
①§ 3.3 Crash course : Complex numbers
.

Fabulously important ?

G
- Cardano ( Italy ,

1545 ) observes that

solutions of cubic equations contain roots of
negative numbers ! "

fictitious numbers
"

Problem :
see = -

I has no solution .

↳ Introduce the
"

number
"

i smh that i' = - I
.

A complex number writes as a linear combination
,

2-  = a tib
,

a
,

b real
.

Is: imaginary:b .gs.

Emelia's:S
F-gently : at its = a

'

ti b '

if a -

- a
'

AND b -

- b '
.

Addition : Latib ) t ( a' tib
'

) = Cata ' ) ti I bab ' )

Conjugate
: atib = a - ib

↳ Notation : I = Conj Lz )
Changes the sign of the imaginary part of a .

①



Multiplication :

②

( atib ) ( ctid ) = act ibct

iad t is bd

= ( ac - bd ) t i ( batad )

Interpretation : points in the plane
b

nee
,

'Ese
E

b .- - - - - -E ,
I↳ Realaxis
a a

Complex plane
"

GEOMETRICAL INTERPRETATION
"

→ Polar form - Euler 's formula :

b n

b .- - - - - -tar i

TO
'he

>
a a

Radial coordinates :

* Modulus :

* Argument :

r= I 2- I = a4bF

②

o -

. argal such that
go.snofI If:



Notes : . 2- I = r
' ③

•
O defined up to a multiple of Let

.

so 2-  = rues O t i Lr sin O )
= r L cos f t i sin 0 )

-

trigonometric form
Euler 's formula : e = cos O t  is in -0

Proof : Taylor series
,

ein
= I + in t tiny! 't liz + liI÷+ . . .

= ( a - II. t att . .  . Iti ( u - Fit . . . )
Finally, polar form : a -

- re

Complex exponential

it = eaeib = e

"

( cos a +  ices b)

Usual rules : e
" "

= et et
'

( Use this to write the usual trig formulae !
Sum of angles, doubling of angles - a )

① dog not so easy - due to
my Lt ) being

③ defined only up to It !



⑥
Example : solutions of polynomial equations .

① I = - I - D x -

- ± i

Apply usual formulae : sit I = 0

D= 02
- 4. 1. I = - 4

- o ± 2i
so a -

-

-2
= ti

 

:
.

② ul t 2x t 2 = 0

Usual formula : D= 2
'

- 2.6 = - 4

- 2±2i
a -

-

e- =  
- I Ii

Return to differential equations .

Complex roots of the characteristic equation

Recall the problem :

ay
"

t by
'

toy = O
.

a. bi c real ; a -40 .

Roots of the characteristic equation .
. take yltl -

-

It

→ art tbrtc =O

④



Result , from § 3.1 : D -

- b
'

- Gac > o
,

real root

§ 3.2 : General solution writes

yltl = C
,

erotic
,

crit

Here : case D= b
'

- 4 ace 0
.

Then we have complexion ,

rn = -bjiaIr
.

= -btZa

Then
.

we have complex solutions
,

ya It ) -

-
er 't

; ye Lt ) = erst

Question : how to extract real - valued solutions?

Observation : for the ODE y
' 't pity

'

tqltly =0

with continuous
, read valued p , q C t )

.

If ult ) t i ult ) is a complex -
valued

solution
,

then both ult ) and rect ) are real
solutions

. L[
-

Chedi. Lfutiv ) = ( u
'

't put u 't qltlu )
x i@"tplth1=0

⑤ LEG real



so Lfu ) = O and L[u7=O
⑥

( complex numbers equality ! )

Let's return to our solutions :

observe ra = lot  in , re = X - ipe

where X -

- Iban and µ=4F#
Za

y ,
(e) = e

( Hint
= ett + eiiut

Euler 's formula !
= ett ( cos Gut) ti sin I pet ) )

- b y ,
Ltl = ettcoslpet ) t ie

" -

sin 1pct )
- -

Real part Imaginary part
Then we get two real solutions

ult ) = e

" '

cos Gut ){ nice ) = e
" -

sin huts :

Is this a set of fundamental solutions ?

ult ) ult ) ettcoslpet) ettsinlpet)

n' I t ) wilt )
=

Xettcoslpet ) - peettsinlpet ) Xettsinlluttprettcosllut)

⑥
= eHt(coslµt)(Xeut)tµe"

'

costrel) - sincere)µi . ) - peettsinlpet) )



.  . .  = µ ( cos
'

( pet ) + sin '
Ipet )) e

-

Ht
⑦

So
. . . WE u , e) = µ e-

Ht
= 4aga.be e-

Hat

I
Check : Abel 's theorem ?

Observation: Oscillatory solutions !

Damping if X -

-
- bye so

.

:m
Example 1 { Yy

"

cot, I? y
' 107=0

① Seek the solution as yet ) = ert

↳ @+1) ert =o

The roots of the characteristic  equation .

.

r 't 1=0

ra -

- ti re -

.
- i

Identify real and imaginary pmh :

rz = 0
t I . i

-

⑦
Real

,
x Imaging pint , µ



② So two solutions :

⑧

ult ) = eat cos ( 1. t ) = cos I t ){ role ) = eat sin L 1. t ) = sin Lt )

These form a fundamental set of solutions
,

so the general solution is

y
It ) = C , cos Lt ) t Ce sin Lt ) .

③ Use initial conditions : { yy4%, ?E:If
The particular solution is yl t ) -

-
caste )

Note : purely oscillatory solution
.

 no decay or

amplification .

Examples { Y'
y

' '

Io? con ,

① Characteristic equation : r 't rt 1=0

Discriminant : D= T - h -1.1=-3 LO

Complex roots : r
,

=

-

ltzi
, z=

- I - if
2

-

Real part : 1=-42

⑧ Imaginary part : µ

-55/2



⑦ General solution :

③

yltl = C
,

e-
42

cos E) t Cee
- 42

sin ( % t )
③ Particular solution :

Compute first the derivative :

y
' Ith - to ,

e-tkc.fr/zt)-Bzc,e-tksinfBfe)
-

'

zc , sin E) FIC.it/cosfEt )
So

, y to ) = C
,

= O

{ y' lol = - Eat By Ce -

- I

and 9=0 ; c =25323
Finally : yet ) = 2ft e-

the
sin ( Ff t )

Note : damped solution
, yltl → o

Y±t.is#s#
t

⑤



④
Example 3

y
' '

-

y 't
y =

0
- {

y
lo ) -

- O
, y

' 101=1

Same discriminant : D= ED
'

- 4. i. I = - 320

Roots r
,

= t1tizI , rz = B
2

Same computation , sign change :

y let = ¥ e'  -42
sin ( Ez t )

y n

W÷
Summary Coefficient b corresponds to friction.

If b 's Lcac :

"

damping too low
"

leads to  oscillatory solutions
.

④



④
Three possible cases :

• bla > O : damped oscillations
.

•
b -

- o : undamped oscillations
,

constant amplitude -

• bla CO : exponentially increasing
oscillations

.

④


