
①

tf§
2.6 Exact differential equations

dea : separable equations are a very particular
case ,

but the idea of implications comin over . .
.

For a function F I x , y ) one forms a

differential equation

day
.

F ( x , ylxl ) = O - D F ( x
, y

) = C

Cos Couple of notions from Calc It to get these
. .

.

* Partial derivatives : take a s ,

F ( key ) = 2 gigs

'

mph function

Around a point ( a ,b ) we can change either Kory .

first we
may hold y fixed and allow a to

easy .

T
g-

J

y
-

-
b gun :-. Fly

,
b)

= 2×263
This is now a function of a single aan

'

able !

Rate of change → derivative

g
' la ) = 4 ab

'

Call g
' the partial derivative of f e. rt

. a
.

This gives us 0¥ I a. b) = Fala ,
b) = 4 ab

'

①



②

Similarly ,
we can hold x -

. a fixed and change y
-

-

set hly ) = 2 as
y

's

}
OF

g-
la

,
b) = Fy la

, b) = hi (g) = 6 a' b
'

*
Chain rule : we have the situation here where
we want to compute day Flx , ylx ))

More generally ,
extend chain rule from Calc I :

If 2- I t ) -

-

F ( ult )
, y It )) then :

date = 97,414.gl#IeltttoFfxl4iyltYdIeltl
Apply here to our example ,

where alt ) = t

0¥ Hey ) t OF I x. y ) data =
0

- -

Mlxiy ) Nlxiy )

Any D. E
. of the form Mkay ) t May ) date

,

-

-
0

where there exists a function F I x , y ) such that

M -

- Ex ,
N -

- Ey is called exact
.

Implicit solutions of such an equation are given as

②
Flx

, y ) = C
,

C arbitrary .



Questions .
When does such an F exist ?

③

• How to find it based on hand W ?

AYERS .
.

① Assume that in some rectangle of ix. yl plane,

M
,

N
, My ,

N
"

exist and are continuous
.

Then the two statements are equivalent :

a there exist F such that in this rectangle ,

M -

- 9¥ ,
N -

-

I
Oy

e) thy = Off in the rectangle .

This is a test for whether an equation is exact .

② Idea : integrate one variable after the other
.

Exempt :

qq.at?2ayenh4tcoslyDda7o=o

① Test for exact D. E
.

Ey -

- Yf and off -

- 2¥ r

③



② Compute the
"

generating function
"

F
④

* First
,

write Fla
, y ) = Qlx

, y ) t hly )

where Q is any function such that

here
,

we
→ 9¥ = 0¥ = Mkay ) = 9% .

shut with a

↳ choose Qcx , y ) = y
'

en x

* Next
,

use 2
" "

piece of information :

IF = 0¥ th
'

ly ) = Nlxiy )

↳ h
'

ly ) =Dt cosCyd -2yh
so we can take hly ) = sin ly )

* Combine Q and h :

Flx , y ) =

y
' ln u t sin ly )

*
Now we can rewrite the exact D. E

.

in the form

da
,

Fln
, y lxl ) ⇒

and the implicit solutions: y
' lnlxltsinlyl -

- C

④



④ Find constants
,

domain of validity
⑤

y
-

- t for a -_ Ii C -

- sin C I ) x 0.84

=D General recipe for finding Flxcyl
( Textbook

, p 72 ) .

* Choose to integrate first in a or y
EE

,

= Mkay) ⇒ Flay ) =

Edit
hly

?
OR Qlx , y ) unknown !

Of

toy
= Nlxiy ) =) Flay ) = SN ay t glx )

-

Play )

↳ Compute Q=fMdx OR P -

- fndy
*

Next
,

do the other one

h' (g)

=NlxiyyOR If EXACT EQN , THIS EXPRESSION

Nk1y
.

g
' I x ) = Mlx

, yl - OF l x. y )

* finally ,

combine : FIX
, g) = Qlx

, yl th ly )

⑤
= Play ) t glx )



⑥
Wed 19

, September

Summary i
1st order ODES

.

e) Linear equations : y
'

t p (E) y
=

g Lt )

SOLUTION METHOD : INTEGRATING FACTORS
.

yltl -

- ↳ ( fmltlgltldt t C )
mlt ) = exp ( fplttdt)

Separable equations : d¥= gadfly )
SOLUTION

: SEPARATE VARIABLES
,

INTEGRATE

Sff, = fgcxldx

(3) Exact equations : M ( x
, Y ) t Nlx

, y
)

y
'

= O

→ Check : Gtf = 001×1
SOLUTION : compute

glx , y ) = SMH. y ) dx and

hly
) such that

h' ly ) = Nlx
, y ) - OF

↳ Solution , have the form

⑥
F l x

, y ) = glx , y ) t hly ) = C l constant )



⑦
Models of interest :

c) Mixing problems :

DQ

at
= rin . Cin - roar .

⇐
Vlt )

- -
rate IN rate OUT

↳ linear : integrating factors .

⑦ Population models
,

autonomous equations

diff -

- fly ) ( = r It - ylkly )
Phase line analysis ; equilibria , stability .

Separation of variables .

G) Heating I Cooling problems .

dat -

-

k ( tht) -

tht )
L

J

external temp . object temp .

⑦



CHAPTER 3 SECOND ORDER Diff Eg
⑧

§ 3.1 Homogeneous Differential Equation,

Coutant coefficients

In general,
a 2nd order D. E

.

has the form

y
' '

= flt , y , y
' ) in

where f is a given function .

We will focus on

cases when f takes the specific shape :

fl t
, y . y

' ) = get ) - pit ) y
'

- get )y
i. e . f is a linear function of y and y

'

.

Then we can rewrite the linear 2nd order ODE :

y
"

t plt ) y
'

t
g

It )
y

= get )
. K )

-
linear combination of y , y

'
, y

' '

.

or equivalently .

Plt ) y
"

t Q Lt )
y

'
+ Rtt ) y

= Gl t ) for Plt ) ± O
.

Any eqn a ) which cannot be transformed as ① is
called non-Linear.

Not much to
say as they are

⑧
hard to solve analytically .



An initial #been is here a D. E
. of

③
the form a ) or (2) with Two initial conditions

,

y to ) =

yo , y
' to ) =

y
'
o .

T T
two given numbers

.

Why 2 conditions ? Think most simple case
,

y
"

-

-
O ⇒ y

' It ) = A  ⇒ y It ) -

- Att B

To fix each of the 2 couchant, introduced by
integrating twice

, need 2 conditions
.

A linear 2nd order ODE is homogeneous if
The right - hand side

, gut or blt ) is zeo :

I
forcing term

Plt ) y
"

t Qltly '
+

Rl Hy = 0
.

In the simplest case ,
the coefficients P

,
Q

,
Rl t )

are simply constants :

ay
"

t by
'

toy
-

-
O

,
a -10 .

This is a specific but important example which
governs

many physical I engineering situations do ostium .

⑨



A first example y
' '

-

y
-

- o

④

{
gun

-

- c
, y

' b) = - a

"

Intuition
"

of solutions : ett
,

e

- t
and multiples

Observation : sums of solutions are solutions !
Form linear combinations of these elementary solutions :

y let = Get + Cee
- t

T T

Two arbitrary constants !

Initial conditions :

y
to ) = C

,
I t C

,
e-

 °

= C
, t Ce = 2

y
'

to ) = C
,

I - Cee
- °

= C
,

- Cz = - I

Solve system of 2 equations for Cy
,

Ce :

Ca =
'12

, Ce -

- 3/2 - D y let =

'

z
et t Zz e

- t

General technique ay
"

t by'

tey
-

- O

.
Find two solutions yall )

, yqlt) which are different
not multiple of eat other )

.
Write general solution as a linear combination .

yltt-ciy.lt ) t Cry#
-

④
. Use the 2 constants to fit the 2 initial conditions .



Check : if ya, y ,
are

two solutions then

a ( C
, yet Caye)

"

t b ( C
, y ,

t Cry , ) 't c ( Ciyiteeye )

= C
, ( ay ,

"
t by,

'

toy ,
) t Celaya

"

t bye 't eye )
- -

= O = O =D

How do we find the base solutions ?

Idea : seek exponential solutions of the form :

y It ) = ert r unknown yet .

Since
y

' LE ) =
rent

, y
" I t ) = Mert

,

ay
' 't by 't

cy
-

- O as ( ar 't hurtc) ert
= O

Now ert to .

. satisfied if r solution ofthe CHARACTERISTIC EQUATION

ar 't b r t c = O

-

Characteristic polynomial Corder 2)

Possible cases : Discriminant
,

D= b
'

- Gac

. D > o : Two real roots
• D= 0 . One real , repeated root

. D Loi
. Two complex conjugate roots .

④



First
,

consider the can where D > O
.

④

Other cases : § 3. h and § 3.3
.

Then we have two rods of the characteristic
polynomial :

re
-beta re -

- -bja .

Then
, ya It ) = eat and y ,

e) =
eat

are two different solutions of the equation and

The general solution has the form

ylt ) = C
,

er 't
+ Gert

with Ca , 4 arbitrary constants
.

Next
, fit the initial conditions :

yl to ) = yo{ y
' Ltd -

- y
'

o

This leads to two equations :

ca er '
"

t c
,

eh "
= yo{

ear ,
er.

to
+ c

,
er "

= y
'

.

↳ system of linear equations : 2 unknowns
,

2 equations .

④



⑤
Example 1 { Ty

"

?275%1=0
Steph.

Solve the characteristic equation
is solutions under the form yet ) -

-

ert

r2 t r - 2 = O
-

Discriminant : D= I
'

- 4. L - 2) = 9

The roots of the characteristic equation are

r
,

= -1-219=-2 and re -

- -1+21=+1

Step General solution :

y Lt ) = C
,

e-
I t

t C
a

e
't

,
C

,
and Cz arbitrary

StepsInitial conditions
, particular solution :

{ .

Ed
,

:{If so fat" . =

,

'

Cz = 2C

and c
, =

' 13 Ce -

- 2/3

ylt ) = Is e-
"

+ Yet

④



④
Example 2 y

"

they 't 35g =0

{
yco, =3

, y
' 19=-17

Step't r 't 12 rt 35=0

Discriminant .
.

D= 12
'

- h . 1.35 = 4

The roots of the characteristic polynomial ace

re = -122-542=-7 re = -12+214=5

Step The general solution of the D. E
.  is

yl t ) = C
, e

- Ft
+ Cee

-5T

Step's Particular solution :

y to ) = C
,

t Ce = 3 Cg = 3 - C
,{

y
'

101=-74 -54=-17

" {
-7C

, -513-41=-17

Then
,

-2C , =  - 17+15=-2 so 4=1
and Cz = 2

The solution to this Ivp is

④
yltl = e-

H -

+ 2e
-5T

.



⑤
General behavior at infinity : depends on sign of r

, andy

yl t ) = C
,

er 't
t Caer 't

r
,

c re

r
, r

,
20 r

,
= O r

,
S o

r
,

rico y → o

As t → a
. . .

q=o y → Ce

y → to y → to y → to

re ) O depends  on  sign  of a ; d.e.pends  on  sign  of a i defend! ,.io?nsignfog4c ,

"

,

if Cz -
-

O
, y →  O f Ce -

-
O

, y →  Ci
if C

,  =  o
, y =  0 !

Note : as long as r
, tr , system for

Green
always

be solved !
y

'

.  
- yore - retro

Cz =
- e

c
,

er 't
't c

,
er 't .

= yo
r

,
- re{ ar ,

er " 't career'
"

= y
'

o
⇒ §

a , = %Y,- e-
' "

→
by substitution !

There is always a solution in this form ! But
,

is it
the only possibility ? Answer in the next section !

⑤


