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Abstract. Algebraic geometry codes are defined by divisors D and G on a

curve over a finite field F. Often, G is supported by a single F-rational point

and the resulting code is called a one-point code. Recently, there has been
interest in allowing the divisor G to be more general as this can result in

superior codes. In particular, one may obtain a code with better parameters

by allowing G to be supported by m distinct F-rational points, where m > 1
In this paper, we demonstrate that a multipoint algebraic geometry code C

may be embedded in a one-point code C′. Exploiting this fact, we obtain
a minimum distance decoding algorithm for the multipoint code C. This is

accomplished via list decoding in the one-point code C′.

1. Introduction

Algebraic geometry codes (AG codes) are defined by divisors D and G on a
curve over a finite field F. Often, G is supported by a single F-rational point and
the resulting code is called a one-point code. Recently, there has been interest
in allowing the divisor G to be more general as this can result in superior codes
[2, 4, 5, 26, 35, 36]. In particular, one may obtain a code with better parameters
by allowing G to be supported by m distinct F-rational points, where m > 1
[6, 15, 16, 17, 23, 24, 25]. We refer to such a code as a multipoint code. While
multipoint codes may have better parameters than comparable one-point codes
on the same curve, most decoding algorithms have been designed specifically for
one-point codes; those that apply to general algebraic geometry codes tend to
decode up to a bound on the minimum distance (such as the Goppa bound or
the order bound) rather than the minimum distance itself. For example, Beelen’s
adaptation of majority voting (see [3] and references therein) and the modification
of the Berlekamp-Massey-Sakata Algorithm [29] due to Sakata and and Fujisawa
[28], decode up to the generalized order bound, a lower bound on the minimum
distance; however, the generalized order bound does not agree with the actual
minimum distance in general (though it does in certain cases, for example, for two-
point Hermitian codes). The informative survey on decoding algebraic geometry
codes [3] includes a decoding scheme which allows the possibility of correcting errors
beyond the order bound. In this paper, we provide a simple algorithm for decoding
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a multipoint code up to its minimum distance by embedding the multipoint code
in a one-point code and list decoding in a supercode. This algorithm also applies to
general AG codes defined by a rational divisors G and D, provided not all rational
points are in the support of D.

While list decoding dates back to the late 1950’s [8, 9, 34], its power was not
fully exploited for over 40 years. This changed with Sudan’s observation that
list decoding could be applied to Reed-Solomon codes to give a polynomial time
algorithm which decodes beyond the minimum distance of the code (meaning more
than bd−1

2 c errors) [33]. A major breakthrough in decoding AG codes came with
the generalizations of Sudan’s algorithm to arbitrary AG codes of low rate by
Shokrollahi and Wasserman [30] and to one-point AG codes by Guruswami and
Sudan [11]. While the results in [30] apply to general AG codes of restricted rate,
nearly all subsequent improvements (including, for example, [10, 19, 20, 21, 27]) are
restricted to the one-point case. By embedding a multipoint code into a one-point
code, we can capitalize on these and provide a minimum distance decoder for a
multipoint code.

This paper is organized as follows. This section concludes with a summary of
notation to be used throughout the paper. Section 2 demonstrates how a general
AG code (in particular, a multipoint code) may be embedded in a one-point code.
Section 3 presents a decoding algorithm for such codes based on a list decoding
algorithm for one-point codes. In Section 4, this algorithm is modified to handle
multipoint codes embedding in multiple one-point supercodes.

Notation. Let X be a projective curve of genus g over a finite field F. Let F(X)
denote the field of rational functions on X defined over F. The divisor of a nonzero
rational function f is denoted by (f). The coefficient of a point P on X in a divisor
A on X is written as vP (A), or vP (f) if A = (f) for some rational function f .
Given a divisor A on X defined over F, let L(A) denote the set of rational functions
f on X defined over F with divisor (f) ≥ −A together with the zero function. We
often use the fact that given divisors A and B on X with A ≤ B, L (A) ⊆ L (B).
Let `(A) denote the dimension of L(A) as an F-vector space. As is standard, given
a plane curve X with defining equation f(x, y) = 0, Pab denotes the affine point
which is the common zero of x− a and y − b.

Let G be an F-rational divisor on X and D =
∑n
i=1 Pi where P1, . . . , Pn are

pairwise distinct F-rational points on X, none of which are in the support of G. An
AG code defined by D and G is

CL(D,G) := {ev(f) : f ∈ L(G)}

where
ev(f) := (f (P1) , . . . , f (Pn)) .

We refer to such a code as an m-point code if and only if the support of the divisor
G consists of m distinct F-rational points. We do not assume that the divisor D is
supported by all rational points other than those in the support of G as is sometimes
taken to be the case. If the support of G is precisely Q1, . . . , Qm, then we say that
the code CL(D,G) is supported by Q1, . . . , Qm. If degG < n, then CL(D,G) has
length n, dimension `(G), and designed distance n−deg G. The minimum distance
of the code CL (D,G) is at least its designed distance. We use d (C) (resp., d∗ (C))
to denote the minimum distance (resp., designed distance) of a code C. A code
of length n, dimension k, and minimum distance d (resp. at least d) is called an
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[n, k, d] (resp. [n, k,≥ d]) code. The Hamming distance between words w,w′ ∈ Fn
is d (w,w′) := | {i : wi 6= w′i} |. A minimum distance decoder for an [n, k, d] code C
over F is a decoder that given a received word w ∈ Fn returns the unique codeword
c ∈ C with d (w, c) < d(C)

2 if such a codeword exists and declares failure otherwise.
General references for algebraic geometry codes are [14, 32].

The set of positive integers is denoted Z+. As usual, given v ∈ Fn where n ∈ Z+,
the ith coordinate of v is denoted by vi.

2. Embedding a general AG code in a one-point code

In this section, we demonstrate that a general AG code CL (D,G) on a curve
X over a finite field F may be embedded in a one-point code provided that the
divisor D is not supported by all F-rational points on X. As a consequence, we see
that each multipoint code CL (D,G) embeds in a one-point code, as the divisor G
contains rational points in its support. Examples are provided at the end of the
section.

Lemma 2.1. Let X be a nonsingular projective curve over a finite field F. Suppose
G is an F-rational divisor and D := P1 + · · · + Pn is supported by n distinct F-
rational points, none of which are in the support of G. If there exists an F-rational
point P on X not in the support of D, then CL (D,G) is isometric to a subcode of
a one-point code CL (D,αP ) on X for some α ∈ Z.

Proof. Write G = G+ −G− where G+, G− ≥ 0. Then

deg (G+ − (degG+)P ) = 0.

Since the field F is finite, the group of divisor classes of degree zero has finite
order. Hence, some multiple of the divisor G+ − (degG+)P is a principal divisor.
Consequently, there exists a rational function f with divisor

(f) = λ (G+ − (degG+)P )

for some λ ∈ Z. Multiplication by f induces an isomorphism of Riemann-Roch
spaces

L (G) → L ((λ degG+)P − (λ− 1)G+ −G−)
h 7→ fh.

Since
L ((λ degG+)P − (λ− 1)G+ −G−) ⊆ L ((λ degG+)P ) ,

L (G) is isomorphic to a subspace of L ((λ degG+)P ).
Moreover, multiplication by the function f induces a vector space isomorphism

φ : Fnq → Fnq
v 7→ ev(f) ∗ v

where
ev(f) ∗ v := (f(P1) · v1, . . . , f(Pn) · vn).

Since f has no zeros among P1, . . . , Pn, the map φ is weight-preserving, and hence,
distance-preserving. Thus, restriction of φ to CL (D,G) induces an isometry φ of
codes

(1) CL (D,G)
φ∼= CL (D, (λ degG+)P − (λ− 1)G+ −G−)

Therefore, CL (D, (λ degG+)P ) contains (an isometric copy of) the code CL (D,G).
�
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Lemma 2.1 is crucial for the decoding algorithm presented in Section 3. The
following examples provide isometries for commonly studied multipoint codes.

Example 2.2. In this example, we consider Hermitian codes. Recall that the
Hermitian curve X is defined by yq + y = xq+1 over Fq2 . Since the automorphism
group of this curve is doubly-transitive, to study two-point codes, we may restrict
our attention to a code of the form C := CL (D, aP∞ + bP00). Suppose a, b ∈ Z+.
Then multiplication by f := yd

b
q+1 e induces a vector space isomorophism

L (D, aP∞ + bP00) ∼= L
((

a+
⌈

b

q + 1

⌉
(q + 1)

)
P∞ +

(
b−

⌈
b

q + 1

⌉
(q + 1)

)
P00

)
,

because (y) = (q + 1) (P00 − P∞). Hence,

C ∼= CL

(
D,
(
a+

⌈
b
q+1

⌉
(q + 1)

)
P∞ −

(⌈
b
q+1

⌉
(q + 1)− b

)
P00

)
⊆ CL

(
D,
(
a+

⌈
b
q+1

⌉
(q + 1)

)
P∞

)
.

Now consider an m-point Hermitian code

C := CL

(
D, a1P∞ +

m∑
i=2

aiPαβi

)
suppported by collinear points P∞, Pαβ2 , . . . , Pαβm where ai ∈ Z+ for all i, 1 ≤ i ≤
m and 2 ≤ m ≤ q+ 1. Such codes were studied in [22] where the authors show that
if ταβi

:= y − βi − αq(x− α) then (ταβi
) = (q + 1) (Pαβi

− P∞). Thus we can take

f =
m∏
i=2

τ
d ai

q+1 e
αβi

.

The multiplication by f induces a vector space isomorphism

L (a1P∞ +
∑m
i=2 aiPαβi

) ∼=

L
((
a1 + (q + 1)

∑m
i=2

⌈
ai

q+1

⌉)
P∞ +

∑m
i=2

(
ai −

⌈
ai

q+1

⌉
(q + 1)

)
Pαβi

)
and an isometry of codes

C ∼= CL

(
D,
(
a1 + (q + 1)

∑m
i=2

⌈
ai

q+1

⌉)
P∞ −

∑m
i=2

(⌈
ai

q+1

⌉
(q + 1)− ai

)
Pαβi

)
⊆ CL

(
D,
(
a1 + (q + 1)

∑m
i=2

⌈
ai

q+1

⌉)
P∞

)
since

L
((
a1 + (q + 1)

∑m
i=2

⌈
ai

q+1

⌉)
P∞ +

∑m
i=2

(
ai −

⌈
ai

q+1

⌉
(q + 1)

)
Pαβi

)
⊆ L

((
a1 + (q + 1)

∑m
i=2

⌈
ai

q+1

⌉)
P∞

)
.

Example 2.3. In this example, let C := CL (D, aP∞ + bP00) be a two-point Suzuki
code where a, b ∈ Z+. Recall that the Suzuki curve is defined over Fq by the



MINIMUM DISTANCE DECODING OF GENERAL AG CODES VIA LISTS 5

equation yq − y = xq0(xq − x) where q0 = 2n, q = 22n+1, and n ∈ Z+. Let

w := y
q

q0 x
q

q2
0
+1

+
(
y

q
q0 − x

q

q2
0
+1
) q

q0

. Since

(w) =
(
q +

q

q0
+ 1
)

(P00 − P∞)

as shown in [12], multiplication by

f := w

⌈
b

q+ q
q0

+1

⌉

gives rise to an isomorphism of Riemann-Roch spaces and consequently an isometry
of codes

C ∼= CL (D,αP∞ − βP00) ⊆ CL (D,αP∞)

where

α = a+

⌈
b

q + q
q0

+ 1

⌉(
q +

q

q0
+ 1
)

and β =

⌈
b

q + q
q0

+ 1

⌉(
q +

q

q0
+ 1
)
− b.

Remark 2.4. Determination of a suitable function f ∈ F (X) as in the proof of
Lemma 2.1 may be found as follows. Consider ` (λ (G+ − degG+P )) for increasing
λ ∈ Z+ until one is found with ` (λ (G+ − degG+P )) 6= 0. Then compute a basis
of L (λ (G+ − degG+P )) to find such an f . Hess [13] gives an algorithm for effec-
tively computing bases of Riemann-Roch spaces. For certain divisors on maximal
or optimal function fields, bases of such spaces are known [22].

3. A minimum distance decoder for general AG codes

In this section, we outline the decoding algorithm for general AG codes CL (D,G),
where not all rational points are in the support of D. Note that this algorithm ap-
plies to multipoint codes and that the point of view taken here can be utilized with
any list decoding algorithm for one-point codes. For clarity of exposition, we focus
on the Guruswami-Sudan list decoding algorithm as found in [11, Section IV. B.].

Consider a nonzero AG code C := CL(D,G) on a nonsingular projective curve
X of genus g over a field F where D := P1 + · · ·+ Pn, and assume that there is an
F-rational point P on X not in the support of D. For the purpose of decoding it is
sufficient to consider the code φ (C) where φ is as in (1). To see this, suppose that
w ∈ Fnq is a received word using the code C and that E errors have occurred, where

E ≤
⌊
d(C)−1

2

⌋
. We may identify w and ev(f) ∗ w via the map φ. Then ev(f) ∗ w

is treated as a received word using φ (C). Since φ is distance preserving, E ≤⌊
d(φ(C))−1

2

⌋
. Hence, there is a unique nearest codeword ev(h) ∈ φ (C) to ev(f) ∗w.

It follows that ev
(
f−1h

)
is the unique codeword in C nearest w. Consequently,

throughout the remainder of this section, we assume that G = αP − G′ where
α ∈ Z+, P is an F-rational point not in the support of D, and G′ > 0.

Algorithm 3.1. Let C := CL(P1 + · · ·+Pn, αP −G′) be a nonzero AG code over
the field Fq. Suppose that w ∈ Fnq is a received word in which

⌊
d(C)−1

2

⌋
or fewer

errors have occurred.
Input: P1, . . . , Pn, P , α, G′, received word w ∈ Fnq , agreement parameter t :=



6 NATHAN DRAKE AND GRETCHEN L. MATTHEWS

n−
⌊
d(C)−1

2

⌋
.

Assumptions: t2 > αn.

(1) Initialization: Set

r :=

2gt+ αn+
√

(2gt+ αn)2 − 4 (g2 − 1) (t2 − αn)

2 (t2 − αn)

+ 1,

s :=
⌊
rt− 1− g

α

⌋
,

and Ω′ := ∅.
(2) Interpolation: Find a nonzero polynomial Q(T ) ∈ Fq (X) [T ] satisfying:

(a) Q (f) ∈ L ((rt− 1)P ) for all f ∈ L (αP ), and
(b) vPi

(Q (f)) ≥ r for each i ∈ {1, . . . , n} with f (Pi) = wi.
(3) Factorization: Find all roots h ∈ L (αP ) of the polynomial Q. For each

such h, if h (Pi) = wi for at least t values of i, then add h to Ω′. In
this way, we find all functions h ∈ L (αP ) that possibly give rise to the
codewords in C ′ := CL (D,αP ) at distance at most

⌊
d(C)−1

2

⌋
from w; that

is, Ω := {h ∈ L(αP ) : d(ev(h), w) ≤ n− t} is determined.
(4) Check for zeros: Compute the order of h at Qi for each h ∈ Ω until the one

is found with vQi
(h) ≥ vQi

(G′) for all Qi in the support of G′.

Output: ev (h), the unique word in C with d (ev (h) , w) ≤
⌊
d(C)−1

2

⌋
.

Remark 3.2. (1) Step (2) of Algorithm 3.1 produces a polynomial Q which
fits the points (Pi, wi) in the sense that Q (wi) (Pi) = 0 for all i, 1 ≤ i ≤ n.
Hence, the elements of Ω are among the roots of Q. See [11] for further
discussion on this as well as the correctness of Steps (1)-(3).

(2) Steps (1)-(3) of Algorithm 3.1 may be replaced with those of any list decod-
ing algorithm for CL (D,αP ) which yields Ω as its output.

(3) According to [7], the parameters r and s may be replaced with the following
values in Step (1):

r :=

⌊
α(n− t) + 2tg +

√
∆

2(t2 − αn)

⌋
+ 1 and s :=

⌊
rt− α

2 − g −
√

∆′

α

⌋
+ 1

where
∆ := α2

(
(n− t)2 − 4gn

)
+ 4αgn (t+ g)

and

∆′ :=
(
t2 − αn

)
r2 + (αt− αn− 2tg) r +

α2

4
+ g2 − αg.

This may result in a lower degree interpolating polynomial Q, as degQ ≤ s.
In addition, it provides a better bound on |Ω| and the number of functions
that must be checked in Step (4).

(4) The goal of Step (4) may be achieved via parity checks. Specifically, given a
parity check matrix H for C, compute Hev(h)T for each h ∈ Ω until one is
found with Hev(h)T = 0. Alternatively, one could determine the additional
parity checks v1, . . . , vr that words in C ′ must satisfy to be in the subcode
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C. Then, for each h found in Step (3), compute ev (h) ∗ vi, 1 ≤ i ≤ r, until
an h is found satisfying all r checks.

(5) It is natural to compare Algorithm 3.1 with majority voting as in [3]. How-
ever, majority voting only corrects up to

⌊
do(C)−1

2

⌋
errors, where do(C)

denotes the order bound on C. Because the only step in Algorithm 3.1 be-
yond list decoding is the check for zeros (or parity checks as mentioned in
(4) above), this algorithm compares as favorably to majority voting as the
underlying algorithm for list decoding in the one-point code (the choices for
which seem to be ever-improving, for instance [21]) and has the advantage
of correcting up to

⌊
d(C)−1

2

⌋
errors. Due to the nature of Step (4) and

Remark 3.2 (4) above, it is advantageous to minimize the difference in the
dimension of C ′ and C.

Example 3.3. Let X denote the Hermitian curve defined by y8 + y = x9 over F64.
Then X has genus g = 28. Consider the two-point code C := CL (D, 344P∞ − 8P00)
where D := P1 + · · ·+P511 is the sum of all F64-rational points other than P∞ and
P00. According to [17], C is a [511, 309, 175] code, and, thus can correct any 87
errors. Suppose w ∈ F511

64 is a received word in which 87 errors have occured. To
decode w, embed C in C ′ := CL (D, 344P∞), a [511, 317, 167] code [15]. Applying
Steps (1)-(3) in Algorithm 3.1 with the parameter choices given in Remark 3.2(3)
produces a list of (at most) 21 functions h1, . . . , h21 ∈ L (344P∞) with

(2) d (w, ev (hi)) ≤ 87.

There is a unique hi ∈ L (344P∞ − 8P00) satisfying Equation 2. To determine this
function, evaluate vP00 (hi) for 1 ≤ i ≤ 21 until h ∈ Ω is found so that vP00 (h) ≥ 8.
Then decode w as ev (h) = (h (P1) , h (P2) , . . . , h (P511)).

4. A minimum distance decoder for multipoint codes using lists,
multiple embeddings, and gcd

In this section, we discuss a modification of Algorithm 3.1 in which a multipoint
code is embedded in multiple one-point codes and the interpolating polynomial is
obtained as a greatest common divisor. This idea was inspired by [1].

Consider a multipoint code C := CL (D,
∑m
i=1 aiQi) where ai ∈ Z. Given any

function f whose divisor is supported only by points among Q1, . . . , Qm, multipli-
cation by f induces a vector space isomorphsim

L

(
m∑
i=1

aiQi

)
∼= L

(
m∑
i=1

(ai − vQi
(f))Qi

)
and an isometry of codes

C
φ∼= CL

(
D,

m∑
i=1

(ai − vQi
(f))Qi

)
.

Hence, for each such function f with vQj (f) < aj for exactly one j, 1 ≤ j ≤ m, C
is isometric to a subcode of the one-point code CL

(
D,
(
aj − vQj

(f)
)
Qj
)
; that is,

φ (C) ⊆ CL
(
D,
(
aj − vQj

(f)
)
Qj
)
.

To emphasize that the embedding is induced by

f ∈ L
((
aj − vQj

(f)
)
Qj
)
,
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we sometimes write φj instead of φ. The following algorithm exploits these multiple
embeddings.

Algorithm 4.1. Let C := CL (D,
∑m
i=1 aiQi) be an m-point code over the finite

field Fq where D := P1 + · · ·+Pn. Suppose that w ∈ Fnq is a received word in which⌊
d(C)−1

2

⌋
or fewer errors have occurred.

Input: n, a1, . . . , am, received word w ∈ Fnq , agreement parameter t := n−
⌊
d(C)−1

2

⌋
(1) Embedding: Choose a nonempty subset J ⊆ {1, . . . ,m}. For each j ∈ J ,

find a one-point code Cj := CL (D, (aj − bjj)Qj) such that

C
φj∼= CL

D, (aj − bjj)Qj − ∑
1≤i≤m

i6=j

(bij − ai)Qi

 ⊆ Cj
is the embedding induced by a rational function fj whose divisor is sup-
ported by no points other than Q1, . . . , Qm with vQi (fj) = bij for all
1 ≤ i ≤ m, bij ≥ ai for all i 6= j, bjj < aj and t2 > (aj − bjj)n. Set
Ω := ∅.

(2) Interpolation: For each j ∈ J , apply Steps (1) and (2) of Algorithm 3.1
to Cj with received word φj (w) to yield nonzero polynomials Hj (T ) ∈
Fq (X) [T ] satisfying Conditions (a) and (b) of Step (2). Set

Q (T ) := gcd {Hj (fjT ) : j ∈ J} .

(3) Factorization: Find the roots of Q(T ) as in the standard factorization step.
If a root h of Q(T ) satisfies h (Pi) = wi for at least t values of i, 1 ≤ i ≤ m,
then add h to Ω. In this way, we obtain

Ω =

h ∈ L
∑
j∈J

ajQj +
∑

1≤i≤m
i/∈J

biQi

 : d (ev (h) , w) ≤
⌊
d (C)− 1

2

⌋ ,

that is, we find all functions that possibly give rise to the codewords in C
at distance

⌊
d−1
2

⌋
from w, where bi = min {bij : j /∈ J}.

(4) Check for zeros: Compute the order of h at Qi for each h found in Step (4)
until the one is found with vQi (h) ≥ −ai for all i /∈ J .

Output: ev (h), the unique word in C with d (ev (h) , w) ≤
⌊
d(C)−1

2

⌋
.

Theorem 4.2. Given a multipoint code C := CL (D,
∑m
i=1 aiQi) as above, Algo-

rithm 4.1 provides a mininum distance decoder for C.

Proof. Suppose that w is a received word in which at most
⌊
d(C)−1

2

⌋
errors have

occured. Then there exists a unique codeword ev (h) that is the transmitted word
(resulting in the received word w). We must show that the output of Algorithm
4.1 is ev (h).

Assume h ∈ L (
∑m
i=1 aiQi) and d (ev (h) , w) ≤

⌊
d(C)−1

2

⌋
. We claim that h is a

root of Q (T ). To see this, we show that h is a root of Hj (fjT ) for all j ∈ J . Note
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that among the roots of Hj (T ) are elements of

Ω′j :=
{
f ∈ L ((aj − bjj)Qj) : d (ev (f) , φj (w)) ≤

⌊
d (C)− 1

2
c
)}

.

We prove that fjh ∈ Ω′j for all j ∈ J . Let j ∈ J . It is immediate that fj ∈
L ((aj − bjj)Pj) by definition of fj . Since ev (fjh) = φj (ev (h)) and φj is distance
preserving,

d (ev (fjh) , φj (w)) = d (ev (h) , w) ≤
⌊
d (C)− 1

2

⌋
.

Hence, h is a root of Q (T ) and so will be found in Step (4) of Algorithm 4.1. �

As seen in Algorithm 4.1 and Theorem 4.2, multiple embeddings and greatest
common divisor may be combined to yield an interpolating polynomial Q of smaller
degree. While these multiple embeddings may be advantageous in the root-finding
step of list decoding, the cost of calcuating multiple interpolating polynomials to
produce Q may outweigh the benefits.

5. Conclusion

In this paper, we present a minimum distance decoding algorithm for a general
AG code CL (D,G) on a curve X over a finite field F, provided there is an F-
rational point on X not in the support of D. This decoding algorithm applies to
all multipoint codes. It relies on embedding the code CL (D,G) into a one-point
code CL (D,αP ) and applying list decoding to the one-point code. A method for
utilizing multiple embeddings and greatest common divisor is also presented.

Acknowledgements. The authors thank the referees for suggestions that im-
proved the content and presentation of this work.
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