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§ 2.7 Mechanical and Electrical Vibrations

} k GL
Mass - spring system .

Spring
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- k I Ltu )
I gravity '

Graying : Fgraviry = my
Frieden : Fgricrien = - JU

'

• Equilibrium : my - KL -

-

0

• Dynamical problem :

m
d:# = mu

" It I -

- my - K LL tu ) - gu
' tflt )
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"

t fu 't ku = f ( t )
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"
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IS Undamped Free Vibrations
.

②

f I t ) = O j=0

Harmonic oscillator : mu
"

t ku -
-

O

Solution : characteristic equation mr 't k -

-
O

r= ±iEm
General solution : ult ) = A- cos I wet ) t Bsinlwot )

where A ,
B arbitrary constants and

Wo
-

- Ktm is the natural frequency .

Better form for the solution :

ult ) = R cos I wot - 8 )

where R
,

J are new constants :

ult ) -

- Roesler ) cos I wot ) t Rsinlr ) sin last )
- -

= A = B

n
So A -

-
Rios l r ) B -

-
Asin lo )

R -

- A'tB2T tan of -

- BIAMR

ans
D cue
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This is harmonic motion :

u a

th

.o

-  R

The period of the motion is

Toa
Hq

*

*
tf !

amplitude
phase angle

Note that

To
= 2 # Ff

↳ period i with mass
,

b with spring stiffness

IS Damped free vibrations Fl t ) -
- O

, y SO

mu
"

t y u
'

t Ku = O

↳ Physical effect of damping .

Characteristic equation : mr
'

t yr t k -

-

0

Three cases depending on the sign of D= y
'

- 4mk
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④
⑨ D CO

, y L 2mF : UNDER DAMPED notion

ult ) -

- ( Acoscpetlt Bsinlpet) ) e-
Em

where µ=4IT is the Quasi - FREQUENCY
.

As before,
we may rewrite A -

- Rcoslo ) to have
B -

-
R sido)

ult ) -

-
R cost pet - o ) e-

t%m

^ -84cmI
me

Again ,
we define T -

- Mpr : the Quasi - period

Note
, as y

- so we recover the harmonic free
motion

. In fact ,

E. =tI÷F ca

or TH . 51
.
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⑤
③ D= O

, j= 2mF : CRITICALLY DAMPED MOTION

Then ult ) = CATBt ) e
- Mhm

⑥ D > 0
, y > 2mF : OVER DAMPED notion

rip =

- %m±r④mk- L O

2M

Then uhh ( AeH4I
+ Be

-841ft ) e-
Hem

There are uodEon , in either case
.

At most
,

the mass passes once through equilibrium point :

"2 ,✓ - -

t

Study of The effective dampingrate I exponential decay
constant )

exp . n

ylem -

8mh
damping I Tm

←rate

fem - -
- -

- - - -
-•

man .

Hem em'
'

y
'
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⑥
↳ Critical dumping yields the highest possible rate

of return to the equilibrium position .

Numerical word example :

⑥ A mass of 1kg stretches a spring by 20cm
.

The mass is set in motion from equilibrium with

an upwards velocity of 5cm Is and there is no

dumping .

First : determine the spring constant
,

Hi

mg = KL
↳ k= mfs =

4kg ) l 9.81ms
- y

0.2 m

k z 49 kg . 52

Then we have
mu

" then  = 0 or U
"

t 49 y = O

so we =
HTM = Thy = 7

ult ) = A cost 7 t ) t B sin 17 t )

Initial conditions : an!Is I7713 I 757-517

ult ) -

- sin 17 t ) or ult ) -

- Iz cos ( 7ft If
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⑦
⑥ A viscous dampener is attached to the preview mass

with a damping constant j= 10kg Is
.

What is the new trajectory ?

mu
"

t fu
'

t k u = O or u
"

t 10 u 't 49 u = 0

Characteristic equation : r 't her t 49=0
D= 100 - 4 - 49 =  - 96 C O

↳ Under dumped motion : r
, ,

= ± i 4¥
- -

I = - 5 µ
-

-

LTG

so ult ) = ( Aces ( 256 t ) t B sin ( 256 t ) ) e
-

Jt

Initial conditions : u lol = 0 = As
u

' I t ) = 256 ( - A sin L 256 t ) t Baes ( 256T ) ) e-
5 t

- 5 ( A cost 2564 t B sin I Nbc ) ) e
- 5T

Thus ul to ) = - 5 = 256 B - 5A :

A -0 B = If =
-51

12

Finally,
ult ) =

- 5¥ sin 1256 He
-5T

⑥ What would be the critical damping constant ?

y
-

-
25hm = 2549 = 14 kg Is
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⑨
Electrical circuits

<
RI gQlC,

I  =
DI

Wh - pp
at

^

II
& L

It

←
Elt )

Kirchoff ; law .

.

that RIT ¥ = Ect )

or LQ
"

t RQ 't IQ = Elt )

Correspondence between mechanical I electrical components :

Mass I Spring system Electrical circuit

MASS INDUCTANCE

DAMPING RESISTANCE

S prince YCAPACITANCE
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§ 3.8 FORCED PERIODIC Vibrations

I With damping

Recall mu
"

t y u 't ku = Flt )

m : mass
,

y
: damping coefficient ,

k : spring constant
,

Flt ) : external force ,
here Flt ) = F. cos Lwt )

↳ A periodic force is applied to the system .

Example : a car on a bumpy road ;
a building in an earthquake ;

a bridge in high winds
.

↳ Inhomogeneous equation ,

m u
"

t y u 't ku  = Faces ( cut )

General solution :

ult ) = C
,

u
,

It ) t Czuelt ) t A cos Loot ) t Bsinlwt )
- -

homogeneous solution Particular solution
at before . Undetermined coefficients

- DO as t -7N Periodic
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U
' 't Zu tu = 2 cos 15T )

④
Example { Initial conditions aloft

,
U' 101=-1

• Homogeneous solution : r 't Lrt I .

 - O

D= 4 - 4=0
↳ Double root r=

yhlt ) = ( Gt Ce t ) e-
t

•
Particular solution :

Undetermined coefficients :

yplt ) = A cost 5T ) t B sin 15T )

So
y 'p

'

t 2yp
'

t yp= C-25 At IOB tA) cos Ctt )
+ ( - 2513 - 10A t B) sin 15T )

= ? 2 cos 15T )
Identifying coefficients :

IOB - 24 A  = 2

{ - 10A - 2413=0 → A  ,

-

if B

- D ( lot " 113=2

B- - ÷g and A =

169

ypltl = costs 't ) t Tyg sin Lst )
169

Radial form : yplH= R cos 15T - s )
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Then R -

- "g -

- YEI -

- Is
④

Aco
tan =

BIA  =
- 54 ,

BSO A

•

>
- D E- alan ( Ig )tT

Slope -5/12 824-75

So ypltl = ÷
,

cos ( 5T - 2.75 )

• General solution :

ult ) = ( Gtc ,f) e- tt ↳ cos I 5T -
o )

. Initial conditions :

u lol = C
, t Is cos CO) = c

,
- ÷g =L

so 4=18116£
n' lol = ca - C

,
t sink ) =  - I

C
, =

181 - 25 - 169 -
I

ult )= 181
Tbg = Tg

( Tg
- Igt) e

-
t

t cost 5T - 2-75)

④ Transient STEADY-STATE



④
genu se : Question

-

What is the amplitude
of the steady state

response ?

↳ Determine particular solution
Ult ) = A co , ( wt ) t B sin but ) -

- Rcoslwt - d)
to diff. eq . mu

"
t ju

't ku  = Fo cos Lwt ) .

Same computations lead to

A  

=

k - Mw
'

f
.

( k - mud ) 't
y

'
w

'

B -

-

TW Fo
Ce- mud ) 't

y
'

w
'

So the amplitude of the
response is

R -

-

I fol

(k-mw7'ty'wT
A dimension alization :  introduce

w
.

-

. HE Ro f- 2mF

Natural frequency Response to constant force F
.

Critical damping

w~= %
.

I = MR
.

F- 84mk
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Then after some computations :

⑤

Flue ) =

I

JEFFte '

=

c-÷÷5tE÷I
=

The a dimensional zed response amplitude is

Ftw ) =
1-C-w-ytrw.NL

Only parameter : r .

Parametric study

{
R - ' '

- as o → o R → re
'FI as woo

Or { R → o as w → a
.

IT → o as of → a

In between O and A
, maybe a maximum ?

This would correspond to a minimum of the denominator
,

⑤ C-GY 't r we
.



④

Changing variables : se = w~

22,0
,

we note

that a minimum for ( I - x ) 't ra

corresponds to a zero for the derivative
,

2 @ - I ) t T = O or Kma×= I - I .

Tieoases :

* if TC 2
,

then x
may

= I - I 70

corresponds to a maximum amplitude frequency

Imax = or wmax = Wolff
The corresponding maximum amplitude is

Frtwmax) -

- rL_r@
Fo

or Rlwmax) =

yw . i-f
This maximum is The RESONA-NCE.PEAn

.

* If 532 ,
i.e

. y 72mF -

- Jahr there is no maximum :

④
Rlw ) is decreasing from w -

-

0 to * .



~ ⑤
•
Rmaxlr)

"

anµ→
I

• a >

Tomaxlr
) who

.

IJ Case without damping .

Now dynamics are governed by the D. E
.

:

mu
"

t k u = Fo cos ( w t )
.

For w two the solution writes in general

ult ) = C
, cos ( wot ) t C , sin L w

.
t ) t

Fo

m ( wi - we )
cos loot )

-
-

homogeneous solution particular solution

This time there is no transient : this is a sum of two

signals with differentvenues and no @ay .
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④
In particular ,

the case we w
.

is of interest
.

Let us investigate the motion starting from rest .

.

Uto ) = u
'

lol = O
.

Then we compute Ca
, Cz and get

ult ) = m@F÷g ( cos Cnet) - cos I wot ))

=m{!÷ ,
sin f wot e) sinker)

¥
since wojwccl

w
zoo .

Tuffy
's

,

is the BEATS phenomenon :

tslowenvelepeTfastoguillatiemt_m@Y.wy
sin I wtf t )
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⑦
When we = Wo I RESONANT case ) then the solution

t.hhetfffffcoslwohtczsinlwotltg.tt#tinlwot)
-

-constant amplitude oscillations growingoscillations .

without bound

Starting from rest
,

ulo ) -
-

a' 101=0
,

ite - 4=0

"

"www.itree
{ mwo

RESONANCE
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