
�2�

I) Motivation ( Ch 1
,

textbook )

↳ Why are we here ?

Study of objectsthat evolve within
↳ described by reailtions of continuous

quantities .

( ultimately ,
dismte : atoms ! )

Mathematical description : model
.

Process of modeling : series of steps

→ What au the mostimportantprocesses
1

→ What important amiable should 1 useto
deeuibe the system 9

.[
→ Howaoilaesxuinerfuuitiemubeuenm.nu?ahire.ouanwiod

Note: models u.sntypically be improved by
ohinviny , analyzing,

correcting even .

Noted : time not only possibility → ex : space .

but very intuitive → many examples alongthe day !

Essential ingredient : differentialequation
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Idea : often ,
known relation between

�3�

the rate of change of one variable and

the variables themselves . Example :

" LH
, day = x2+ E

d

poihon as unknown function
s}me

relation
of Time between xlt )

,
t and

duldt .

Definition : A differential equation ( b. E
. )

Is an equation which contains derivatives

of one ( or more ) dependent variables

with respect to one l or more ) independent variables

nb If only one independent variable :

→ only ordinary derivatives
→ ORDINARY diff . eq .

UNRNOWNISI Is A FUNCTION OF 1 VARIABLE

mb Ff more than one independent variable :

→ partial derivatives
-D PARTIAL diff . eg .

UNKNOWN ( s ) Is FUNCTION of SEVERAL VARIABLE

↳ NATH 647
.
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Definition (e) @

The ORDER of a diff . eg .

Is the

high # den of the derivative ( s )

appearing in it
.

Notes : yltl → dat , doth
,

...

IR y
'

, y
"

,
. . .

Example 1 CREDIT

←del evolution of a credit card
.

Step1 : discover a D. E
. modeling the problem

at hand
.

• Alt ) amount of money on The credit

card after t
years .

•
Evolution of Alt ) :

* compound interest : 25% APY .

* Minimum payment each month : $35 ,

or $420 I year .

Together ,
then give the nuthouse :

da

@ if
= 0.25 A - 420



Steps : solve the model equation. Here
,
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weknow the solution :

Alt ) = 1680 + C eds 't

Check : date = o.es Ceo '

't

>
0

0.25 Alt ) - 420 = 0.25-1680-420
t 0

.
25 ( e

0.25L

:  e

NIH: we did learn soon how to compute such

siduhens!

C is an-biwaot.TO determine
the solution

, need additional information :

balance out time 0
.

↳ A LO ) = $2000 = 1680 + C e°

⇒ C = 2000 - 1680=320

Then Alt ) = 1680 + 320 e°i 25 t

Question : When Is the loan paid off ( Alt )=oI
.

Answer : neyn .

A Ltl is inheating .

After 10 years, you owe $5578
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Wednesday
,

August 24 Chapter 1

DI Direction field : graphical analysis .

( Recall ) from previous lecture : cc balance meal

a
of

= 0.25 A - 420

⇒ Alt ) = 1680

+
Ceo

'5t

Solution curves
-

:

Alt ) ^ •*e
• → •→ •  → •  →$1680 -

• #*
>

, t

↳ Slope given at
any point

'

by D. E
.

Red : a problem of the form

{ Diff .

eq : y
'

= fit , y )
Initial condition : yltof=

yg
knagn quantities

p
Is called an initial value problem ( Iup )
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Q When is the balance increasing 1 stable / decreasing
'

DA

g.
= 0.25A - 420

I Depends only on the sign of date !
'

An
ofgotofd

'

of
,daf > o

•
7

•
'

•
'

•

}A=•4I6&o: d±=o
It

$1680 - • > • s • > • s • >

• • •

,

•
,

•
s >

L ,
dAq:

• If A < 1680
,

it will decrease ( until it

reaches zero and I stop paying )

• If A S 1680
,

it will increase towards

infinity
. If A  = 1680

,
it will stay there

.
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Direction field
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General concept : days = fltiy )

We can

vis
the behavior of solutions ylt )

by drawing short segments with the slope  fltiy )
at a grid of points in the ( t

, y ) plane .

E×ample_ 2 : Freefall
Legend : Newton observes an apple falling

from the tree
.

Ba Step :  interesting quantities :

I hlb ) : height of the apple .

I aelb ) : velocity of the apple .

u

hv

Newton 's in "
law :

rate of change of velocity ( acceleration ) prepared
to the net effect of all forces applied to

the object .

M alt ) = m day = I F

The constant of proportionality is the mass ( m ) .
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What forces are applied to the object ?
�4�

* gravity : pushes down

* air resistance : pushes up

=D Fla : my
- yo

* m : mass of object
* g : acceleration due to gravity .

g k 9.8 Mls '
near sea level

* y
: dray coefficient legends on

shape )

du
-

Together : my = mg -

yv

Step Can we say smth before solving ?

Trample : me 10kg , y
= 2 hg Is

.

then day = 9.8 - 0.20

I When Is the velocity stable linueasinglaeaeasiy ?

A- Sign of daldt !
.

In particular , dug =0 if 9.8 -
0

.

he :O or

wlt ) = 49 m Is
.

@
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Not : this is a constant solution of the ODE !

called equilibrium solution

or
,

here
,

terminal velocity .

Direction field
-

NMI
-

-

*****
-

.

=
-

hgmls #- - *- *¥#=¥e.

-

.

-

*. *-

x*x
 

xor
'

'

ofofofof¢
a

• If v< hsmls
,

it will increase towards
this value

.

a If as h9m1s
,

it will decrease toward ,

this value
.

⇒ In both cases
,

a ,
t → a the velocity

approaches h9 Mls .

Steptf Solution :

write the equation in the form
du

�5�

It
= 0.2 ( 49 - v )



dvldt
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then
- =

-0.2
re - 49

Recall chain :

a±× enlal = ÷

It
lnlvltl

.

491
= ni It ) × 1-

a - 69

then g÷[ lnlvltl - hstf = - 0.2

By integrating both sides
,

we find
ln | new - 49 | = C - 0 .2×t

| alt ) - h9| = exp ( C . 0.2£ )
vlt ) - hg = ± ec e-

0.2£

vlt ) = 49 + c e-
Ott

where c = t.ecis an arbitrary constant
.

Note : method valid for all 1st order a E
.

[same
, yjie,.ae?+ceat .
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Friday August 24

Recap : modeling

Examples of l ingredients for ) simple IN order models
.

Key : proportionality between rate of change and
some function of the quantity .

D day proportional to
y

: dat = Ky
�2� otff

"  "

Yy : day = kg

�3� Logistic growth : dtatr = K N ( Nur - N )

↳ useful for dinar modeling

Rate of increase of # of infected people

proportional to product of # infected by # healthy

@ Newton 's law of cooling or treating :

Rate of vhanye in an object temperature proportional
to difference between its temperature and surrounding
temperature :

day = K ( Tf F)
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Graphical analysis : direction field !

@

^

tatto
 

•\xx•=Tg- *←-•  aIF
• •

tod
>

↳ solutions all tangent to direction field ?

Higher order models

9×-1 : Free fall with variable hlt )
, height

m
DI

=

my
-ydhdt

'

dr

ZI : Hooke 's law and the harmonic oscillator :

M

tmma-•• Displacement of a mass

s attached to a spring ;
R

* Restoring force : Fspr;ng=
-

¥
( x - go)

stiffness constant length at red

* Newton 's 2
" "

law lnegled friction ) :

@
moth = - kln . x

. )
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This is a Morles ODE
.

Note that it is

equivalent to a 1st order system :

or u= day then { ¥ = a

mdoft = -
K ( x - xo )

E) Direction fields; graphical solutions

Take a n
't order D. E : day = flt , y

)

A solution Is a function tt ylt ) suchthat

4 'lH= flt , yltl ) for all t
.

The slope or direction field cousins of small
line segments on a grid ,

eith slope m=f( t
, y )

y n

xxx
/.

tCase :

++*xxfltiyl =2y → ← →** >
c.xa*xxaaaaaait.lt

A solution Is always tangential to the slope field .

↳ Graphical method to find or approximate
an INTEGRAL CURVE representing a Solution

.
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⇒: f does not depend on t :

�4�

y
'

: fly )

Example :

y
'

: yes( y )

•

aa*a
\

a  

*

t¥
 

-•
 

•***a  * INTEGRAL$#•/¢x←, curve***** t→→
*

**
 

st
I

Notion of equilibrium : solutions of fly )=0

⇒ y ( t ) = Cste : equilibration .

( Note : solutions reach maxlmin at equilibrium points)
Notion of stability : An equilibrium solution is stable

if solution ,

"

near it
"

tendtowards it
.

It is unstable if they tend away fwom it
.

+  I Is stable
In the example above : {

- it is unstable

Another example : y
'

'

- y
"

↳ Use computer .

Nat lab script .

@


