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wed § 3.2 The WronskiAn
.

Solutions of
linear homogeneous equations .

Differential Operator Notation

* Open time interval I act c b

* p , q
two continuous functions of time on I

* Define the differential operator L by its
action on any

twice differentiable function y :

410 ] = y
"

t put y 'tqlttp

↳ up ] is a new function !

LE ol ] It ) = lo
"

Lt ) tplttydltttqltlolt )

Example :
* I = I 0

, a ) i.e
. Oct so

* plt ) = t qlt ) -

-

en It )

Take
y LH = cos let )

then y
' ( t ) -

- - 2 sin L 2T )
, y

" Lt )= - Locos ( It )

Up ] I t ) =  - 4 casket ) t tf - 2 sinful ) tenth coslett

⑥



②
Theorem I Existence and Uniqueness .

The initial value problem

y
' 't put y

'
t qlt ) y

= get ){ " D=
gun .

- y . , gun .
. y

.
.

where
p, g , g are continuous on an interval I

containing to
,

has a unique solution in the whole interval
.

Existence of a solution !

* It's the only one !

* It's defined on the whole interval
,

as long
as pig , g continuous !

Example I : I y
"

-

y
=D

, y 101=2
y

'
101=-1

has only one solution : yl t ) =

'

z
et + { e

- t
in the

whole interval - acted .

Example 2 : { H-

glop
'

!toY
'

j .

o

First
,

write the solution as in the theorem ;

Y
"

t ¥ y
'

t y = 0

② pit Tie GTH



Points
of discontinuity are t -

- - 1 and t -

- t I.

③

The longest interval containing the initial paint t.no

in which coefficients are continuous is

- 1 C t c 1
-

-
A ② a >

- I 0 I

Theorem 2 Principle of superposition

If ya and
y ,

are two solutions of the D. E
.

Hey ] = y
' '

t pl Hy
'

tqltly = %
then

any linear combination ca yet Caye
is alto a solution for any value of The constants c

, .cz .

Proof : compute

Lf Caya t cry , ] = ca Hy , ] t cell yet = Of

Observe now how we determine the constants from
initial conditions : ca y ,

Ltd t Ce y alto ) = yo
{ a

, y
'

,
Lto ) t ca y 'd to ) -

- y
'

o

③
This is a linear system in the variables ca . G .



Such a system has the determinant :

⑥

Who , = /
Y '

"
o ) ye Ito )

gilt . ) ya
' It

. ,
)

Recall that I !! ,
) = ad - be

.

↳ If Who ) # 0
,

the linear system will
have

a unique solution I 4 , Ce ) .

Cramer 's formula :

y , Ito) y .

c. =

IT: %91.nl
, c. = biasgot

Wile ) Wile )

Conversely , if W l to ) -
- O then the initial

conditions cannot always he satisfied by any
choice G. Ce

.

Definition .

.
The determinant W Lt ) is the

WronskiAN DETERMINANT .

Expliciteeg : WE ya , ye ] It ) -

- Ily!!! , Tj!.tn/

⑥



⑤
Theorem 3 Suppose ya , ye are two solutions

of Llg ] =

y
'

't pl Hy 't guy = 0
,

with initial conditions
y

I to ) -
- yo , y

' I tokyo .

If

ther
Wronski an is to at to ,

' WE ya , y . ) = y . yi - y ,

'

ya

then there exist , two constants Ca
, Lzsuch That

y LH -

- Cay , Ctltceyelt )
is a solution of the IVP .

Example y
' '

t 3
y

'
t 2g = 0

Characteristic equation : r 't 3 rt 2=0
-

Discriminant : D= 3
'

- 4.2=1

re =

-

=
- 2 ; re = -3 = . a

This
gives us two solutions :

ya It ) = e-
"

and
ya Lt ) = e

- t
.

Let us compute their Wronshian :

⑤

wsya.gs -

. Ki:! - e- the -4



Note That W [
ya , ye

) -

- e

- 3T
is always nonzero :

⑥

ya and y , can be used to construct solutions of the

differential equation with any differential conditions !

Theorem 4 Taketwo
solutions ya , ye of the

equation ,

LEY ) =

y
' '

t pl Hy 't
q It ) -

-

0
.

The family of solutions with two parameters,

y
: t ↳ C

, y ,
htt t Caya It )

includes every possible solution of the equation
if and only if there is one-point when the Wronski an

is not zero :

wlya.ge ] Lto ) = yay : - y
'

aye to
.

Details : see the textbook
.

Definition : We call a couple of solutions ya , y ,

such that WE ya .ye ] Lto ) to for some to

a FUNDAMENTAL SET Of SOLUTIONS .

⑥



Definition .
.

the GENERAL solution of the

equation LEyT=0 is an expression

y
It ) = cage It ) t cry ,

Ct )

with a fundamental set of solutions ya.ge .

Examples Take the equation Ey
"

tty
'

-

y
-
-

0
.

* Two solutions for t > o :

ya
It ) -

-
t and y ,

It ) =
' It

* Wronskian :

weyng.utt.IE?ty..l--ttiatE--.I/
* Wto for t so

,
so

ya , ye form a fundamental set of solutions
.

The general solution of this equation is

yltl -

. Cat t CI for t ) o
.

⑦



Theorem 5 Consider The D. E
.

⑧

L ly ] = y
"

t pl t ) y
't

q Lt ) y
= 0

,

with coefficients plt )
, qlt ) continuous on some

open interval I
.

Choose to in I
,

and let

* ya Lt ) be the solution which satisfies
y , Lto ) =L

, y :( to )
-

- 0

* y . Lt ) be the solution which satisfies
yetto ) -

-
O

, y'd to )=L
Then ya and y , form a fundamental set ofsolutions

Pref: w Ltd =/ !? ) = I to .

Example y
' '

-

y = O and to -

-
0

.

Solutions tts et
,

th e
- t

are not the set

in the theorem .

I they still form a fundamental set ! )

Let us use the general solution

⑧ yltl = C
,

et t Cee
- t

.



⑨
* Conditions y ,l0l=1, y! lol -

- 0

{ EYE::b so a =a=' k

ya It ) -

- I ( et te

- t

) = cosh Lt )

* Conditions ye lo ) =
O

, yjlo ) -

- I

{ c

d.t.cc::O ,

so 9=-4--42

gilt ) -

- t ( et - e
- t) -

- sin htt )

* Let us compute the Wronski an :

WE y , ,y , ] =

Wht t ) sinhlt )
\

sinhltlcoshltll
= cosh 'll ) - sink l t ) = I

This is a fundamental set of solutions !

⑨



Theorem 6 Abel 's theorem
④

Take the D. E
. Hy ] = y

' '

t pl t ) y 't gltly =D
.

If p , q
are continuous on the interval I

,
then

the Wnonshian of any
two solutions ya , ye is given by

WE ya , ye ] It ) = C exp ( - Spit ) )
where C is a constant which depends only on y , , ye .

-

hen
,

W is either too on I C if C -
-

o ) or

never zero if CEO !

Proof

¥ Wey , , yid -

- ftp.fyayi-yiy . )
=

yyyity.yi-yi.gl/-yiye--yaltIf-plHyictI-qltIy/]
- yeah - petty ; It ) -qlHy

=  - pltlfy.lt ) gilt ) - yiltly ,
Itt ]

④
=  - p It ) WE y , ,y ,

] .



- D W is The solution of a 1st order D . E :

④

W '

t p It ) W -

-
O

.

From Chapter 2
, integrating factor method :

WIT ) = C exp ( - 5pct ) ) :
.

Example n t
'

y
' 't ty

'
- y

-

-
0

.

By Abel 's formula : pit ) =
' It

so  WIT ) = Cexpf - Ent )
Wtt ) = Ee

Above solutions : C -

-

- 2 !

Example 2 Constant coefficients

a y
' 't by '

t cy =
0

Per Abel 's theorem : wht ) = Cexpl - bat)
Cheder : we have two solutions for b' Shac :

r
,

= -b_Fha# r ,
=

- btbhac
Ta

.

④



①
The Wronshian of the two corresponding solutions  is :

My ,
. y , ] It ) = fer

't err

r
,

er 't rent)
= r

,
er ' tent - r

,
entered

= ( re - r
, ) elhtr.lt

With the above values for rare This gives

wcya.y.TK ) = Fahad e

- Hat
.

.

.

④


