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Bilinear control systems

We consider

ẋ(t) = Ax(t)+
m

∑
k=1

Nkx(t)uk(t) +Bu(t), x(0) = x0

y(t) = Cx(t) +Du(t),

where for fixed t, we call

▸ x(t) ∈ Rn the state,

▸ u(t) ∈ Rm the input/control,

▸ y(t) ∈ Rp the output/observation.

Throughout this talk, we assume

▸ always D = 0,
▸ often x0 = 0,
▸ often N1 = N,B = b ∈ Rn, C = c⊺ ∈ R1×n.
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A bilinearly controlled heat equation

▸ 2-dimensional heat distribution

▸ boundary control by spraying
intensities of a cooling fluid

Ω = (0,1) × (0,1)
xt =∆x in Ω

ν ⋅ ∇x = u1,2,3(x − 1) on Γ1,Γ2,Γ3

x = u4 on Γ4

▸ spatial discretization k × k-grid

⇒ ẋ ≈ A1x +
3

∑
i=1

Nixui +Bu

▸ output: y = 1

k2
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Carleman linearization
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Carleman linearization

Question: why should we care about bilinear control systems?

Consider a linear-analytic control affine system

ẋ(t) = f (x(t)) + g(x(t))u(t), x(0) = 0

with (convergent) Taylor series around 0

f (x) = A1x +A2x ⊗ x +⋯ +Akx ⊗⋯⊗ x +⋯
g(x) = B0 +B1x +B2x ⊗ x +⋯ +Bk−1x ⊗⋯⊗ x +⋯

where Ai ,Bi ∈ Rn×ni .

https://www.math.tu-berlin.de/?id=214246
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Carleman linearization cont’d

Let us introduce

x⊗ ∶= [x
⊺ x⊺ ⊗ x⊺ ⋯ x⊺ ⊗⋯⊗ x⊺

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
k

]
⊺

and consider the bilinear approximation

d

dt
x⊗ ≈

⎡⎢⎢⎢⎢⎢⎢⎢⎣

A1 A2 ⋯ Ak

0 A2,1 ⋯ A2,k−1
⋮ ⋱ ⋱ ⋮
0 ⋯ 0 Ak,1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

x⊗ +

⎡⎢⎢⎢⎢⎢⎢⎢⎣

B1 ⋯ Bk−1 0
B2,0 ⋱ ⋮ 0
0 ⋮ Bk−1,1 0
0 0 Bk,0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

x⊗u +

⎡⎢⎢⎢⎢⎢⎢⎢⎣

B0

0
⋮
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

u

where
Ai,j = Aj ⊗ I ⊗⋯⊗ I +⋯ + I ⊗⋯⊗ I ⊗Aj

Bi,j = Bj ⊗ I ⊗⋯⊗ I +⋯ + I ⊗⋯⊗ I ⊗Bj

Pros: better approximations than linearization
Cons: exponential increase of unknowns ; curse of dimensionality
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The Fokker-Planck equation
A dragged Brownian particle

Consider stochastic particle Xt ∈ Ω ⊂ Rn and its motion given by

dXt = −∇V (Xt , t)dt +
√
2ν dWt , Xt=0 = X0,

▸ Wt ∈ Rn a Wiener process, ν (dimensionless) temperature,

▸ particle confined by potential V (Xt , t) = G(Xt),
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The Fokker-Planck equation
A dragged Brownian particle

Consider stochastic particle Xt ∈ Ω ⊂ Rn and its motion given by
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The Fokker-Planck equation
A dragged Brownian particle

Consider stochastic particle Xt ∈ Ω ⊂ Rn and its motion given by

dXt = −∇V (Xt , t)dt +
√
2ν dWt , Xt=0 = X0,

▸ Wt ∈ Rn a Wiener process, ν (dimensionless) temperature,

▸ particle confined by potential V (Xt , t) = G(Xt),

▸ control by optical tweezer V (Xt , t) = G(Xt) + α(Xt)u(t).
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The Fokker-Planck equation cont’d

Consider probability distribution function

ρ(x , t)dx = P[Xt ∈ [x , x + dx)]

Fokker-Planck equation

∂ρ

∂t
= ν∆ρ +∇ ⋅ (ρ∇V ) in Ω × (0,∞),

0 = (ν∇ρ + ρ∇V ) ⋅ n⃗ on Γ × (0,∞),
ρ(x ,0) = ρ0(x) in Ω,

▸ Ω ⊂ Rn bounded open set with boundary Γ = ∂Ω,

▸ ρ0 initial probability distribution with ∫Ω ρ0(x)dx = 1,

▸ V (x , t) = G(x) + α(x)u(t).

https://www.math.tu-berlin.de/?id=214246
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The Fokker-Planck equation cont’d
An infinite-dimensional bilinear control system

Consider the bilinear control system

ρ̇(t) = Aρ(t) +Nρ(t)u(t),
ρ(0) = ρ0,

where the operators A and N are defined as follows

A∶D(A) ⊂ L2(Ω)→ L2(Ω),
D(A) = {ρ ∈ H2(Ω) ∣(ν∇ρ + ρ∇G) ⋅ n⃗ = 0 on Γ} ,

Aρ = ν∆ρ +∇ ⋅ (ρ∇G),

N ∶H1(Ω)→ L2(Ω), Nρ = ∇ ⋅ (ρ∇α).

https://www.math.tu-berlin.de/?id=214246
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The Fokker-Planck equation cont’d
An infinite-dimensional bilinear control system

Consider the bilinear control system

ρ̇(t) = Aρ(t) +Nρ(t)u(t),
ρ(0) = ρ0,

its L2(Ω)-adjoints are given by

A∗∶D(A∗) ⊂ L2(Ω)→ L2(Ω),
D(A∗) = {φ ∈ H2(Ω) ∣(ν∇φ) ⋅ n⃗ = 0 on Γ} ,

A∗ϕ = ν∆φ −∇G ⋅ ∇φ,

N∗∶H1(Ω)→ L2(Ω), N∗φ = −∇φ ⋅ ∇α.
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The Fokker-Planck equation cont’d
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Figure: 1D Fokker-Planck equation, n = 1024.
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The Fokker-Planck equation ...
... and its deterministic counterpart

Consider motion of ////////////stochastic deterministic particle Xt ∈ Ω ⊂ Rn

dXt = −∇V (Xt , t)dt +
√
2ν dWt///////////, Xt=0 = X0,

where V (Xt , t) = G(Xt) + α(Xt)u(t).

We then obtain

ρ̇(t) = Aρ(t) +Nρ(t)u(t), ρ(0) = ρ0,

where

Aρ = ν∆ρ///// +∇ ⋅ (ρ∇G), A∗ϕ = ν∆φ///// −∇G ⋅ ∇φ

Nρ = ∇ ⋅ (ρ∇α), N∗φ = −∇φ ⋅ ∇α

Note: A and A∗ generate Perron-Frobenius and Koopman operator!

https://www.math.tu-berlin.de/?id=214246
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The Volterra series
The (nonlinear) time domain mapping u ↦ x

Back to a (simple) bilinear control system

ẋ(t) = Ax(t) +Nx(t)u(t) + bu(t), x(0) = 0

whose solution is given by a Volterra series of the form

x(t) =
∞

∑
i=1
∫

t

0
∫

σ1

0
⋯∫

σi−1

0
gi(t, σ1, . . . , σi−1)u(σi)⋯u(σ1)dσi⋯dσ1

where gi(t, σ1, . . . , σi−1) = eA(t−σ1)N⋯eA(σi−2−σi−1)N
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

i−1 times

eA(σi−1−σi)b

Regular kernels: change of variables lead to eAtiN⋯eAt2NeAt1b
Proof idea: successive approximations (via Picard-Lindelöf) related to

ẋ1(t) = Ax1(t) + bu(t), x1(0) = 0,
ẋi(t) = Axi(t) +Nxi−1(t)u(t) + bu(t), xi(0) = 0

https://www.math.tu-berlin.de/?id=214246
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Generalized transfer functions
The (nonlinear) frequency domain mapping u ↦ y

⇒ input-output map depends on h(t1, . . . , tn) = c⊺eAtiN⋯eAt2NeAt1b

For f dep. on (t1, . . . , tn) consider multivariate Laplace transformation

f̃ (s1, . . . , sn) = L[f ](s1, . . . , sn) = ∫
∞

0
⋯∫

∞

0
e−s1t1⋯e−sntn f (t1, . . . , tn)dt1⋯dtn

We obtain generalized transfer functions of the form

G1(s1) = c⊺(s1I −A)−1b
Gk(s1, . . . , sk) = c⊺(sk I −A)−1N⋯(s2I −A)−1N(s1I −A)−1b

Pros: may be used as abstract input-output mappings (for MOR)

Cons: lacks physical meaning/interpretation/measurement

https://www.math.tu-berlin.de/?id=214246
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Stability notions

ẋ(t) = Ax(t) +Nx(t)u(t) + bu(t)

If

▸ A is asymptotically stable, i.e., σ(A) ⊂ C−
▸ u is uniformly bounded on [0,∞), i.e., ∣u(t)∣ ≤M for all t > 0
▸ ∥N∥ is sufficiently small

then

▸ the Volterra series converges on [0,∞)

https://www.math.tu-berlin.de/?id=214246
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Reachability, observability and algebraic Gramians

ẋ(t) = Ax(t) +Nx(t)u(t) + bu(t), y(t) = c⊺x(t)

Consider

P1(t1) = ∫
∞

0
eAt1b, Pi(t1, . . . , ti) = eAtiNPi−1, i = 2,3, . . .

Q1(t1) = ∫
∞

0
eA

⊺t1c , Qi(t1, . . . , ti) = eA
⊺tiN⊺Qi−1, i = 2,3, . . .

If

P =
∞

∑
i=1
∫
∞

0
⋯∫

∞

0
PiP

⊺
i dt1⋯dti , Q =

∞

∑
i=1
∫
∞

0
⋯∫

∞

0
QiQ

⊺
i dt1⋯dti

exist, then

▸ σ(I ⊗A +A⊗ I +N ⊗N) ⊂ C−
▸ AP + PA⊺ +NPN⊺ + bb⊺ = 0, P ≻ 0⇔ system reachable from 0

▸ A⊺Q +QA +N⊺QN + cc⊺ = 0, Q ≻ 0⇔ system is observable

https://www.math.tu-berlin.de/?id=214246
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A generalized H2-norm

Recall: for linear systems, the H2-norm is defined as

∥(A,b, c)∥2H2(C+) ∶= sup
σ>0
∫
∞

−∞
∥G1(σ + ıω)∥2F dω = c⊺Pc

with AP + PA⊺ + bb⊺ = 0 ⇒ ∥G∥2
H2(C+) = c

⊺ (∫
∞

0 (e
Atb)(eAtb)⊺ dt) c

Natural idea: use regular Volterra kernels and define

∥(A,N,b, c)∥H2 ∶=
∞

∑
k=1
∫
∞

0
⋯∫

∞

0
g
(ℓ1,...,ℓk)
k (g (ℓ1,...,ℓk)k )⊺dt1⋯dtk

where g
(ℓ1,...,ℓk)
k = c⊺eAtkN⋯eAt2NeAt1b.

Note: ∥(A,N,b, c)∥2H2
= c⊺Pc with AP + PA⊺ +NPN⊺ + bb⊺ = 0
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A generalized H2-norm cont’d

If

σ(I ⊗A +A⊗ I +N ⊗N) ⊂ C−

then for

ẋ(t) = Ax(t) +Nx(t)u(t) + bu(t), x(0) = 0, y(t) = c⊺x(t)

we have

sup
t≥0
∣y(t)∣ ≤ ∥(A,N,b, c)∥H2 exp (0.5∥u

0∥2L2) ∥u∥L2

where u0 ≡ 0 if N ≡ 0.
Note: H2-norm relates L2 and L∞ (as in the linear case)
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A link to linear stochastic control systems

Consider the linear stochastic systems

dXt = AXt dt +NXt dWt , Xt=0 = X0.

Then the following are equivalent:

▸ σ(I ⊗A +A⊗ I +N ⊗N) ⊂ C−
▸ The system is exponentially mean square stable, i.e.,

E∥Xt(x0)∥22 ≤M∥x0∥22e−ct ,

for some M ≥ 1 and c > 0.
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Model reduction by projection

Given

ẋ(t) = Ax(t) +Nx(t)u(t) + bu(t), x(0) = x0

we seek an approximation x̃(t) ∈ V ⊆ Rn with dim(V) = r .

Consequence

˙̃x(t) ≈ Ax̃(t) +Nx̃(t)u(t) + bu(t)

Petrov-Galerkin condition

˙̃x(t) −Ax̃(t) −Nx̃(t)u(t) − bu(t) = res(t) ⊥W

where W ⊆ Rn,dim(W) = r is another (test) subspace.
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Model reduction by projection cont’d

Given

ẋ(t) = Ax(t) +Nx(t)u(t) + bu(t), x(0) = x0

consider bases {v1, . . . , vr} and {w1, . . . ,wr} of V,W.

Approximation x̃(t) characterized by coordinate vector xr(t)

x(t) ≈ x̃(t) = Vxr(t), V = [v1, . . . , vr ] ∈ Rn×r , xr(t) ∈ Rr

Petrov-Galerkin condition in vector form reads

⟨ ˙̃x(t) −Ax̃(t) −Nx̃(t)u(t) − bu(t),wi ⟩ = 0, i = 1, . . . , r

and in matrix form

W ⊺( ˙̃x(t) −Ax̃(t) −Nx(t)u(t) − bu(t)) = 0.
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Model reduction by projection cont’d

Given biorthogonal V ,W ∈ Rn×r , i.e., W ⊺V = I , replace

ẋ(t) = Ax(t) +Nx(t)u(t) + bu(t),
y(t) = c⊺x(t)

by a reduced-order model

ẋr(t) = (W ⊺AV )
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶Ar

xr(t) + (W ⊺NV )
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶Nr

xr(t)u(t) + (W ⊺b)
´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶
=∶br

u(t),

yr(t) = (c⊺V )
´¹¹¹¹¹¸¹¹¹¹¹¶
=∶c⊺r

xr(t)

Goals: r ≪ n and yr ≈ y , but how?
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Interpolatory model reduction in a nutshell
Krylov spaces and moment matching

Consider w.l.o.g. the SISO case

ẋ(t) = Ax(t) + bu(t), x(0) = 0
y(t) = c⊺x(t)

and observe that for s such that ∥1sA∥ < 1

G(s) = c⊺(sI −A)−1b = c⊺(s(I − 1
sA))

−1b

= 1
s c
⊺(I − 1

sA)
−1b = 1

s c
⊺
∞

∑
i=0

(s−1A)ib

= s−1c⊺b + s−2c⊺Ab + s−3c⊺A2b +⋯

where we used the Neumann series.

The terms c⊺Akb are called Markov parameters.
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Interpolatory model reduction in a nutshell
Krylov spaces and moment matching cont’d

(How) can we construct Gr(s) = c⊺r (sI −Ar)−1br such that

c⊺Akb = c⊺r Ak
r br , k = 0, . . . ,q − 1. (1)

This process is called moment matching.

Consider Krylov subspace V = Kq(A,b) = span{b,Ab, . . . ,Aq−1b}.

If V = [v1, . . . , vq] basis of V and W ∈ Rn×q s.t. W ⊺V = Iq then

Ar =W ⊺AV , br =W ⊺b, cr = V ⊺c

defines Gr satisfying (1).

Proof uses projection P = VW ⊺ onto V .

If additionally W = Kq(A⊺, c), then (1) holds up to k = 2q − 1.
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Interpolatory model reduction in a nutshell
Rational interpolation by projection

Note that

G(s) = c⊺(sI −A)−1b, G ′(s) = −c⊺(sI −A)−2b, . . .

New goal: for s = σ not an eigenvalue of A

G (k)(σ) = G (k)r (σ), k = 0,1, . . . ,q − 1.

This constitutes a rational interpolation problem.

Can be achieved by rational Krylov subspaces of the form

V = Kq(A,b;σ) = span{(σI −A)−1b, . . . , (σI −A)−qb},
W = Kq(A⊺, c ;σ) = span{(σI −A⊺)−1c , . . . , (σI −A⊺)−qc}.

Note: x = (σI −A)−1b⇔ Ax −xσ+b ⋅1 = 0⇒ AX −XΛ + b1⊺ = 0
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Back to the bilinear case
Multimoments

As in the linear case, we may expand Gk based on

Gk(s1, . . . , sk) = c⊺
⎛
⎝

k

∏
j=2

(sj I −A)−1N
⎞
⎠
(s1I −A)−1b

= (−1)kc⊺
⎛
⎝

k

∏
j=2

(A − σj I − (sj − σj)I )−1N
⎞
⎠

⋅ (A − σ1I − (s1 − σ1)I )−1b

= (−1)kc⊺
⎛
⎝

k

∏
j=2

(I − (sj − σj)(A − σj I )−1)−1(A − σj I )−1N
⎞
⎠

⋅ (I − (s1 − σ1)(A − σ1I )−1)−1(A − σ1I )−1b
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Multimoments cont’d

Gk(s1, . . . , sk) = (−1)kc⊺
⎛
⎝

k

∏
j=2

(I − (sj − σj)(A − σj I )−1)−1(A − σj I )−1N
⎞
⎠

⋅ (I − (s1 − σ1)(A − σ1I )−1)−1(A − σ1I )−1b

Using Neumann series for sj around σj we can substitute

(I − (sj − σj) (A − σj I )−1)
−1
=
∞

∑
i=0

(sj − σj)i(A − σj I )−i

and obtain

Gk(s1, . . . , sk) = (−1)kc⊺(
k

∏
j=2

(
∞

∑
i=0

(sj − σj)i(A − σj I )−(i+1))N)

⋅ (
∞

∑
i=0

(sj − σj)i(A − σj I )−(i+1))b .
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Multimoments cont’d

A multivariable power series notation leads to

Gk(s1, . . . , sk) =
∞

∑
lk=1

. . .
∞

∑
l1=1

m(l1, . . . , lk)(s1 − σ1)l1−1 . . . (sk − σk)lk−1,

where

m(l1, . . . , lk) = (−1)kcT (A − σk I )−lkN . . . (A − σ2I )−l2N(A − σ1I )−l1b

are multimoments associated with the k-th transfer function.

Analogously, expansions around si =∞ lead to

m(l1, . . . , lk) = c⊺Alk−1N . . .Al2−1NAl1−1b

Question: how to construct a ROM with m(l1, . . . , lk) = m̂(l1, . . . , lk)?
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Multimoment matching

Construct a ROM by Petrov-Galerkin projection P = VW ⊺

Â =W ⊺AV , N̂ =W ⊺NV , b̂ =W ⊺b, ĉ =W ⊺c

such that

span{V (1)} = Kq((A − σ1I )−1, (A − σ1I )−1b),

span{V (k)} = Kq((A − σk I )−1, (A − σk I )−1NV (k−1)), k = 2, . . . , r

span{V } = span{
r

⋃
k=1

span{V (k)}} .

Then m(l1, . . . , lk) = m̂(l1, . . . , lk), for k = 1, . . . , r , l1, . . . , lk = 1, . . . ,q.
This process is called multimoment matching.

Pros: easy to implement

Cons: local approach, “good” choice of σi nontrivial
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H2-optimal model reduction

Bilinear H2-optimal MOR: Gr = argmin
G̃∈H2

dim(G̃)=r

∥G − G̃∥H2

Define

Aerr = (
A 0

0 Ã
) , Nerr = (

N 0

0 Ñ
) , berr = (

b

b̃
) , cerr = (

c
−c̃)

Perr = (
P X

X ⊺ P̃
) , Qerr = (

Q Y

Y Q̃
)

0 = AerrPerr + PerrA
⊺
err +NerrPerrN

⊺
err + berrb⊺err,

0 = A⊺errQerr +QerrAerr +N⊺errQerrNerr + cerrc⊺err

Optimality conditions:
0 = Y ⊺b + Q̃b̃, 0 = c̃⊺P̃ − c⊺X ,

0 = X ⊺Y + P̃Q̃, 0 = X ⊺NY + Q̃ÑP̃.
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Volterra series interpolation

(How) does this relate to multimoments/Volterra series?

If (Â, N̂, b̂, ĉ) is a locally H2-optimal ROM, then

∞

∑
k=1

r

∑
ℓ1=1

⋯
r

∑
ℓk=1

Φ̂ℓ1,...,ℓkGk(−λ̂1, . . . ,−λ̂k)

=
∞

∑
k=1

r

∑
ℓ1=1

⋯
r

∑
ℓk=1

Φ̂ℓ1,...,ℓk Ĝk(−λ̂1, . . . ,−λ̂k)

where

▸ λ̂i are the eigenvalues of Â

▸ Φ̂ℓ1,...,ℓk ∶= lim
sk→λ̂ℓk

(sk − λ̂k)⋯ lim
s1→λ̂ℓ1

(s1 − λ̂1) Ĝk(s1, . . . , sk)

Note 1: optimality char. by multipoint Volterra series interpolation

Note 2: if N = 0, we have G1(−λ̂i) = Ĝ1(−λ̂i)⇒ IRKA
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An iterative algorithm

Algorithm Generalized Sylvester iteration (B-IRKA)

Input: (A,Nk ,B,C), (Â, N̂k , B̂, Ĉ)
Output: (Â, N̂k , B̂, Ĉ) satisyfing 1st order H2 opt. cond.

1: repeat

Solve AX +XÂ⊺ +
m

∑
k=1

NkXN̂⊺k +BB̂
⊺ = 0.

Solve A⊺Y +Y Â +
m

∑
k=1

N⊺kY N̂k − C⊺Ĉ = 0.

V = orth(X ), W = orth(Y ), Z =W (V ⊺W )−1

Â = Z⊺AV , N̂k = Z⊺NkV , B̂ = Z⊺B, Ĉ = CV
2: until convergence
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Balancing algebraic Gramians

Basic idea

▸ (A,N,b, c), is called balanced, if solutions P,Q of

AP + PA⊺ +NPN⊺ + bb⊺ = 0, A⊺Q +QA +N⊺QN + cc⊺ = 0

satisfy: P = Q = diag(σ1, . . . , σn) with σ1 ≥ σ2 ≥ . . . ≥ σn > 0.

▸ {σ1, . . . , σn} are the Hankel singular values (HSVs) of G .

▸ Compute balanced realization via state-space transformation

T ∶ (A,N,b, c) ↦ (TAT−1,TNT−1,Tb,T−⊺c)
= ([A11 A12

A21 A22
] , [N11 N12

N21 N22
] , [ b1b2 ] , [

c1
c2 ]) .

▸ Truncation ; (Â, N̂, b̂, ĉ) = (A11,N11,b1, c1).
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Balanced truncation for bilinear systems cont’d

Do we have an energy interpretation similar to the linear case?

We need the dual, antistable bilinear system

ξ̇ = −A⊺ξ −N⊺ξu + cu.

For x0 ∈ Rn let u = ux0 be L2 minimal, s.t. lim
t→∞

ξ(t, x0,u) = 0.

Define the energy functionals

Ec(x0) = min
u∈L2

((−∞,0])
x(−∞,x0,u)=0

∥u∥2L2((−∞,0]), Eo(x0) = ∥y(⋅, x0,ux0)∥2L2([0,∞)).

Energy bounds

If G is a balanced bilinear system with P = Q = diag(σ1, . . . , σn), then
there exists ε > 0 s.t. for all canonical unti vectors ej it holds

Ec(εej) > ε2σ−1j , Eo(εej) < ε2σj .
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Fokker-Planck equation - Numerical results
Potential G(x) = 5

2
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Fokker-Planck equation - Numerical results
Evolution of ρ(x , t) on a 50 × 50-grid, u(t) = 5 sin(2πt), t = 0s
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Fokker-Planck equation - Numerical results
Evolution of ρ(x , t) on a 50 × 50-grid, u(t) = 5 sin(2πt), t = 0.25s
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Fokker-Planck equation - Numerical results
Evolution of ρ(x , t) on a 50 × 50-grid, u(t) = 5 sin(2πt), t = 0.5s
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Fokker-Planck equation - Numerical results
Evolution of ρ(x , t) on a 50 × 50-grid, u(t) = 5 sin(2πt), t = 0.75s
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Fokker-Planck equation - Numerical results
Evolution of ρ(x , t) on a 50 × 50-grid, u(t) = 5 sin(2πt), t = 1s
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Overview

1 Bilinear control systems
▸ Finite and infinite approximations
▸ Basics from bilinear system theory

2 Model reduction of bilinear systems
▸ Interpolatory model reduction
▸ Balancing-based model reduction

3 Optimal control of bilinear systems
▸ Open loop control
▸ Closed loop control
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A general optimal control problem

Given a general nonlinear control system

ẋ(t) = f (t, x(t),u(t)), x(t0) = x0,
y(t) = g(t, x(t),u(t))

(2)

and a cost functional J ∶Uad → R

J (u) ∶= hf (x(tf ,u)) + ∫
tf

t0
h(t, x(t,u), y(t,u),u(t))dt

consider the optimal control problem

inf
u∈Uad

J (u) s.t. (2)

Here: Uad set of admissible controls, e.g., Uad = L2((t0, tf );Rm)
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Lagrange function and Hamiltonian

Recall from constrained optimization

min
x∈Rn

j(x) s.t. f (x) = 0

the Lagrange function

L(x , λ) = j(x) + λ⊺f (x)

with Lagrange multiplier λ ∈ Rm. Optimality via Lλ = 0,Lx = 0.

Dynamical systems: introduce Hamiltonian H

H(x(t),u(t),p(t)) = h(x(t),u(t)) + p(t)⊺f (x(t),u(t))

with co-state p∶ [t0, tf ]↦ Rn

Note: co-state/adjoint takes role of Lagrange multiplier
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Pontryagin’s maximum principle

Assume (ũ, x̃) is an optimal pair, then

˙̃x(t) =Hp(x̃(t), ũ(t),p(t))

H(x̃(t), ũ(t),p(t)) = inf
u
H(x̃(t),u(t),p(t)) ∀t ∈ [t0, tf ]

ṗ(t) = −Hx(x̃(t), ũ(t),p(t))

p(tf ) = ∇hf (x(tf ))

First order opt. conditions called Pontryagin’s maximum principle.
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Linear-quadratic optimal control

For the special linear-quadratic case

min
u∈Uad

J (u) ∶= 1

2

⎛
⎝
x(tf )⊺Mx(tf ) + ∫

tf

t0
(x(t)
u(t))

⊺

(Q(t) S(t)
S(t)⊺ R(t))(

x(t)
u(t)) dt

⎞
⎠

s.t. ẋ(t) = A(t)x(t) +B(t)u(t), x(t0) = x0

Pontryagin’s maximum principle yields

⎛
⎜
⎝

In 0 0
0 −In 0
0 0 0

⎞
⎟
⎠

⎛
⎜
⎝

ẋ(t)
ṗ(t)
u̇(t)

⎞
⎟
⎠
=
⎛
⎜
⎝

A 0 B
Q A⊺ S
S⊺ B⊺ R

⎞
⎟
⎠

⎛
⎜
⎝

x(t)
p(t)
u(t)

⎞
⎟
⎠

with boundary conditions

x(t0) = x0, p(tf ) =Mx(tf ).

https://www.math.tu-berlin.de/?id=214246
https://www.tu.berlin/


RG Modelling, Simulation and
Optimization of Real ProcessesBilinear control and model reduction

Optimal feedback control

Assumption: for simplicity Q,S = 0
Ansatz: p(t) = P(t)x(t) with P(t) ∈ Rn×n and P(tf ) =M

ṗ(t) = Ṗ(t)x(t) + P(t)ẋ(t)
p(tf ) = P(tf )x(tf )

After some algebraic manipulations

ẋ = (A −BR−1B⊺P)x
Ṗx= −(A⊺P + PA − PBR−1B⊺P +Q)x

We obtain the differential Riccati equation

Ṗ = −(A⊺P + PA − PBR−1B⊺P +Q), P(tf ) =M

and the optimal (linear) feedback law

u(t) = −R(t)−1B(t)⊺P(t)x(t)
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Optimal feedback control cont’d

If we consider the time-invariant infinite-horizon problem

min
u∈Uad

J (u) ∶= 1
2 (∫

∞

0
x(t)⊺Qx(t) + u(t)⊺Ru(t)dt)

s.t. ẋ(t) = Ax(t) +Bu(t), x(0) = x0

we obtain the algebraic Riccati equation

0 = A⊺P + PA − PBR−1B⊺P +Q

and the static optimal (linear) feedback law

u(t) = −R−1B⊺Px(t)
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Bilinear infinite-horizon optimal control

Let us go back to a bilinear control system

ẋ(t) = Ax(t) +Nx(t)u(t) + bu(t), x(0) = x0,
y(t) = c⊺x(t),

▸ A,N ∈ Rn×n, b ∈ Rn,

▸ control u∶ [0,∞)→ R and

▸ output y ∶ [0,∞)→ R of the system,

▸ (A,b) stabilizable.

For this system, we introduce the minimal value function

V(x0) = inf
u∈L2(0,∞)

1

2 ∫
∞

0
∥y(t)∥2 dt + β

2 ∫
∞

0
u(t)2dt.
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The dynamic programming principle

By the dynamic programming principle, for any x0 and τ > 0:

V(x0) = inf
u∈L2(0,τ)

∫
τ

0
ℓ(y(u, x0; t),u(t))dt + V(x(u, x0; τ)),

where ℓ(y ,u) = 1
2∥y∥

2 + β
2u

2.

Under smoothness assumptions on V, we obtain

min
u∈R
[(Ax + (Nx + b)u)⊺∇V(x) + 1

2∥c
⊺x∥2 + β

2
u2] = 0, V(0) = 0.
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The Hamilton-Jacobi-Bellman equation

Consider again

min
u∈R
[(Ax + (Nx + b)u)⊺∇V(x) + 1

2∥y∥
2 + β

2u
2] = 0, V(0) = 0.

Minimization yields Hamilton-Jacobi-Bellman (HJB) equation

x⊺A⊺∇V(x) + 1
2∥c

⊺x∥2 − 1
2β ((Nx + b)

⊺∇V(x))2 = 0, V(0) = 0.

Optimal feedback law via solving HJB equation

uopt(x) = − 1
β (Nx + b)

⊺∇V(x).

Problem: The HJB equation is a nonlinear n-dimensional PDE...
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Taylor expansions – basic idea

Assume that V can be expanded around 0 as follows

V(x) = V(0)
±
∈R

+DV(0)
´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶
∈Rn

(x) + 1
2!
D2V(0)
´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶
∈Rn×n

(x , x) + 1
3!
D3V(0)
´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶
∈Rn×n×n

(x , x , x) + . . .

Approximate feedback law can be determined via

ud = −
1

β

d

∑
k=2

1

(k − 1)!
DkV(0)(Nx + b, x , . . . , x)

Question: what can be said about the quality of such ud?
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Smoothness and error estimates

Smoothness of the value function

There ex. ε > 0 s.t. V is infinitely differentiable on Bε ∶= {x ∈ Rn ∣∥x∥ < ε}.

Estimates for polynomial feedback laws

There exists ε̂ s.t. ∀x0 ∈ Bε̂ it holds that:

max (∥uopt − ud∥L2(0,∞), ∥xopt − xd∥H1(0,∞;Rn)) ≤M∥x0∥d ,

where

ẋd = Axd + (Nxd + b)ud , xd(0) = x0,

ud = − 1
β

d

∑
j=2

1
(j−1)!D

jV(0)(Nxd + b, xd , . . . , xd).
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Smoothness and error estimates

Smoothness of the value function

There ex. ε > 0 s.t. V is infinitely differentiable on Bε ∶= {x ∈ Rn ∣∥x∥ < ε}.

Estimates for polynomial feedback laws

There exists ε̂ s.t. ∀x0 ∈ Bε̂ it holds that:

max (∥uopt − ud∥L2(0,∞), ∥xopt − xd∥H1(0,∞;Rn)) ≤M∥x0∥d ,

where

ẋd = Axd + (Nxd + b)ud , xd(0) = x0,

ud = − 1
β

d

∑
j=2

1
(j−1)!D

jV(0)(Nxd + b, xd , . . . , xd).
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Smoothness of V: proof idea
Sensitivity analysis, inverse function theorem

Define the space H ∶= Rn × L2(0,∞;Rn) × L2(0,∞;Rn) × L2(0,∞).
Consider Φ∶H1(0,∞;Rn) × L2(0,∞) ×H1(0,∞;Rn)→ X defined by

Φ(x ,u,p) =
⎛
⎜⎜⎜
⎝

x(0)
ẋ −Ax −Nxu − bu

−ṗ −A⊺p − uN⊺p − cc⊺x
βu + p⊺(Nx + b)

⎞
⎟⎟⎟
⎠
.

Key ingredient: Φ(xopt,uopt,p) = (x0,0,0,0).

Proposition

There exist δ′ > 0 and three C∞-mappings

x0 ∈ Bδ′ ↦ (X (x0),U(x0),P(x0)) ∈ H1(0,∞;Rn)×L2(0,∞)×H1(0,∞;Rn)

s.t. (X (x0),U(x0)) is the unique optimal state and P(x0) is the unique
associated costate.
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Estimates for polynomial feedback laws: proof idea

Consider the nonlinear closed-loop system (CL)

ẋd = Axd + (Nxd + b)(− 1
β ∑

d
j=2

1
(j−1)!

D jV(0)(Nxd + b, xd , . . . , xd))

= (Axd − 1
β
bD2V(0)(b, xd)) − 1

β
NxdD

2V(0)(Nxd + b, xd)

+ (Nxd + b)(− 1
β ∑

d
j=3

1
(j−1)!

D jV(0)(Nxd + b, xd , . . . , xd))

The proof is based on the following results

▸ D2V(0) =̂Π where Π solves algebraic Riccati equation

▸ local well-posed of (CL) by fixed point argument

▸ feedback formulation uopt(xopt) = − 1
β
DV(xopt)(Nxopt + b)

▸ Taylor remainder term for error system ė = ẋopt − ẋd = . . .
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A 1D Fokker-Planck equation
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Figure: 1D Fokker-Planck equation
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A 1D Fokker-Planck equation
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Figure: 1D Fokker-Planck equation, β = 10−3.

https://www.math.tu-berlin.de/?id=214246
https://www.tu.berlin/


RG Modelling, Simulation and
Optimization of Real ProcessesBilinear control and model reduction

A 1D Fokker-Planck equation
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Figure: 1D Fokker-Planck equation, β = 10−4.
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A 1D Fokker-Planck equation
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Figure: 1D Fokker-Planck equation, β = 10−5.
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