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LECTURE 35: Linear Multistep Mehods: Truncation Error

5.5 Linear multistep methods

One-step methods construct an approximate solution x;,1 ~ x(tx,1)
using only one previous approximation, x;. This approach enjoys

the virtue that the step size I can be changed at every iteration, if
desired, thus providing a mechanism for error control. This flexibility
comes at a price: For each order of accuracy in the truncation error,
each step must perform at least one new evaluation of the derivative
function f (¢, x). This might not sound particularly onerous, but in
many practical problems, f evaluations are terribly time-consuming.
A classic example is the N-body problem, which arises in models
ranging from molecular dynamics to galactic evolution. Such models
give rise to N coupled second order nonlinear differential equations,
where the function f measures the forces between the N different
particles. An evaluation of f requires O(N?) arithmetic operations to
compute, costly indeed when N is in the millions. Every f evaluation
counts.

One could potentially improve this situation by re-using f evalu-
ations from previous steps of the ODE integrator, rather than always
requiring f to be evaluated at multiple new (¢, x) values at each step
(as is the case, for example, with higher order Runge-Kutta meth-
ods). Consider the method

Xpr1 = xR (3 f (b xi) — 2 f (b1, x621)),

where h is the step size, h = t; 1 — ty = t; — ty_1. Here xj 1 is de-
termined from the two previous values, x; and x;_;. Unlike Runge—
Kutta methods, f is not evaluated at points between t; and ;1.
Rather, each step requires only one new f evaluation, since f(tx_1,Xx_1)
would have been computed already at the previous step. Hence this
method has roughly the same computational requirements as Euler’s
method, though soon we will see that its truncation error is O (h?).
The Heun and midpoint rules attained this same truncation error, but
required fwo new f evaluations at each step.

Several drawbacks to this new scheme are evident: the step size
is fixed throughout the iteration, and values for both xy and x; are
needed before starting the method. The former concern can be ad-
dressed in practice through interpolation techniques. To handle the
latter concern, initial data can be generated using a one-step method
with small step size h. In some applications, including some prob-
lems in celestial mechanics, an asymptotic series expansion of the
solution, accurate near t ~ t(, can provide suitable initial data.

A landmark improvement to this N2
approach, the fast multipole method, was
developed by Leslie Greengard and
Vladimir Rokhlin in the late 1980s.

Step-size adjustment is possible, e.g.,
interpolating (t;_1, xx_1) and (t, x¢) to
get intermediate values, but step-size
adjustment still requires more care than
with one-step methods.



5.5.1  General linear multistep methods

This section considers a general class of integrators known as linear
multistep methods.

Definition 5.2. general m-step linear multistep method has the form
m m
Z(:)“jxk+j =h Z(:),ij(tkﬂ/ Xjetj)
= =

with a,, # 0. If B, # O, then the formula for xy,, involves xj,,, on
the right hand side, so the method is implicit; otherwise, the method
is explicit. A final convention requires |ag| + |Bo| # 0, forif ay =
Bo = 0, then we actually have an m — 1 step method masquerading
as a m-step method. As f is only evaluated at (t;, x;), we adopt the
abbreviation

fi = £t ;).
By this definition most Runge-Kutta methods, though one-step
methods, are not multistep methods. Euler’s method is an example of

a one-step method that also fits this multistep template. Here are a
few examples of linear multistep methods:
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These notes on linear multistep meth-
ods draw heavily from the excellent
presentation in Siili and Mayers,
Numerical Analysis: An Introduction,
Cambridge University Press, 2003.

Euler’s method: Xpi1 — Xk = hfy xp=-1,a1=1B0=1,81=0.
Trapezoid rule: Xkl — X = %(fk + fri1) ag=-1a1=1Bo=1% p1=1
Adams-Bashforth:  xp0 — %1 = 2Bfi1 — fir) @0 =00 =-1,a=1;

,80:_%/,31:%/,32:0'

The ‘Adams-Bashforth” method presented above is the 2-step
example of a broader class of Adams—Bashforth formulas. The 4-step
Adams-Bashforth method takes the form

h
Ykra = X3 + oy (55fk+3 =59 fryo + 37 frp1 — 9fk>

for which
o = 0, K1 = 0, Ny — 0, N3 = -1, Ny = 1;
— 9 __ 37 _ 59 __ 55 _
ﬁo__ﬂ/ lgl_ﬂ/ ﬁz__ﬂ/ 183_ﬂ/ ,84_0

The Adams—Moulton methods are a parallel class of implicit formu-
las. The 3-step version of this method is

h
Xkt3 = Xkp2 + 57 <9fk+3 +19fk42 = 5fk1 + fk>/

giving
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5.5.2  Truncation error for linear multistep methods

Recall that the truncation error of one-step methods of the form
Xpy1 = Xg + hD(ty, x; h) was given by

With general linear multistep methods is associated an analogous

formula, based on substituting the exact solution x(t;) for the ap-
proximation xj, and rearranging terms.

Definition 5.3. The truncation error for the linear multistep method
m m
Z(:]"‘jxkﬂ =h Z(:):ij(tkﬂr Xt )
= =

is given by the formula

T, — Z]m:() [DCjX(tk+]’) - hﬁjf(tk+j/x(tk+j))]
. h o B '

The Z;'":o B term in the denominator is a normalization term; were
it absent, multiplying the entire multistep formula by a constant
would alter the truncation error, but the not the iterates xy.

To get a simple form of the truncation error, we turn to Taylor

series:
() = x(b+h) = x(b) + BY(h) + R(B) + BH(h) +
¥(tea) = x(h+2h) = x(t) + 2hx'(t) + BEX(h) + ZEX(h) +
¥(tes) = x(b+3h) = x(t) + 3h'(t) + Zx'(h) + Zx(h)
Xteim) = x(te+mh) = x(b) + mhx'(t) + SEx(H) + mEh) +
+m k k k 21 k 3l k
and also
flnx(n)) =x'(h+h) = X)) + () + B (k) s
2! 3!
Fllia x(t)) = x' (B +20) = ¥ (t) + 2hx"(K) + ZEx"(h) + 22
21,2 31,3
fltesa x(tiys) =2 (e +3h) = ¥ (k) + 3hx"(ty) + (1) al
Flliim ¥(bem)) = ¥ (e +mh) = ¥ (b)) + mha(t) + D2 (1) + 20

Substituting these expansions into the expression for Tj (eventually)



yields a convenient formula:

m Yo |aj x(tiyg) = Bj f by x(tiyg))
(];),Bj)TkZ i 0[] k+j . j S\ ket k+j }

= [ Lt + T [ (o™~ B ) )

— [ L o]xte0 + [ - 1o i)'t
j=0 j=0 j=0
m 2 m
AP WY
j=0 j=0
S ]3 4 ]2 "
+h2[];)6,x] 7];) =B < (1)
1| ﬁ"‘f ﬁ ﬁﬁ/} @ (1) + -
j=0 24 j=0 6

In particular, the coefficient of the h’ term is simply

il+1 m -l

]g) (£]+ oL i

j=0

for all nonnegative integers £.

Definition 5.4. A linear multistep method is consistent if Ty — 0 as
h—0.

The formula for Tj. gives an easy condition to check the consis-
tency of a method.

Theorem 5.2. An m-step linear multistep method of the form
m m
2 %% = 1 ) Bifi
j=0 j=0
is consistent if and only if

m m ) m
thjzo and Z]"‘]’:Zﬁj‘
j=0 j=0 j=0

If one of the conditions in Theorem 5.2 are violated, then the formula
for the truncation error contains either a term that grows like 1/h or
remains constant as # — 0. The Taylor analysis of the truncation error
yields even more information, though: inspecting the coefficients
multiplying h, h?, etc. reveals easy conditions for determining the
overall truncation error of a linear multistep method.
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Definition 5.5. A linear multistep method is order-p accurate if Ty, =
O(h?) ash — 0.

Theorem 5.3. An m-step linear multistep method is order-p accurate
if and only if it is consistent and

forall/=1,...,p—1.

The next few examples show this theorem in action, applying it to
some of the linear multistep methods discussed earlier.

Example 5.7 (Forward Euler method).

ng = —1,0(1 :1;ﬁ0 :1,ﬁ1 =0.

Clearly ap + a1 = =14+ 1 =0and (Oxp + 1a1) — (Bo + B1) = 0.
Thus the method is consistent.

When analyzed as a one-step method, the forward Euler method
had truncation error Ty = O(h). The same result should hold when
we analyze the algorithm as a linear multistep method. Indeed,

(%02040 + %1%) - (0/50 + 1/31) =140
Thus, Ty = O(h).

Example 5.8 (Trapezoid method).

N[ —

1
X = _1/“1 = 1/,50 = 5/,51 =

Again, consistency is easy to verify: a9 +a; = —1+1 = Oand
(Og +1aq) — (Bo + B1) =1 — 1 = 0. Furthermore,

(%020(0 + %120¢1> — (Oﬁo + 1ﬁ1) = % — % = 0’
so Ty = O(h?), but
(30%0 + 11%1) — (30260 + 31261) = L — } 0,

so the trapezoid rule is not third order accurate: Ty = O(h?).

Example 5.9 (2-step Adams—Bashforth).



Does this explicit 2-step method deliver O(h?) accuracy, like the (im-
plicit) Trapezoid method? Consistency follows easily:

ag+a14+a,=0—-14+1=0

and
(O + 1oy +2a2) — (Bo+ 1) =1 -1 =0.

The second order condition is also satisfied,
(3020 + $1%1 + 32%2) = (0Bo +1p1) = 3~ § =0,
but not the third order,
(10%0 + §1%1 + 12%2 ) - (30%Bo + 312B1) = 7 — § # 0.
Thus Ty = O(h?): the method is second order.

Example 5.10 (4-step Adams—Bashforth).

Ky — O, N1 = 0, Ny = 0, N3 = —1, Ny = 1,‘
_ 9 __ 37 _ 59 _
ﬁo__ﬂ/ 181 — 24 ﬁz__ﬂ/ 153 24/ :84_0

Consistency holds, since }_a; = —1+1=0and

4
Y jaj — 251 (B-D+4) - (+H-%+5)=1-1=0.
j=0

The coefficients of i, h2, and K3 in the expansion for Tj all vanish:

4
L2/ — L jBj = (%(—1)+%(1))—(0( 2) +1(3) +2(-3 )+3(%)):%_3A:0;
Z%]’B’zx 02]2,3] ( (— 1)+§(1))—(17(3%)_9_27(_%)_,_37(%)) =718 _

4 1 _ (3 4 13 /37 23/ 59 33,55\\ _ 175 1050 __
Z 21f*0— Lo 6/°Bj = (ﬂ(—l) + ﬂ(l)) - (?(7) +5 (=) + ?(7)) =2t~ =0

However, the O(h*) term is not eliminated:

4
1.5 4 3 45 14 /37 24/ 59 3% 55\ _ 1267 887
Y i — Timo 2ai*Bj = (m(—1)+m(1))—(ﬂ(ﬂ)Jrﬂ(—ﬂ)Jrj(i)) =0 ~ 1w 70

Thus Ty = O(h*): the method is fourth order.
A similar computation establishes fourth-order accuracy for the
4-step (implicit) Adams-Moulton formula

Xk43 = Xp2 + ﬁh(9fk+3 +19fk12 — 5fkt1 +fk)-
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In the last lecture, we proved that consistency implies convergence for
one-step methods. Essentially, provided the differential equation is
sufficiently well-behaved (in the sense of Picard’s Theorem), then the
numerical solution produced by a consistent one-step method on the
fixed interval [t), tfnq] Will converge to the true solution as h — 0.
Of course, this is a key property that we hope is shared by multistep
methods.

Whether this is true for general linear multistep methods is the
subject of the next lecture. For now, we merely present some compu-
tational evidence that, for certain methods, the global error at ¢,
behaves in the same manner as the truncation error.

Consider the model problem x'(t) = x(t) fort € [0,1] with
x(0) = xp = 1, which has the exact solution is x(t) = e’. We shall
approximate this solution using Euler’s method, the second-order
Adams-Bashforth formula, and the fourth-order Adams—Bashforth
formula. The latter two methods require data not only at t = 0, but
also at several additional values, t = h,t = 2h, and t = 3h. For
this simple experiment, we can use the value of the exact solution,
x1 = x(t1), x2 = x(t2), and x3 = x(t3).

We close by offering evidence that there is more to the analysis of
linear multistep methods than truncation error. Here are two explicit
methods that are both second order:

Xy — %xk+1 + %xk = h(%fk+1 - %fk)
Xero — 3%k + 2% = h(3fi1 — 315)-

We apply these methods to the model problem x'(t) = x(t) with
x(0) = 1, with exact initial data x; = 1and x; = e”. The results
of these two methods are shown below. The first method tracks the
exact solution x(t) = e very nicely. The second method, however,
shows a disturbing property: while it matches up quite well for the
initial steps, it soon starts to fall far from the solution. Why does this
second-order method do so poorly for such a simple problem? Does
this reveal a general problem with linear multistep methods? If not,
how do we identify such ill-mannered methods?



