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Week 2 : August

27-31
Cent. study of 1st order ODE y

'

=f( t
, y ) )

Cased General fruition y
'

-
- flt .y

)

Example : y
'

= t+y ^

=
.

xyx¢dwetuEnyrfyat.x-1@ox-x1.s,hi÷÷
a a 6 8

g

*
Conclusion :

Dirk
fields me a visual to

gain intuition about 1st even OBEs
.

E) Solutions of a differential equation .

Definition : A solution of the nth order
DE :

dain = flt , y , y
'

,
...

,y
" " ' )

Is a function of such that 4
'

, ...

, yl " exist and

pdtofnyl"H= flt ,y ,
... ,y

" ' ' ' ) at all times
.
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GENERAL solution : An expression that contains
ALL possible solutions of a b. E.

INTEGRAL CURVES : the geometrical representation
of the general solution is ltypically ) an infinite

family of curves called integral curves .

PARTICULAR solution : a singlesolution of
a D. E

. typically characterized by an additional
condition such as an initial condition ( IVD ) .

txamples : see next chapter ( now ) !

CHAPTER 2 FIRST ORDER ODES

§ 2.1 Integrating factors .

* In the general Ivp case :
Y

'
= fltiy )

{yet .i=y .

there Is no generic way of arriving at an

explicit expression for the solution .

( Although one should know that a solution

always exists under very relaxed conditions :

@ Cauchy . Lipschitz existence theorem )
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We saw last week that equations of the form

y
'

= ay
+ b for a ,b constant have explicit solutions

.

Trick : we know how to solve equations of type

diff = glt ) → direct integration !

This turns out to work in general for any ODE of type

y
'

+ play = glt )
,

where coefficients are not constants .

→ Method of integrating factors .

Example 1 y
'

+

y
= 25

"
.

Stet : find an appropriate function m Lt )

such that by multiplying
the whole equation by mlt ) :

mlt ) data + mltlyltl = 2 m L t ) e-
3t

we
may rewrite the equation as

¥ ( mltlylt )) = 2 m LH e-
st

G this can be solved directly by integrating
�3�

both sides !



@

By the product rule
,

this will happen if

m.mn'tlame .

y
=ME

'

+ m . y

dm
or

at
= m

For example ,
choose MLE ) = et

( Rule : mltlso )

Now we rewrite the initial problem as

II. ( etyla) = etly' +

y ) = et ( 2537
or I÷( etyuy = 252£

.

Step

Integrate both sides : Constant of integration .

etyltl = fzett = - e-
"

+ £
Divide by mltl

.

. et :

yltl = Cit - e-
3t

.

This Is the general solution !

�4�



Now : general case , y
'

+ pltly =glt )
.

�5�

Lites

find
the right integrating factor mltl :

mlt ) 0¥ + mltlplt ) y
=  mltlg

Want qq.fnh.ly/=mMdft+m'Ltlyltl
↳ need to adjust mlt ) such that

wilt ) = plt ) mlt )

mllt )
Assuming m > 0

, rewriteas

a
= Plt ) .

Chain rule : MmYfyI= It lnmltl = plt ) io

integrating both sides
,

ln mlt ) = fplt )
or mlt ) = exp ( fpltl ) .

METHOD OF INTEGRATING FACTORS

D Write the OBE  in standard form ,

y
'

+ pltly = gltt
@ Compute the integrating factor,

mltl = exp ( fpltl )
�3� Compute general solution :

q

yltl = n't,( Smugly + c)
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Note:

gonyn.pruimoriruyeno.frp.tn#anYYrk.yitiigrmaut.tn
'I

Example .

Solve the IVP

TEH) day
.

+ 2ty = 1{
yid = °

�1� Standard form : divide by Lt 't I )

y
't }t÷y=µ÷

⇐) gct )

�2� Integrating factor :

mltl = exp ( 5pct ))
Here

, pltl = lh÷,u÷s°fpctk en LEH )

mltl = exp ( lnllttl )) = ¥
�3� General solution : two days .

• Direct use of formula :

@ yltl = It , ( fmltlgltl + c )
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Here
, mltlglt ) = 1  → fmlttglb) = t

General solution : ylt ) = t+÷ c arbitrary .

• If you do not remember this formula :

remember to multiply the OBE by mlt )
and transform the LHS into d/dr[ mltlyltl ]

.

€41 ) 0¥
,

+ 2 ty = 1

Tetley in ) = 1

so ( t 't1) ylt ) = t+ C

yltl = ttf General solution of the
ODE

.

�4� Particular solution from initial condition
.

We want ylo) = 9t÷ = C = 0

so ylt ) = e÷, Is the particular solution

of the IVP ,

NOI : we could have seen immediately That the Las

�7�

is a derivative of %H( ltthy ) .

But the method guides as .



Example 2 Solve the IVP
�8�

y
'

+ tgy =
et% cos ( t ){

yia-t@pEeYIdnt9sPrmjctYIiet46c.s

its

�2� integrating factor : mltl = exp ( Spltl)
Here

, pltl = 43 ⇒ mltl = exp ( t%)
�3� general solution :

y÷(et%ym)= eY%.em.sn
integrating : e£%ylt) = sinlt ) + C

finally : yltl = e- Mbsinlt ) +
cet%

@ particular solution :

ylo ) = eosin) + Ceo = C = 1

so yet ) =
it% @+ sin(F)

@
solution of the Ivp

.



@
Conclusion

* General - purpose method for linear ,
lstoreer

ODE of type
y

'
+ play = g Lt ) .

*
Not always possible to write the solution !

We
may not be able to  compute the integrals .

* Solution always write as

yltl = ypltl + ynlt )

p T
1 particular solution C/mLt )

"

homogeneous solution
"

Let hltl = Ymltl = expffpltl)
date = - pltlexpffpltl )= - pltlhlt )

OR
,

dh
( chain rule )

It + pltlh =o

homogeneous equation ( GIO )
NO RAS

.

@



552.2 Separable equations
@

hat can de do when the previous method does
not apply ?

Observation :  
we were able to solve directly

for the integrating factor,

dm

at

= pltlm ,

because we

"

separated variables
"

between left /right :

MI damn
.

= plt )

ciiaiiinuf
, genial = put

integrate (
, enlh ) = fpltlboth sides

This idea can be useful in other cases
,

when
some other function of m than Ym appears

on the left !

⇒ We identify paihiulmcasesm of 1st order

ODES which can be transformed to he of The form
Mlt ) + Nly ) dotty =

0

Mlt )that is If fltiy ) = -

Ney ,
.

@



@
In this case ,

the equation can he solved directly
by integration '

;nµp
Note : switch town'aHe x instead of t

.

dy n

texamle 1 :

Td
,

=

Tip
@ Rewrite by separating variables :

I- ( 1 + y
'

)da1× = 0

only a ¥
Integrate : add n÷ + ( ycH+Y"3±)]=o

or y+ty3 = C - "÷

IMPLICIT Form of the solutions
.

Not y l x) = ?

↳ Also called an equation for the integral
curves of the equation .

Note : usually impossible to solve for y
!

But If It is - do it !

@
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Examples ofequations
: which are separable

.

@ y
'

= ginny
,

Dy2y'=÷
@ day =

ET
't

@ d¢÷= sinlty )

Domain of validity
Example 1 textbook ) : '¥×= ~g÷2

. It Is separable :

we - ( n . yr) % = °

. Integral curves :

a÷[×÷ - lylxtty "M]=o
or y l x ) - ty3lx) = "÷ + C

:O

YnII. FEETi "

�3�

@ -
-



@
is Such a curve Is got the graphical representation

of a solution ( multiple values around zero ! )

In fact the curve corresponds to 3 distinct

selutieus for each value of C :

* one for y 31
,

D valid for tetn

* one for -1E y
E 1

,
�2� valid for tee t E tz

* one for y s - 1
,

�3� valid for t7tz

Note how each solution Is only valid on a

certain interval of Time
,

beyond which it cannot be extended
.

This Is the domain of validity of the solution .

@



Friday August 31
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§ 2.2 ( cart . ) SEPARABLE EQUATIONS

xConsider the equation ddYz= - -
.

ytl

We can solve It by separation of variables :fytidy=f
-

xdxinner (

pay
,titoI 1

Can arhihmyconpant .

The
"

integral curves

"

or graphical representation
of solutions are

'

level
'

setsof the resulting expression ,

Flay ) = lzlx'+y4+y =

,

C

constant .

Here
,

level sets are circles !

@

×
'

+ (y +it = 2C + 1



Partiwmlntien: when given an initial conch

't¥
,

ylo ) = 1 i.  e . y=l for  x=0

we can find the value of C :

tit it to
'

= C- - 3/2

*
µ ×

>

I•*vertical d y=
1

tangents !

Looking at the equation we observe that Had → a

when ytl → 0 ire
. |y=-1]

This corresponds to 1/2×2 +
' K LD

'
- I = 3/2

Solve for x : |-=±2D
Thu , solution exists for - 2 Ex £ 2

domain  of validity

Condon : even if we enly have the implicitform
of the solution ( no yk ) = .

.  - )
,

lots} .

�1� Separate variables
@ Integrate both sides

.

Write implicit form .

�3� If possible , find explicit solution
.

OI

g
Use graphical tools ; determine interval of validity.



Recipe
: look for values then

@

* ylx ) → a : Example
, y

' 1 × ) =

y
2

HI,
= 1 ⇒ j÷,

= " + a ⇒ ylxl -

. II
Solution exists for xc - Cor x > + C

* y
' 4) → a : Example, y 'lH=

%yyllxl = K ⇒ 'zy4d= Kxtc ⇒ ylx )=2kx+CM

Selutien exists for x > . CM

Last example : consider Iup {
914 = Ifk
ylo ) =2

D Separation of variables :

(1¥ ) !÷
,

= x Dy=o forbidden !

@ Integrate :

fgy )a÷×=x ⇒ talented )=o

@
lnlyl -

872
-

" 2k = C
,

C arbitrary .
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�3� Particular solution : y=2 for x=o
-

'

lu 2 - 2 = C ~~ - 1.3

Interval of definition : vertical taugmb y
'

→ a for
y=±l ,

here
en 1+-11 - t±zI - ×÷ = ln2 - 2

so u= ± 3.2k£ = ± 1.27

↳ Sine - 1.27 ( 0 ( 1.27 this gives the domain
- ft c x C 3.2kt

Consider Other can : y 117=0

→ lawn - 0÷ .

I
,

= C

⇒ The expression above does not include all possible solutions !
Forbidden case : y=°

Check :

day
= 0 = If = 0 ✓

@


