
§ 3.4 Repeated Roots
①

Consider the D
. E

. ay
"

t by 't Cy
= 0

with a EO and D= b '
- Gac = O

.

↳ Difficulty : only ONE rook of the
characteristic equation .

r
,

= re = - 42A .

Then we have only onesolution of the

form y Lt ) = ert which is

y ,
It ) = e-

btka
.

How toget a second
, different solution ?

There is a variety of ideas on how to lo  it
.

Here
idea by D

' Alembert ( related to " variation of the constant
"

for l 't
order ODES )

yl t ) -

- Cy ,
HI yet ) -

-

rel t ) y ,
It ) .

Then : y ,
It ) = nettle

- Wha

yiltl -

- @' CH - Zanetti) e-
Hea

① gilt -

- he" let - haha
'

+ ⇐Jules) e-
"ka



Plug into the D. E :

②

ale "
- In 't #

'

e) e-
" " tbh '

- Kanye 'T

-342A
+ c v e = O

or

✓
" ja=oare

"
t ( b - aka )v 't ( II - balata) re -

- O

or u
" L t ) -

-
0

.

Then we have Ult ) = C
,

t Cat

yet ) = Ci e-
" h a

+ c
,

c- e

- bka

THE GENERAL SOLUTION
.

We extract the fundamental set of solutions :

y.lt ) -

- e

- BIT

ye It ) -

- te
-
b% .

.

To check
,

we compute the Wronski an :

Why, ,y27lH=
EM " te

- Hea

②

l-bkae-htkah.br/eale-b4ea/



so Wltl = I a - E) e-
Ma

- f ⇒ ee
- Ha ③

Wtt ) = e-
Ha

Nok : cheder Abel 's theorem prediction .

Also : again ,
the solutions are different from

previous cases ( ASO , Dco )
.

Example y
' 't by 't 9g -

-
O

,{ yurt , yl lol -

- I

* Characteristic equation :

ft Gr t 9 = 0

D= 6
'

- 4×9=0 ; r -

- Iz =-3
.

* Repeats !

y ,
LH -

- e-
3 t

ye LH = te
- It

=

* General solution :

yal -

-
C

,
e

- H
t Ce te

- H

③



Wrensdian : WITI =/
e-

3 t
te -

3 t ④

-35
"

a-she
-3 !

= I r - Hettt3t#
Wto ) = e-

to
= 1

a

* Next
,

initial conditions :

ylo ) = ca -
- 1

{ yl lol = - 3C
, tee -

-
1 → Ce -

- 4

yltl= dtht ) e
- 3T

^

exponential decay .a⑨

>

④



Note : technique of reduction of order
.

⑤

Procedure to find a sequel solution
.

Consider the DE . y
"

t pl Hy 't
q C Hy -

- O
.

Assume we know one solution
y ,

It ) .

To find a 2nd solution
,

write yl t ) = relay ,
CH

.

Then y
' It -

- vilely ,
Int netty ! It )

y ! l H -

-

a
"

l Ely ,lHt2e' ltlyilkltoltlyittl
so that

y
' 't pltlyltqltly -

- y ,
LH u

"

I t )

+ ( 2 gilt ) t pltly.lt ) ) n' let

+ ( y ,
"lHtpgtTytD%H

so for yltl to he a solution
,

re satisfies

y ,
Itt I

" I t ) t ( 2yiltltpltly.lt )) re 'll -1=0

↳ 1st order ODE in re
' ( t )

y

⑤



Example a ) 2 t
'

y
"

- ty 't
y

= o

⑥

{ yin ) -

- O
, y

' 111=1

We note that
y ,

It = t is a solution
.

Then we propose to find solutions of the form

Then gilt #the;qy4t
.

y
" Itt -

-
ne

" I Ht the ' It ) so

t t colt )

d) as 2 EL to "
t 2nd ) - t ( tu 't t to =

o

2 t 're "

t ( let
'

-E) u
'

= O

¥¥ltIT
.

o
'

= o

Integrating factor : re
' It I = Cexpf - f Itdr)

= Cexpf - Zent)
re

' Lt ) = ¥,
and ult ) = C

, t ÷ .

ylt ) = C
,

t t Cent

Finally : initial conditions

yll ) =Itcz = O Ce

y 'll ) = Ci + ¥= I

⇒ { a
I-22

⑥ ylt ) = 2 Lt - rt )



⑦
Summary :

ay
"

t by '

toy = O

Characteristic Equation : ar 't brtc -

- O
.

Casey be - Gac SO
.

Two real different roots
.

r
,

-

. ÷tkI ,
re -

- Ia -

Eta
La

Gen
.

solution : ylt ) -

- C
,

er 't
t Germ

Linear combination of two exponentials .

No

oscillations ; behavior at a depends on sign of r
, ,rz

Casey to - Kac = O
. One real repeated root . .

F-
- Yea

,
ben . solution : yltt . @it Cet ) et?

Behavior at a depends on sign of r . Changes sign if CHO

Case 3) b
'

- Gac CO
.

Two complex roots
.

4,2 -

- Xtpe ,
X -

- ÷ , µ=4a2a
.

Gen
. solution : ylt ) -

. ¢, coslpetlxcesinlpet )) ett
.

Oscillations .

Either damped or growing .

Behavior
at so depends on sign of X -

-

- Yea .

⑤



Well
.

Oct to Non - homogeneous Equations .

. Method
①

of Undetermined Coefficients .

Let's
yo beyond the homogeneous case :

Ky ] -

-

y
"

t petty
'

t qltly = glt I
=

with pig , g given continuous functions on the open
interval I .

First Observation : If 4
,

It ) and

Yett
) are

two

solutions of the linear b. E
.

Hey ) -

- g .

then Y
,

- Yesolves the corresponding homogeneous eqn ,

Uy ) -
-

O
.

As a result
, given a fundamental set of solutions

Yi , ye of this homogeneous eq .
then

Yale ) - Y,
Lt ) = C

, y ,
Lt ) t Caye It )

for some constant, C
, and Cc .

Check : Lf Ya -4,3=447-44,3 -

- g -

y
-

-
O

.

①



②
Implication : all solutions of the D. E

. 4y7=g
can be written under the form ,

y (E) = C
, y ,

Ltt t Ce ye Ct ) typlt )

where * ya eye form a fundamental set of solutions

for the homogeneous equation ,

Hy) -

-
O

* Ca ,
C

,
are arbitrary constants

,

* yp is a particular solution of the
non - homogeneous equation .

We can also write
y It ) =

yhltltypoft
)

T
solution of particular solution

homogeneous egn of non - homogeneous
.

Example I
y

"
t y = I

{ yid -

. o
, y

' 101=0

Partiadas@tioniypltl-1Hemogeneeusiehetieoni.y
"

t y = O

r 't 1=0 - D r -

-
X ± in ,

7=0
, In

-

- I

②
yhlt ) -

-

C
,

cos Lt ) t Ce sin Lt )



Conkin : y It ) -

-
C

, cosltltczsinltlt I

③

y to ) = C
, t I = O

y
' 101 -

- Cz = o
) Y I t ) = I - cost t )

Summary : Linear non - homogeneous equation :

We have to solve two separate problems :

① Homogeneous equation LIYT -

-
0 -

by htt )

ND See previous sections .

② Particular solution yplt )

rub In general : hard problem .

Sometime ( special cases ) :
 technique of

undetermined coefficients.

③ Final result : ylt ) -
- yhltltyplt )

Now
,

use initial conditions to obtain the

values of coefficient , Ca
, Ce in yhlt )

.

③



Method of Undetermined Coefficients.

④

Maine a : some
"

families
"

of functions form
closed ensembles under differentiation .

F- ¥¥Exponentials : fit ) -

-
C eat

↳ y
' let = facteat

Only modification is the realm of the

coefficient .

* Polynomials : put = a tbh  at 't
. . .

G
p

'll ) = b t Ect t -
- .

Also a polynomial !

Linear combination of
* Sines and cosines : f I t ) -

- C
,

cos ( all t Ce sin I ah )

↳ fl l t I -

- a Czcoslatttfacdsin lab

Note : need both sine and cosines !
=

In each case , if f Lt ) has the given type then

Lcf ) also does

↳ Idea : match the type of RHS g It ) and

④
find the right coefficients .



Notes .
. Usually restricted to cases  with

. . .

⑤
• LI y ] has constant coefficients,

• glt ) is fairly simple -

Example A
y

"
- Ey 't y = e

't
.

Let as find a particular solution ypltl .

Plausible : yplt ) has the form Ae
't

.

y
'

pltl -

- 2A e

"

, yp
"

Itt . 4A em
.

So we want (4A - 4 AtA) e

"
= e

"

or A -
- I and yplt) -

- e
"

.

Example 2
y

"
- 2g 't y

= t
'

Idea : yplt ) = At Btt Ct 't Dt
'

G
y

'

p
Itt = B t 2 Ltt 3 Dt

'

yp
" Ltt = 2C t6Dt

So 2 Ct 6 Dt
- 2B - her - 6 Dtt
+ A t Bt t Ct

'
t Dt

'
= t

3

Matching the coefficients :

⑤



⑥
2C - 2B TA -

-
O

6 D - 4C t B -

-

0

④
" "÷÷÷÷i÷÷

.

! " " " "" " "

Example 3 y
"

- Ly 't
y =3aces( 2ft

Pd : Find a particular solution yplt )
.

Let us try the family of gineslcosinos above :

ypltt = A costal t B sinful
.

↳ yplltl = 2B cos Clt ) - 2A sin Lett

yp
" let = - 4A Coslett - 413 sinai )

y "p
- 2yd typ

= ( - 4A - 4 Bt A) cost tf - 413+4 At B)SINGH
= ( -3A - 4 B) cos ( Lt ) t ( 4A - 3 B) sinful

= 3 cos ( 2A

Matching the coefficients we find

-3A - 413=3{ 4A - 313 = 0 so 13=4/3 A

f-3-F) A  =3 and

⑥
Finally , yplt ) = - ¥13 cost 21-1+4 sin l 2h )



Example 4 Mix and hatch " Product rule
"

Sumi treat separately

y
"

- ly 't
y

= t since ) t I and add
- Fine I cosine results

.

polynomialsof
degree 2

family

For products : use products of the same families

g. It ) = t sin It ) -

Dyp ,
,ltl=(AtBt ) cosltl

Hong on to
your hat, !

t ( Ctbt ) since )

yp
'

, ,
It ) = Bcosltl - ( AtBtlsinlt ) t D sin It )

+ ( Ctb t ) cos Lt )

= ( Btc t Dt ) cos It ) t ( D - A - Bt ) sin It )

yp" nlt ) = Dealt ) - ( Btctbtlsinlt ) - B sin Lt )
+ ( b - A - Bt ) cos It )

= ( 2b - A - Bt ) cos It ) - (

2BtCtDt
) sin It )

Now
,

ypY-2ylpntyp.it/2D-/A-D/t-2fBtCtDt)t/AtB/t)cosltlt(-2B-f-D-2(
D - A - Bt)tt# sin I t )

= ( ID - 2B - 2C - 2b t) coslett ( 2A - 2B - 2Dt2Bt ) sin It )

= ? tsinlt )



⑦
Example 5 Mix and Match

product : try similar product

y
"

- ly 't
y

= e

'

totsinceetSum : treat separately and add
solutions later

* First : galt ) = e

"
- b above computation :

Yp ,

Ict ) = e
"

* Next : do galt ) - t since ) e-
t

I I I
.

a Tl

First - order poly Sines koines Exponential
At Bt Ccosltlttsinlt ) Eet

tomb
.ie#ypltl=lAtBt)cosCtle-ttCCtDt)sinlt

) e
- t

.

Hang onto your hats
'

y 'plH= Bcosltle
- t

t ( ATB t ) ( - since ) - colt ) ) e-
t

+ Dsinltlett ( Ct Dt ) ( coset )
- sin Lt )) e-

t

= ( B - Atc t LD - B) t ) cattle
- t

⑦
t L D - C - A - I Dt B) t ) sink I e

- t



yp
" Itt = @-B) cos It ) e

-
t ⑧

+ (B - Atc Hb - B) t ) ( - sin It ) - cont )) e
- t

- ( Dt B) sin It ) e
- t

t ( D - C - A - ( Dt B) E) ( costel - sink - 1) it

= ( D - B -

Btf
- C t D - C

-4+ (B1- D - D-43) t) cattle - t

+ ( A - B -4-7-45.FI#ttsje)sinltle-t
= 2 ( D - B - C - Dt ) cos Lt ) e

-
t

+ 2 ( A - B - D t BE ) since ) e
-

t

Then :

y "p - 2
y

'

p typ -12 ( D - B - C ) - 2 ( B - Atc ) t A) cos e-
t

t I - 2b - 2 ( D - B ) t B ] t cattle
- t

+ [ 2 C A - B - D ) - 2 ( D - A - c) t c) sin C t ) e
- t

+ I 2B -12I Btb ) t D) tsin title -
t

'

= ( 3 A - 413 - 4C t 2b ) cos It ) e
- t

+ ( 3 B - GD ) t cont ) e
-

t

t ( 4A - 2B +3C - 4b ) since ) e-
t

⑧
t ( 413 t 3D ) tsinlt ) e-

t
= ?tsin Che

- t
.



Let us identify the coefficients :

⑨

3 B - 4 D = O
3A - 413 - 4Ct2D = O

{ 413 t 3D = I I { 4A - 2B t 3C - 4 D= 0

¥
"

÷÷¥÷÷" Isi:'t:c:::::÷÷÷÷¥
Add 3x first line thx second one :

Eth ' ) A  = tst ¥ = 2¥
A  

= and similarly ,

I k 't 34C = -8ft 't = ¥
C =

Is
125

So finally , yplt) -

- Cigt Ist ) cos Lele
- t

+ ( Ist Ist ) sin Ltte - t
.

⑤



Example 6 Breakdown
④

y
"

- 2g
'

ty = et

Following the previous idea
,

we try

ypltl = A et ( =

yp
' It ) -

-

yp
"

LH )
Plug into the equation :

A et - 2 Aet t Aet = O = et Wen 't work !

The problem : Aet is a solution of the homogeneous

equation . . .

The solution : multiply by t until it works
.

ypltl -

-
Ate so

ygj.lt?,--=AAftttIhgtetAltt2)et-2Alttl)ettAtet

Pb : tet is also a solution of the eqn !

Agin! yplt ) = A Eet so yp
' It ) = A ( tht ) et

yp
" Itt = A I t 't let t 2) et

A ( tft44+2- 2 (tltft ) tIt ) et
= 2A et =

? et

④
↳ A -

-
42 ypltl -

. It
'

et



④
Surname gltl = galtltgzlttt - - -

* Polynomials :

g It ) = aotntqtn
- '

t . . . tan = Pn It )

↳ Try yp It ) = Ao tht Ant
" 't

.  . it An

* Exponentials :

g let = Pn It ) ert

↳ Try yp It )=(Ao tht Ait
" 't

. .  . t An)ert

Particular case : n -

-
O

, gilt ) = a ert
↳ yp.in/=Aent

* Linear combinations of sines koines :

rt rt
g It ) -

-

Pnltlcosltle
t

Qnlttsinltle rt↳ Try yp It ) = (Ao tht A
,

t
"

t
. . . t An ) costHe

t I Bo tht B ,
t

" 't . . . t Bn ) sin Lt ) err

If BREAKDOWN : multiply by t until it works
.

↳ it doesn't work !

④



Last example y
' 't

y
'

= t

④

Pb 2

* first deal with g.lt/= the - t

G Try yp
L t ) = ( At B t t Ct

'

) e
- t

yp
' IH = ( B - At I 2C - B) t - Ct Ye

"

yp
" I t ) = ( 2C - B - Ect - ( B - At I 2C - B) t - Ct

' ) ) e
-

t

= ( 2C - 2B t At ( B - 4 c) t t Ct
' ) e

- t

Then yp
"

typ
'

= ( 2C - B - set ) e
-

t
= ? He - t

Doesn't work !

Multiply by t : ypltl .

- ( Att Bt 't Ct ' ) e
- t

yp
' IH = ( A t (2B -A) t t I 3C - B) t

'
- Cts ) e

- t

y
'

p

' LH = ( 2B - At 213C - B) t - Sct
'

- A - L 2B - Alt - 13C - B) t 't Ct
' ) e

- t

= ( 2B - 2A t ( A - 413+64 t t ( B - 6C ) t 't Ct
'

) e
-

t

Then y "pty'p= ( 2B - At ( 6C - 2B ) t - 3 Ct
'

) e
-

t

= ? ( O t O .
t t I . t

' ) e
- t

coefficient match :{E÷¥a% → { EE!!!
④



So yp.it E) = - ( 2T t t 't t% ) e
- t

④

* Now deal with g ,
It ) = cos Lt )

ypltl = A coslett B sin It )

Lgipiit: . Bai::Isshin't't ,

D So y "pty'p = (B -A) cos It ) - I At B) sin LH

= ? I - cos It ) t O . sin Lt )

B - A  = I and At 13=0 - b A -

.

' 42
,

B -

- 42

yp,
ett ) = I ( sin It ) - cos Ctl )

Finally the required particular solution is :

ypltt-tfsinltl-c.sk/-(2ttt'-tY3)e-t

General solution :

ylt ) = Cit Cee
- tt t ( sint - cost ) - ( ett t

'
- tyg)e

't

⑤


