
A=|2 =3], b= |1
-1 3 2
It is easy to check that Ax = b is inconsistent. To find the least-squares solution, we solve
AT Az = AT
We calculate
6 —11 —4
Ty _ Ty _
AA_[—H 22}’ Ab_[ll]

The least-squares solution is thus

o3[ 8-

To calculate projgq4)b we note that

-1 2 3 1
projcol(A)b = Az = 2 -3 |: :| =10
3

Exercise 10.9

Find a least squares solution to the inconsistent system Ax = b where

40 2
A=10 2|, b=]0
11 11

Also calculate projeqi(4)b-
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Let A € R™*". Then Az = proje,(4)b has a unique solution for all b € R™ if and only if nullity(A) = 0
or equivalently rank(A) = n. Thus Az = b has a unique least squares solution for all b € R™ if and only
if rank(A) = n. Combining this result with exercises 6.37 and 6.39 gives the following theorem.

Theorem 10.7

Let A € R™*", Then the following statements are equivalent.

(1) Az = b has a unique least squares solution for all b € R™.

(2) rank(A) = n.

(3) rank(ATA) = n.

(4) AT A is invertible.

(5) The normal equations AT Az = ATb have a unique solution for all b € R™

Let (x1,1), (¥2,92), - - -, (Tn, yn) be n given data points in R? and suppose that z; # x; for i # j. Let

1z Y1
1 zo Yo
X = : . ) /6 = [g;] y Yy = :
1z, Yn

Since the assumptions give rank(X) = 2, the linear system X3 = y has a unique least squares solution
by theorem 10.7. Let 3 be the unique least squares solution to X3 = y. We define the least-squares line
to be the line y = 51 + Box. Note that

(10.29) ly = XBl < |ly — X8|
for all 3 € R2. Since equation (10.29) is equivalent to ||y — X 3|2 < ||y — X B||2, equation (10.29) says

n

(10.30) Z(yz — (B1 + Bomi))? < Z(yz — (61 + Bowi))?
i=1

i=1

Pa

the actual and predicted y-coordinates. R X
Consider the problem of finding the equation y = 1 + 2z of the least-squares line that best fits the
data points (0,1), (1,1), (2,2), and (3,2). To find the least-squares line, we need to find the least-squares
solution to the following system:
_ |Po _
) B - |:Bl ) y -

el g el

forall 3 = [ﬁ 1] € R2. Thus the least-squares line minimizes the sum of squares of the differences between

X =

— = =
w N = O
N DN = =

We calculate

6 14 11
The least-squares solution is thus

b= (XTx) Xy - L [i —46} m _ [188//2200} - [Sﬂ

Thus, the least-squares line is given by y = Bg + ,5’13; =0.9+ 04x.

Exercise 10.10

Find the equation y = (31 + B2z of the least-squares line that best fits the data points (2,1), (5,2),
(7,3), and (8,3). Using your favorite mathematical software package, plot the data points and your
least-squares line on the same graph where x € [0, 3] and compare.




CHAPTER 11

Orthogonal Diagonalization and the Spectral Theorem

11.1. Projection Matrices and Orthogonal Matrices

If U € R™*™ has column vectors ui, uo, ..., u, then

T
uq Uy Uy U -U2 - U Up

T
T Uy U2 UL U-UY - UQ - Up

(11.1) U'U=|. [ul Uy - un] =

ul Up - U] Uy U -+ Uy U
n n 1 n 2 n n

Thus by equation 11.1 we have that UTU = I,, if and only if w;-u; = 1 for all i in 1,...,n and u; ‘u; =0
for i # j. We have justified the following result.

Lemma 11.1.1

Let U € R™*™ have column vectors w1, us,...,u,. Then S = {uy,us,...,u,} is an orthonormal

set if and only if
vt =1,

Exercise 11.1

Let U € R™*™. Prove that if UTU = I,,, then n < m.

Let U € R™*™ and suppose that UTU = I,,. Prove that
(1) Uz - Uy = « - y for every  and y in R"”

(2) ||Ux|| = ||=|| for every x in R™
Suppose U € R™*™ has column vectors wi, us, ..., u, and UTU = I,,. By lemmas 11.1.1 and 9.3.1,
the set of column vectors S = {u1,ug,...,u,} is an orthonormal basis for col(U). Thus, for any b € R™

we have by equation (1.15) and theorem 10.2 that
UUTH = (wpu! 4+ woud + - + u,ul)b
=wulb+usulb+ -+ u,ulb
=(b-u)u;+ (b-ur)us+ -+ (b-up)u,
= Projeol)b

We have justified the following result.

Let U € R™*". If UTU = I,,, then for any b € R™ we have
UUTb = proje )b

111
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Consider the matrix

1 0
U= 10 1/V2
0 1/V2
and note that UTU = I,. We calculate
1 0 0
vut =10 1/2 1/2
0 1/2 1/2
By lemma 11.1.2, we have
-1 1 0 o0][-1 -1
Projeoiry | 0 | = [0 1/2 1/20 | 0 | =] 1
2 0 1/2 1/2] | 2 1
Consider the matrix i
1 001
A=10 1 1 0
100 1
It is easy to check that § = {u1, ua} where
1/v/2 0
U = 0 s us = |1
1/v2 0
1/vV2 0
is an orthonormal basis for col(A). Thusif U = | 0 1| we have that col(A) = col(U) and UTU = Is.
1/vV2 0
By lemma 11.1.2, we have
1 1 1 1/2 0 1/2] [1 2
Projeoi(4) |2| = Projeoi(tyy |2| = vut|2l=10 1 0 21 = |2
3 3 3 1/2 0 1/2| |3 2

Exercise 11.3

Let A € R™*™. Prove that for all b € R™ we have
(1) b € col(A) if and only if proj,, )b = b.
(2) be N(AT) if and only if PIOjeoi(4)b = O.

Exercise 11.4

Consider the matrix

1 0 0 -1
A=]0 1 -1 0
-1 0 0 1

(1) Find a matrix P € R3*3 such that for all b € R3 we have
Pb = projcol(A)b

1
(2) Calculate proje(a) |2 -
3
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w

Definition 11.1

A matrix U in R™*" is called an orthogonal matriz if UTU = I,,.

Exercise 11.5

Prove that U € R™*" is an orthogonal matrix if and only if U is invertible and U~ = UT.

Exercise 11.6

Ezample: Suppose that

U:

= O O
S O =
O = O

Is U an orthogonal matrix? If so, what is U~1?

7
\.

Exercise 11.7

Prove that U € R™ ™ is an orthogonal matrix if and only if U” is an orthogonal matrix.

Exercise 11.8

7
\.

Prove that if Uy, Uy € R™ ™ are orthogonal matrices, then U;Us is an orthogonal matrix.

11.2. Orthogonal Diagonalization

Definition 11.2

A matrix A € R™" is called orthogonally diagonalizable if there exists an orthogonal matrix
U € R™™™ and a diagonal matrix D € R™*™ such that

A=UDUT

or equivalently
D =UTAU

Note that if A is orthogonally diagonalizable, then A is diagonalizable. Suppose that A is orthogonally
diagonalizable. Then since A = UDU” for some orthogonal matrix U € R™™ and diagonal matrix
D € R™™ we have that

AT = (upuhH)T = W' pTuT =UuDUT = A
We have justified the following result.

If A € R™ ™" is orthogonally diagonalizable, then A7 = A and hence A is a symmetric matrix.

0 2
8.27. However since A # AT, the matrix A is not orthogonally diagonalizable by lemma 11.2.1.
By exercise 8.2, we have that a matrix A € R™*"™ is diagonalizable if and only if there exists a basis

Let A= {1 1] . Since A has 2 distinct eigenvalues A\ = 1 and Ay = 2, A is diagonalizable by exercise

for R™ consisting of eigenvectors of A. As the example A = indicates, the existence of a basis for

11
0 2
R™ consisting of eigenvectors of A is not a sufficient condition for orthogonal diagonalizability.
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Suppose that A € R"*" is orthogonally diagonalizable. Then A = UDUT for some orthogonal matrix
U € R™™ and diagonal matrix D € R™"*"™. Suppose U has column vectors then uy,us, ..., u, Then for
all7in 1,...,n we have

Uei:ui, UTu,-:e,-

and thus § = {u1,us,...,uy,} is an orthonormal basis for R™ consisting of eigenvectors of A. We have
justified the first part of the following theorem. We leave the remainder of the proof as an exercise.

Theorem 11.1

A matrix A € R™ " is orthogonally diagonalizable if and only if there exists an orthonormal basis
for R™ consisting of eigenvectors of A.

Exercise 11.9

Finish the proof of theorem 11.1.

3 01
Consider the matrix A = |0 0 0]. Since A is symmetric it could be orthogonally diagonalizable.
1 0 3

To apply theorem 11.1, we search for an an orthonormal basis for R™ consisting of eigenvectors of A. We
first calculate

3-X 0 1
det 0 -Xx 0 = (=N)(=1)>T2[3 = N)? —1]
1 0 3-\

Thus there are three distinct eigenvalues
A1 =4, Ao =2, A3 =0
To find a unit length eigenvector for A\ = 4, we solve
-1 0 1
0 -4 O0f|x=0
1 0 -1

1 1/v2
to get x = [0|. Thus we set u; = 0 |. To find a unit length eigenvector for Ay = 2, we solve

1 1/v2

0 1
-2 0lx=0
0 1

1
0
1
1 1/v2
toget = | 0 |. Thus we set us =

0
-1 ~-1/V2
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0 0
to get @ = [1|. Thus we set uz = [1|. It is easy to check that f = {u1,u2,us} is an orthonormal
0 0
basis for R™ consisting of eigenvectors of A and hence A is orthogonally diagonalizable by theorem 11.1.
In fact, setting
1/vV2 1/vV2 0 4 0 0
U= 0 0 1, D=0 2 0
1/vV2 —1/vV2 0 000
gives
1/v2 0 1/vV27 [1/vV2 1/V2 0 1 00
Utu=1{1/v2 0 —1/v2| | 0 0 1| =101 0| =13
0 1 0 1/vV2 —-1/vV2 0 001
[1/v2 1/v2 0] [4 0 o] [1/vV2 0 1/v2
upuT =1 o 0 1[0 2 0]]|1/V2 0 —1/V2
[1/v2 —-1/v2 0] [0 0 0 0 1 0
4/\/ z/ﬂ 0] [1/vV2 0 1/V2
= 0| [1/vV2 0 —1/v2
4/f —2/f 0 0 1 0
(3 0 1
=0 0 0
10 3
=A

The fact that eigenvectors from different eigenspaces in the previous example are orthogonal is not a
coincidence. Let A € R™ ™ such that AT = A. Suppose that Au; = M\ui, Aus = Aus, and \; # Ao
First we note that

I
>
no
g
[ay
g
N
~

Thus we have Aj(uq - u2) = A2(uq - u2) and hence
0= )\1(’[1,1 . UQ) - )\g(ul . ’LLQ) = ()\1 — )\2)(’LL1 . ’U,Q)

Finally, since Ay — As # 0 we must have
Ul - Uy = 0

We have justifed the following theorem.

Let A € R™" such that AT = A. Then any two eigenvectors corresponding to distinct eigenvalues
of A are orthogonal.
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Exercise 11.10

Let A € R™™ such that AT = A and suppose A has n distinct eigenvalues A, Mg, ..., A\, € R.
Prove that A is orthogonally diagonalizable.

Exercise 11.11

1 2
2 =2
such that UTU = Iy and A = UDUT.

Suppose that A = [ } . Is A orthogonally diagonalizable? If so, find U € R?*? and D € R?*?

Exercise 11.12

1 0 -1
Suppose that A = | 0 1 0 |. Is A orthogonally diagonalizable? If so, find U € R3*3 and
-1 0 1

D € R?**3 such that UTU = Iy and A = UDUT.

\. J

As the next example shows, a symmetric matrix A € R™*™ can be orthogonally diagonalizable even

3 11
if A does not have n distinct eigenvalues. Consider the matrix A = |1 3 1|. Using mathematical
1 1 3
software we determine that A has two distinct eigenvalues A\ = 2 and Ao = 5. For A\ = 2 we solve
111
1 1 1lx=0
111
It is easy to check that S = {wi, w2} where
-1 —1
wy=|1], we= |0
0 1

is a basis for Ey,. Running the Gram-Schmidt process on S gives us an orthogonal basis for Ey, given
by T = {vi,va} where

—1 ~1/2
V1 = 1 s Vo = —1/2
0 1

Normalizing the vectors in T' gives us an orthonormal basis for E), given by 1 = {u1,u2} where
—1//2 ~1//6
ur=|1/v2 |, us = [—1/v6
0 2/\/6

For Ay = 5 we solve

1/V3

It is easy to check that B = {u3} where uz = |1/4/3| is an orthonormal basis for E),. By theorem 11.2,
1/V3
B = p1U B2 = {u1,us, uz}

is an orthonormal basis for R3 consisting of eigenvectors of A and hence A is orthogonally diagonalizable
by theorem 11.1.
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Exercise 11.13

Suppose that

A:

)
e
N — =

Find an orthogonal matrix U and a diagonal matrix D such that
A=UDUT
Hint: A has two distinct eigenvalues Ay = 1 and Ay = 4.

11.3. The Spectral Theorem

Let A € R™*". By lemma 11.2.1, a necessary condition for A to be orthogonally diagonalizable is that
AT = A. The fact that this necessary condition is also sufficient is a consequence of the spectral theorem
which we prove in this section.

In order to prove the spectral theorem we will need the result that any real symmetric matrix must
have a real eigenvalue. This is not an easy result and requires some ideas from analysis. For reference we
will give the proof of the following lemma at the end of this chapter.

Lemma 11.3.1: Spectral Lemma

Let A € R™" and suppose that AT = A. Then there exists A € R and € R” such that
Ax = Iz, |lz|| =1

We will next show that for all k£ in 1,...,n there exists an orthonormal set of k eigenvectors of A
using mathematical induction on k. The base case where &k = 1 is handled by the spectral lemma. Now
suppose that the theorem is true for some integer k satisfying 1 < k < n. We prove the result for k + 1.

By the inductive assumption, there exists an orthonormal set S = {u,...,u;} in R™ consisting of k
eigenvectors of A. Let T = {uq,...,up, Ugy1,...,u,} be an orthonormal basis for R™ that contains S.
Let U € R"*("—k) he the matrix with column vectors Ukt 1, .- -, Up. SiNCE

UTAv)r =vTAT(UhT =uT AU
there exists & € R" % and \ € R such that
(11.2) UTAUz = Mz, lle|]| =1

by the spectral lemma. We will show that S U {Ux} is an orthonormal set in R™ consisting of k + 1
eigenvectors of A. First note that Uz € R™ and that

U] = (x|l =1
by exercise 11.2. Next note that for all 4 in 1,...,k we have
Ux - -u; = :BTUTuZ- =z70=0

since T is an orthonormal set. We have shown that S U {Uz} is an orthonormal set of k& + 1 vectors in
R™ so it remains to show that Uz is an eigenvector of A. We next use the orthonormal basis T' to write

AUx = (AUx - ui)ug + -+ + (AUx - up)uy, + (AU - upy 1)1 + - - + (AU - up)uy,
and note that for 7 in 1,...,k we have
AUz -u; = 2" UTATu; = 2"UT Auy = 2" U N = N\ UTw; = 0
Thus AUz € col(U) and by equation (11.2) and lemma 11.1.2 we have
Nz =U(Ax) = UUT AUz = projqnAUz = AUz

and we have justified the following result.
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Let A € R™™. If AT = A, then for any k satisfying 1 < k < n, there exists an orthonormal set
S ={ui,...,ur} in R™ containing k eigenvectors of A.

We now have all the tools necessary to prove the spectral theorem which we leave as an exercise.

Theorem 11.3: Spectral Theorem

Let A € R™". Then A is orthogonally diagonalizable if and only if AT = A.

Exercise 11.14

Prove theorem 11.3.

Exercise 11.15

7
\

Let A in R™™ such that AT = A. Let 8 = {u1,us,...,u, 1, u,} be an orthonormal basis for R”
where the vectors wy, uo, . .., u,_1 are all eigenvectors of A. That is, for all 7 satisfying 1 <i <n—1
we have that

Aui = )\iui
for some eigenvalue \; € R. Prove that Au, - u; = 0 for all ¢ satisfying 1 <i < n — 1. Write Au,
as a linear combination of vectors in § and conclude that u,, is an eigenvector of A.

11.4. Spectral Lemma Proof
Let f: R™ — R be a function of n variables. We define

97 (a)

8901
of , . d ‘ _ )
oz, (a) = %f(a + te;) . Vf(a) = af:

Exercise 11.16

Consider the functions of n variables given by

f@)=a-z, g@)=|z|P== =
where a is a constant vector in R™. Show that

Vf=a, Vg =2z, Vz; = e;

Let A € R™*™ and suppose A is symmetric. Let f(x) = 7 Az = Az - 2. The function f(x) is called
a quadratic form. We will show that Vf = 2Ax. Suppose A has column vectors a1, as, ..., a,. Using the
product rule and sum rule for gradients

V(ifit -+ fa)=Vhai+-+ Vi, V(fg) =gV f+fVyg
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and exercise 11.16 gives

VAz -x = V(r1a1 + 2202 + - - + TpTy) - @

=V(ria1-x+ 2202 - T+ + Tpay - T)
=Vzi(a) - @)+ Vry(az - x)+ -+ Va,(a, - x)
= (a1 -x)e1 + 101 + (a2 - x)ex + x1a02 + - + (an - ®)e, + 10y,
=ATx + Az
=2Ax
We have justified the following result

Let A € R™" and suppose A is symmetric. Let f(x) = 7 Az = Az - . Then Vf = 2Azx.

Consider the Rayleigh Quotient
Az -z

(11.3) f(®) =

where A € R™ " is symmetric. Using the quotient rule for gradients V(f/g) = (¢V.f — fVg)/g?, exercise
11.16, and lemma 11.4.1 we calculate

€r- T

(x-x)(24x) — (Az - x)(2x)

(- )
Let S be the closed and bounded set S = {& € R" : -« = 1}. By the extreme value theorem, there
exists &g € S such that f(xg) > f(x) for all x € S. Let y € R™ — {0} be arbitrary and set u = ”Z—” Since

f(@o) = flu) = f(y)
we have that f(xg) > f(y) for all y in R” — {0} and thus
0= Vf(afo) = 2A:1:0 - (Awo . :130)2:130

(11.4) V=

Setting A = Axg - ¢y € R gives
(11.5) Axo = /\wo

The above proof of the spectral lemma was taken from a book by Frank Jones at Rice. The spectral
lemma can also be shown using the Cauchy-Schwarz inequality or Lagrange Multipliers. The other

standard proof is to use the fundamental theorem of algebra and show that a symmetric matrix can only
have real eigenvalues.



CHAPTER 12

Singular Value Decomposition

12.1. Derivation and Examples

Let A € R™*" and suppose AAT € R™*™ has eigenvalue A € R with corresponding unit length
eigenvector u € R™. Then

0<|ATu|)? = ATu- ATu=u"AATu = du-u =\

and we have justified the following result.

Let A € R™*™ and suppose AAT € R™*™ has eigenvalue A € R with corresponding unit length
eigenvector u € R™. Then

A= [|ATulf?
and hence \ > 0.

Let A € R™*". Since AAT € R™*™ is symmetric, the spectral theorem gives

N - 0
(12.1) AAT =UDUT = [wr wg o wy] [t [ur up - um]T
0 - An
where UTU = I,,, and AATu; = \ju; for i in 1,...,m. By lemma 12.1.1, we can assume that
(12.2) M>X>- >N, >0

Suppose rank(A) = r. By exercises 6.33 and 6.38, we have
rank(D) = rank(UDUT) = rank(AAT) = rank(A) = r

and thus

(12.3) M>X> - >A>0,  Agg=-=Ap=0
Let

(12.4) U, = [ul uy - ur]

and note that

(12.5) Uru, =1,

For all i in 1,...,r we have u; = /\%AATui and thus u; € col(A). But then col(U,) C col(A) and since
rank(U,) = r = rank(A) we have by theorem 5.7 that

(12.6) col(U,) = col(A)
Next suppose A has column vectors a1, ao, ..., a, and note that by lemma 11.1.2 we have
UUrA=[UU ey UUYay - UUla,)
= [Projeol(1,)@1  PrOjeoi(,)@2 “+  PIOjeoi(y,)@n]
= [Projeol(a)@1 Projeoi(a)@2 ***  Projeoia)@n]
=A

120
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and thus
(12.7) A=UU"A
For all 7 in 1,...,r define v; = A\//\%Z and set
(12.8) V, = ['vl vy - vr]
By lemma 12.1.1 we have o
Aty
Jouf? = 1A
and for all 7,5 in 1,...,7 such that ¢ # j we have
1 Aj
vV = WATW AT = \/»\/» ul AATu; = \/)le/)\»]uz cu; =0
Thus we have that
(12.9) VIV, =1,
For all i in 1,...,7 set 0; = v/A; and define
op - 0
(12.10) 3y =
0 - o,
We call o1 > 09 > ... > g, > 0 the singular values of A. Next note that
(12.11) ATy, = [ATu1 ATuy - ATur] = [01111 ooy - U,.UT] =V.3,
Finally we have by equations (12.7) and (12.11) that
(12.12) A=UU0rA=U.ATU)T =U,.(v,2)T = U2 VT
We call
(12.13) A=Ux VT

a singular value decomposition (SVD) for A. We have justified the following result.

Theorem 12.1

For any A € R™*" such that rank(A) = r, there exists U, € R™*" V, € R"*" and a diagonal
matrix X, € R™*" such that

o -+ 0
A=Ux, VT, Uy, = I, viv, =1, %, =

and o1 > 09> --- >0, >0

1 0 01
Consider the matrix A= {0 1 1 0]. By inspection we have r = rank(A) = 2. We calculate

1 0 01

1 0 01 (1) (1] (1) 2 0 2

AAT =10 1 1 o) |0 =10 20

1 0 01 10 1 2 0 2

As expected, we have rank(AAT) = 2 = . We next note that
2—A 0 2
det 0 2-X 0 =2-N=D*22-N2 =4 =2-NN\-4)

2 0 2—-A
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and the eigenvalues of AAT are
A =4, Ao = 2, A3 =0
Thus we have that 01 = 2, 09 = V2 and

2 0
=1 i
Next we find U,. Starting with Ay = 4 we solve
-2 0 2
0 -2 0|xz=0
2 0 -2
1 1/v2
to get x = [0| and hence u; = 0 |. Next we consider Ay = 2 and solve
1 1/v2
0 0 2
0 0 0flx=0
200
0 0
to get * = |1| and hence us = |1|. Thus we have
0 0
1/vV2 0
U, = 0 1
1/vV2 0
Next we find V,.. We calculate
1 01 1/v2 1 01 0
p = Alur _ 110 10 1/02_ 0 oo = Aluz 11010 (1) 1/v2
1_01_0101/\/5_07 2_02_\/50100 1/vV2
1 01 1/V2 1 01 0
Thus we have
1/vV2 0
v | 0 12
"0 12
1/v2 0

Finally we verify that

1/v2 0 2 01[1/vV2 o0 0 1/Vv2 1001
T _ — —
wsr=| 8 A A e e Wy o)

Exercise 12.1

Find a singular value decomposition (SVD) for the following matrix

A=

= o W
S O O
W O =

Verify by direct calculation that A = U, %, V,T.

Exercise 12.2

Let A € R™*" have SVD A = U, %, V,I'. Prove that col(V;) = col(AT).
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Let A € R™*" have SVD A = U,.X,V.I'. Prove that for all b € R™ and all z € R" we have

UTU,Tb = projcol(A)b, VT»VTT:B = Projeol(AT)T

10 01
Consider again the matrix A= |0 1 1 0| with SVD given by
10 01
T I A [ I AL T
1/\500\@ 0 1/V2 1/v/2 0
We calculate
12 0 172 12 0 0 1/2
. r |0 1/2 172 0
vu., =10 1 0|, Vv, =
"z 0 12 r 0 1/2 1/2 0
/2 0 0 1/2
and by exercise 12.3 we have
2 9] [2 ' K
projcol(A) 1 :UT’UrT L =11f, projcol(AT) -1 :Vf"/'I'T 1| = 0
2 2 2 1 1 0
2 1
We conclude that the vector b= [1] is in col(A) and the vector = | isin (col(AT))*: = N(A).
2
-1

Exercise 12.4

Let A € R3*3 where A = U, %, V.I and

1/vV2 0 > 1/vV2 0
1/\/’ 0 -1/v/2 0
(1) What is rank(A
(2) Calculate U, UT and Vv, VT,
(3) Is the vector b = in col(A)? Explain.

—_

(4) Is the vector x = 0 in col(AT)? Explain.
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Exercise 12.5

Let A € R™*" and suppose 7 = rank(A). Suppose AT A has orthogonal diagonalization
AN - 0
ATA=vDVT = vy vy - w] | . |1 v2 o w)

where VIV =1, and A\; > Mg > -+ > \,.
(1) How many nonzero eigenvalues does A7 A have? Explain.
(2) Prove that \; >0 for all 4 in 1,...,n. Hint: Calculate || Awv;||?.
(3) Prove that 8 = {Av;, Avs,..., Av,} is an orthogonal basis for col(A).

Exercise 12.6

Let A € R™*", Recall by exercise 6.37 that N(ATA) = N(A) and hence N(AAT) = N(AT). Let
X € R be a nonzero scalar. Prove that A is an eigenvalue of AT A if and only if ) is an eigenvalue
of AAT. Conclude that A and A” have the same singular values.

Exercise 12.7

Let A € R™*™ and suppose that rank(A) = r. Prove that
rank(U,U!) = rank(V, V1) = r

Exercise 12.8

Let A € R19%15, Suppose you know that rank(A4) = 10. Calculate rank(U,U!) and nullity(U,UL).
Calculate rank(V,.V,T) and nullity(V,.V,T).

12.2. The Pseudoinverse

Let A € R™*" b € R™, and suppose that Ax = b is consistent. Let & € R™ be any solution to
Az = b and set p = proj.,47)x. Since x — p is in (col(AT))*+ = N(A) we have that

(12.14) 0=A(x—p) =Ax — Ap
and thus p € col(AT) is a solution to Az = b since
(12.15) Ap=Ax =b
Suppose y € R” is a potentially different vector satisfying

y € col(AT), Ay=0>
Then p — y € col(AT) and since

Ap-y)=Ap-Ay=b-b=0

we have that p —y in N(A) = (col(AT))L. But then p — y is perpendicular to itself and thus p —y = 0
and y = p. We have justified the following result.

Suppose A € R™*"™ b € R™ and Az = b is consistent. Then there exists a unique vector
p € col(AT) such that Ap = b. Furthermore if € R” is any solution to Az = b then

D = Projco|(AT)T
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Consider the matrix A = B 8 ﬂ with SVD
r_ [1/V2
A=UL%V, = [1/\/5 [2] [1/\/§ 0 1/\/5}
3 3]
Let b = [3} . Then Ax = b has the solution = |0|. To find the unique vector p € col(A”) such that
0

Ap = b we calculate )

[1/2 0 1/2] [3 3/2

P = Projeol(AT)T = V\viz=10 0 0 0l=10

[1/2 0 1/2] |0 3/2

We calculate
Ipll =3v2/2, =] =3

and note that
(12.16) Ip[ <[l
As the next exercise shows, equation (12.16) is not a coincidence.

Exercise 12.9

Suppose A € R™*" b € R™ and Ax = b is consistent. Let p be the unique vector in col(A”) such
that Ap = b. Show that for any solution ® to Az = b we have that
Ipll < [zl

and furthermore ||z| = ||p|| if and only if @ = p. Thus p is the unique solution to Ax = b of
minimal length.

Suppose A € R™*" b c R™ and Az = b is consistent. Suppose A has SVD given by A = U, %, V.T.
Plugging the SVD into Ax = b where x is any solution gives

(12.17) U Vie=0b
Multiplying both sides on the left by V,X-1U! and using exercise 12.3 gives
(12.18) VI U b = Vs UM UV e = ViV e = projgyany e

Combining lemma 12.2.1, exercise 12.9, and equation 12.18 gives us the following result.
Lemma 12.2.2

Suppose A € R™*" b € R™ and Ax = b is consistent. Then V;. X 1UTb is the unique solution to
Ax = b of minimal length.

Definition 12.1

Suppose A has SVD given by A = U, %, V.. We define the pseudoinverse of A, denoted A*, by
AT =v,xlur

1
0| with SVD given by
1

o ALY e e

10
Consider again the matrix A = |0 1
10

A=UXVI=1] 0

—_
~
3
oo OO
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2
It is easy to check that b= |1| isin col(A) and thus Az = b is consistent. We calculate
2
1/vV2 0 /4 0 1/4
Ayl | 0 1/vV2( [1/2 0 1/v2 0 1/v2] |0 1/2 0
Srtm T Lo V2o V201 0 ][0 1/2 0
1/vV2 0 1/4 0 1/4
By lemma 12.2.2 we have that
1/4 0 1/4 9 1
0 1/2 0 1/2
— Atp— —
P=ATb=14 1) o ; 12
1/4 0 1/4 1

is the unique solution to Ax = b of minimal length.
Exercise 12.10

Let A € R™"™ and suppose that A is invertible. Prove that
A-I- — A—l

Exercise 12.11

3 2 2

Find a reduced SVD for A = [2 3 _9

] and calculate AT.

Suppose A € R™*" b € R™ and Az = b is inconsistent. In this case b is not in col(A) so we transform
to the consistent system

(12.19) Az = projee(a)b

Recall that & is a least square solution to Az = b if and only if & is a solution to equation (12.19). Thus,
by lemma 12.2.2 we have that A*projcol( )b is the unique solution to equation (12.19) of minimal length
and hence the unique least squares solution to Ax = b of minimal length. Using exercise 12.3 we have

AT projegab = V5 USUU b = V.5 Ub = AT

and we have justified the following result.

Suppose A € R™*" b € R™. Then AT b is the unique least squares solution to Az = b of minimal
length.

1 0 01
Consider again the matrix A= |0 1 1 0| with SVD given by
1 0 01
T I A A I LR R T
1/\600\/5 0 1/v/2 1/v/2 0
We recall the following calculations.
1/2 0 0 1/2 1/4 0 1/4
DT — 162 (1) 1(/)2 vyr |0 12 12 0 Ao |0 12 0
12 0 172 0 1/2 1/2 0 0 1/2 0

1/2 0 0 1/2 1/4 0 1/4
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1
Let b= | 2 [. We first note that
-3
1/2 0 1/2 1 -1
Projeayb=UU b= 0 1 0 2 =12
1/2 0 1/2| |-3 -1
and since b # proje 4y, we have that b is not in col(A). By theorem 12.2 we have that
/40 1/4] [—1/2]
0 1/2 0 1
+_ Atp — —
T =AP=10 12 o _?3 1
1/4 0 1/4 | —1/2]
is the unique least squares solution to Ax = b of minimal length. Next we note that
/2 0 0 1/2] [-1/2] —1/2
. 0 1/2 1/2 0 1 1
Projeoiary®’ = ViV, 2" = 0 1?2 1?2 0 1| |1
/2 0 0 1/2] [-1/2] |-1/2

which verifies that * is in col(AT).

Exercise 12.12

Let A € R3*3 and b € R3 where A = U,.%, VI and

1/vV/2 0 o0 1/v/2 0 1
U=1| 0 1, ZF{OJ, V, = 0 1{, b=10
1/v/2 0 ~1/v/2 0 3

(1) Calculate AT and use it to calculate the unique least squares solution t to Az = b of
minimal length.
(2) Calculate projearyx™ and verify that ™ is in col(AT).

Exercise 12.13

Let A € R™*™ and suppose that rank(A) = r. Prove that
rank(At) =r

Exercise 12.14

Let A € R™*™. Prove that for all b € R™ and all € R" we have
AATD = projegayb, AT AT = projegamy®




