STAT/MATH 6105
MEASURE AND INTEGRATION FOR PROBABILITY

Lecture Notes for Fall 1997

PREFACE

These notes have evolved through teaching this course over many years. They began mostly as a
“record” of the material covered, a list of definitions, theorem statements and examples. Now however
they also contain proofs (or outlines of proofs) for many of the main results, as well as a few supplemental
topics that past students have asked for. However they are not intended to be a completely self-contained
treatment. Rather they and the lectures are meant as compliments to each other. In some places you will
need the lectures for a full explanation of details. (Some acknowledged omissions indicated with an ellipsis
“...7.) At other places we will use our class time for additional examples or clarifying discussion, leaving
technical details to the notes alone. Your comments and suggestions are welcome, and will inQuence future
improvements to the notes. For a more thorough treatment we recommend the excellent book by Billingsley
[1]. Billingsley’s text has had a strong inQuence on these notes. In particular the credit for a number of the
problems is his.

— M. Day, June 1997
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Unit M o Motivation and Overview

The job of a statistician is to select and apply statistical procedures to analyze “real” data. Under-
standing the properties of these procedures is of course vital to deciding when their use is appropriate. To
understand the properties of these statistical procedures in a careful way we have to study their properties
in a precise mathematical setting. For instance, to say an estimator © of some parameter 6 is unbiased is a
statement about its properties as a mathematical object: Ey[©] = 6. Probability theory is the mathemat-
ical setting in which most statistical procedures are studied. Our goal in this course is to understand the
mathematical concepts of modern probability theory.

You are probably familiar with “primitive” probability theory, as illustrated in the following examples.

Example 1. A discrete probability space, consisting of a finite number N of distinct “events” wy, wa, ...

)

wp, each with an associated probability p;. (We insist that 0 < p; <1 and 2\7 p; =1). o0
Example 2. The above could be extended to allow an infinite sequence p;; i = 1,2,... with 0 < p; and
Zcfo pi =1L OO

Example 3. A continuous probability density is a continuous function f(z) > 0 defined for all real numbers
z (le. f: IR —[0,00)) with

/O;f(a:)da: =1.

Then with any interval A = (a,b] (or finite disjoint union of intervals) we can associate a probability

b
P((@b) = [ flz)da.

This might describe the “distribution” of a random variable X; P(A) = the probability that X € A. We
would then calculate expected values of functions of X by

El¢(X)] = [ h o(x)f(z) da.
OO

Example 4. Example 3 can be generalized by describing the probability of an interval using a distribution
function F(-):

P((a,b]) = F(b) — F(a).
(F(-) must be non-decreasing and satisfy lim,_,_o, F(z) = 0 and lim,_,o, F(z) = 1.) For instance the
distribution of Poisson or binomial random variables can be described this way, although they do not have
continuous densities. In general it may not be clear how to generalize the formula of Example 3:

Blo(x) - [ " o(e) dF(z) ?

Example 5. In the plane, IR?, we can also consider continuous densities f(x,y). The probability of a subset
A C IR? could be computed by

PA) = [[ fa)dzdy

This could describe the joint distribution of a pair of random variables; P(A) = the probability that (X,Y) €
A. Now we would calculate

B0(X)] = [[ 6(@)f(z,y) dzdy.

OO
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In each of these examples we have a set of elements {2 and a rule for assigning probabilities P(A) to
certain subsets A C Q. P(A) is not necessarily defined for all subsets A however. Those A C € for which
P(A) is defined form a special class A of subsets of 2. One eventually realizes that simple settings such
as these are not always adequate, that something more sophisticated mathematically is needed. Example 4
hints at this but the example we develop next will make the point more strongly.

A Game of Ten-Sided Dice
Imagine that we have a dice with 10 sides, numbered 0, 1, ..., 9. The dice is fair, i.e. each side has
probability % of landing up. We roll the dice repeatedly and independently, obtaining a sequence of digits
didods ... dy ...,

each digit being one of the integers 0, ... , 9. We want to assign probabilities to sets of such sequences. For
instance we would say that the set of all sequences with first digit d; = 3, i.e. all sequences of the form

3dayds ... dy ...,

should have probability %
There is a nice way to assign probabilities to sets of such sequences, by thinking of the sequence of digits
as the decimal representation of a real number w:

(1) w=didyds--- = dp/10".
n=1

For instance, w = 123/999 = .123123123123.... This association of digit sequences with numbers is not
perfect however because some numbers have two different decimal representations, such as

1/2 = .5000- - - = .4999. ..

For such w we will insist on using the decimal representation with trailing 0’s, not trailing 9’s. (This excludes
those outcomes of our dice game which are all 9’s after some point, but the probability of these should be 0
anyway.) Thus we will take 2 = [0,1) as our set of basic elements. Each w € [0,1) determines a full digit
sequence dj (w), da(w), ... from the decimal representation (1), with no trailing 9’s. Each d,, is viewed as a
function of w, d,, : Q@ — {0,1,...9}.

Example 6. The set of w for which d;(w) = 3 is just an interval of real numbers:
{w: di(w) =3} =13, .4).

We want to assign probability % to this set of w. Observe that 1—10 is precisely the length of the interval! oo

We take this example as our lead, and assign the length of a subset A C [0, 1) as its probability P(A):
PA)y=b—a if A=]a,b) with0<a<b<1,

and if A = U7}[a;,b;) with [a;,b;) disjoint (i.e. no two intersect) then define

n

P(A) = (b — a:).

1
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Note that we can only calculate P(A) if A is a set of the proper type. We could certainly make some obvious
extensions (to include A = (a,b), ¢, b], (a, b] and finite unions of such) but there remain many sets A C [0,1)
for which P(A) is not defined!

We can confirm that this set-up does accurately describe the probabilities of our dice game by checking
the probability it produces for a specified outcome of the first N rolls. Suppose we pick digits ui, uz, - ..,
uy and ask for the probability that the first dice produces value wuy, the second dice produces ug, ... and
dice N produces uy. In our set-up we calculate this by finding the set A of w’s which meet the prescribed
requirements and then evaluate P(A):

A={w: dp(w) =u, eachn=1,--- N}
N
=[a,a+107"), wherea= Zun/10n7
1

and so we do get the correct value:
P(A) =1/10V.

The really interesting questions come from considering events that involve the whole sequence of dice
rolls, not just some finite number of them. Consider in particular

1
E Z di(w)7
1
which is the average of the values rolled in the first n plays. As n — oo we expect this average to converge

to 4.5 with probability 1. (This is the Strong Law of Large Numbers.) To be precise, we want to say that
P(H) =1, where

1 n
H={w: lim =Y di(w) =45},
{w: lim ”21: (w) = 4.5}

But now we are faced with a serious problem: H is not a finite disjoint union of intervals, so P(H) is not
defined! In problem 1 below you will show that every interval (a,b) C [0,1) contains points from both H and
He¢. Thus both H and H€ are spread throughout [0, 1), having no segments or gaps of any positive length.
Thus our intuition does not tell us what the length P(H) of a complicated set like H should even mean,
much less why P(H) =1 is the correct value.

The point is that the definition of P needs to be extended from the simple type of sets (finite unions of
intervals) for which the value of P is clear, to sets of more complicated type (like H) for which the definition
of P is not clear at the outset. This extended definition of P must satisfy certain properties in order to be
a reasonable “measure of probability”. Any proof that P(H) = 1 must make essential use of the properties
which govern this extension. In other words, the assignment of probabilities by our intuition alone is not
adequate. In general what we need to do is set down the mathematical principles that govern the assignment
of probabilities (the definitions of what are called “probability measures” and “sigma-fields”), and then study
how these principles determine those probabilities that are beyond our intuition.

Overview

The basic setup of probability theory is similar to what we constructed above, based on a “probability
space” (2, F,P). The “master set” Q (like [0,1) above) encompasses all possibilities. F is the collection
(class) of subsets A C ) for which probabilities P(A) will be defined. P is the “probability measure” which
assigns probabilities to A € F. In addition we often have random variables X (like our dy,ds, - - ) which are
functions taking w € Q to X (w) € IR, or some other set of outcomes like our {0,1,2,...9}. Our first goal
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(Unit I) is to discuss the properties that Q, 7 and P must have to be mathematically adequate (to surmount
the type of problem we encountered with H above instance). Then (Unit II) we need to talk about the
properties that random variables must have in order to be compatible with (2, F, P).

The expected value “E[X]” is what mathematicians call the “integral of X with respect to the measure
P?” | usually written

EX] = /Q X dP.

This notion of integration is more general and powerful than that of calculus. If P([a,b)) = b — a gives the
measure of length as above (called “Lebesgue measure”) then f[a b (z) dP extends the Riemann integral

fab f(z)dz. An infinite series Y}~ f(n) is another special case of this new notion of integral, this time using
“counting measure” on {2 = IN. After discussing this concept of integration (Unit IIT) we take a quick
overview of the various notions of convergence common in probability theory and some of the most famous
limit laws (Unit IV).

These measure-theoretic foundations also allow a unified understanding of conditional probabilities. The
various conditioning formulas of elementary probability theory, such as
PUNE) o f@)

P(B) T T e y) de

will all be seen as different expressions of the same idea. By understanding what conditioning really is

P(A|B) =

mathematically we will be able to explain the important rules for manipulating conditional probabilities
and expectations (Unit V). This is fundamental to understanding several important classes of stochastic
processes, such as martingales and Markov processes.

Problem L ... e e
Let H C [0,1) be the set described above. Show that every non-empty open interval (a,b) C [0,1) contains
a point from H and a point from H€¢. As a hint, notice that if we take w and alter the terms of its decimal
expansion after d,,, we obtain a new @with

o0

Y (d(w) — di(@))/10%
k=n-+1

< > 9/10F=10""

k=n+1

|w =l

Using this you can construct wof either type (in H or H¢) as close as you like to a given w.
Problemm 2 .. .
Let ) Fik
ifi=
Ok (i) = e .
0 ifi £k
For each kK =0,1,...,9 define the set

T 1
Ap={we0,1): lim — ;6k(di(w)) =
Show that
mk_oAk C H
Problem 3 . ..o

Draw graphs of d;(-) and of da(-). Explain why, according to our definitions above,
P({w: dy(w) =T}) =1/10.
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Unit I oo Measures and Sigma-Fields

We begin a careful study of “measures of probability” by describing their essential properties. Let € be
any “space” or master set of points w € €.

Example(s) 1.
e O ={wy,...,wn} - Ex. M.1.
e Q=1{1,2,3,...} - Ex. M.2.
e (O ={all sequences w=HTTHTHHTHTHTTT...} — Coin tossing.
Q={f:]0,00) - R} — random motions.
e (2 =R - probability distributions.
e O =10,1) — 10-sided dice, Unit M. 00

We will want to define probabilities P(A) for certain subsets A C Q. There will be a collection F of subsets
of Q consisting of those A C Q for which P(A) is be defined. (A set is a collection of elements but we
use the word class for a collection of (sub)sets. Thus F is a class of subsets of {2; see the Mathematical
Supplements.) What properties should F have? Our calculations are likely to manipulate sets in F via the
usual set theoretic operations: compliment, intersection and union. We want the resulting sets also to be in
F. This means we want F to be a what is called a field of subsets.

DEFINITION. A class F of subsets of §) is called a field when the following properties hold:
(i) Qe F;
(ii) if A € F then A° € F;
(iii) if A,B € F then AUB € F.
If A€ F wesay A is an F set, or that A is F measurable.

Example 2. Consider 2 = [0,1) and the following classes of subsets:
e 7 = class of all intervals, [a,b) C 2 — this is not a field.
e S = class of finite disjoint unions of intervals A = U7 [a;, b;) — this is a field. (We consider () = [a,a) to
bein S.) 00

Notice that the following properties are consequences of (i)—(iii): § = Q¢ € F, and ANB = (A°UB°)¢ € F
if A, B € F. Moreover if A,, € F for each n = 1,..., N, then N 4,, and UY A,, must also be in F. In other
words any set we can form by a finite number of operations (intersections, unions, or compliments) applied
to JF sets must also be an F set.

We saw in the last section that for Q@ = [0,1) even the field S was not adequate for the discussion of
infinite sequences of coin tosses, because H ¢ S. However,

H =MLy Uy Mo fw s |~ D di(w) — 4.5 < E}'
1

So we also want to be able to take unions and intersections of sequences of sets in F; i.e. “countable” unions
and intersections.

DEFINITION. A class F of subsets of Q is called a g-field (or o-algebra) if F is a field and

21 A; € F whenever Ay, As,--- € F is a sequence of sets in F.

Notice that a o-field must also contain countable intersections: if 4; € F then N2, A; = (U2, A$)° must
also be in F since F is “closed under complementation”.
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Example(s) 3. Most o-fields are complicated but here are a few simple ones.

o F= {079}7
e P ={ all subsets A C Q},
e C={ACQ: either A or A° is countable } — see Problem 2. &0

The difficulty we encountered in our 10-sided dice discussion is simply that S, the class on which we
knew how to define P, is not a a o-field. To resolve this we need to “extend” the definition of P to a larger
class of sets which is a o- field. What o-field is appropriate? P (from the preceding example) turns out
to be too big — P(A) cannot be defined for all subsets A C [0,1). C is clearly too small; it doesn’t contain
bounded intervals. What we want is the smallest o-field that includes all the sets in S.

DEFINITION. If A is a class of subsets of ), we define o(A) to be the class of all A C Q) such that A belongs
to every o-field containing A:

o(A)={ACQ: AecF for every o- field F with A C F},

You can check that o(A) is itself a o-field, called the o-field generated by A. It is the smallest o- field
containing A.

Example 2 (continued). Define B = o(S). The sets in B are called the Borel sets in [0, 1). It is impossible
to give a direct description of the sets which are in B, but virtually every set you can describe is. For instance
B contains all open subsets of [0,1). This is because

1. (a,b) =2, [a+ +,b) € B, (where a + § <), and

2. If G is open then G = Ur(a,b) where

I' ={(a,b) : a,b are rational and (a,b) C G}.

Since I' is countable, G € B.
There are subsets of (0, 1] which are not Borel sets but they are impossible to describe explicitly. (See the
discussion later in this section.) 00

Measures

Given a set {2 and a o-field F of subsets of 2, the next thing that we need is the “rule” or “set function”
P which assigns to each A € F its probability P(A). P is what we will call a probability measure. We want
0 < P(A) < 1 for probabilities. However there are other settings in which we want to assign “sizes” u(A) to
A € F without the restriction p(A) <1, or even u(A) < co. These are what are called (general) measures.
We define them first.

DEFINITION. Let F be a field on a Q. A measure p on F is a function u : F — [0, 4+00] satisfying

(i) u(®) =0,
(ii) if Ay, Aa,--- is a sequence of disjoint sets in F, and if U°A,, € F, then

oo

UPAL) = u(Ay).

1

Remarks.
e We only required F to be a field in this definition, but we are most interested in the case in which F is
a o-field. If F is o-field, we do not need to say “if U®A,, € F” in part (ii).
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o We allow p(A) = +o0o0. Thus the definition assumes we have some conventions regarding arithmetic on
[0,00]. The conventions are all quite natural; see Unit S.

e Part (ii) is called countable additivity. A less demanding property is finite additivity: p(AU B) =
u(A) + u(B) for any disjoint pair A,B € F. (This implies the natural generalization to any finite
number of sets: u(UTA4;) = 37 u(A;) when A; € F are disjoint.) Problem 3 shows that it is possible
for u to be finite but not countably additive.

e There are also “signed measures” which allow p(A) to be negative, but we do not need to deal with
them.

A measure p is called

a probability measure if u(Q) =1,

a finite measure if () < oo,
infinite if p(Q) = oo,
e o-finite if there exist Ay, Ag,--- € F with Q = U A,, and p(A,) < oo for each n.
When F is a o-field on Q and p is a measure on F, the triple (2, F, u) is called a measure space. When

P = p is a probability measure, (2, F, P) is called a probability space. The pair (2, F) (with no measure
specified) is a measurable space.

Example 4. With (©,S) as in Example 2 we can define P on A € S as in Unit M: P([a,b)) = b—a. It
seems obvious that P is countably additive. This is true, though the proof is more involved than you might
think. (See Theorem E below.) We will see that P extends (in a “unique” way) to all of B = ¢(S). The
extended version is called Lebesgue measure, often denoted by ¢ below. 0o

Example 5. The above can be carried out on 2 = IR as well. Let J consist of all finite (disjoint) unions of
intervals of the form (—o0,al, (a,b], or (b,+00). (Note the reversal of open/closed endpoints, compared to
Example 2.) J is a field. Define

((—o0,a]) = +o00, £((a,b]) =b—a, £((b,4+0))=+00

and
n

LT Ti) =Y (),

1

if the J; are disjoint intervals of the indicated types. Theorem E below will tell us that £(-) can be extended
to a measure on B(IR) = o(J) (the Borel sets) called Lebesgue measure on IR. Here £ is infinite, but o-finite:

R = U(=n,n]; £((—n,n]) = 2n < oo each n.

By arguing as in Example 2 it follows that B(IR) contains all intervals (of any type), all open sets and all
closed sets. 0O

Example 6. If f > 0 is a continuous probability density, ffooo f(t)dt = 1, then there exists (Theorem E
again) P on B(IR) with the property that

b
P((ab) = [ 1ty
The function F(z) = [*__ f(t)dt is called the distribution function associated with P:
F(z) = P((~00,2])

OO
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Example 7. Let Q = any set, F = all subsets, and define p(A)= the number of elements in A. This is a
measure, called counting measure. o0

Additional Properties of Measures. The definition of a measure implies a number of other elementary
properties. Suppose u is a measure on a field F of subsets of 2. (All sets referred to below are assumed to
be in F.) Probability measures satisfy a few extra properties, which are indicated by writing P(-) instead
of pu(-).

e If AC B then p(A) < u(B).

n(A) + p(B) = n(AU B) + p(AN B)
P(AUB)=P(A)+ P(B)—P(ANB).

If Ay DAy DA, D and A = NPA, (“A, | A7) and if u(A,) < oo for some n, then p(A) =

IfA; C A C---A, C...and A =UPA, (i.e. “A, T A”) then lim u(A,) = p(A4) (ie. “u(An) T u(A)”).
)

lim p(A4,) (“u(An) | p(A)”). (Note that we always have P(A) = lim P(A4,,) because P(A,) <1 < co.
p(UPA,) < 3°7° u(Ay) (any sequence of A, € F with UA, € F).
e If i is o-finite, then any collection of disjoint F-sets of positive measure is countable.

PROOF(S): ... 1

The existence of distribution functions is not limited to the situation of Example 6. In fact every
probability measure P on (IR,B(IR)) has a distribution function defined by F(z) = P((—o0,z]). The
properties of a measure imply that F(-) is a function from IR to [0, 1] which satisfies the following;:

e if x <y then F(z) < F(y) (nondecreasing);

o lim, , o F(z) =0 and lim,_, 4o F(z) =1;

e for every x, F(z) = lim, |, F'(y) (right continuous).
We can recover P for intervals from F' by the formula

P((a,b]) = F(b) — F(a).

Now it is important which endpoints are open/closed! Also note that P({a}) = F(a) — F(a—).

Conversely, for any such function F there is a unique probability measure P on (IR,B(IR)) with
P((a,b]) = F(b) — F(a). This is the content of Theorem E below. Notice what we are saying here with
the word “unique”: the values of P(A) for all A € B(IR) are determined by the values of P(J) for intervals
J = (a, b], even though there may be no way to write A in terms of intervals!

Generation of Sigma-Fields

We have already defined o(.A) where A is any class of subsets of 2. Here are some facts about this process
of “generating” o-fields.

o(A) is a o-field and contains all A € A.

If AC F and F is a o-field then o(A) C F.

If A is itself a o-field then o(A) = A.

If Ay C Ay then o(A;) Co(Aa) .

If Ay C A Co(A1) then o(Ar) = o(As).

Example 8. A = {A, B,C}. o(A) consists of those sets made up of the 8 basic sets ANBNC, ANB°NC,
... . Note that some sets like AN B*NC° or A°N B°NC may consist of more than one “piece” in a drawing

but are inseparable in o(A). 00
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Example 9. V = {(—o0,c] xR: ¢ € R}. o(V) consists only of sets of the form A x R (A € B(R)). Le. if
G € o(V) and (z,y) € G then the complete vertical line L, = {(z,2) : z € R} must be C G. Sets in o(V)
are “bundles of lines”. 00

Example 10. D = {{(z,y): y=mz, a <m <b}: a,b € R}. Then {(0,0)} € o(D), but all other sets in
o(D) are “bundles of lines”, possibly with (0, 0) removed. 00

Example 2 (continued). In addition to Z, S and B defined previously, let
T, all sub-intervals of [0, 1) of any type:

(a7 b)? [a7 b)? (a7 b]? or [a7 b]'

7T = all open subsets A C [0,1).

U = all singleton sets {x}.
Then Z C § C 0(Z), which implies 0(Z) = o(S) =B. AlsoZ CZ, Co(Z)andZ Co(T)C B,s0Z,I4, S
and 7 all generate the Borel sets B. U C B also, but o(U) # B. In fact o(U) = C as defined in Example 3.00

We tend to think of o(A) as what we get by starting with the A € A, then including all sets we can
construct from these by compliments, countable unions and intersections, then repeat the process ... . But
this is false; not all sets in o(A) can be constructed from the A € A by such a process. We must rely on
more abstract mathematical arguments to establish properties of generated o-fields.

Consider again the situation described in Example 4. We have defined P(-) for sets in Z by P([a,b)) =
b — a and claim that there exists a unique probability measure on the Borel sets B which extends P. Lets
think about the uniqueness part of this assertion. What we are saying is that if P and @) are both probability
measures on [0, 1) with the Borel sets B and if both P([a,b)) = Q([a, b)) for all [a,b) € Z, then P(A) = Q(A)
for all A € B. This fits a logical pattern that we encounter frequently in dealing with o-fields.

Typical Problem. Suppose A is a class of subsets of Q and F = o(A4). We know that a certain property
(X) holds for all A € A and want to show that (X) holds for all A € F.

For instance, in the uniqueness question above, A = 7 and (X) would be the property that P(A) = Q(A).
We will encounter several other problems that fit the same pattern. To understand how to handle a problem
of this general pattern, define the class of F-sets determined by (X):

L={AeF: (X) holds for A}.

The very definition implies £ C F. The problem is to show £ = F. One way to proceed is to show directly
from the description of (X) that £ is itself a o-field. This is sometimes feasible (see problem 5 for instance),
but often not.

Example 11. Let P and Q both be probability measures on (€2, F), where F is a o-field. Define
L={AeF: P(A)=Q(A)}.

We can check that £ has the following properties:
(i) Qe L;
(ii) if A € L then A€ € L;
(iii) if A,, € L are disjoint, then UA,, € L.
However £ can fail to be a o-field; see problem 6. o0
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DEFINITION. A class L of subsets of Q) is called a A-system if it satisfies (i), (ii) and (iii) of the preceding
example. A class P of subsets of () is called a m-system if AN B € P whenever A, B € P.

Note that a class F is a o-field if and only if it is both a A-system and a w-system. (A, € F implies
B, =A,NA% N---NAf € F so that UPA, = U°B,, € F.) Thus the two definitions separate the
properties of o-fields into two parts. Here is the important theorem.

THE 7-A THEOREM (A). If P is a w-system, L is a A-system and P C L, then o(P) C L.

PROOF: Let A(P) be the smallest A-system containing P (the intersection of all A-systems containing P).
We will show that A\(P) is also a m-system.
Consider A € P and define G4 = {B: ANB € A(P)}. The following steps show that G4 is a A-system:
1) P C Ga, since B € P implies AN B € P C A(P).
2) Q€ Gy, since PNA=AeP CAP).
3) Suppose B € G4, then A € A(P) implies A° € A\(P) and ANB € A(P) are disjoint, so A°U(ANB) € A(P).
But AU (ANB)=A°UB,so (A°UB)*=ANDB € A(P). Le. B€Ga.
4) Suppose Bi, Ba,--- € G4 and are disjoint. Then AN (U B;) = UP(AN B;) and the AN B; € A(P) are
disjoint. Thus U*B; € Ga.
Since G4 is a A-system containing P, we conclude that A(P) C Ga. Since this holds for any A € P,
we have shown that AN B € A(P) for all A € P, B € A(P). Now consider any B € A(P) and define
G ={A: AN B € A\(P)}, and repeat the above sequence of steps.
1) P C Gp, by the preceding.
2) Q € Gp, because QN B = B € A(P).
3) Suppose A € Gp. Then since B¢ € A\(P) and AN B € A\(P) are disjoint, B°U(ANB) = BCUA =
(AN B)¢ € A(P), so AN B € A(P). Le. A¢ € G5p.
4) If Ay, Ag, - - - € Gp are disjoint, then A;NB € A(P) are disjoint, so that (U°A4;)NB = U (A;NB) € A(P).
Thus UTOAZ‘ €3gg.
Thus Gp is a A-system containing P. Therefore A(P) C Gp, for any B € A(P). This means that ANB € A(P)
for all A, B € A(P). We have shown therefore that A(P) is a m-system, and therefore is in fact s o-field. We
conclude that P C o(P) C A(P) C L. 1

Examples 4 and 11 (continued). On Q = [0,1) as before, notice that Z is a m-system. So if P and
@ are both probability measures on (2, B), with P(A) = Q(A) for all A € 7 then the theorem tells us
L = 0(Z) = B. In other words the class of A for which P(A) = Q(A) includes all of B. Thus there is at
most one extension of P from intervals to a probability measure on the Borel sets. 0o

This example demonstrates how the m-A Theorem is applied to our typical problem above: if the class
A of sets for which we know property (X) to hold is a w-system, then we only need to verify that £ is a
A-system, not that it is a o-field. Also note that whether or not £ is a A-system depends only what the
property (X) is, not on A.

If 4 and v are general measures on (2, F) then we cannot always show that

L={AeF: u(d)=v(A)}
is a A-system; we can’t use subtraction to establish (ii). However for o-finite measures we can get around
this difficulty to prove the following uniqueness result.

THEOREM B. Suppose P is a m-system and pu and v are two measures on o(P) which are o-finite on P. If
w = v for all P-sets, then = v on all of o(P).

By ”o-finite on P” we mean = U P, P, € P with u(P,),v(P,) < co.
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PROOF: In our typical problem take
(X) v(ANP,) = pu(AN P,) for all n.
Then (X) holds for all A € P. Define
L={Aco(P): v(ANP,) =u(ANPF,) for all n}.

(i) Q€ L because v(P,) = pu(Py).
(ii) A € £ implies

=
N
o
D)
e
I
=
£
|
=
T

= U(Py) — v(Pu N A) = U(A° N Py),

which implies A¢ € £. (Note that we are using u(P,) < oo here.)
(ili) Ag € L disjoint implies

u((UT°Ap) N Py) = p

—~

U (A N Pr))

p(Ar N Py)

s T

V(AN P,) = - =v((UPAr) N R,),

E
Il

1

which implies UT® Ay, € L.
Now the -\ Theorem implies £ = o(P).

Finally, let Q@ = P1, Qo = Po\ P1, ..., Qn = P, \U? ' P,. For any A € 0(P), ANQ, = (ANQ,)NP,
so W(ANQy) =v(ANQy,) and A = UP(ANQ,), disjoint. Thus,

pA) =Y AN Qn) =Y ¥(ANQ,) = v(A)

There is another, older result which provides another way to deal with our typical problem.

DEFINITION. A class M of subsets of ) is called a monotone class if
(i) whenever A1 D A, ... are sets in M then NA,, € M;
(ii) whenever Ay C A, ... are sets in M then UA,, € M.

THE MONOTONE CLASS THEOREM (C). If F is a field, M is a monotone class and F C M then o(F) C M.

To summarize if 4 C G there are several ways we might show that o(A) C G. Any of these may be
viable approaches to dealing with our typical problem.
e Show that G is a o-field. (See problem 5 for instance.)
e Show that A is a m-system and G is a A-system. (See Example 3 above.)
e Show that A is a field and G is a monotone class. (See problem 9 for an example.)

The Extension Theorem

We come now to the main theorem on the existence of measures.
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CARATHEODORY EXTENSION THEOREM (D). Suppose p is a measure on a field F of subsets of Q. Then
has an extension to a measure on o(F).
If p is o-finite on F, then the extension is unique, by Theorem B above.

Application to Distribution Functions. Suppose F': IR — IR is nondecreasing and right-continuous:
F(z) < F(y) whenever z <y,

lim F'(y) = F(z) for all z.
ylz

Let J be the class of all intervals of the form
(—o00,b], (a,b], or (a,o00).
(We consider §} = (a,a] to be in J.) Define F(+o0) by

F(0) = lim F(z) < oo, F(—o0)= lim F(x)> —o0.

T—00 r——00

We can define 4 on J by

1((a,b]) = F(b
(1) p((=00,b]) = F(b
u((a,00)) = F(00) — F(a).

These are all values in [0, co] by the monotonicity of F(-).

Let S consist of all finite disjoint unions UYJ,, of intervals J, € J. S is a field. We claim, and will
prove, that

N(U{VJn) = Z 1(Jn)

defines a o-finite measure on S. Once we do, the following theorem will be a consequence of the Carathéodory
Theorem.

THEOREM E. Let F : IR — IR be a nondecreasing, right continuous function as described above. There
exists a unique measure p on (IR, B(IR)) with the property that p((a,b]) = F(b) — F(a).

This theorem justifies several assertions made in our discussion up to this point. In particular, using F(z) =
we get Lebesgue measure £ on the Borel sets, determined by the property that £((a,b]) = b — a.

PRrOOF: First we will show that u is countably additive within the individual intervals J. If —oco < ¢ <

c1 < cg < -+ <cp < oo then clearly

n

> F(er) = Fler-1) = Fen) — F(co).

1

By dropping some terms from the left we see that if I € Z are disjoint and UY'I,, C I, I € J, then
S1 () < p(I). Passing to the limit as n — oo we see that the same is true for sequences of disjoint
I, € J: Ul C1I, I e J implies

(2) > ull) < ).
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Next suppose I, I, € J are intervals with finite endpoints and that I C UKI;. Let I = (a,b] and
I, = (ag,bx]. By throwing out some intervals and renumbering we can assume that a € (a1,b1], bp—1 €
(ak, bx], ending with b € (ak,bxk|. Then since a1 < a, a < by—1 and b < bx the monotonicity of F implies
F(bg) — F(bg—1) < F(bx) — F(ax), and so

Thus, after adding back to the right side any intervals we threw out and reverting to the original numbering,

we have
K
(3) p(I) < ).

We want to generalize this to a sequence of intervals. lL.e. we want to prove that I C Ul with
I, I, € J implies

(4) p(D) <D p(Iy).

(There is no disjointness assumed here.) To do this, first notice that we can assume I is bounded, because
u(I N (=n,n]) T u(I) as n — co. So suppose I = (a,b] with finite endpoints a,b. We can also assume that
It = (a, by] has finite endpoints. (Otherwise replace I}, with Ij, = I} N (a,b], which only makes the right side
in (4) smaller.) Moreover assume a < b because otherwise there is nothing to prove. Consider any e > 0.
Since F' is right continuous we can find

a < a <bwith F(a') < F(a) + ¢, and
by < b}, with F(b},) < F(by,) + €/2".

Then

[a’,b] C (a,b] C U°(ak, br] C U (ak, by,).

By the Heine-Borel Theorem there exists K < oo so that
[ala b] - U{((alw b;c)

But then (a’,b] C UX(ax, b}] so that the finite case (3) implies

pl(@'b]) <Y plan, i)
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Now we can put some pieces together:

<e+ > F(b,) - Flax)

K
Se—FZeQ—k—l—F(bk)—F(ak)
1

Se—l—ZeQ*k—l-ZF(bk)—F(ak)
1 1

=2+ > p(l)

1

Since € > 0 was arbitrary, the inequality (4) follows.
Taking (2) and (4) together shows that

oo

(5) w(I) =" p(In),

1

whenever I, € J are disjoint intervals and I = U1}, is also an interval in J. This is the countable additivity
on J that was our first goal.

The next step is to extend this to S by first showing that p is well-defined on S. That is if we consider
two different representations of A € S as a disjoint union of intervals

WL, =uMj, =4

where I,, € J are disjoint and J,,, € J are disjoint, both lead to the same value of ©(A). Indeed, for each
fixed n the I, N J,, are disjoint intervals as m =1,...,M and I, = U{WIn N Jp. Thus (5) implies that

M
p(ln) = Z Ly NV T

m=1
Likewise,
N
p(Jm) = ZN(In N Jm).
n=1
Hence,
N N M
ZN(In) = Z Z N(In N Jm)
1 n=1m=1
M N M
= Z Z N(In N Jm) = ZIL(Jm)
m=1n=1 1

Suppose next that A = US® Ay, with A, Ax € S, the A being disjoint. Then

A =UVT, for disjoint I, € J;
A = U?ﬁ;’“l[k,j for disjoint Iy ; € J
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Here, since the Ay are disjoint, the “doubly indexed” collection of Ij ; is disjoint. Thus (5) implies that for

each n,
oo Mg

p(ly) = ZZM(I" N Igj).

k=1 j=1

Now we can establish the countable additivity of p by writing

Theorem E now applies to extend p to B = o(A). The proof is finished by noting that u is o-finite on
J, because p((—n,n]) < oo and (—n,n] T IR. Hence the uniqueness is a consequence of Theorem B. 1

Higher Dimensions. This can all be generalized to Q = IR*. We start with the class R of all “bounded
rectangles”, i.e. sets of the form

J={zcRF: a;<z; <b;foreachi=1,... k}

= (al,bl] X (ag,bg] X e X (akbk] = x]f(ai,bi],

including 0. B(IR¥) = o(R) (or simply B when Q = IR¥ is understood) is the Borel o-field. We could have
allowed unbounded rectangles (i.e. allow a; = —oo, and oo for b;]) to obtain a class more analogous to
what we called J previously. This, and many other possibilities, would all generate the same o-field 5. In
particular B is generated by the collection of all open subsets of IR¥.

The idea of a distribution function can be generalized and a higher dimensional version of Theorem
E proved; see Billingsley §12. In particular there exists Lebesgue measure £(-) on (IR¥, B(IR¥)) determined

uniquely by its values on R:
k

0(xF(ai, b)) = H(bi —a;).

1
(Note that R is a m-system.)

Completeness. A measure space (Q, F, ) is called complete if A € F and u(A) = 0 implies that all subsets
B C A are also in F. Completeness is important in certain aspects of advanced probability theory. It can
be shown that starting with any measure space (€, F, ) there exists a (smallest) complete extension or
“completion”: (2, F*,u*™) where F C F* and ut(A) = u(A) for all the original A € F.

It turns out that (IR*,B,¢) (any k& > 1) is not complete. The completed o-field B* is the class of
Lebesgue measurable sets. Every Borel measurable set is Lebesgue measurable, but not conversely. There
are still sets which are not Lebesgue measurable. ¢* is still called Lebesgue measure. The completed version,
(IR*, B+, ¢%), is the standard measure space used in treatments of real analysis (such as Math 5225).
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Existence of a Non-Measurable Set

Problem 8 discusses the translation invariance of Lebesgue measure. This is what we need to present the
usual construction of a subset of IR which is not a Borel set. We start by defining  ~ y (z,y € R) to mean
that * — y is a rational number. This is what is called an equivalence relation. We need to consider the
equivalence class of x:

Co={yeR: z~y}={x+q: qrational }.

If ze C,NC, then z = u + p = v + q where p, g are rational, so that u — v = ¢ — p is also rational. ILe.
u~wv,s0u€C, and v € Cy. In fact every y € C,, is also in C,: C, C C,. Thus whenever two equivalence
classes intersect they actually coincide. The equivalence classes form a partition of IR.

Given an equivalence class Cy, C; N[0,1) is not empty. (Let g be a rational with (1 — z) — ¢ < 3.
Then z + g € C, and |(z + q) — 3| < & so that 2 + ¢ € [0,1).) For each equivalence class C pick exactly one
h e Cnl0,1) and let H be the set of h so chosen. We will show that H ¢ B(IR). To do this we will use the
following translates of H, mod 1. For r € [0,1) define

H.={yel0,1): y=h+rmod1, somehec H}
=HN0,1-r)+r (J HAL-7r1)+(-1).
Since ¢ is translation invariant (Problem 8) we see that if H € B(IR) the {(H) = ¢(H,), and 0 < ¢(H) < 1.

Let {ry,r2,73,... } be an enumeration of the rational numbers in [0,1). The key facts are that the H,.,
are disjoint and [0,1) = U°H,,. Then if H were in B(IR) we would have

(0,1) =1=> £(H,) =Y €H),

which would be 0 if £(H) = 0 or oo if £(H) > 0. Either way we have a contradiction! To finish, we need to
check the two key facts.

To see that the H,, are disjoint, suppose that z € H,, N H,, for some r; # r;. Then there would be
hi, hj € H so that z — h; = either r; or r; — 1 and likewise z — h; = r; or r; — 1. Thus h; — h; is rational, so
that h;, h; € H come from the same equivalence class. By construction of H we deduce that h; = h;. This
means that either r; = r; (not possible since we assumed otherwise) or they differ by £1 (not possible since
both are in [0,1)). Thus the H,, are disjoint.

Lastly, given any = € [0,1) there is h € H with £ ~ h. Thus x = h + ¢ for some rational ¢, which in
fact must be —1 < ¢ < 1 since both z,h € [0,1). If g > 0thenz € H;. If -1 <g<0Othen0<1l4+g¢g<1
and € Hi44. Either way, z € UH,,. Thus [0,1) = U°H,,, as claimed.

Applications to Independence

Working with the concept of independence illustrates the usefulness of the 7=\ Theorem. We assume that
(Q, F, P) is a probability space and all sets referred to are F-sets.

DEFINITION. Two sets A and B are independent if P(ANB) = P(A)P(B). We say the sets of a an indexed
list or family {Ag : 6 € ©} are independent (of each other) if for every selection of a finite number of them,
Ag,,...,Ap, with the 0; distinct, we have

P(NTAg,) = P(Ag,) -+ P(Ay,,).

In this definition we allow duplicates among the Ag. This is so that we can talk about sets being independent
of themselves. For instance, the 3 sets 2, Q), () are independent. In the notation of the definition we could list
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these as A; = Q, A2 = Q, A3 = 0; © = {1,2,3} and say that the sets of {A;, A3, A3} are independent. On
the other hand if P(H) = % then H is not independent of itself. Thus if By =Q, By =0, Bs =H, By=H
it would be false to say that the sets of {By : 6 € {1,2,3,4}} are independent because the definition would
require P(B3 N By) = P(B3)P(By4), which is false. However {By,0 € {1,2,3}} are independent because
the definition’s restriction to distinct #; prevents us from considering H N H. Thus the definition allows
duplicates in the collection of sets Ay provided they occur with different indices 6 € ©.

This idea generalizes from individual sets to classes of sets.

DEFINITION. Let (2, F, P) be a probability space.
1) Two classes G, H C F are called independent if A, B are independent for any choice of A € G, B € H.
2) Suppose for each index 0 € © we have a class Ap of F-sets. We say that the classes Ag,0 € © are
independent if for each selection of a finite number of distinct indices 64, ...,0, € © and each choice of
sets Ag, € Ap,, i =1,...,n the sets of {Ay,,...,Ap, } are independent.

THEOREM F. If the classes Ay, --- , A, are independent, and each is a w-system, then the generated o-fields
o(A1)---,0(An)

are independent.

PROOF: Observe (for n = 2) that the collection £ of those A € o(A;) which are independent of B € A; is
a A-system. (Apply this idea repeatedly.) 1

Example 12. For any individual set A, A = {A} is a 7-system. Thus if Ay,0 € © are independent then
o(Ag) = {0,9, Ag, AG} over 0 € © are independent. Compare this with problem 12 below.

COROLLARY G. Suppose Ay,0 € O is a collection of independent m-systems. Suppose ©1 and ©2 are
disjoint subsets of the index set ©. Then o(Ugco,As) and o(Upco, Ag) are independent. (This extends to
any partition © = Uycp Oy of ©.)

PrOOF: Just note that the class A7 of finite intersections of sets from Ug, Ay is a m-system and is independent
of A; (defined analogously). I

Example 13. Let Q = (0, 1] and d,(-) the digits of decimal expansion, as in Unit M. The Borel sets B can
be described as the o-field generated by the sets {w : d,(w) = k} using allm =1,2,... and k =0,1,...,9.
Consider

e Let Feven be the o-field generated by the sets {w : d,(w) = k} using just the even n.

o Let Foqq the o-field generated by the same sets, but using only the odd n.
Then Feoyen and Foqq are independent. (Notice that A, = {0,{d, = 0},...,{d, = 9}} is a m-system for each
n.) 00

Tail Events
Suppose A1, Ag,--- is a sequence of sets. Consider the following sets

limsup A, = N5, UL Ap = {w: w € Ay for infinitely many k} = “{ A i.0. }”
liminf A, = U2, N2, Ax = {w: w € Ay, for all but a finite number of k}.

If limsup A,, = liminf A,,, then sometimes we say “A4, — A”.

Example 14. Consider limsup 4, and liminf A,, for 4,, = {w : d,,(w) = 6}. 0O
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Notice, if € liminf A, = U2, N2, Ay then x € N2, Ay, for some n/, i.e.
x €A allk >n'.
Therefore
x € Up2,, Ay, for all n.

Le. x € Ng2, U, Ag =limsup A,. Thus
liminf A4,, C limsup 4,,

as is clear from the alternate descriptions.
Recall the notions of lim inf and lim sup for sequences {a1, ag, - - -} of real numbers:

liminf a, = lim (inf{a, : k& > n}).

(The limit always exists if we allow +00.) Similarly,
limsupa, = lim (sup{ax: k> n}).
n—oo
We always have liminf a,, < limsup a,,. Equality holds (with a finite value) if and only if lim,,_, a, exists
(in which case lim a,, = lim sup a,, = liminf a,,).

THEOREM H. P(liminf A,) < liminf P(A,,) < limsup P(A,) < P(limsup 4,,). If A, — A, then P(A,) —
P(4)

ProoF: P(liminf A,,) = lim,,—.o P(NP Ag) < lim, infy>, P(Ax), and similarly for the other half. 1

The Borel-Cantelli Lemmas are concerned with P(limsup A4,,)
FIRST BOREL-CANTELLI LEMMA (I). If > P(A,) converges, then P(limsup A4,) =0 .

PROOF: Since limsup A,, C Ug—, Ag, for each n, we have

P(limsup 4,,) < Z P(Ag) — 0 as n — oo.

k=n

SECOND BOREL-CANTELLI LEMMA (J). Suppose {A,}{° is a sequence of independent sets. If Y {° P(Ay)
diverges, then P(limsup A,) = 1.

ProoF: We will show P((limsup A,)¢) = 0. Since
(N2, A%) TUR N2, Ar = (limsup 4,,)°,

we know that P(N32,, Af) T P((limsup A,)¢). It will suffice therefore for us to show that P((Ny2,,A5) =0

for each n. Since the AS are independent and 1 —z <e™%,

P(OiZ,Ak)

lim P(N)L, A7)
= lim MIY_, (1 — P(A))
N —o0

< lim eiZS:nP(A’“).

N —o0
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Since the series diverges, Zszn P(Aj) — 400 as N — oo. Therefore, P(Ng2 A7) =0. 1

Given a sequence Aj, Ag, - -+ of F-sets, limsup A4,, and liminf A,, are examples of sets which depend on
the A,, only as n — oo. We can define a special o-field consisting of all such events, called the “tail o-field”
associated with the sequence {4, }$°:

T= m?f:la(An7An+1v e )

In particular, limsup A, liminf A,, € 7.

THE KOLMOGOROV 0—1 Law (K). If{A,}{° is a sequence of independent events and A is in the associated
tail o-field, then P(A) =0 or 1.

Proor: Corollary G implies that
o(Ay, A, ..., Ay) and 0(Apt1,...)
are independent, for each n. Since 7 is contained in the second of these, the following are independent
UPo (A1, A2, ..., A,) and 7.
But since the left is a 7-system,

(T(Al,Ag,...) and 7

are also independent. Since 7 is contained in the first of these, we find that 7 must be independent of itself,
and so for any A € 7, A must be independent of itself: P(A) = P(A)2. Hence P(A) must be either 0 or 1. g

Problem 1 ...

a) Let Q = {1,2,3,...} and, for each n, let F,, consist those A C Q with the property that m’ € A for
some m’ > n implies m € A for all m > n. Show that each F, is a field and that F,, C Fp,41. Is F,, a
o- field ?

b) For any Q, if F; C...F, C Fni1 C ... are all fields, show that U®F, is also a field. Give an example
to show that even if the F,, are all o-fields U{°F,, may fail to be a o-field.

c) If F, are all o-fields (no assumption of order), show that N{°F, is also a o-field.

Problemn 2 . ...

a) Let
F={ACQ: either Aor A°is finite }.

Show that F is a field, but is a o-field if and only if €2 is finite.
b) Let C be as in Example 3. Show C is a o- field. If Q = 1R find an A ¢ C.

Problem 3 . ..o
Let 2 =[0,1) and take S as defined in Example 2. Define p on S by

1 if [ —¢ 1) C A for some € >0
)= { N

0 otherwise.

Show that p is finitely but not countably additive.



Problem 4 ... ...
Given B C  show that
Gg ={G CQ: either BC Gor BC G}

is a o-field. As a consequence show that if C' € ¢(A), and w,w’ € Q with
weCandw €C°
then there must exist A € A with either
we€Aandw € A° or we€ A°and W € A.

Problem B ...
We have defined B([0,1)) and B(IR) separately, but show that

A € B([0,1)) if and only if A C [0,1) and A € B(IR).

Set up each half of the argument following the pattern of our typical problem, and show that (in both cases)
the resulting £ is a o-field. [Hints: for the “only if” part you might take (X) to be the property that

A C0,1) and A € B(R),
while (X) could be
ANJ0,1) € B([0,1)).
for the “if” part. You need to be careful about what 2 is — does A° mean IR\ A or [0,1) \ A7]
Problem 6 ... ...
Give an example of ), a o-field F on 2, and two probability measures P and @ on F for which

L={Ac F:P(A)=Q(A)}

fails to be a o-field. [Hint: try Q = {a,b, ¢, d} and F = all subsets.]

Problem T ...
Let N be a fixed positive integer. Suppose P is a probability measure on (IR, B) with the property that for
every interval (a,b], P((a,b]) is a multiple of 1/N. Show that P(A) must be a multiple of 1/N for all A € B.

Problem 8 . ... e
Suppose A is a measure on (IR, B) which is translation invariant:

MA+2z)=XAA4) forallzelR, AecB.

(Here A+ x={a+z: a€ A}.) If A((0,1]) < oo show that A(-) = af(-) for some constant a.. [Hints: What
must the value of o be? First consider all intervals of length 1, then length 1/2, then length 1/4, ... ]

Problem 9 ... .o
Suppose p and v are finite measures on (2, F) and F = o(G) where G is a field. Suppose v(G) < u(G) for
all G € G. Show that v(A) < u(A) for all A € F. [Hint: set up following our typical problem and apply the
Monotone Class Theorem.]



Problem 10 ... e
Let P be a probability measure on (IR, B). Show that P must be tight; i.e. for every A € B and € > 0 there
is a compact set K C A with P(A) — P(K) < e. [Hint: the class of A for which this holds can be shown

(with some effort) to be a monotone class.]

Problem 10 ...
Consider (IR, F,v) where F = B (the Borel sets) and v is counting measure on the integers:

v(A) = the number of integers k € A.

Suppose (IR, F,v") is the completion. Describe the sets in F+.

Problem 12 .. e e
Show directly that if A,B,C are independent, then A¢,B,C are independent.

Problem 18 ..
Suppose that A, B and C are events such that A and B are independent, B and C are independent and A
and C are independent. Are A, B and C necessarily independent? Prove or give a counterexample.

Problem 14 ...
Show that P(ANBNC) = P(A)P(B)P(C) alone does not imply that A, B and C' are independent. However
show that P(ANBNC) = P(A)P(B)P(C) for all A € A, B € Band C € C does imply that A, B and C are
independent provided A, B and C are fields.

Problem 15 ...
Suppose that A;, Aa, ..., Ay are independent sets. Show that Af, AS, ..., A are independent sets.

Problem 16 ... ... e e
Suppose P(limsup 4,,) = 1 and P(liminf B,) = 1. Show that P(limsup A, N B,) = 1. However if the
requirement on the B, is weakened to P(limsup B,,) = 1 then give an example to show that P(limsup 4, N
B,) can be < 1.

Problem AT e e
Suppose that Aq, As, ... is a sequence of independent sets, each with P(A,,) = 1/2. Define

1 ifwe A,

Yalw) = { 1 ifwd A,

The Central Limit Theorem says that the distribution of

N
N72Y "V (w)
n=1

converges (as N — o0) to the standard normal distribution, which gives probability 1/2 to the values < 0.
However show that the Kolmogorov 0-1 Law implies

P ({w + Jim NN Yo (w) < 0}) #1/2.

(Does this surprise you? In fact the above probability is = 0, though you are not being asked to show that.)



IT: 1

Unit IT . Random Variables and Measurable Functions

Suppose (2, F, P) is a a probability space. A random variable X is a quantity whose value is determined
by the specification of an w C Q. In other words X is a function, X : Q@ — IR We want to be able to
calculate quantities such as

P(X=a)=P{w: X(w)=a})
P(-2<X <N =PHw: X(w)€[-2,7)})
For these sets of w to be in F there needs to be some compatibility between X and F.

DEFINITION. Given a measurable space (Q,F), a function X : Q — IR is called a random variable if for
everyrz € R, {weQ: X(w)<z}eF.

Example 1. Let Q = [0,1), F = B the Borel sets and P = ¢ (Lebesgue measure). The digits of decimal
expansion d,(-) of Unit M are random variables, because {w : d,(w) < x} is a finite union of intervals, i.e.
asetin S C B. o0

Notation. If A C () its indicator function is

1 fweA

La(w) = {o ifwe Al

(Other common notations are I4(:) and xa(:).) 14 is a random variable if and only if A € F.

Measurable Mappings

Notation. If T: Q — T is a mapping and B C T, the notation T~!B refers to the following subset of Q:
T 'B={weQ: T(w) € B}.

(There is no presumption here that 7! exists as an inverse function. For instance if T'(w) = 0 for all w then
T-H0} =Q.)

The definition of random variable above says
XY~o0,z] € F for every z € R.
It is simple to check that for any X : 2 — IR the class
G={BCR: X 'BeF}

is a o-field — see problem 1. Let A = {(—o0,z] : = € IR. The definition of X being a random variable
says A C G. Therefore o(A) C G. But notice that o(A) = B, the Borel sets in IR. Thus if X is a random
variable, then X 1B € F for all Borel sets B € B. Therefore P(X € B) is defined for every Borel set. This
shows that our definition of random variable is a special case of the following more general concept.

DEFINITION. If (Q,F) and (I', H) are two measurable spaces, then T : Q — I' is called F /H measurable if
T-'A € F whenever A € H.

Thus a random variable X is an F/B measurable map X : Q — R.



THEOREM A. Suppose (2, F) and (I, H) are measurable spaces, and T : Q@ — T'.
1) If H=0(A) and T~*A € F for every A € A, then T is F/H measurable .
2) If T is F/H measurable, (O, M) is another measurable space and S : I' — © is H/M measurable,
then S o T is /M measurable.

Lebesgue vs. Borel. Recall that associated with Lebesgue measure £ on IR, there is a larger o-field B
called the Lebesgue measurable sets. So there is more than one type of measurability for f : R — IR (or
f:IR?¢ — R", though we assume d = r = 1 in this discussion). The two most common are B/B (Borel) and
Bt /B (Lebesgue).

e f is Borel measurable if f~!(—o0, 2] € B for all .

e fis Lebesgue measurable if f~!(—oco,x] € B* for all x.

e If f is Borel measurable, then f is Lebesgue measurable, since B C B*. But not conversely.

If f and g are both Borel measurable, then f o g is also Borel measurable.

If f and g are both Lebesgue measurable, f o g may fail to be Lebesgue measurable.

Treatments of real analysis typically use Lebesgue measurability as the standard, but the last point above
makes this choice inconvenient for other settings. Our convention will be that on IR (or IR*) we will always
assume the Borel o-field B is intended, unless otherwise specified.

Vectors vs. Components. Suppose we have several f; = Q2 — IR i =1,...,k. We can consider them
individually, and ask that they each be measurable F/B(R): f; '(a,b] € F all @ < b. Or we can view them
as the coordinates of a single “vector-valued” f = (fi,..., fx), so that f : @ — IR, and ask that f be
F/B(IRF) measurable. How do these two notions compare?

Suppose first that each f; is measurable. Consider any bounded rectangle J C R* in R, J = x¥(a;, b;].

The measurability of each f; implies that each f;l(ai, b;] € F. Hence
fH =05 f i bi] € F.

Since R generates B(IRF), it follows that f is F/B(IR*) measurable.
On the other hand, if f is measurable in the vector sense then for any i and ¢ € IR, let

A={(zx1,...,x) e R*: z; <c}.
Since A € B(IR*) we know that f~'A € F. But
flA={weQ: fi(w) <c}=f'(~o0,d.

Since this is in F for all ¢, we conclude that f; is measurable, for each 3.

Thus a “vector-valued” function f(-) = (f1(-), ..., fx(+)) is B(IRF) measurable if and only if each of the
component functions f;(-) is B(IR) measurable. If the underlying space on which f and the f; are defined is
a probability space (2, F, P) we call f a random vector.

Sufficient Conditions for Measurability

Extended Real Numbers. The discussion of limits in Theorem D below is streamlined by using the
extended real numbers IR, = [—00, 0], as described in Unit S. The o-field of Borel sets in IR,, can be
defined as B(IRw) = 0(Jx) where J is the class of all intervals (a,b], —oo < a < b < oo. Functions
f:Q — IRy are just like ordinary functions except that we allow the values f(w) = f+oo. Here are some
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facts relating B(IRoo) measurability to B(IR) measurability. Of course (€2, F) is assumed to be a measurable
space.
o Ac B(Ry) if and only if ANTR € B(RR).
o f:Q — Ry is F/B(IRw) measurable if and only if the sets {w: f(w) = —oo} and {w : f(w) = oo}
are in F and f~1B € F for all Borel subsets B C IR of the usual real numbers, B € B(IR).
Note that B(IR«) = o(A) where A consists of all [—oo, z], € R (finite). Thus f : Q@ — Ry is measurable
if and only if f~l[—o00,z] ={w: f(w) <z} € F for all z € RR.
The next several results make verifying measurability rather easy for most functions we want to work
with.

THEOREM B. If f : IR? — IR" is continuous, then it is measurable (Borel).

COROLLARY C. If f; : Q — IR is F /B measurable for eachi =1,...,k and g : R* — IR is continuous, then

g(fi(w), ..., fr(w))

is measurable.

Proors: ... 1

fa(w)nf3(w)
. —2s e
Example 2. If f; are measurable, then sin(fi(w))e =~ (fa@)?+1 ig measurable. 23

THEOREM D. Suppose f, : Q@ — IR, is a sequence of F measurable functions.
1) Each of the functions

sup fn, inf f,, liminf f,, limsup f,
n n

are also F measurable.
2) L ={w: lim f,(w) converges } € F and 1y, - lim f,, is measurable.
3) If g is any other measurable function defined on €, then

{w: g(w) =lim f,(w)} € F.

In 2) we are interpreting “lim f,, converges” is the strict sense: finite values only.

PRrOOF:
Part 1): Since sup,, a,, < z if and only if a,, < z for all n, we can write

{wi supfolw) Sa} = Mufw: fule) <3} € 7.

Since inf,, a, = —sup,,(—ay), inf f,, = —sup(—f,). If f, is measurable then — f,, is also measurable (because
g(z) = —z is continuous). Hence — sup(—f,,) = inf f,, is measurable. Next notice that

limsup a, = lim [sup ax] = inf[sup ag],
N—=00 p>n n k>n

because A,, = supy,~,, ax is nonincreasing: A, 1 < A,,. So we can conclude that

lim sup f,, = inf[sup fx]
n k>n

is measurable, and similarly for liminf f, = sup,, [infx>n fx].



Part 2): First observe that if g : 2 — IR is measurable and B € F, then

gJw) Hfwée¢B
0 ifweB

is measurable.

(o) = {

(Note that our convention of 0 - co = 0 is convenient here.) To check this, for any A € B(IR) we have

B if0eA

(1pg) 'A=[(g""'4A)NnBJU {0 f0¢A

Now we want to show that the following set is measurable:
L ={w: liminf f,(w) = limsup f,(w) and are finite}.

It would be nice if we could simply let h(w) = liminf f,,(w) — limsup f,(w) and then say L = h={0}. The
difficulty with this is that h(w) may be undefined (co — c0). To get around this, let

A = {liminf f,, = oo} U {limsup f,, = oo}

and define
Flw) = {liminf falw) fwégA () = {limsup falw) HfwégA ’
-1 ifweA +1 ifweA
These are measurable, and finite valued. Therefore F' — G is defined and measurable, and we can conclude
that
L={w: Flw)=Gw)} ={w: F(w) — Gw) =0}
is indeed measurable. To finish the proof of 2) notice that 1y, - lim f, = 11 - liminf f,,.
Part 3): We can show that G = {liminf f,, = g both finite } € F, by the same technique as in 2). Now

observe that
{w: lim fp(w) =g(w)} =LNG.

|
Example 3.. (Refer to Problem I1.15 for notation.) Let F = o({41, Aa,...}) and
;XN
C={w: limﬁ zljyi(w) <0}
Let f, = \/LH >-1Y;, which is measurable by Corollary C. Then by 2) of Theorem D,
L ={w: lim f,(w) converges} € F,
and so
C = LN (liminf f,) "' (—00,0) € F.
00

Example 4. Going back to Unit M again, Q = [0,1), F = B and each d,, is measurable. Corollary C says
that for each n, L 37 d(w) is measurable function, and so Theorem D says

H={w: lim%de(w) = 4.5}
1

is indeed a B measurable set. o0
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Simple Functions. A random variable, or function, f : 2 — IR is called simple if it has finite range. This

means we can write
(1) flw) = wila,(w)
1

where A; € F are disjoint, Q = L?Ai and z; € R are the distinct values in the range. (4; = {w: f(w) =

x;} = f~Y{x;}.) Even if the x; are not distinct and A; € F are not disjoint, the above formula still produces
a simple function. See problem 2.

LEMMA E. If f is real-valued and F measurable, there exists a sequence {f,} of F measurable simple
functions with

< fa(@) T fw) if flw) >0
0> falw) | flw) if fw) <O

PROOF: Just check that f, = ¢, o f works, where ¢, : IR — IR is the simple function

n ifx>n

k2—m if k27" <z <(k+1)27" for some 0 <k <n2" -1
@ =Y o i _pensas —(k+1)2°"

-n if £ < —n.

Generated Sigma-Fields and Functional Dependence

Suppose T' : @ — I" and H is a o-field on I'. Any o-field F on Q with respect to which T is measurable
must contain all the sets T-'B, B € H. If we have several X; : Q@ — I', i = 1,2,3,... then for them all to
be F/H measurable means F contains X, *B for all i, all B € H. Let

A={X'B:BcH, somei}.
Thus all the X; are measurable if and only if A C F. Therefore
o(A)=0(X;: i=1,2,...), or simply o(X;)

is the smallest o-field on Q with respect to which the X; are all measurable. o(X;) is called the o-field
generated by the X;. Note that in the case of a single mapping, A is already a o-field:

o(T)={T"'B: BcH}.

Intuitively the sets A € o(X;) are ones that can be distinguished by the values of X; alone. Le. to tell
if w € A it ought to be enough to know the values of the X;(w); knowing w itself should not be necessary.
This is essentially correct.

Example 5. Let Q = R? and T'(z,y) = = +y. The sets A € o(T) are all made up of unions of lines of the
form x + y =constant. (But not all such unions are in o(T').) 00
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Example 6. Let Q =[0,1) and d,, : @ — {0,1,...9} as in Unit M. Consider o(d1), o(d1,dz2) and o(d1, d2, d3)
... The sequence of sigma-fields F,, = o(d; : i = 1,...,n) (sometimes called a “filtration”) represents the
increasingly refined knowledge about w € ) that is available as we collect the information revealed by

di(w),...,dy(w) for increasing n. 00

THEOREM F. Suppose X1, ..., X, are random variables, X; : 1 — IR.
1) A€ o(X1,Xo,...,X,) if and only if A can be written as

A={we: (Xi(w),...,Xn(w)) € H}

for some H € B(IR™).
2)Y isao(Xy,...,X,) measurable random variable if and only if

Y(w) = f(Xi(w),..., Xn(w))

for some measurable function f : IR™ — IR.

Proor: For 1) consider the following classes of subsets of €2

M={X"'H: HeBR")}, F=o(Xi,...,Xn).
Since (see page I11.2) X = (X1,...,X,) is F/B(IR™) measurable, M C F. On the other hand you can check
that M is a o-field. X is M /B(IR™) measurable. This implies that each X; is M/B(IR"™) measurable, which
implies that F C M. Therefore M = F.

For 2) Theorem A tells us that if Y = f o X then X is F/B(IR") measurable, then Y is F/B(RR)
measurable. Conversely, suppose Y is F/B(IR) measurable. First consider Y = 14 for A € F. By 1) this
implies A = X ~'H for some H € B(IR™). Therefore

Y(w) =1aw) = 1a(X1(w), -, Xn(w)),

provingY = foX for f =1g. If Y = ZM Ymla,, with A, = X~'H,,, H,, € B(IR"®) then we write
M
V(@)= ymlaw)
1
M
= Ymlu (X (W)
1

M
= f(X(w)) where f = Zymle'
1

For the general case take a sequence of simple Y; with |Y;| <|Y| and Y; — Y. We know that ¥; = fj 0 X
for Borel measurable f;. Define

Ag={zeR": lim fj(x) converges} and f(z) = lim14,(z)f;(z).
j—o0

Then f is B(IR™)/B(IR) measurable. Since we know Y;(w) = f;(X(w)) — Y (w), we conclude that X (w) € A
for each w and therefore Y (w) = f(X (w)). 1
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Induced Measures and Distributions

Suppose (Q, F) and (I',’H) are measurable spaces, T : Q — I' is F/H measurable and p is a measure on
(9, F). For any B € H we know T~1B € F, so u(T~1B) is defined. Thus

v(B) = u(T~'B)

assigns numerical ([0, c0]) values to those B C I" which are in H. We can easily check that in fact v is a
measure on (T, H):

T710 = 0 implies v(0) = () = 0.
If By, Ba, -+ € H are disjoint, then T~!B; € F are disjoint. (If w € T~'B,, NT~!B,, then T(w) € B, N By,
contradicting the disjointness.) Since T~ (UB,) = U(T~'B,,),

v(UB,) T-HUB,))
UT™'By) = u(T™'By)

v(Bp).

1(
(

Sometimes we use the notation
v=puT"t

Think of v as the measure on T resulting from applying the map 7' to the measure p on €; the measure
induced on T by p and T'. If p is a probability measure, then so is v:

y() = p(T7'T) = u(®) = L.

In the case of a random variable X : @ — IR defined on a probability space (Q,F, P), the induced
measure vx = PX 1 on (IR, B) is called the distribution (or sometimes the law) of X: for any B € B(IR),

P(X'B)=P({weQ: X(w) € B})
= “P(X € B)” for short.

Ux(B)

Statements like “X is a standard normal random variable”, or “X has Poisson distribution with parameter
A” are describing the distribution of X, i.e. probabilities P(X € B). Such statements do not tell us what
(Q, F, P) is, or the specific definition of X (w) for w € .

The distribution function of X is

Fx(z) =vx((—o0,2]) = P(X < x).

Thus Fx completely determines the distribution vx, according to Theorem II.E, but it doesn’t say much at
all about P.

Example 7. Are all standard normal random variables the same? 00

When we have several random variables X;; ¢ = 1,...,n we can talk about their individual or “marginal”
distributions, vx,, but more information is contained in their joint distribution which is the measure induced
on (IR™, B(IR™)) by the random vector X = (X1,...,Xp).

Finally, independence of random variables is defined to mean independence of their generated o-fields.
For instance X;, X, ... are independent if the o(X;) are independent.



Problem 1 ...
Suppose (2, F) and (I, H) are measurable spaces and T :  — I is a mapping.
a) Show that both of the following define o-fields:

G={BCT: T'BeF}
K={ACQ: A=T""'B for some B € H}.

b) Show that both H C G and K C F are equivalent ways of saying that T is F/H measurable.
c) If F ={0,92} and H contains all singleton sets {2}, show that T is measurable if and only if T" is a
constant mapping.

Problem 2 . ..o
Consider a simple function f expressed by (1). If the z; are distinct show that f is measurable if and only
if the A; are measurable. However if the x; are not distinct, show that f can be measurable even if some of
the A; are not.

Problem 3 ... e

Suppose f,g: Q — IR and F is a o-field on . Show that f(w) + g(w) < ¢ if and only if there exist rational
numbers r, s such that r +s < ¢, f(w) < r and g(w) < s. Use this to give a direct proof that f + g is
measurable if both f and g are.

Problem 4 .. ..o e
Suppose that X is a random variable whose distribution function F' is continuous and strictly increasing.
Show that F'(X) is a random variable with uniform distribution on [0, 1], i.e. P(F(X) <z)=azfor0 <z <1.
Can you do this assuming that F' is continuous but only non-decreasing? What if F' can be any probability
distribution function (not necessarily continuous)?

Problem B ...
Let Q = (—m, 7] with the Borel sets and define P(-) = 5=£(-). Let X (w) = sin(w) and Y = cos(w). Compute
the distribution functions of X and Y. Are X and Y independent?

Problem 6 .. ... e
Suppose X1, X, ... is a sequence of independent random variables defined on a probability space (2, F, P).
a) Define the tail o-field T associated with the Xj.
b) Prove Kolmogorov’s 0-1 Law in this context.
c¢) Show that any random variable Z which is measurable with respect to 7 must be constant almost surely;
i.e. there must exist a constant ¢ and a set N € 7 with P(N) = 0 so that Z(w) =c for all w ¢ N.

d) Show that
1 n
Jim 2 X
i=1
either diverges with probability 1 or converges with probability 1, and in the latter case there is a
constant ¢ so that the limit = ¢ with probability 1.
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Unit I o e Integration and Expectation

The careful development of measure theory now begins to produce its benefits. The measure-theoretic
integral (alias expectation in probability theory) is one of the most powerful and important tools of modern
analysis, including probabilistic analysis.

Suppose X : Q@ — IR is a random variable, defined on a probability space (2, F, P). We want to be able
to discuss its expected value “E[X]”, second moment “E[X?]”, or more generally

E[p(X)]

where ¢ : IR — IR is any measurable function. There are some settings in which you may already have an
idea of how to do this.

Example 1. Suppose the distribution of X is given in terms of a density function p(-):

a

P(X <a)= / p(z) dz.

Then you will probably agree with
Bo(X)] = [ olapla)do.

0
Example 2. If  is countable Q = {wy,ws,. ..} with P({w;}) = p;, then

E[p(X)] =) ¢(X(wi)) - pi-
(Such p; are sometimes called a “frequency function”.) 00

In general, for a measurable space (2, F, ) and a measurable function f : Q — IR we are going to define
the integral of f with respect to u:

/f(w)u(dw), or /fdu for short.

Expectations are just the case of a probability measure:
BIX) = [XaP, Eip(x)] = [ o(X () P(d).

An important special case is when u = ¢, Lebesgue measure on (IR, B). In that setting the integral
J f(z)€(dz) that we define here is called the Lebesgue integral, a powerful extension of the Riemann integral
ffooo f(z) dz that you studied in calculus. The Lebesgue integral exists for a broader collection of functions
f(-) than the Riemann, and has a more complete set of properties for manipulations. But when both exist,
they agree:

b
@) = / f(z) da.

(See Problem 6 also.) This allows us to use the various techniques of integration learned in calculus to
evaluate the more sophisticated integral with respect to Lebesgue measure.

The definition of [ f du is not hard to understand. Consider a measure space (2, F, ) and a nonnegative
function f > 0. If we believe [ fdu should give the “area under the graph” of y = f(w), using p to measure
the “size” of subsets of €2, then for f = 14 the value of the integral should certainly be

/1A dp = p(A).
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If the integral is also to obey the usual rules,

/c-fdu=0/fdu, /f+gdu=/fdu+/gdu,

(¢ = a constant) then for a simple function
n

(1) flw) = wila, (W),
1

with z; > 0 and A; € F, its integral (over Q with respect to p) must be given by:

(2) /fdu = wip(4).

Notice that if () = oo then [0dp = 0 implies the convention 0 - co = 0, mentioned in the Mathematical
Supplements.

The Definition and Elementary Properties

The definition below refers to “partitions” of Q. We will call {A4;}7 a partition of Q if each A; € F, the A;
are disjoint and U7 4; = Q.

Formula (2) for nonnegative simple functions (1) is natural enough. The extension to measurable f >0
in general is also reasonable. First consider f > 0. The idea is that [ fdp should be the supremum of the
values of [ du over all (measurable) simple functions ¢ with 0 < ¢ < f. For a given partition Q = U 4;,
the largest such simple function is ¢ = Y x;14,using ; = inf4, f. For this ¢, formula (2) says

n

/wdu =D _linfflu(A:).

1

This explains the first part of the definition below. Note that by allowing +oco as a value, [ fdpy is always
defined for f > 0.
For f in general, we split f into its positive and negative parts, f* : Q — [0, +o0] defined by

@) i f) >0
f+(w):{0 it fwy <o VO
B 0 it f(w) >0

ro-L wnmze UM

Note that both f* >0 (so that both [ f* du are defined) and that f(w) = f*(w) — f~(w). The definition
is [fdu= [ftdu— [ f~ du. The convention that co — oo is undefined means that some integrals must
remain undefined. For instance the integral of

(@) = 110,00) = 1(—00,0)
with respect to Lebesgue measure is undefined, because [ fdl =1 00 —1-00 = 00 — 00.

DEFINITION OF INTEGRAL. Suppose (2, F, i) is a measure space and f : Q — [—o00, 00| is measurable. If
f >0 for all w then we define

/f(w) u(dw) = sup {Z[iﬁff]u(Ai) : {A;} is a finite partition of Q) into F sets } .
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In general

[ t@utdo) = [ £ du— 5 an

unless both [ f * dy = 400 in which case [ f dp is considered undefined. We say f is integrable with respect
to p (or p-integrable) if both [ frdu < co. If A € F, the integral of f over A is defined by

Afdu=/1Afdu.

Notice that if one of [ f* dp is finite but the other is +o0, then [ f dp isdefined (= £o0) although f is not
integrable. You may occasionally see the notation p(f) instead of [ f dp.

The next two theorems collect the important elementary properties of the integral which are conse-
quences of the definition above. Theorem A concerns nonnegative functions; Theorem B is about integrable
functions.

We say some property holds almost everywhere (a.e.) if there is B € F with u(B) = 0 so that the
property holds for all w ¢ B. (If p = P is a probability measure, we also say almost surely (a.s.)) For
instance to say f > g a.e. means that there exists B with u(B) = 0 so that f(w) > g(w) for all w except the
w € B.

THEOREM A. Suppose f,g:Q — IR, are nonnegative measurable functions.
1) If f =37 yilp, (y; >0, B; € F) then

/fdu = yu(By).

2) If f =g ae., then [ fdu= [gdu

3) If f <g,ae, then [ fdu < [gdu

4) If o, 3 >0 then [(af + Bg)dp=o [ fdu+p [ gdp.
5) If p({w : f(w) >0}) >0, then [ fdu>0

6) If [ fdu < oo then f < oo a.e.

THEOREM B. Suppose f, g are integrable.
1) If f < g ae., then [ fdu < [gdp
2) If a, 8 € IR, then (of + Bg) is also integrable, and [(af + Bg)dp=o [ fdu+ 5 [gdu
3) [ [ fdpl < [f]du.

Comments.

A1) says that the definition produces what we expected for simple functions.

[/ is integrable if and only if both [ f* dp < oo, which is equivalent to

/f*du+/f*du:/f++f*du=/|f|du<oo.

If ¢ is integrable and |f| < |g| then f is integrable.

The integral [ fdu is blind to what f does on any particular set of measure 0. This is reQected in all
the “a.e.”s.
e f=gae. implies f* = g* a.e. which implies [ fdu= [gdp.

If [is replaced by [ 4> then all of the above remain true with “a.e.” replaced by “a.e. on A”, with the

obvious meaning.
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e A, B € F disjoint and f integrable (or nonnegative) implies fAUB fdu = fA fdu+ fB fdup. This is
simply because 1aupf =1af +1pf.
PRrROOF OF THEOREM A: First we record a simple fact. Suppose {A;}} and {B;}{* are both partitions of

Q and . .
¢:in1Ai? szzylej
1 1

are simple functions with ¢(w) < ¥(w) for all w. Then

(3) Zw )< Zw

(Until Al is proven we have no right to call these expressions [¢ or [1.) Notice that if u(A4; N B;) > 0
then there exists w € A; N By, and so z; = ¢(w) < ¥(w) = y;. This shows that z;u(A; N B;) < y;ju(A; N B;).
Clearly the same inequality is also true if p(A; N B;) = 0. Thus (3) follows from writing

Dowi(A) =Y > wip(Ai N By) <D0 yu(AiNBy) = > yu(By)
1 =1 j=1 =1 j=1 1

We can now prove Al) under the additional assumption that the B;, j = 1,...,m are disjoint. By
including one additional By, 41 and ym41 = 0 we get a partition {B; 17+ and > y; u( ;) does not change
since Ym414(Bm+1) = 0. Now consider any partition {A;}7 and let ¢ = YJinf4, f]14,. Then since ¢ < f,
(3) tells us that Yinfa, flu(A4;) < 3 y;ju(Bj), which according to the definition of [ f du means that

/fdu < y;u(B;)

For {A;} = {B;} in particular, ¢ = f in which case (3) implies Y [infa, f]lu(A4;) = > y;u(B;). This means
that [ fdp > > y;ju(Bj). We conclude then that

(4) /fd,u = Zyj,u(Bj), ifo< f= Zyjlgjwith B; disjoint.

Suppose f(w) < g(w) for all w. Consider any partition {A4;}. Then inf 4, f < infa, g and so

Z mff ) < Z mfg /gdu.

We conclude that [ fdu < [ gdu, giving us a preliminary version of A3). I

We next establish the following fact, which is the precursor of the convergence theorems D, E and F
below.

APPROXIMATION LEMMA. Suppose 0 < ¢,, are measurable simple functions such that ¢, 1 f, for every w.
Then [ ¢ndp 1 [ fdp.

Since ¢, < f we know from above that [ ¢, du < [ f p for all n, so that limsup [ ¢, du < [ fdp. So the
lemma will follow if we can show liminf [ ¢, du > [ f du. For this it suffices to show

(5) Jim inf / b dpp > / by
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for any simple 0 < ¢ < f. Consider such a . Then
= yilp, ¢n= alan,
j i

where {B;}]" is a partition and, for each n, {A?}]f” is a partition. Pick an arbitrary e > 0 and define
B;L = {w S Bj : d)n(w) > yj(]. — 6)} = Uz?Zyj(l—e)A? n Bj.

Then B} T Bj asn — oo, so u(B}) T u(B;). Based on this,
[éndu=3" S atuiar ny)
j i

=S| Y au@rnB)+ Y alu(ArnB;)
J

x} <y;(l—e) x}2y;(l1—e)

> 30+ w1 = (B — (1= ) Y wuB) = (1 -9 [vd

Since € > 0 was arbitrary, (5) follows, proving the lemma.

PROOF (THEOREM A CONTINUED): We can now prove A4). First suppose f = > x;14,and g = > y;1p,
are simple, the {A4;} and {B,} being partitions. Let C;; = A; N B;. Then {C;;} is a partition and a.f + g =
> (ax; 4 By;)1c,; is also a simple function. By (3) we can write

[ ar +89du =3 (e + B4 0 B)
g
=a) zip(Ai)+B) yu(B;) = Oé/fdquﬂ/gdu-
i J

In general there exist simple f,, g, > 0 with f, T f and g, T g. Then each af, + B¢, is simple and T a.f 4+ 3g.

The lemma above can now be used to see that
[af+pgdu=tim [ af,+ sg.du=atim [ f.du-+ gtim [ gdu=a [rau+5 [gan

A1) now follows from A4), even if the B; are not disjoint.
Suppose N € F with u(N) =0, {4;} is any partition and f > 0 is measurable. If inf 4,[f1n] > O then
A; C N so that p(A;) = 0. Hence > inf4,[f1n]u(A;) = 0 for all partitions, which means

/ledu =0.

If {f # g} C N then since f = fly + flnec and flye = glye,

[rau= [ riwan+ [s1v-aa
:/lecdu
:/glchu
=/91Ndu+/glzvcdu=/gdu-
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This establishes A2).
If u(N)=0and {f £ g} C N, then flye < glnec so that we can use our preliminary version of A3) to

/fdu=/f1chu§/glwcduz/gdu,
proving A3) in general.

Consider A5). Let A, = {w: f(w) > 1/n}. Then A, T {f > 0} and so u(A,) T u({f > 0}) which is
> 0 by assumption. Hence u(A,,) > 0 for some n. But then f > %1 A, , from which we conclude

conclude

1 1
/fdu > /—1Andu = —pu(An) > 0.
n n

Finally, for A6), let A = {f = +o0}. Since coly < f,

oop(A) = 0o 1Adu§/fdu<oo,

which implies that u(A) = 0. 1
Example 3. Q= {1,2,3,...} and p = counting measure. Then f: Q — IR is just a sequence, f(n) = fn:
(oo}
f(w) = Z fnl{n}(w)'
1

Let ¢, = >3 frliky The 1, are simple and 9, T f. Therefore, by (5),

[ ran=tim [ i
- Yo=Y
1 1

Thus the theory of infinite series is subsumed by our general integration theory. Summation is just one

example of integration. 0o

Riemann and Lebesgue. The integral on IR with respect to Lebesgue measure, or Lebesgue integral
f[a’b] fdl, is defined differently than the Riemann integral f; f(x)dz of calculus. The Lebesgue integral
f f d¢ exists more generally and has more powerful theoretical properties, making it by far more appropriate
conceptually. On the other hand, we have a more extensive set of computational techniques for the Riemann
integral. (There is a tradeoff between theoretical generality and computational utility.) As we will see, both
integrals produce the same value when the Riemann integral is defined, such as when f : [a,b] — R is
continuous. This allows us to appeal to the integration techniques of calculus for the evaluation of many
Lebesgue integrals.

Suppose f : [a,b] — IR is measurable. (We can extend its definition to the rest of IR by f = 0 on [a, b]°).
We want to understand the connection between the Lebesgue and Riemann integrals,

b
fdf, and / f(x)dz.

[a,b]

(We assume —0o < a < b < oo here. See problem 5 for unbounded intervals.) Using £([c, d]) = d — ¢, the
definition of the Riemann integral can be stated as follows.
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DEFINITION OF RIEMANN INTEGRAL. Tosay f is Riemann integrable, with fab f(z)d(xz) = R means |R| < oo
and given any € > 0 there exists 6 > 0 so that

n

R=Y @) < e

1

whenever {J;}} is a partition of [a, b] into intervals with £(J;) < ¢ all i, and any choice of evaluation points
z; € J;.

Suppose f is Riemann integrable. Given ¢ > 0 let 6 > 0 be as promised by the definition. Take any
partition {J;}7 as specified. It follows that

|R — Z[i?_ff]é(.]iﬂ <e and |R-— Z[S}Ilp Fle(T:)| < e
1 7 1 i

Define the simple functions g, = Y7 [inf;, f]1;, and ¢g* = 37 [supy. f]1;,. Then g, < f < g* on [a,b], so

R—eg/ g*dég/ fdég/ gFdl < R+e¢
[a,b] [a,b] [a,b]

Le. |R— f[a . fdl] < e for every € > 0. Therefore f[a pyfdl=R= f: f(z)dz. This proves the following
theorem.

THEOREM C. If the measurable function f is Riemann integrable on the bounded interval [a,b] then f is
{-integrable on [a,b] and

b
s fdl= /a f(z)dx.

Examples 4. If @ C IR is the set of rational numbers, then for any Borel set A, [ 4 lgdl = 0 because
L(ANQ) < 4(Q) =0. However the Riemann integral f: 1o(z) dz is undefined.

Consider the Lebesgue integral f[o 1 % dl.

1
/ — df = lim Y2 de — see the convergence theorems below
o1 VT mmee iy

n?

1
= lim/ ™2 dz = lim(2 — 2//n) = 2.

Thus f[O,l] ﬁ dl agrees with the value of fol ﬁ dzx as an improper Riemann integral. fol ﬁ dz is not defined
in the strict sense of the definition of Riemann integral. 00

There are however some distinctions between the Riemann and Lebesgue integrals.
e On unbounded intervals, such as [0, c0) the improper Riemann integral

o) T
/ f(z)dz = lim f(z)dx
0 T—o0 0

/ de:/ f+de—/ Fde
[0,00) [0,00) [0,00)

are defined differently. Either can exist without the other. For instance

/ _sm(a:) dx = 7/2,
0 xr

and Lebesgue integral
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x

but f[o o) sin(2) 44 is undefined. But when they both exist, they must agree.
e The Riemann integral incorporates a notion of orientation, reQ2ected in the formula

/baf(a:)da: = —/abf(a:)d:c.

Le in addition to the set [a,b] over which we integrate, we specify the direction of integration (from a
to b, or from b to a). The Lebesgue integral has no such concept of orientation.
Instead of £ on (IR, B), we can consider a measure u described in terms of a distribution function F: u((a,b]) =
F(b) — F(a). It is possible to define the Riemann-Stiltjes integral

b
/ f(z)dF(z) =R

by replacing ¢ with p in the definition of Riemann integral above. This notion of integral is related to
f[a’b] f dp in the same way as described in Theorem C. Some authors write f[a’b] f dF”to mean the measure-
theoretic integral f[a’b} fdp. In general there is no standard notation to distinguish between Riemann and
measure-theoretic integrals. In anything you read you will have to figure out what that author’s individual
conventions are. We will indicate Riemann integrals using limits of integration, f: - dF', and measure-theoretic
integrals with subscripted domains of integration, f[a’b] - dp.

Expected Values. If X is a random variable defined on (2, F, P) then its expected value is just another
name for its integral with respect to P:

MM=LMMWM,
provided this is defined. If X = clq, a constant random variable, then since P is a probability measure
Elc] z/ch:cP(Q) =c-l=c
Theorem B 2) says F[cX] = cE[X] in general.
E[XF), if it exists, is called the k-th moment. E[|X|¥] always exists (possibly +occ) and is called the

k-th absolute moment. The first moment m = E[X] is usually called the mean. If the mean is finite then
we can also define the variance,

Var[X] = E[(X —m)?] = E[X? - 2mX +m? = E[X?] — m>.

We also write
MKM:/XM:/MXM:EMJA
A

Convergence Theorems

One of the features of the measure-theoretic integral which makes it more useful than the Riemann integral
is the possibility of passing limits underneath integration:

lim/fndu ;/ lim f,, du

Le. if f, — f (a.e.) then under what circumstances can we conclude that [ f, dy — [ fdu?
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Example 5. Consider f, defined on IR by

n —n2zx ifo<z<1/n
fn(z) = .
0 otherwise
and
1 forn <z <3n
gn(x) =¢ —1 for —2n<z < —n
0 otherwise.
Then f,(z) — 0 and g, (z) — 0 for all z, but [ g,dl =1 and [ f, d¢ =1/2 for all n. 00

This shows that something beyond f, — f is needed to imply [ f,du — [ fdu. There are three famous
results in this department. In all these, we assume (€, F, ) is a measure space and the functions f,, f, g
are IR.-valued and measurable.

THE MONOTONE CONVERGENCE THEOREM (D). If0 < f, 1 f a.e., then [ frdu 1 [ fdu

Farou’s LEmMMaA (E). If0 < f,, then
/[lim inf f,] dp < lim inf/fn du.
n—oo n—oo
THE DOMINATED CONVERGENCE THEOREM (F). If |f,| < g a.e., g is integrable and f,, — f a.e., then f

is integrable and
[ twdn— [ tan

ProoF (D): Notice that this is a generalization of our Approximation Lemma — we can use essentially the
same proof. Consider any partition {A4;}7° of Q and define v; = inf 4, f. Consider any € > 0. Let

AP = {w: fulw) > vl - o).

Then A 1 A; as m — 00, so (A7) T u(A4;). We can now justify the following sequence of assertions.
n
fm = (1 —¢) ZvilA;n
i=1
[ = (0= S waA) - (19 Y- vin()
i=1 i=1
liminf/fn dp>(1—¢) Z%‘#(Ai), for all e > 0
i=1
n
timint [ £, du > > g4

liminf/fndMZ/fdu

But f, < f implies liminf [ f, du < [ f du. We conclude that

/fndm/fdu.
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PrOOF (E): Let g = liminf f,, and g, = infg>, fr. Then 0 < g, 1 ¢g. Therefore

lim/gndu:/gdu.

Since g, < f, we see that

/liminffnduz/gduzlim/gndugliminf/fnd,u.

Proor (F): First, by modifying all the functions on a measurable set with u(N) = 0 we can assume that
the convergence is for all w. Next, f, — f implies ff — f* and since |f,| < g we also have 0 < ff <g. It
suffices therefore to assume 0 < f,, < g.

Fatou’s Lemma tells us that [ fdp < liminf [ f, du. If we consider h = g — f and h, = g — f,, then
h,h, > 0 and h,, — h. Fatou’s Lemma now tells us that

/hdugliminf/hndﬂ
/gd,u—/fd# §liminf[/gd,u—/fndﬂ]
:/gdu—limsup/fndu

limsup/fndug/fdu.

We can now conclude that [ f, du — [ f,dp. I

Example 4 (continued). Our assertion above that

1
— dl = lim V20
/[0,11 VT n—oo J11 )

is the monotone convergence theorem, since z =/ 21[ 1 Tzl 21[0’1] almost surely (the exception being
z=0). 00

Example 6. Suppose p is a probability measure on IR, perhaps the distribution of some random variable.

The associated moment generating function is

M) = [ e o)

defined for those s for which it is finite. This is closely related to the Laplace transform of u, usually taken
to be

/ =% du(z) = M(—s).

Notice that
e M(0) =1 is always defined;
o If M is defined for sp and s1, and s < s < s1, then M (s) is also defined because 0 < €% < e%0% 4 517,
Thus the domain of M (s) will always be some kind of interval containing 0.
o If 1 is “supported” on [0,00) (i.e. u(—00,0)) =0) then M(s) will be defined for all s <0, at least.
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Discussion of further properties of M (s) provides a good illustration of the use of the convergence theorems.
Suppose M (s) is defined on some interval [sg — €, sg + €] around sg. For any positive integer k there
exists a constant ¢ so that for all x

|$|k < c(eez +e—ez)

|x|kesom < c(e(soJre)m +e(5076)$).

k
us [ z%e < 00. We want to write e’* = ———z"e and take the integra integrating eac
Thus [ z*Fe%® dy We want to write e = Y3° =200 3kes07 and take the integral by integrating each
term of the series individually. The Dominated Convergence Theorem justifies this, since

N (S—S)k 0o
RIS S
: 0

0
_ e|(5*50)$\650$

xk sox

(s— so)k
k! ¢

< e(so—i-e)a: + e(so—e)z’

because |(s — so)z| < €|z| < +ex, depending on the sign of . The right side above is u-integrable, by
assumption, providing the dominating function for the Dominated Convergence Theorem. Therefore

X o ok
M(S) = /esm du = /Z %xheso$ du
5 !
oo _ o)k
= / %xhesw du
5 !
© (o ok
= Z (s=50) ];0) /xkesoz dp.
5 !

In particular [ z¥e®® dp = ()*M(so). If M is defined on [—e, €] for some € > 0, then for |s| < €

kME

M(S):ZS F?
0 !

where my = f x® dy are the moments, hence the name “moment generating function”. Its derivatives are
the moments:

mi = M®(0).

See Example 12 below for a specific calculation. 0O

Densities and Changes of Variable

There are a couple situations in which the measure we need to integrate with respect to is related to another
measure that we understand better. We would like to translate the original integral into one with respect to
the better understood measure.

QP X m, [ix _?* . R
Tdux =pdl

R, ¢
This issue comes up twice in the situation of Example 1. The expected value of ¢(X) is defined to be an
integral with respect to P on the € of the underlying probability space:

E[$(X)] = /Q H(X(w)) P(dw).
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The distribution p of X is a different measure on a different space, IR We expect to be able to calculate
using

(6) / H(X (w)) P(dw) = /]R o) u(dz).

This is essentially a change of variables from w € Q to z € IR. If p has a “density” p(z) we expect this in
turn to be calculated as a Lebesgue integral,

(7) /]R o() p(dz) = /}R o(x)p(x) £(dx),

which we hope to finally evaluate by connecting it to the Riemann integral

/ Z o()p(x)dz.

Thus beyond the connection between the Riemann and Lebesgue integrals, we want to
e validate the change of variables z = X (w) in (6), and
e understand what is meant by a “density” and why (7) is valid.

Densities. The distribution p of a random variable X is just a probability measure on (IR, B) constructed
from X:
p(A) =P({w e Q: X(w) € A}).

Many of the important distributions arising in practice can be described in terms of Lebesgue measure using
a density function p(x) > 0: for all —co < a < b < oo

b
(8) u((a, b)) = / pla) dz = /( i

Examples 7.

1
p(x) = e~*'/2 _ standard normal

p(z) = 1[0’00))\6_)‘1 — exponential (A > 0)
1 U
p(x) = b e B Cauchy (u > 0).
0O
Most, if not all, probability measures p on (IR, ) that you know either have such a density or are of

the form

(9) u(A) = Z Dn, for some ipn =1.

neA -
However there exist many probability measure that are of neither of these two types. For instance there
exist distribution functions F'(z) which are continuous but not given by an integral integral of any density
with respect to Lebesgue measure. (An example is the Cantor ternary function on [0, 1].) Thus (8) and (9)
by no means account for all x4 on IR!
Problem 2 will show that (8) for intervals (a,b] implies that the same formula holds for all Borel sets,

A€ B:
u(a) = | pae
A

In general when p and v are two measures on a measurable space (£, F), we say v has density p with respect
to p if p: Q2 — IR is a nonnegative measurable function such that

V(A):/pdu for all A € F.
A

The following theorem tells us how v-integrals are related to u- integrals in such cases, justifying (7) above.
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THEOREM G. Suppose v has density p with respect to p and f : Q0 — IRy is measurable. Then

1) [fdv= [ fpdpy,if f >0;
2) f is v-integrable if and only if f - p is u-integrable, in which case

/ fdv= / fpdu
A A
Example 8. We calculate the mean of the exponential distribution, with parameter A > 0, as follows.

mean:/xduz/aﬁdu—/afd,u,

7 (z) = max{r,0} and =z (z) = —min{z,0}.

/af du = /a:f(a:)p(a:) d¢ =0,

because p has density p(z) = 1[0700))\6*” with respect to ¢, and = p = 0 for all z.

/:17+ du = /x+(ac)p(:17) de
= / ze A dl
[0,00)

= lim z e d¢, by M.C.T.

n—oo [07,”]

for all A € F.

where

Now

But
/ e N dl = / e dx
[0,n] 0
2o (A2 +1) =
- Y }m:O
1 —n\

:X[l—e (nA+1)] — 1/

as n — oo. We conclude that [ady =1/ 00

Change of Variable. The distribution p of a random variable X is the measure induced by X on IR using
the probability measure P from the underlying space (Q,F): u= PX 1.

w, Q r v, I ! R

uT—l=v

Here is the general change of variable theorem.

THEOREM H. Suppose (Q, F) and (I',’H) are measurable spaces, y is a measure on (Q,F), T : Q@ — T is
measurable, and v = pT~! is the induced measure. Suppose f : I' — Ry, is F/B(IR) measurable. If f >0

then
/ (T () p(d) = / (2) w(de2
Q r

f is v-integrable if and only if f o T is u-integrable, in which case the preceding equation again holds.

Basically, this works in general because it works for indicator functions: let f = 15 where B € H. Then

foT(w) =1p(T(w)) = 1p-1p5(w),

/fdu—z/ = u(T™'B) = /fonu

Examples 9. E[eX] = [e% u(dz), E[X?] = [ 2% u(dz). 00

SO
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Example 10. Suppose T : IR? — IR? is a one-to-one map having continuous derivatives and nonvanishing
Jacobian, J(z) = det[0T;/0z;]. In an advanced calculus course you might have learned that to make the
change of variables y = T'(x) you should use dy = |J(z)|dz in integrals. This is an instance of Theorem G,
which we would write as

|, s@@ie) ) = [ ),

provided B is contained in the range of T'. In the language of Theorem G this is saying that if p is the
measure on the domain having density |J(z)| with respect to ¢(dz), then the induced measure v = p7~!
agrees with Lebesgue measure ¢(dy) on the range. (To be precise if R = {T'(z) : = € IR?} is the subset of
the range actually covered by T, v would be Lebesgue measure restricted to R: v(A) = {(ANR).) We might
illustrate this with a diagram, such as

T(z)=y
|J(z)|£(dz) T~ =1r(y)(dy)

zeT B CR¢ yeBCR! L . R

OO

Important Inequalities
Suppose X is a random variable. Consider any integer k = 1,2,... and positive constant «. Since
"l x1zay < X1 x]20) < 1X]*

it follows that
o*P[|X| > o] < E[X*; |X|> o] < E[|X["].

This gives

MARKOV’S INEQUALITY (I).

1
P[IX|> o] < - B[|X|"; |X| > o] < B[ X|"]/a".

Applying this to X — m, where the mean m = E(X) is assumed finite, and using k = 2, we get

CHEBYSHEV’s INEQUALITY (J). If E[|X|] < co then for any o > 0

1
PlIX —m| > a] < gVar[X].

Another important inequality is Jensen’s inequality for convex functions. Suppose J C IR is an interval
and
¢:J—1R

satisfies
d(px + qy) < pp(x) + qd(y)

for all x,y € J and p,q > 0 with p+ ¢ = 1. Then ¢ is called convez.

Examples 11. Any smooth function with ¢” > 0 is convex, such as

¢($) = 3:27 (b(x) =e", (b(x) = —10g($).

OO
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JENSEN’s INEQUALITY (K). If¢: J — IR is convex, X (w) € J a.s., and E[|X|] < oo, then

¢(E[X]) < E[$(X)].
In terms of the distribution p of X Jensen’s inequality could be written

o(Jon) s

This is only true when pu is a probability measure; it does not hold for all measures.

HOLDER’S INEQUALITY (L). : Suppose (2, F, ) is any measure space, f, g : Q — IR, are measurable and

p,q > 1 with %—i—%: 1. Then
1/p 1/q
[ 1sslan < [ / Iflpdu} [ / |g|Qd4 .

Moment Generating and Characteristic Functions

If X is a random variable, and p its distribution, the associated moment generating function is

M(s) = Ble*X] = /}R &% u(dz),

defined for those s for which it is finite. We discussed some of its properties in Example 6 above. In particular
if M is defined on [—¢, €] for some € > 0, then all the moments my = E[X*] = [2* du are finite and for

|s| < e
oo ma
k
s
=2
5 k!

and E[X*] = M®)(0).

Example 12. Suppose X has normal distribution, mean 0, variance o2:

OO - —z? /202 z—025)2—0ts?
M(S) = [m esm(27‘(o'2) 1/26 /2 dr = W e;[ ) ] dx

232/2/OQ 1 —(z—025)2/2 2,2 /9
=e? —e v o dp = e 5"/

2mo?

Therefore

B[X"] = 0 for odd n
(221«k;31' o for n = 2k.

OO

The characteristic function (also called the Fourier transform) of u,

fi(t) = E[e"Y = /eit:):

is a complex-valued function of ¢ € IR. Unlike the moment generating function, fiis defined for all ¢. The
Dominated Convergence Theorem tells us that it is continuous. We will discuss its significance more in the

next unit.



Problem 1 ...
If (Q, F, ) is a measure space and f is a nonnegative real-valued function. Show that

v) = [ fau, Acr,
A
defines a measure on (2, F).

Problem 2 .. ..o
Suppose X : Q — IR is measurable and p > 0 is measurable with
P(a<X§b):/ p(z)l(dz) all —oco<a<b<+oo.
(a,b]
Show that

P(Xe€A)= / p(z) l(dz) for all A € B.
A
Problemm 3 ..o e

Prove Beppo Levi’s Theorem: If f,, are integrable, sup [ f, dp < co and f, T f, then f is integrable and
J fadp — [ fdp. [Hint: write f, = g, + f1 and work with the g, ]

Problem A .. ... . e e
Suppose ¢ : IR — IR is one-to-one, onto and ¢’ > 0 is continuous. State and prove a theorem, analogous to
Theorems F and G above, concerning the validity of

[ e = [ 16l ) lda),
(You may appeal to Theorems G and H in the course of your proof.)

Problem B . ..o
Let T : R — IR be given by T(z) = z* and p = ¢T~! be the measure induced by Lebesgue measure.
Identify p by finding its density with respect to Lebesgue measure.

Problem 6 .. ... e e e e
Suppose that f is Lebesgue integrable on [0,+00) and Riemann integrable on every bounded interval
C [0,00). Show that the improper Riemann integral
0o N
de = 1 d
/0 flz) dx N;rgm/o flz) dx

converges to f[o 00) f df. Prove the same thing if instead of assuming f is integrable we assume f > 0.
Problem T o o e e

If X is a positive random variable whose distribution has density p. Show that 1/X has distribution with
density p(1/z)/x?. [You may need to refine the statement of this to make it really true!]

Problem 8 ... .
Show that the Cauchy distribution has no mean, not even an infinite one. (Le. show that both [ ot (z) dy =
+00 where 27 (z) = max(z,0) and 2~ (z) = — min(z,0).)

Problem O ..o

The gamma density, with parameters o, u > 0, is

=1 a—u u—1_—ox
p(z) = (O’M)F(u)x e

Show that the associated moment generating function is (1 —s/a)~" for s < a and that the k-th moment is
wu+1)--(u+k—1)/ar.

Problem 10 ...
Show that m = E[X] is the value which minimizes E[(X —m)?].



Problem L0 ...

a) Suppose 0 < a < (. Show that Lyapunov’s inequality,
E[X[*]Y* < B[ X715,

can be deduced both from Hélder’s inequality (take g = 1) and from Jensen’s inequality.
b) Show that for any positive random variable X and p > 0,

E[1/X?] > 1/E[X]?.
Problem 12 ...

Suppose that N is a random variable with standard normal distribution. Find a density for log(|N|).

Problem 18 ... o e
Use the calculations of Example 12 to compute the characteristic function of a normal random variable X

with mean 0 and variance 2. In other words, write

and take the expected value of both sides. (Use the Dominated Convergence Theorem to justify writing

BEy -3 )
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Unit TV Convergence Concepts

Suppose (€, F, P) is a probability space on which are defined random variables X, X,,; n > 1. There
are several different concepts of convergence “X,, — X” in common usage. We will only summarize them
and some of their properties.

Description Notation Meaning
Almost sure convergence X, — X as. Xn(w) = X(w) allw ¢ N,
some N € F with P(N) =0

Convergence in probability Xn—p X P(|X,—X|>¢) —0,alle>0
(or “in measure”)
Convergence in the mean Xn —p X E[|X,—-X|]—0

(or L' convergence)
L? convergence (p > 1) Xn —pr X E[|X, — X|P]'/? — 0
Convergence in distribution Xn=>X E[¢(X,)] — E[¢(X)], all

bounded continuous ¢ : R — IR
These are all different. The only general implications are as follows.
1. If X,;, —»rr X, then X, —p¢ X forany 1 < g <p.
2. If X;, =1 X, then X, »p X
3. If X,, — X a.s, then X,, »p X
4. If X;, —»p X, then X, = X.
The first of these follows from Lyapunov’s inequality (problem III.11):

B[ X = X[7/7 < B[ X, - XP]V7.
The second is because of the inequality
1
P(X, — X[ >¢) < EEHXn - X”

For 3, let C = {w: X,(w) - X(w)}. The assumption is that P(C') = 1. Consider any ¢ > 0 and let
A, ={w: |Xk(w) — X(w)| <eall k>n}. Then

Apn T A={w: |Xp(w) — X(w)| < € for all but finitely many n}.

Since C' C A, we know that P(A) = 1. Hence P(A,) T 1 and P(AS) | 0. {|X, — X| > ¢} C A¢ and thus
P[|X,, — X| > €] — 0. The last implication takes little more. (But notice that a.s. convergence implies
d(Xn) — ¢(X) as., so that X, = X follows from the D.C.T.)

Counterexamples can be constructed to show that all other implications are false in general.

Examples 1. Q =1[0,1), P =¢. Let

1 if & <z< il 0<k<2m
= 2 - , where n = 2™ + k < 2™ +L,

Xn(z) = {

0 otherwise

Then X,, —p 0, as well as in L? for any p > 1, but X, (w) diverges for every w! If ¥;, = 2™X,,, then
Y, —p 0, but not in any LP.
Let Z,, = sin(27nz), then Z,, = Z1, because

1/n

0

/ o(sin(2mnzx))de =n ¢(sin(2mnz)) de = / o(sin(27y)) dy.
0 0

However Z,, /p Z. 0o
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It is important to note that for convergence in distribution X,, and X are never compared directly! In

fact X,, = X is really a property of the respective distributions p,, p.

El$(X,))] = /}R b, — /}R by = B[p(X)),

all bounded continuous ¢. This is denoted p,, = p and called weak convergence of the distributions. If F,, F'
are the corresponding distribution functions we also write F;,, = F'. It turns out that this is also equivalent
to

Fo(x) — F(z) for all z at which F is continuous.

(But this does not mean u,(A4) — p(A) all A € B!) Thus

X, = X (convergence in distribution)
pn = p (weak convergence)

F, = F (weak convergence)

all refer to the same thing.

The standard theory contains a number of additional results aimed at providing a more detailed under-
standing of what is required for p, = p. In particular given a sequence {u,} of probability distributions
on (IR, B) it is important to know when there exists a subsequence which converges weakly to some other
probability distribution: p,, = v. This is the issue of “tightness”; see Billingsley §25.

We will not be giving full proofs of the Laws of Large Numbers, or the Central Limit Theorem, but it
is worthwhile to understand what type of convergence these results refer to. Suppose X, is a sequence of
independent, identically distributed random variables. (This means the o-fields o(X,,) are independent and
u(-) = PX, ! is the same for all n.) Suppose the mean m = E[X,,] is finite. Then the standard limit laws
are as follows.

WEAK LAW OF LARGE NUMBERS (A). 137 X, —pm.
STRONG LAW OF LARGE NUMBERS (B). 13"  X; —»m as.

CENTRAL LiMiT THEOREM (C). Assuming 0% = Var[X,,] < oo,

1 n
— ) (X;— N,
Uﬁ;( m) =

where N is a random variable with the standard normal distribution.

Problem 7 points out that the convergence in the Central Limit Theorem cannot be strengthened to a.s.
convergence.

These are the standard limit laws that most students of probability theory have seen before. There are
others that may not be as familiar.

LAW OF THE ITERATED LOGARITHM (D). Assume m =0 and E[X?2] = 1. Then

n—oo

P|lim sup(2n log(logn))~1/2 ZXi =1]=1.
1

In other words, %Z? X, has the “asymptotic envelopes” ++/2log(logn)/n as n — oo. (See Breiman,
Theorem 13.25 in particular, for more on the Law of the Iterated Logarithm.)
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A more interesting result is Chernoff’s Theorem. Of the limit laws stated here, it is the only one in
which the distribution of the X; (rather than just its mean) is involved in the final assertion of the theorem.
We will need some definitions first. If M(s) = E[e*Xi] is the moment generating function of the X;, the

function

H(c) = ssg]g{cs —log(M(s))}

is called the Cramer transform of the distribution of Xj.

Examples 2. Cramer transforms of some common distributions:
Binomial (P[X =0]=p, P[X =1]=1-p):

H(c) = {Clog(lfp) +(1—-c¢) log(l—;c) if c € [0,1]

+o00 otherwise.

Standard Normal:

Exponential (19, o0)e™"):
c—1—1log(c) ife>0
{+oo if¢<0.
00

CHERNOFF’S THEOREM (E). For ¢ > m,

For ¢ < m,

(You can find a treatment of Chernoff’s Theorem in the little book by Bahadur. Our statement above
appears more general than what you will find in Bahadur, but can be derived from it by considering X; — ¢
in place of X;.)

A Restricted Proof of the Strong Law. There is a short proof of the Strong Law of Large Numbers
under the additional hypothesis that the X; have finite fourth moments. Let

We can assume that m = E[X;] = 0. Let
Sn = X
1

The key is to get an upper bound on E[S2].

n n n

E[Sh] = Z Zn: > > EBIXiX; X X)),

i=1 j=1k=11=1

When the right side of this is multiplied out, we get 3 kinds of terms:
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a) Terms with at least one index distinct from the others. (E.g. j different from i, k, or I.) By
independence all such terms have expected value 0. (E.g. E[X;|E[X;X;X;] = 0).

b) Terms with indices in two distinct pairs (e.g. i = k # j = [.) For these we have E[-] = (¢2)2. The
number of such terms isn-3 - (n —1).

c¢) Terms with i = j = k = [. For these E[] = &%, and there are n such terms.

We find that
E[SY = né* +3n(n — 1)o* < Kn?, where K = 30* + ¢*.
Now apply Markov’s inequality:

1
ntet

oo oo 1
;P[|Sn| > ne| < ;Ee*4< 00,

we can apply the first Borel-Cantelli Lemma to obtain P[L.] = 0 where

P[|S,] > ne] < Kn? =n"2%"K.

Since

L. =limsup{w : |Sy| > ne}
1
={w:|=8,(w)| > € for infinitely many n}.
n
Let N = U2 Ly, We know P[N] < Y °P[Ly} = 0. For any w # N and any k it follows that
|18, (w)| > 4 for only a finite number of n, so that |15, (w)| < 1 for all sufficiently large n. Hence

%Sn(w) — 0 for all w € N. (The full proof is more complicated, since it must not assume the existence of
higher moments.)

Characteristic Functions

There are several ways to identify a probability measure p on (IR, B) in terms of more conventional mathe-
matical objects, specifically functions:
e a density with respect to Lebesgue measure,

(e, b)) = /( P

if one exists;
e the distribution function
F(z) = p((—o0, z]);
e the moment generating function M(s) = [e**u(dz), provided it is defined on some open interval

(method of moments);
e the characteristic function

At) = / ¢t () = / cos(tz)p(d) + i /sin (t)(dz).

Examples (2). Characteristic function of some common distributions:

Distribution Description a(t)
Standard Normal #e“”z/z 6._’52/2,
Uniform Lo, elit_l
Exponential € "1(0,00) 171#
Cauchy 1 14—1952 et
Poisson P({k})=%e ', k=0,1,2,... e -1

OO
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Moment generating functions may seem more appealing than characteristic functions since they do not
involve complex numbers, but they have some drawbacks. One always has to worry about their domain, i.e.
for what s is M(s) defined? Because of that, knowing M (s) does not determine p in all cases. Specifically,
there are many p for which M(0) = 1 and M(s) is undefined for all s # 0. (The Cauchy distributions,
for any value of the parameter u, are examples.) Suppose however that M, (s) and M, (s) are the moment
generating functions of two probability measures u and v. If there is some (nonempty) open interval (a,b)
on which both M, and M, are finite and equal, then it is true that u = v.

Characteristic functions have a “cleaner” theory. fi(t) is always defined and continuous for all ¢ € R,
and we always have |f(t)] < 1. (This is the complex modulus.) The following facts explain some of the
theoretical importance of characteristic functions.

e If ;4 and v are two probability measures on (IR, B) with characteristic functions i and 7, then p = v if
and only if 7i(t) = D(t) for all ¢.
o If y,,n=1,2,---, and p are probability measures on (IR, B) then p, = p if and only if

In(t) — p(t) for every t.

e If X and Y are independent random variables with distributions px and py, then the characteristic
function of X +Y is

o~ o~

fix+y (t) = pix (t) - py (8).

(See Unit 5.)
Some further issues addressed in the standard theory of characteristic functions are
* inversion formulas, i.e. how p((a,b]) can be calculated from fi(-);
x how properties of y manifest themselves in ji;

* given a function ¥(¢) how can we tell when it is the characteristic function of some p: ¥ (t) = f(t)?
* given a sequence pi,, how can we tell from looking at f, if p, = p for some u? (It is possible for

In — ¥(t), but ¥(t) fail to be ¥ = @.)

Proving the Central Limit Theorem. We won’t provide all the details, but the basic approach to
proving the Central Limit Theorem can be quickly described. It illustrates the use of characteristic functions
for convergence in distribution. We can assume the X; have mean m = E[X;] = 0. (Otherwise consider
X; —m.) Suppose that ¢(t) = E[e?®¥i]. Then %\/ﬁ Y1 X; has characteristic function (b(ﬁ)” Since
El[e™N = ¢="/2 the goal is to show that for all ¢ € IR

Formally,

So we expect (second order Taylor polynomial) ¢(t) = 1 — ";tz for t = 0. Using this it seems reasonable that

t o2 t2
— V(1 ——)"
o= )
1, 1
= (-Gt e

These approximations can be justified to provide a rigorous proof.
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Infinitely Divisible Distributions and Stable Laws

The search for all probability distributions that could play the role of the standard normal in CLT-like
theorems was a major research topic in the early part of this century (1920 — 1940). (Problem 6 indicates that
the Cauchy distribution is an example.) This led to the identification of two general classes of distributions
with special properties. It was the use of characteristic functions that made a complete answer to this
problem possible. (The text by Breiman is a good reference on these topics. See Chapter 9 in particular.)

Infinitely Divisible Distributions. A probability measure p on IR B(IR) is called infinitely divisible if
for any n there exist i.i.d. Xi,..., X, so that u is the distribution of > ] X;. (The distribution of the X;
may depend on n.) It turns out that u is infinitely divisible if and only if fi(¢) has the following form:

itx )1+a:2
1422

f(t) = exp [iﬁt - %azt2 + /(eim— 1- v(dz)|

22
for some finite measure v on IR with v({0}) = 0. (The role of ¥({0}) is played by ¢2.) The normal, Poisson

and Cauchy are all examples. (For the Cauchy, 8 = 02 =0, v(dx) = m £(dx).)

Stable Distributions. The probability measure p on IR is called stable if when X; are i.i.d. with distribu-
tion i, then for every n there exist constants a,, b, so that (3.7 X; — byn)/a, also has distribution y. These
are precisely the distributions which can occur in CLT-like results for X; i.i.d.:

1 n
—(_Xi—bn) = .
Qp, 1

A distribution p is stable if and only if it is infinitely divisible and either normal or with fi(¢) as above using
02 =0 and v described by

1+ 22 1
5 v(dzr) = (m,l(_oo) + m+1(0,+oo))W £(dx)

T

for some “exponent” 0 < @ < 2 and m+ > 0. For a < 0 no moments of order n < « exist. Thus the normal
is the only stable distribution with finite variance. (This is what makes it so important!) The Cauchy
distribution has o = 1. More explicit expressions for the characteristic functions of the non-normal stable
distributions can be given. For a # 1: for some (3, 2,0 € IR; {2 > 0 and |0| < 1,

i(t) = exp {zﬂt — Qe+ iG%tan (ga))}.

For a =1, 3, 2,60 can be as above, but the formula changes to

i(t) = exp {zﬂt — Qe+ ieﬁ log |t|)}.
i

Problem 1 ..o

a) Show that p, = p is possible for p, having densities but p not.
b) Show that p, = u is possible for p having a density but the p, not.
¢) Show that it is possible for pu, = wu if all the u,, and p have densities but the densities do not converge.



Problem 2 .. ..o e
Suppose the distributions of random variables X,, and X have densities p,, and p. Show that if p,, () — p(x)
for all x outside a set of Lebesgue measure 0, then X,, = X. Hint: Work in terms of the associated
distribution functions F,,(z) and F(z). Use Fatou’s lemma to show that F(z) < liminf F,,(z). Similarly,
since 1 — F,(z) = f(x o0y Pn @A, you can show that 1 — F(z) <liminf[l — F,(z)]. Now it is a basic property
of liminf and lim sup that
liminf[l — F,,(x)] = 1 — limsup F,,(x).

(You should take this for granted.) Conclude that

F(z) <liminf F,(z) < limsup F,(z) < F(z).

This is equivalent to F,(z) — F(z).

Problem B .. ..
If X,, — 0 a.s. then show %Z Z:l X, — 0 a.s. also. Give an example to show that this can fail if a.s.
convergence is replaced by convergence in probability.

Problem 4 ... .o
Suppose X is a random variable with characteristic function

¢(t) = E[e™.

Find a formula for the characteristic function of a(X — ) in terms of ¢. Use this to generalize the table of
characteristic functions above to the usual parameterized versions of the distributions cited.

Problem B . ..o
Suppose X, is a sequence of independent, identically distributed random variables with the exponential
distribution, parameter A (i.e. density 1[0700))\6’)‘9”). The characteristic function of this distribution is

a) Calculate the characteristic function of

# Z(Xk - m)7

where m is the mean and o2 is the variance.
b) Using the formula log(1 + 2z) = z — 322 4+ O(z%) as z — 0, show that

U—;HZ(X,Q —m) = N,

where, as in the Central Limit Theorem, N is a standard normal random variable. By O(z%) is meant
a term with |O(22)| < B|z3| for some constant B and all z sufficiently close to 0. (Do this by showing
the characteristic functions converge.)

Problem 6 ... ...

Suppose X, is a sequence of independent, identically distributed random variables with the Cauchy distri-

1 u

bution, parameter u (i.e. density :.>%—). The characteristic function of this distribution is

o(t) = eI,



IV: 8
(You can take this fact for granted.) By computing the characteristic function, find an exponent 2 > 0 so
that
1 n
2 X
1
converges in distribution. Note that the value of (2 is not %! Compare what you find to the Strong Law and

Central Limit Theorems. Isn’t there a contradiction?

Problem T ... e
Show that the convergence in the Central Limit Theorem is not almost sure convergence. Use the Law of
the Iterated Logarithm to explain the remark in parentheses at the end of problem 1.16.
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Unit Vo Advanced Constructions

Suppose we have two random variables X, Y defined on (2, F, P). Let ux and py be their individual
(or marginal) distributions,

ux(A) = P(X € A) py(B)=P(Y € B), ABeB(R),
and 7 their joint distribution:
7(C) = P((X,Y) € ), C < B(R3.

wx and py are easily obtained from 7:
ux(A)=m(AxR), py(B)=n(R x B).

We can not determine the joint distribution 7 from the marginals px and py in general. However
if X and Y are independent (meaning that o(X) and o(Y) are independent) then, for any A, B € B(IR),
X"1A€0(X)and Y!B € o(Y) are independent as sets. Therefore

P(X7'ANY™'B)=P(X'A)-P(Y"'B)
P(X,Y)€eAxB)=P(X €A)-P(Y €B)
(A x B) = px(A) - py (B).

The collection of all such A x B forms a m-system which generates B(IR3. This means the joint distribution
is determined by the marginals if X and Y are independent. Based on this we might expect that calculations
with respect to m might be carried out in terms of px and py:

/ o(z,y) dr z/ [/ o(z,y) duy] dupx  (or the other order).
R2 R /R

Here 7 is what we will call the product measure “r = pux X py” and the reduction of the “double integral”
f drm to an “iterated integral” is called Fubini’s Theorem. The discussion of this is our next topic.

When X and Y are not independent we cannot reconstruct their joint distribution from just the
marginals. The connection involves the idea of conditional probabilities, which will be our final topic.

Product Measure Spaces

Suppose (X, X, 1) and (Y, ), v) are measure spaces. The product set X X Y is just the set of all pairs
(z,y) with x € X and y € Y. We want to discuss the natural product o-field X x Y on X x Y and the
product measure m = p X v on (X x Y, X x V).

The Product Sigma-Field. Let M consist of those subsets of X x Y which have the form A x B, where
A € X,B € ). These are called the measurable rectangles. M is not a o-field (it is not closed under
complementation) but it isa 7m-system. The product o-field is defined to be

X XY =0o(M).

Note that C € X x ) does not mean C' = A x B; see Example 1.
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LEMMA A. Suppose A and B are classes of subsets of X and Y respectively, with the property that X = UA;
andY = UB; for some A; € Aand B; € B. If X = 0(A) and Y = o(B) then X x Y = o(C) where C consists
ofall A x B with A€ A, B € B.

ProoF: If M is the class of measurable rectangles above, then C C M implies o(C) C M. Given B € B,
the class of A C X such that A x B € ¢(C) is a o-field containing A and therefore contains X'. (For this
we need to know X x B = UA; x B € 0(C).) Now consider any A € X. The class of all B CY for which
A x B € o(C) is a o-field which contains B and so must also contain X. This shows that M C ¢(C), and so
X xY Co(0). 1

Example 1. With X =Y = R and X = Y = B(RR), the lemma (with A = B = Jy consisting just of
intervals with finite endpoints (a, b]) implies that

B(IR3 = B(R) x B(IR).

(Our original definition of B(IR3 was given on page I.11. The R used there is the same as C is the lemma
above.) In particular the diagonal D = {(z,y) : = = y} is in the product o-field, since it is a closed set.
However D is clearly not in M. o0

THEOREM B. If C' € X x Y then its cross-sections are measurable:

C.={yeY: (z,y) €C} e for every x € X;
Cy={reX: (z,y) €eC} € X foreveryy €Y.

If (Q, F) is a measurable space and f : X xY — Q is X x Y/F measurable, then for each x and y

fe:Y — Qgiven by f.(y) = f(x,y) isY/F measurable;
fy: X = Qgiven by fy(x)= f(z,y) isX/F measurable.

The converse is false! C; € Y and Cy € X for all z, y does not imply C' € & x ), nor do the measurability
of f; and f, imply the joint measurability of f.

ProOOF: The first part of the theorem follows by applying the second to f = 1¢; e.g. fz(y) = 1¢,(y). The
second part is an application of Theorem II.A. Consider any € X. Define T : Y — X xY by T'(y) = (x,y).
For any Ax Be€ M (i.e. A€ X and B € ) we have

T-14« B B ifzeA cy
X B = .
0 ifxg A

Since M generates X x ), this proves that T is J/X x Y measurable. Now notice that f, = f o T, and is
therefore Y/F measurable. I

Example 2. Suppose N C IR is a nonmeasurable set. Let C = {(z,z) : z € N} C IR? Then C, and C,

are either singletons or empty and thus are in B for every z, y. Let T : R — IR be T(z) = (z,2). T is
measurable because T"'Ax B=ANB e Bforall Ax BeE M. But T~'C =N ¢BsoC ¢ BxB. ©0

Product Measure. Next, we want to define a measure 7 on (X x Y, X x ) with the property that
m(Ax B)=pu(A)y(B) forall Ac X, Be Y

This specifies 7 on M, but not on all of X x Y = o(M).
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THEOREM C. If (X, X, u) and (Y,),v) are o-finite measure spaces, then there is a unique measure T on
(X xY, X xY) with the property that (A x B) = u(A)v(B) forall Ae X,B € ).

One approach to proving this is to apply the Carathéodory Extension Theorem, I.D. Another is to define 7
directly by

(C) = /X W(Cy) pu(da).

We need to show several things to justify this.
1. f(z) = v(Cy) is X/B measurable for all C € X x Y. If v is finite this follows from the facts that M is
a m-system and
L={Ce X xY: v(C;) is measurable} is a A\-system.

If v is o-finite, take A, 7 Y in Y with v(A4,) < oo and apply the preceding to v,(-) = v(A, N-):
v(Cy) = lim v, (C;) is therefore measurable.

2. 7(C) defines a measure. This follows from monotone convergence.

3. m(A x B) = u(A)v(B) for all A x B € M. Checking this is just a calculation:

B ifzeA

0 itagar MAXBR=E) L@,

Mth={

so the definition gives
m(A X B) = /1A -v(B)dp = u(A)v(B).

The uniqueness follows from Theorem I.B .

We have observed that the product measure px X py is the joint distribution of a pair of independent
random vairables X, Y with marginal distributions px, uy. If instead of considering X, Y as given, suppose
we know px, uy and want to construct a probability space (§2, F, P) and a pair of random variables X, Y :
Q — IR which are independent with the prescribed marginals. Theorem C provides one way to do so: take
Q =R? with F = B(IR3 and P = pux X py. A typical w € Q is w = (z,y). Define the two random variables
to be the “coordinate maps”:

However what if we want to build a probability space on which are defined a full sequence X7, x2,... of
independent random variables, each with a specified marginal distribution p; — how might we do this? We
did it in Unit M using Q = [0,1) and d;(w) given by the digits in the decimal expansion of w. In that case
1; was just the simple Bernoulli distribution. What if we want something more complicated for the p;? The
natural analogue of the above is to take

Q=R" ={w=(21,22,...): z; €R},
the set of all sequences of real numbers. We would define
Xi(w)=2a;
and F=0(X;: ¢=1,2,...). For P we would want a sort of infinite product measure
P=p; Xpsx....

The existence of this P, an infinite dimensional version of Theorem C, is itself a special case of the even
more general Kolmogorov Existence Theorem, which also allows correlation among the X;. See Billingsley

for more on this.
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THEOREM D. Suppose (X, X, u) and (Y,),v) are o-finite measure spaces and m = pu X v is the product
measure on (X X Y, X x)). Suppose f: X XY — R is X x ) measurable.
1. (ToNEeLLI) If f > 0, then

a) [y f(z,y)v(dy) is X measurable,
b) [x f(z,y) u(dzx) is ¥ measurable, and

)
L | rwavian] wan = [ swarntatan = [ | [ s utan)] vian.

2. (FuBiNi) If f is m-integrable, then a) and b) still hold except that the functions may be undefined on
sets measure 0. The functions in a) and b) are integrable, and c¢) holds.

Example 3. Let X =Y ={1,2,3,4,---}, u = v = counting measure, and

1 ifx=y
0 otherwise.

/ / Fa puldedy) =33 fay) =1+ 3 (-1+1) =

The problem is that Fubini’s Theorem does not apply!

oo
=1

[ [ 1svtdputas) - pRERIEES

OO

The usual way Theorem D is used is to first calculate [, [, |f(x,y)|v(dy)p(dz) to verify that f is 7-
integrable. If that works out, then you are justified to remove the absolute values and evaluate [ fdr =

IxSy fdvdp.

Applications to Independent Random Variables

Suppose again that X,Y : @ — R are independent random variables on (Q,F, P). Then their joint
distribution 7 is the product of the marginals: m = px X py. Theorem D and III.H now allow us to calculate

E[XY]] = / ey m(d(z, v))

— [lelnxds)- [l ny (dy)  (Tonell)
— B[Ix|)- E[Y].

So E[|X|], E[|Y]] < oo implies E[|XY|] < oo, and repeating the calculation, now with Fubini, we get
E[XY] = E[X]E[Y].
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Example 4. Suppose X and Y are independent, exponentially distributed r.v.s with mean % Find the

distribution of X/Y. For z > 0 we can calculate

P(3 <2) = PIX < 2¥] = n({(z.3) : @ < )
= [ [ 1z @) iy @)

= / / Tia<zyy (:17,y))\e*)‘yf(dac))\e*)‘yf(dy)
(0,00) J (0,00)

zy
= / [/ e e d:z:] e 0(dy)
(0,00) LJO

:/ Ae [l — e Y] dy
0

::/wxwﬂy—eﬂwﬁﬂmy
0
A

z
=1- =
Az +1) z+1

For z < 0 clearly P(% < z) = 0. Thus the distribution function of X/Y is

X £ for z>0
P(= <z2)=4 -
(Y <2) {0 for z < 0.

This distribution has density given by

D >0
— (Z+1)2 z jll
P(z) {0 2 <0

OO

If Mx(s) = E[e*X] and My (s) = E[e*Y] are both defined, then
My (5) = B ) = [ et evn(afa,y)

N /esqu(dx) ' /esylw(dy) = Mx(s)Mr(s) < oo.
The same holds regarding characteristic functions: for all ¢,
iy () = fix (1) - iy (1),
Suppose that ux and uy have densities fx, fy. Then for A € B(IR) we have
7(4) = [ [ 1ate) v (dyx (o)
= [ | sty w6 (@) )
R /R
= [ @@ w )

Thus 7 has density f(x,y) = fx(z)fy (y) with respect to £ on IR?. Moreover we can calculate a density for
the distribution of X +Y:

Fxay(a) = /}R /}R Loy (@) iy () Fx (2) £(dy) £(dz).
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Now f(ioo,aim] frdl = f(ioo,a] fy(z — x)€(dz). For Riemann integration this would just be the simple

change of variables y = z — x, dy = dz. In our context we have to work harder to give a correct justification.
Consider T(z) = z — z. By checking intervals (a,b] you can confirm that then ¢I'~! = ¢. (This is problem
1.8.) Now using IILH it follows that

/ fr(z — ) £(dz) = / L(—co,0-a](T(2)) fr (T(2)) £(d2)
(~o0.a]
:/1<7oo,a7m](y)fy(y)fT‘l(dy)
=/1(7oo,a7m](y)fy(y)€(dy)

= / fy de,
(—o0,a—z)

as claimed. Therefore

Frav(o) = | /( e D@ s
_ /(m] { /}R (= — 2)fx(2) €(dw) | €(d=).

Thus px 1y has density
froefr(@) = [ Bt =a)fx@) ),

This is called the convolution of the density functions fx and fy.

The Radon-Nikodym Theorem

If p1, v are two measures on the same (€2, F) we have said that v has density p with respect to pif p: @ — R
is measurable, p > 0, and

U(A):/pdu, all Ae F.
A

If we are given p and v how might we check to see if such a p exists? (This will be the foundation of
conditional probabilities!) Note that if a density exists then for any A € F with yu(A) = 0 we must also have
v(A) = [14 pdp = 0. In other words

(1) v(A) = 0 whenever A € F and p(A) = 0.

When (1) holds we say that v is absolutely continuous with respect to p, written “v < p”.

Example 5. (Q,F) = (R, B), v(A) = Y. _1a(n), counting measure on the integers, Z. v &« ¢ because
(Z) =0 but v(Z) = co. Also ¢ £ v because £((0,1)) =1 but v((0,1)) =0. Let p=£¢+v. Then pu(4) =0
implies ¥(A) = 0 so v < p. In fact v(A) = [, 1zdp so v has density 17 with respect to p. 0o
Example 6. Let P and @ be two probability measures on (2, F) and suppose X;, ¢ = 1,2,... are i.i.d.

with respect to both P and ). Then ) < P requires the distribution of X; to be the same under P as under
Q! (Absolute continuity is more difficult in infinite dimensional settings.) To see why, suppose for some a

p=PX;<a)#Q(Xi<a)=gq.
Then the Strong Law of Large Numbers says that
P as

1 — p
3 1m0~ {
T q Q a.s.

OO
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We have explained that if v has density with respect to u, then v < p. The next important theorem
says that (for o-finite measures) the converse is also true!

THE RADON-NIKODYM THEOREM (E). If 4 and v are both o-finite measures on (2, F) with v < u, then
v has a density with respect to u. The density is unique up to sets of yu-measure 0.

The density (lets call it p) is often called the Radon-Nikodym derivative of v with respect to p and is indicated

by the notation
_dv

=
(This notation agrees nicely with “dv = pdp” as in Theorem III.G.) Notice that if g > 0 is any other

p

measurable function on Q with p = g p-almost surely, then v(A) = [ apdp = / 4 9du. Thus g deserves to
be called the density just as much as p. In other words, densities are only determined “up to” almost sure
equivalence.

Conditioning

Let (Q2,F, P) be a probability space. What do we mean by a conditional probability? The next three
examples review some “primitive” formulas.

Example 7. If A, B € F and P(B) > 0 then

P(AN B)

PIAIB) = =55

In other words P[A|B] = p is the value that makes the formula
p-P(B)=P(ANB)
correct. 00
Example 8. Suppose Y is a simple random variable.
P[A|Y = y;] = P[A|B;] where B; = {Y =y},
provided P(Y = y;) > 0. 00

Example 9. Suppose X,Y have joint density f(x,y). Then

P(Y € B) = / f(,) €(d(z,v)).

RxB

P(Y = y) = 0 for any individual y, so P[X € A|Y = y] can’t be defined as above. But most elementary
texts will define the conditional density

 fl=zy)
Ixiy(zly) = T (2, y) ((dz)’

Then if A= {X € C} where C = (a,b], you would calculate
b
PIAIY =) = Pla< X <HY =) = [ fav(aly)da.

Or,
PX € ClY = 4] = /C Fxiy (aly) £(dz).

OO
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What is the unifying idea behind these definitions? The key is to focus on how they depend on what we
condition with respect to. In the above examples define (respectively)

(Ex.6) () = {i ﬁ:g]c] e G ={0,0,B, B}
(Ex.7) plw) = SPIAYY = ylly_yy (@), G =o(Y)
(Ex.8) plw) = /C faw(@ Y(@)idz),  G=o(Y) A={XeC}

In each case a function p(w) and o-field G are defined (except possibly on a set of probability 0) and are
characterized by the following properties:

(i) p:Q — R is G measurable;

(ii) P(ANB) = [y pdP for all B € G.
These properties provide the general definition.
DEFINITION. Suppose (Q, F, P) is a probability space and G C F is a sub-o-field. If A € F, then P[A|G] is
defined to be any G measurable random variable p : Q2 — IR with the property that

/ pdP = P(AN B)

for all B € G.

Thus P[A|G](w) = p(w) is a measurable function — this usually takes some getting used to. The
examples above describe its values in certain simple settings. In Example 7, to be G measurable means
p(w) = c1lp + col pewhere ¢; = P[A|B] and ¢; = P[A|B€]. Le. P[A|B] is the constant value of p = P[A|J]
over B. Similarly in Example 8, to be G measurable requires p be constant over each set {Y = y;}. The
value it takes on this set is what we denoted by P[A|Y = y;] in Example 8.

Example 9 (continued). Define
wl) = [ ey (aly) tde).
c

We want to show that p(w) = (Y (w)) satisfies the definition we have given. With G = o(Y') p will be G
measurable if ¥ is B measurable from IR — IR. First, define

fr(y) = / £ () (dz).

Tonelli’s Theorem says that fy is B measurable. The careful definition of fx |y (z,y) would be

B i) £0
0 if fy(y) =0

(Note that f(z,5) = fxv(2,y)fr (y) a.e., because if N = {fy(y) = 0} then [y fy f(w,y) £(da) £(dy) =
v (y) £(dy) = 0.) Another application of Tonelli’s Theorem yields that
N

fX\Y(x7y) = {

bly) = /C Fxpy (@, y) U(da)

is B measurable as desired.
Next we need to show that

/ pdP=P(ANB) forall Beg.
B
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Recall that A = {X € C}. First note that fy is the density of the distribution of Y; i.e. the marginal
density:
uy (D) = PY € D)

_ / 1o(y)f(2,y) (d(x,y))
_ / / 1p(y)f(x,y) £(dz) £(dy)
- / J (y) £(dy).

D

Now, if B € G then B = Y ! D for some D € B. We can now use III.G and F to verify the following sequence
of equations.

[ P = [ o) Pw)
= Dw(y) py (dy)

= [ |t el )] £ )t

— [ [ staw amyecay)
pJc
[ty )
CxD
=P(X ecCYeD)
= P(ANB)
Therefore, (Y (w)) = P[A|o(Y)](w). 33

DEFINITION. IfX is an integrable random variable, we define E[X |G](w) = p(w) if p : @ — IR is G measurable
and

/de:/XdP for all B € G.
B B

In other words, p = E[X|§] is a partially averaged/smoothed version of X making it G measurable but

maintaining it integrated values over G-sets. Observe that
P[A|G] = E[14[G].

Also note that P[A|G] and E[X|G] are only defined up to G measurable sets of P = 0. We can have different
versions p1(w) and pa(w) of E[X|G](w) (but both must be G measurable).
Example 8 (continued). If P(Y = y;) = 0 in Example 8, then E[A|o(Y)] may be given any value on
{Y =y;}. 00
Example 10. If G = {0, Q}, then F[X|G] = E[X] and P[A|G] = P(A) are constant functions. 00

One might ask, “does E[X|G] always exist?” Lets assume X is integrable. If X > 0 then v(B) = [, X dP

defines a finite measure on (€2,G) and v < p where p = P|g. The Radon-Nikodym says there does exist a
G measurable p with

E[X;B]:V(B)z/deuz/deP.

So, using the R.N. derivative notation, we can say
dv
EX|Gl=——.
X19) = Jpr-

In general E[X|G] = E[X1|G] — E[X |G| works.
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Elementary Properties. Conditional probabilities and expectations obey many of the same properties
as ordinary probabilities and expectations (integrals). We assume all random variables mentioned here are
integrable.

0 < P[A|G] <1 almost surely.

If A, are disjoint, then P[U®A,|G] = >7° P[A,|]] ass.

If X = ca.s. then E[X|G] =c as.

ElaX + 0Y|G] = aE[X|G] + BE[Y]|G] a.s. (any a, 3 € R)

If X <Y as., then E[X|G] < E[Y|F] a.s.

EX|9)| < E[X]|9) a.s.

If | X,| <Y as. and X, — X a.s. then E[X,|G] — E[X|]] a.s.

If ¢(-) is a convex function, with ¢(X) and X both integrable, then

P(E[X|F]) < E[$(X)[F] a.s.

The next two properties are very important tools for manipulating conditional expectations.
e If X is G measurable and Y, XY are both integrable, then

(2) E[XY|G]=X - E]Y|]].

e If G C Gy C F are nested sub-o-fields, then

(3) E[X|Gi] = E[E[X|G2]|G1].

Why are these true? (2) means that if p(-) = E[Y|G] then [, XpdP = [, XY dP all A € G. Note if
X = Z CilBiWith B; € g, then

XpdP = ci/ pdP = ci/ YdP:/XYdP.
/14 ; ANB; ; ANB; A

Now pass to limit from simple approximants: |X,| < |X| with X,, — X and G-measurable. Actually the
mechanics of this are somewhat tricky. We want to apply the Dominated Convergence Theorem on each
side, using | X,,||Y] < |X||Y] on the right and | X,||p| < |X||p| on the left. We know that | XY is integrable;
the tricky part is to show that |X||p| is also integrable. Since |X,| is simple, what we have already argued
justifies
ElXallpl] < B Xa|E[Y]|6]] = EIX.|Y]] < EIXY]] < oo.
Now applying Fatou’s Lemma to this tells us that
E[IX]||pl] < E[|XY]] < co.

Justifying (3) is easier. first notice that E[E[X|G2]|G1] is Gi-measurable. Now we check that for any
Ae G

/E[E[X|g2]|g1]dpz/ E[X|Gs] dP
A A

= / X dP since A € Gy also.
A
If G,’H C F are independent and B € H, then

P(ANnB)=P(A)P(B) = / P(B)dP
A
for all A € G. Le. P[B|G] = P(B). If X is independent of G (i.e. o(X) and G are independent) then

E[X|G] = E[X]. (See problem 10.)
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Sufficient Statistics

In statistics we often observe various events C 2 and attempt to draw conclusions re. P. Suppose we are
trying to identify the true P from among a collection {Py : 6 € O} of possibilities. A sufficient statistic is
a random variable T'(w) so although 6 € © affects the distribution of T', # does not affect the conditional
probabilities given T": for each A € F), i.e.

(4) By[AIT] = p(w)

should be ¢(T") measurable but not depend on #. Thus for T to be sufficient should mean that for each
A € F there exists a measurable f giving a #-independent version probabilities of A given T

Py[A|T) = f(T(w)) forallfe®,

FACTORIZATION THEOREM(F'). Suppose u is a o-finite measure on (0, F) and Py < p for every 6. A
necessary and sufficient condition that a random variable (or vector) T' be sufficient for {Py} is that there
exist a measurable h : } — [0,00) and for each § a (Borel) measurable gp : IR — [0,00) so that

Example 11. The “exponential families” of Bickel and Doksum describe commonly occuring parameterized

families Py for which a sufficient statistic exists, by appeal to the Factorization Theorem. Here T'(z) and
c(0) are vector valued and we write ¢(f) - T'(z) in place of ) ¢;(0)Ti(x):

p(z,0) = exp[c(0) - T(x) + d(0) + S(x)] 1a(x)

— exp[e(8) - T(x) + d(9)] - exp [S(x)] La(a)

= go(T(2)) - h(z)

When interpreted as a density the reference mesaures is u = £ (on IR or IR?). When interpreted as a “fre-
quency function” the reference measure y is counting measure on the appropriate set e.g. A ={1,2,3,...}.)
00

Example 12. Let X7, X5 be a pair of independent random variables each with uniform distribution on
[0, B]. We view B (= 60) € (0,00) (= ©) as a parameter for wihich we want to consider a sufficient statistic.
Pg will be the distribution of X = (X1, X3), a probability measure defined on 2 = R? with F = B(IR3. A
typical w € Q is w = (21, z2) and X;(w) = ;.

Take ¢ as the common reference measure on ). Then Pgp < ¢ with

dPp 1

7 = g lioB(&X1(@)lo,p(X2w)).

Define
M(w) = max(X;(w), X2(w)), m(w)=min(X;(w), X2(w)).
Then we can rewrite the density

dP, 1
d—EB = ﬁl[o,oo)(m(w))l[O,B] (M(w))

= h(w)gs(M(w)),
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as in the Factorization Theorem. Thus M = max(X7, X») is a sufficient statistic. However m = min(X1, X5)
is not. In other words

1) Pp(A|o(M)) should have a B-independent version for any A € F;

2) Pp(Alo(m)) should fail to have a B-independent version for some A € F;
We would like to see these features in terms of some more explicit calculations. For this purpose we will use
the joint density for (m, M). By checking various cases you can convince yourself that for 0 < o, < B

Polm < a; M <] = / o, v) dl(u, v),
[0,a] J[0,8]

where )
7 0<u<v<B

0 otherwise.

w0 ={

This is therefore the density.
For an example of 1), take A = {w: m(w) < 1}. Following Example 9 we calculate

G (u|v) = 11[071,](u) for 0 < u,v < B (0 otherwise).
v

From here we find

2 ifl1< Mw
P(Alo(M)) = { R M) ii

We see no dependence on B, as expected.
For an example of 2), take A = {w: M(w) < 1}. Now we start with

1
dnrpm (v|u) = ml[u,B](U) for 0 < u,v < B (0 otherwise)
and find ) ) ifmw) <1
1 —m(w if m(w
Pp(A = -
5(Alo(m)) B — m(w){ 0 if m(w) > 1.
This obviously does depend on B. o0

We will present a proof of the Factorization Theorem, since it exercises our understanding of conditional
constructions and their manipluations. We start by assuming that dPy/du = h(w)ge(T) and prove that T is
sufficient. For this we start with a special case: u is a probability measure and h is integrable with respect
to p. For a given A € F we need to exhibit a #-independent version of Py(A|F). We will show that the
following works. Let N = {E#[h|T] = 0} and define

EH[14h|T]

P N TR

Since N € o(T) p is o(T) measurable. Notice that p is defined independent of any 6. It will follow that T is
sufficient if we can verify that p satisfies the integral identity that defines p = Py(A|F). Notice that for any
0 we have

Py(N) = E"[hgo(T); N]
= E"[E"[hge(T)|T]; N]
= E"[go(T)E"[h|T]; N]
=0.
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Consider any B € o(T'). Since Pp(BN N) = 0 we have

E[14h|T]
dP:/ 2 AR g o (T) dp 40
Joar= ] Eufayr] o)

- / E*[Lah|T]g6(T) dp
BNN¢

:/ 1Ahgg(T)d/L=P9(AﬁBﬂNC)ZPQ(AQB).
BNN¢

We will prove the general case by reducing it to the special case of p a probability measure. The
following lemma is the key to that reduction.

LEMMA. If Py < p for all & where u is o-finite, there exists a countable collection 61,0s,... so that
Py, (A) =0 for all n is equivalent to Py(A) =0 for all 6.

We will prove this lemma after using it to complete the proof of the theorem.
Let 01,605, ... be as in the lemma and define a new probability mesaure by

Q(A) =) 27"P, (A).

Notice that Q(A) = 0 implies that Py, (A) = 0 for all n and therefore Py(A) = 0 for all 0. I.e. Py < Q for
all 0. In addition, if dPy/du = h(w)ge(T(w)), define

[e.e]
F=>Y2"g,.
1
Then dQ/du = h - f(T'), so that f plays the role of gg. Next for each 6 define

r_{wu' if f>0
"o if f=0.

We will show that dPy/dQ = ro(T(w)) - 1 for each #. This means that the argument for the special case
above applies (with @ in the pace in g and 1 = h) to see that T is sufficient. Let

C={w: f(Tw)) =0}
Then Q(C') = 0 so that Py(C) =0 for all §. For A C C° we have

[ 90(T)
/A ro(T(w)) dQ = /A o
- /A go(T)hdyu = Py(A).

This completes the proof of the sufficiency half of the theorem.

F(D)hdp

We now turn to the necessity assertion. Suppose that T is sufficient. We must prove the existence of
an appropriate factorization of dPy/du. Let 0, be as in the lemma again and @ the same as we constructed
above. Let A € F and

p(T'(w)) = Py(Alo(T))

be a f-independent version, which des exist by the sufficiencey assumption. Consider any B € o(T).

[ otmydq - ER | smyar,

:53?”&JAﬂBﬁﬂmAﬂB)
1
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Thus p(T) = Q(Alo(T)) as well.

Let
dP,
do ="y and 9o(T) = Edglo(T))

We will show that gs(T) = dPs/dQ. Consider any A € F.
[ o@®da= [
~ [ Elagn()lo(r))d
_ / EC[1a|o(T)) E®ds|o(T)) dQ
_ / EQ[ER[La|o(T))ds|o(T)) dQ
- /EQ[1A|0(T)]d9 dQ
~ [ or)ds
_ /Pg(A|a(T)) dPy = Py(A).

This confirms that go(T') = dPs/dQ. Therefore we have

il_l;e = ge(T)%
= go(T(w))h(w),

where h = dQ)/du. This establishes the desired factorization and completes the proof of the theorem.

Proof of the Lemma. Because pu is o-finite there exist A, € F with pu(4,) < co and Q@ = UA,,. We can
assume the A,, are disjoint. Define a new measure v by dv = kdu where

k() {2_”/M(An) ifwe A, u(d,) >0
w) =
0 ifwe A, u(4,)=0.

Since () < >°7°27™ =1, v is a finite measure. Now suppose v(A) = 0. For any A, with u(4,) > 0,
k(w) > 0 for w € A,,. Since v(A4, N A) = 0 we conclude that u(A, N A) =0 as well. Thus v(A) = 0 implies
u(Ap N A) =0 for all n, so that u(A) = 0 and therefore Py(A) = 0 for all §. In other words, we can replace
w1 by the finite measure v.
Let AP
fg = d—ye and Sy = {w : fe(w) > 0}.

We want to pick a countable C' C © so that v(UpecSp) is as large as possible. Let
a = sup{r(UcSp) : countable C' C ©}.

Then o < v(€2) < oo is finite. For each n there is a countable C,, with

1
v(Ug, Sg) > a — —.
n

Then C, = UC, is also countable and for each n we have

1
o — E< v(Ue, So) < v(Ue, Se) < a.
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Therefore
Z/(Uc* Sa) = Q.

We will now show that C, does what we want, i.e. that Py(A) = 0 for all § € C, implies Py(A) = 0 for
all 6. Let
K =Ug, Sp.

If Py (K€) > 0 for some ', then 0 < ch for dv implies v(Sgr N K) > 0 so that ¢ ¢ C.. By adding ¢ to C.
we would increase the measure of v(U¢, Sp), which is not possible. We conclude that Pp(K¢) =0 for all 6.
Suppose then that Py(A) = 0 for all § € C.. Write

ANK = Ueec*(A N Sg)

and consider a 0 € C,. Since Py(A) = 0 we know
0= Pa(Aﬂ Sg) = / lafodv.
Se

Since fy > 0 on Sy, it follows that (AN Sy) = 0 for all 6 € C,. Therefore v(A N K) = 0 which implies that
Py(AN K) =0 for all . Since we already know Py(K°) = 0 for all §, we conclude that Py(A) = 0 for all 0,
as desired.

Basics of Stochastic Processes

Suppose (2, F, P) be a probability space. A stochastic process is intended to model a situation in which
a random quantity as well as the information available to us both evolve in time. Time can be considered

discrete or continuous.
Discrete Time. n =0,1,2,3,.... The information available to us at the various times is described by an
increasing sequence of o-fields (called the “filtration”):
FoCF CFCF3C---CF.
The evolving random quantity is described by a sequence of random variables,

Xo, X1 X2, X3, ...

such that X,, is F,, measurable. (L.e. we know X,, at time n.)

Continuous Time. ¢ > 0. Now the filtration consists of a time-indexed family of o-fields: F;, t > 0. We
assume
Fs CF, CF, whens<t.

The process itself should consist of random variables X;, each being F; measurable.

We will introduce two general types of stochastic processes here, considering primarily the discrete
time case. Each of these two types, defined below, captures a certain type of dependency or evolutionary
relationship between the successive X,,.

DEFININTION. X, is a martingale with respect to the F, if for each n E[|X,|] < co and

E[Xpi1]Fn] = X
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DEFINITION. X, is a Markov process with respect to the JF, if for each n and evey A € B(IR) it is possible
to express E[X,+1 € A|F,] as a function of X,, alone.

There are additional technical hyopotheses in the continuous time case, but the essential properties are
E[X:|Fs] = X5, s<t (for martingales),

and

E[X; € A|F,] depends only on X, s<t (for Markov processes).

There are also important connections — Markov process problems can often be formulated as martingale
problems. We will just present a few examples and applications to illustrate the use of these types of

processes.

Martingales

Example 13. Suppose {1,&3,... are i.i.d. random variables defined on (9, F, P) with E[¢;] = 0. Let

Fi=o0(&), Fa=o0(&,8), - Fn=0(8,82- &),

and

n
Xn = Zéz = Xn—l + gn
1
Then X,, in F,, measurable, and

EXp1|Fn] = E[Xn + &ny1|Fnl
= E[Xnu:n] + E[§n+1|~7:n]

We know E[X,|F,] = X, since X,, is F,, measurable, and E[{,11|F,] = F[¢n+1] = 0 since &,41 is indepen-
dent of F,,. Therefore X,, is a martingale. o0

Example 14. Imagine in the preceeding that the £; are the successive outcomes of a “game of chance”.
The X, is the “fortune” of the gambler after n plays. We could enhance this by allowing the gambler to
choose a wager w, for play #n, determined in some way from the observed values of &1,...,&,-1. Le. wy is
an F,,_; measurable random variable. The gambler wins w,§, as a result of play #n. Then

n
1
is still a martingale:

E[Xnt1|Fn] = E[Xy + wnt1&n+1]Fn]
=X,

The martingale property is interpreted as meaning this gambling system constitutes a fair game. 0o
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Application to Likelihood Ratios. Suppose Y1,Ys,... is a sequence of random variables on (2, F) and
there are two possible probability measures P and @ on 2. The Y; are i.i.d with respect to both P and @,
but their actual distribution under each of them is different. We observe the Y; successively and based on
these observations want to decide which of P or () is the true measure. One way to do this is to look at the

likelihood ratios: .

P
Here p and ¢ are the densities (with respect to £ on IR of the distribution of Y; with respect to P and @
respectively. (We asssume ¢, p exist and p > 0.) A large value of X,, indicates @ is more likely; small values
indicate P.
Lets suppose P is the correct measure and consider X,, as random variables on (2, F, P). Take F,, =
o(Y1,...,Y,). Then the X,, form a martingale. To see this we will check that for each n

(5) Q(A) = /A X, dP

for all A € F,,. If (5) is true, then since any A € F,, is also A € F,, 41 it will follow that

/X dP = Q(A /Xnﬂdp

Since X, is clearly F,, measurable, this will show that E[X,41|F,] = X, verifying the martingale property.
Any A € F, can be written as

A={w: (V,....Ya) € HY,

for some H € B(IR™). (See Theorem ILF.) Let u% and u be the distributions of (Y, ...Y;) with respect
to @ and P respectively, and ¢ Lebesgue measure on IR™.

P

d”” Hq —”= p(y:)-
1

Now we can verify (21) as follows (y = (y1, ..., yn) here):

X dP:/lHYl,... :
/A ! ];IPY;

= [ 1 f[g WE (g, - 9n)
:/1H ﬁq () de
:/1H dun

This application and the examples above illustrate that there are a number of naturally occuring situ-
ations which have the structure that we have labeled “martingale”. What make recognizing this common
structure valuable is that there are a number of theorems that can be proven for martingales in general.
Among the most important are convergence theorems, such as the following.
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THEOREM H. Suppose X, is a martingale with respect to F,, and the E[|X,|) are bounded. (Le. there is K
with E[|X,|] < K for all n.) Then the X,, converge almost surely asn — oo. (Le. lim,_,oo Xp(w) = Xoo(w)
exists almost surely.)

We can use this in our likelihood ratio application, because (using (21))

E[|X,]] = E[X,] = /an dP = Q(Q) = 1.

Therefore the limit of the likelihood ratios lim X,, = X, exists a.s. The important issue in considering
the likelihood rations as statistical indicators is what this limit actually is. If we assume p # ¢, i.e. the
distribution of an individual Y; under P is different than under @), we will show that

n—Hq

()0'

Fatou’s Lemma tells us that

/ XoodP = / lim X, dP < liminf/ X, dP.
A A A
Now if € Fj, then for any n > k, fA X, dP = Q(A). Therefore we have

/ Xoo dP < Q(A)
A

for A € Us°Fy. The Monotome Class Theorem (I.C) extends this to all A € Fy = o(UF,) = o(Y1, Yo, ... ).
This would mean that X, < dP/dQ if the latter exists on F. In fact quite the oppostie is true!
Since p(-) # q(-) there is some bounded function ¢(-) for which

mp = E"6(%)) = [ owpw)dt # [ 6u)a) dt = EU6(%)) = mo.
The Strong Law of Large Numbers tells us that

1 n
ﬁzl:éf?(y w

mp a.s. under P
— .

mg a.s. under @
If we define

Ap={weQ: -3 6(Yi(w) - mp}

Ao =fw s 3 T00(w) = ma,
then Ap and Ag are disjoint, both in Fo,, and
P(Ap) =1 while Q(Ap) =0
P(Ag) =0 while Q(Ag) = 1.
This says that P and @ are about as far from having densities with respect to each other as possible. With
regard to X, we find that
/ XodP = X dP < Q(Ap) =0.
Q Ap
This implies that X, = 0 a.s.
What we see from all this is that
X, — 0 almost surely with respect to P.
Interchanging the roles of P and @ above would imply that 1/X,, — 0 almost surely with respcet to @, or
X, — oo almost surely with respect to Q.

This explains (rather convincingly) why the likelihood ratio (for large n) is a indicator of whether P or @Q is
the true probability measure.
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Markov Processes

The defining property of a Markov Process X, (with respect to F,) is that for each A € B, P[X,,+1 € A|F,,]
should depend only on X,,. In other words,

P[XnJrl S A|fn] = Pn(Xn(w)7A)v

for some function P, (z, A) called the transition probability. This should be a measure with respect to A € B
(for each z,n) and a measureable function of z (for each n and A € B). Often P, does not depend on n. (In
the simple examples we look at the transition probability can be given explicitly, but in many applications
it can not be — the process would have to be identified in another way.)

Symmetric Random Walk. Here X,, € Z%, the “integer lattice” in d dimensions. The transition proba-
bility is )

Pl ={ ¥

To complete the specification of the process we need to prescribe Xj; lets say Xo = 0.

if |z —yl=1

otherwise

An interesting question concerning the random walk is that of its recurrence: does X,, eventually return
to 0 (a.s) or is there some positive probability that X,, # 0 for all n > 1? To formulate this precisely, define
the random variable

_ f[inf{n>1: X, =0} if X,, does return to 0
4+ if X,, never returns.

This is a “time-valued” random variable of the type called a stopping time:
{w: n<n}eF,, foreachn.

The question then is whether P(n < co) =1 or < 1. The answer depends on the dimension d:

d=1 d=2 d>3
P(n < o0) =1 =1 <1
Eln] < o0 =00 = 00.

In fact for d > 3 lim|X,,| = oo a.s.

We will not justify all these assertions, but simply want to point out how the analysis of these recurrence
questions involes a key feature of Markov processes, namely that probabilities involving them can often be
described in terms of functions on “state spce” and appropriate difference or differential equations. To see
this for the recurrence issue, consider the function ¢(z) defined by

P[X,, =0 some m > n|F,] = ¢(Xy,).

Here 0 < ¢(-) < 1 is a function on Z?¢ which satisfies

) ¢(0

N~— \_/
|

f P(z,dy), z # 0.

d ) above translates into a simple difference equation:

r—H\_/

In the case o

H(z) = 59(@ 1)+ 36w + 1),

So we can answer the recurrence question by looking for solutions of this equation with 0 < ¢ < 1 and
#(0) = 1. The equation is equivalent to

p(x) =z — 1) = ¢(x + 1) — ¢(z)
o(x) =o(0)+z-m, z>1.
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This makes it clear that ¢(x) = 1 is the only solution. The same conclusion works out for d = 2 though the
reasoning is much harder. However in d > 3 there is a solution with 0 < ¢(z) < 1 for « # 0 — this accounts
for the non-recurrence in those dimensions.

There are numerous other discrete time examples of Markov processes (general Markov chains, branching
processes) but we want to mention continuous time examples as well. Here the Markov property takes the
form

P[X, € A|Fs] = P(X,,t—s,A) for s<t.

We will mention the example of Brownian motion brie€2y. Some other examples of continuous-time Markov
processes are the Poission, contact and Cauchy processes.

Brownian Motion. (Wiener Process)
P(, h, dy) /6(dy) = (2mh) =42~ lv==l/2h,

This means that X; — X, is Gaussian (normally) distrbuted with mean 0, variance= ¢ —s (ind = 1). (In
d > 1, the covariance matrix is v/t — s- I.) Given ¢y < t1 < --- < &, it follows that

Xig, Xt — Xtgy oo X, — Xt

n—1

are independent with the Gaussian distributions indicated.

The remarkable fact (proven by N. Wiener in 1923) is that the X;(w) can be constructed so that, for
each w € Q, X;(w) is continuous in ¢. The X; form a random continuous function. Here, brie{ly, are some
properties:

d
P(EXt exists for some ¢ > 0) =0

For any f(z) with f’ and f” bounded,
‘1
My = f(X¢) - / §f"(Xs) ds is a martingale.
0

This is for d = 1. For d > 1 the f” in the above integral is replaced wit;h the Laplace operator:
d
82
Af = —f.
I=2 5l

The expression Af is central to a number of partial differential equations important in the sciences. As a
result, Brownian motion can be used to “solve” such equations by taking expected values of appropriate
expressions involving integrals of X;.

Problem 1 ...
Suppose f is a nonnegative function on a o-finite measure space (2, F, P). Let

A={(w,y): 0<y< fw)}

be the region “under the graph” of y = f(w). Show that the integral gives the area under the curve in the
sense that

/fdu=u><€(A).
Q

Problem 2 ...
Prove for any probability distribution function F' and ¢ € IR that

/}R [F(z + ¢) — F(x)] £(dz) = c.



Problem 3 ... .o
If X > 0 is a random variable, show that for any positive integer n

E[X"] = / nxz" ' P[X > z]dL.
0,00)

Problem 4 .. ..o

Let © = [0,00) X [0,27), with the typical point being w = (r,0). On Q consider the measure p having
density r with respect to Lebesgue measure. Let ® : 2 — IR? be given by ®(r,0) = (rcosf,rsinf). Let R
be the class of subsets of Q of the form [rq,72) X [01,62). 0(R) = B(Q2) are the Borel sets in . Let

P={SCIR?: & 'S cR}.

a) Show that P is a m-system and that o(P) = B(IR3.

b) If @718 = [r1,7r3) X [61,602), what should £(S) be? (Just tell me what the correct formula is; don’t
actually verify it by careful calculation.)

c¢) Using a) and b), prove that £ = u®~1.

d) Suppose f:IR? — IR is (Borel) measurable. Show that

/]R2 flz,y) L(d(z,y)) = /[O’%) /[O’Oo)f(rcos&,rsinG)rﬁ(dr)é(dG)

if f > 0. Show that f is f-integrable on IR? if and only if r - f o ® is p-integrable on £, in which case
the above formula also holds. (See IIL.F and G, and Example II1.6)

Problem B .. e e
Show that if X and Y are independent random variables, both with the standard normal distribution, then
X/Y has the Cauchy distribution with parameter u = 1.

Problem 6 .. ... e e
Let u, v and A be o-finite measures on the common space (2, F).
a) Show that v < p and g < A imply that v < A and

d _dv_dp
N dp dx
b) Suppose p < A and v < A. Let A be the set where dv/dA > 0 = du/d\. Show that v < p if and only
if A(A) =0, in which case

v { o ifdu/dr >0

dp 0 if dp/dA =0
Problem T o o e e
Prove Bayes’ Theorem in the form

P[A|G]dP
PIG|A] = ?GP{A:g} it
Q

for G € G.
Problem 8 . ..o

Suppose X is a random variable on (2, F, P) with finite second moment and G C F is a sub-o-field. Show
that for any G-measurable g

E[(X - 9)°] = E[(X - B[X|G])’] + E[(E[X|F] - 9)°].

In particular, g = E[X|G] minimizes E[(X — g)?] over all such g.



Problem 9 . ..o
Suppose P and @ are two probability measures on (2, F), with Q@ < P and f = dQ/dP. If X is a random
variable having E¢[|X|] < oo, show that for any sub-o-field G C F,

P
EQ[X|Q] = 1@% a.s. w.r.t. Q,

where A = {ET[f|G] = 0}.

Problem 10 ... e
Show that the independence of X and Y implies that

(6) E[Y|X] = E[Y]
and that (6) implies
(7) E[XY]=E[X]: E[Y].

Find simple examples to show that both reverse implications are false.
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Uit S o e Mathematical Supplements

We summarize here a number of mathematical details and facts which are used in our discussion. This is
only a quick summary, not a thorough treatment. Please talk to me if you want more on these or other
background topics.

Elements, Sets and Classes

Our discussions with sets involve three distinct types of objects:
e clements (denoted by lower case letters like w, a or x);
e sets (denoted by upper case letters like 2, A or X);
e classes (denoted using script letters such as A, F, or B).
Elements are the most basic objects. A set is a collection of elements. Classes are collections of sets.
The statement x € A means that x is one of the elements which belongs to the set of elements called A.
A subset B C A is another set with the property that every element of B is also an element in A, in other
words
x € A whenever x € B.

The empty set is the set containing no elements at all: ) = { }. It is considered to be a subset of every
set: () C A, regardless of what the set A is. We typically use € for the total collection of all elements under
consideration, the master set. All sets are then subsets of Q.

The operations of intersection, union and difference of sets should be familiar:

ANB={z: z € Aand z € B}

AUB={xz: z€ Aor z € B}.

A\B={x: x € Abut x ¢ B}.
If we have a sequence A1, As, ..., A,, ... of sets, we write their intersection and union as
Mzt

A, =UA{z: z€ A, forsomen=1,2...}.

n=1

A, =nNA, ={x: v € A, foreveryn=1,2...},

Set compliments only make sense with reference to the master set Q:
A={we: we¢ A} =0\ A

We can write A\ B = AN B¢ provided A and B are subsets of the same master set.

A class is a collection of subsets of the master set, 2. The o-fields and 7-systems of our discussion are
important examples of classes. It is tempting to talk about classes as “sets of sets” but this would be using
the word “set” in two different ways and leads to some logical paradoxes. We insist therefore on reserving
the word “set” for collections of elements, and “class” for collection of sets. It is important to keep the three
types of objects (element, set and class) distinct in our thinking.

Example 1. Let the master set consist of all real numbers: Q = IR Thus elements are individual real
numbers x. Some examples of sets are

A={zeR: >0}=(0,00) and I=[-1,2]={xeR: —1<s<2}

A is called the set of positive real numbers. I is an example of what we call a (bounded) closed interval.
I C IR but neither I C A nor A C I. It should be obvious that

ANT=(0,2] A\I=(2+c0) I\A=][-1,0].

OO
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A set such as B = {—3} containing exactly one element is called a singleton set. Note that —3 and {—3}
are different mathematical objects; the first is an element , the second is a set (which in this case contains
exactly one element). Again, do not mix the concepts of element and set.

Now lets look at some classes of subsets of = IR Let C be the collection of all (bounded) closed
intervals [a, b] with @ < b. In other words to say J € C means that J is a subset of IR of the particular form
J={xeR: a <z <b} for some a < b. With A, B and I as already defined, A ¢C while B € C and
I €C. (Note that B = [a,b] using a = b = —3, which falls within the scope of sets allowed in C.)

Do not confuse the statement that B = {—3} € C, which is true, with —3 € C, which is entirely incorrect!
Anything in C must be a subset of 2, not an element. Classes contain sets; sets contain elements. It would
be legitimate to ask whether Q € C, since ) is a set and hence could conceivably be in the class C. The
answer however is no since 2 = IR cannot be written as a bounded closed interval [a,b]. Our requirement
a < b implies that ) ¢ C.

Consider also the class U of all singleton sets. Then we would say U C C, because every singleton set is
a closed interval: {z} = [z, z]. But C C U is false.

The collection of all A C IR with {0,1} C A forms another class; lets call it P. We can intersect classes;
P N C would consist of all intervals J = [a, b] which contain both elements 0 and 1, in other words J = [a, b]
with a < 0 and 1 < b. Likewise we can form unions of classes, such as & U P. Note that Y N C = U, while
U NP contains no sets at all (not even (). 00

Notice that we use the same symbols (€, N, U, C) to discuss classes and the sets which they contain as
we do to discuss sets and the elements they contain. If A, is a class for each n then we can form new classes
by forming the intersection or union of all of them:

NA, ={F CQ: F e A, for every n},

UA, ={F CQ: F € A, for some n}.

Product Sets. If X and Y are any two sets we can form a new set X x Y from them, called their cartesian
product. X x Y is the set of all ordered pairs (z,y) where z € X and y € Y. X? is shorthand for X x X.
Thus IR x IR = IR? is the familiar z,y plane from calculus. Likewise we can form the product of more than
two sets:

XxYxZ=A{(x,y,2): veX,yeY,z€ Z};

X" ={(z1,...,2n): z; € X foreachi=1,...,n}.

HFACXand BCY then AxBCX xY,but AZ X xY.

DeMorgan’s Laws and Logical Negations

The compliment of an intersection (union) is the union (intersection) of the compliments:
(ANB)° = (A7) U (BY), (NAn)° = UAS;

(AUB)" = (4A°)N(B°), (UA,)" =nNAS.

These are called DeMorgan’s laws in set theory. They are essentially the same as the rules for negating
statements involving the logical quantifiers “for every” and “for some”. For instance consider the statement
x € NA,; we can write it using logical quantifiers as

(1) for every n, z € A,.
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The negation of this is the statement that z € (NA,)°. DeMorgan’s law says that (NA4,)¢ = UAS, so that

n
the negated statement can be expressed as

(2) for some n, = ¢ A,.
Observe that the “for every” in (1) changed to “for some” in (2) and the phrase “z € A,” changed to

its negation, “z ¢ A,”. Complicated logical expressions are negated by reversing the quantifiers from the
outside in, negating the inner statements as you proceed.

Example 2. Consider the statement that lim,_,, f(z) exists. Using the definition of limit this can be
expressed using quantifiers as
(3) There exists £ so that for every e > 0 there is some § > 0 so that for every = with |z — a] < é the
inequality
|f(z) — ¢| < € holds.
The negation of this, i.e. the statement that lim,_., f(z) does not exist, becomes
(4) For every { there is some € > 0 so that for every 6 > 0 there is some = with | — a| < 6 for which the

inequality
|f(z) — ¢ < € fails.

Let L ={f(:): lim,_, f(z) exists }. The statement (3) says
L = U Nes0 Us>0 NaeBs Ae,as
where
Bs={z: |z —a| <6} and A..={f(): |f(z)—¢] <€}
Now (4) is the expression for L¢ obtained by DeMorgan’s laws:
L® = [Ug Nex0 Us>0 NzeB, Aez]” = Ne Ueso Ns>0 Uzens Af 4

OO

Countability

Sets which contain an infinite number of distinct elements are called infinite sets, naturally. However some
infinite sets must be considered as “bigger” than others. The “smallest” kind are those we call countable.
An infinite set A is called countably infinite if its elements can be listed (in their entirety) as a sequence,

A={a1, ag, ..., an, ...} ={an: n=1,2,... }.

Another way to say this is that there is a way to put the elements of A in one-to-one correspondence with
the positive integers IN = {1, 2,...}; IN and A have the same “number of elements”. This defines what it
means for an infinite set to be countable; every finite set is also considered countable. Thus a countable set
is one which is either finite or countably infinite. Here are some properties and examples.

e If A and B are each countable then AU B is also countable. In fact a countable union of countable sets

is countable: US2 ; A, is countable if each A,, is countable.

e If A is countable and B C A then B is also countable.

e Every infinite set has a countably infinite subset.

e The set of all integers {---—3,—2,-2,0,1,2,3,...} is countable.

e The rational numbers @ = {x € R : & = n/m where n, m are integers} is countable.

e The reals numbers IR is uncountable.

e The set  of all infinite sequences w of 0’s and 1’s, such as

w = 010110111000101001010101101101110001010001110100001 . . .

is uncountable.
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Infimums and Supremums in IR

If A C IR is a nonempty, finite set then it has a maximum element and a minimum element: a = min A is
that a € A with the property that

(5) a <z for all x € A;

similarly for max A. However infinite subsets of IR may fail to have maxima and/or minima. For instance
A = (0,1] has a maximum (max A = 1) but no minimum! We can’t call 0 the minimum element because 0
is not an element of A. But otherwise 0 is what we would identify as the “bottom value” of A. The proper
statement is that 0 is the infimum of A: 0 = inf A. The infimum of a set is not required to be one of its
elements. The definition of o = inf A is that (5) holds for a = a but for no value of a > a; i.e. a =inf A is
the greatest lower bound for A. Similarly the supremum sup A is defined to be the smallest upper bound for
A. When A has a minimum element then min A = inf A, but the infimum makes sense even when the idea
of a minimum element does not. In fact it is a fundamental property of IR that inf A does exist for any set

A C IR which is nonempty and bounded below (i.e. (5) holds for some a € R) . Likewise every nonempty
set which is bounded above has a supremum.
The infimum and supremum have the following monotonicity property, as you can convince yourself: if
A C B then
supA <supB and infA > inf B.

Example 3. Let A={1/n:n=1,2,...}. Aisbounded (both above and below) and is nonempty so inf A
and sup A are guaranteed to exist. sup A =1 = max A. inf A = 0, but min A does not exist. 0o

Extended Real Numbers

Sometimes it is convenient to add two additional elements, +o00, to IR. This “enlarged” version of the real
numbers is called the extended real numbers, denoted by either Ry or [—00, +00]. Most rules of arithmetic
and inequalities extend to the new elements +co in a natural way. For instance 2/ 4+ co = 0 for all finite x.
If £ > 0 then x - £00 = oo (the signs would reverse if < 0). The convention

+o0-0=0

may not seem obvious, but it is the right thing for our discussion of measure theory. We do however leave
00 — oo and co/oo undefined.
The inequalities
—0o<z< 40

hold for all x € IR, . This is obvious, but it has the consequence that every set A C IR, has both an
infimum and supremum in IRy, . For instance supIN = 400, even though IN is not bounded in the usual
sense. (In fact inf ) = +00 and sup ) = —oco. However A = () is the only set for which sup A < inf A!)

Limits Superior and Inferior

You are familiar with the notion of the limit of a sequence of real numbers {a,}, expressed by

lim a, =¢ orjust lima, ="/.
n—oo

Of course not all sequences have limits; a, = (—1)" diverges for instance. The more general notions of
limit superior (limsupa,) and limit inferior (liminf a,) are useful because they often exist even when the
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conventional limit does not. For instance, if we are discussing a sequence {a,}, but don’t know yet whether
or not lim a,, exists, we can still talk about lim inf a,, and lim sup a,,.
The formal definitions are

liminf a,, = klim (inf{a, : n>k}); limsupa, = klim (sup{a, : n>k}).

The idea is that for any value b < liminf a,, there will be only a finite number of the a, below b, while
for any value b > liminf a,, there will be infinitely many a,, with a, < b. An equivalent way to say it is
that £ = liminf a,, is the smallest value to which a subsequence {a,, } can converge, £ = limy, a,, . Likewise
lim sup a,, is the largest value to which any subsequence can converge.

Example 4. liminf(—1)" = —1 and limsup(—1)" = +1. 00

We still need to assume something about the sequence {a,} to insure that lim inf a,, and lim sup a,, exist
as real numbers. For instance if {a,} is bounded they will both exist. However if we accept +oo as legitimate
values (i.e. work in IR, ) then liminf a, and limsupa,, will always exist, regardless of the sequence {a,}.
Some general properties are as follows.

e liminf a, < limsupa, for any sequence {a,}.
o If a, < b, with only a finite number of exceptions, then liminfa, < liminfb, and limsupa, <

lim sup b, .

e limsup —a, = —liminf a,.
e lima, = ¢ if and only if liminf a,, = ¢ = limsup a,,. (This holds in particular for £ = +00.)
Note that the first inequality means that simply showing limsup a,, < liminfa, is enough to imply that

lim a,, exists!

Convergence and Topology in IR?

We are used to calling an interval J C IR open if it does not contain its endpoints; J = (a,b), or (—o0, b) for
instance. In general a set A C IR is called open if for every a € A there is some € > 0 so that (a—e,a+€) C A.
A is called closed if its compliment A€ is open. While it is true that every open set is a union of a countable
number of open intervals, A = U(ay, by,), it is not true that every closed set is a countable union of closed
intervals!

In IR? the role of an interval (a — €,a + €) is taken over by the ball of radius € centered at a:

B.(a) = {z € R?: d(z,a) < €},

where d(z,y) = \z1 — 1) + -+ + (x4 — yq)? is the usual Euclidean distance between two points. Thus
A C IR? is called open if for every a € A, there is some ball centered at a entirely contained in A: B.(a) C A
for some € > 0. A is closed if A€ is open. Of course many sets are neither closed nor open.

We should also mention compact sets. K C IR? is compact if it is both closed and bounded. (This is
not the definition but is equivalent to it by the Heine-Borel Theorem).

A sequence {a,} in IR? converges to b when each of its coordinate sequences converges to the respective
coordinate of a. In other words if

an = (Gn1,-.. an,a) b= (b1,...,bq)

then lim a,, = b means

lim a,,;=0b; foreach i=1,...,d.

n—oo
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Compact sets K have the property that any sequence of points in it, a, € K, will have a convergent
subsequence {a,, }, with lim,, a,,, also in K.
Finally we mention continuous functions. Several different descriptions can be given of what it means
for f:IR? — IR" to be continuous. The two most useful for us are
e whenever A C IR" is open, then f71A = {z € R?: f(x) € A} is also open;
or
e whenever {z,} is a convergent sequence in IR? then {f(z,)} converges in IR" to the value

li7rln flzn) = f(hrrlna:n)



