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The objective I.| DAEDALUS
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@ Consider a SISO FOM system

{)’c(t) = Ax(t) + bu(t) H(s) = c*(sI— A)"'b

where A € C"*™ and ¢c,b € C™.
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1 1 DAEDALUS
The objective L.Jmm

@ Consider a SISO FOM system

x(t) = Ax(t) + bu(t) (T AL
{y(t) _ ex(t), H(s)=c"(sI—A)" b,

where A € C™"*" and ¢,b € C".
@ We want to design a reduced order system

r(t) = A T()—Fb,«u() 2 _ oAk A V1T
{@(t) &% (1), H(s)=¢/(sI—A,) b,

where A, € C™" and &,,b, € C" for » < n such that 7,.(t) ~ y(t).
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o Having H(s) = c*(sI — A)~'b find H(s) = &*(sI — A,)"'b, with r < n
such that g,-(t) ~ y(t).

e poles of H
Im(s)
°
°
_._%
o * |Re(s)

v

A. Borghi, T. Breiten Ho (AC) optimal model reduction NLMRCC23 1/25



The objective I.| DAEDALUS

RTG 2433

@ Having H(s) = c*(sI
such that y,-(t) =~ y(t

— A)7'b find H(s) = &*(sI — A,)"'b, with r < n
(t).

e poles of H
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Interpolatory model order reduction EDAEDALUS

RTG 2433

Theorem ([Gugercin et al., 2008][Gerstner et al., 2010])

Consider the transfer functions H(s) = c*(sI — A)~'b of the FOM and the

interpolation points {o;}7_, such that (o;1— A) and (0,1 — A,.) are both
nonsingular. Let the two projection matrices V,. and W, be chosen such that
Ran(V,) =span{(c1I1—A)"'b,..., (0, I1— A)"'b},
Ran(W,) = span {(oiI— A*)'c,...,(o;I— A*)"'c}.

Then the reduced order model H will match H as follows

H(o;) = H(oj) and H'(0;) = H'(0;) for j =1,...,7.
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Theorem ([Gugercin et al., 2008][Gerstner et al., 2010])

Consider the transfer functions H(s) = c*(sI — A)~'b of the FOM and the

interpolation points {o;}7_, such that (o;1— A) and (0,1 — A,.) are both
nonsingular. Let the two projection matrices V,. and W, be chosen such that
Ran(V,) =span{(c1I1—A)"'b,..., (0, I1— A)"'b},
Ran(W,) = span {(oiI— A*)'c,...,(o;I— A*)"'c}.

Then the reduced order model H will match H as follows

H(o;) = H(oj) and H'(0;) = H'(0;) for j =1,...,7.

@ How do we optimally choose o7
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The 'Hg Space EDAEDALUS
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Let F, G be analytic in C;. Then their Hs inner product is

(F, Gy : /OO F(w)"G(w)dw.

:% -

The Ho space is then defined as

Ho(Cy) := {G: C4+ — C analytic ‘HGHHQ(@) < oo}.
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Optimal Hs model reduction problem (cusercin et at. 2008 I.‘ DAEDALUS

RTG 2433

The objective is to find a reduced order model H that satisfies

H =arg min |H— H||H2(<C+)'
H is as. stable
dim(H)=r

Theorem (Meier-Luenberger conditions meier et al., 1967])

Given a stable SISO system H, let H be a local minimizer of dimension r
for the optimal Ho model reduction problem with poles {\; }’J"-:l. Then we
have that
H(=X;) = H(=X}) and H'(=X}) = H'(=X}) for j=1,...,7.
~~ ~— ~— ~—

o o o o
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The roots Of the idea [Kubalinska, 2008] BDAEDALUS
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@ Hs optimality conditions @ hy, optimality conditions
H(=A") = H(=3), i (r23) = 1 (25,
HI(_)\*):H/(_A*) ! 2 /3%\ _ / 2 /1%

il (r/A)-H (r/A).
A Im(s) T
(@)
©)
O © Re(s) Re(s)
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The roots of the idea
@ Ho optimality conditions
H(=\*) = H(=)\),

H'(=X*) = H'(=\").

A Im(s)

=

I.| DAEDALUS
RTG 2433
@ ha . optimality conditions

2 2
(o) = (e o)

AF —

.
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The roots of the idea I.‘ DAEDALUS

RTG 2433

@ s optimality conditions o H5(A°) optimality
fI(—S\*) = H(—S\*), conditions
H'(=X*) = H'(=\"). ?
A Im(s)

0
f_\o Lo\ N
7
~ Re(s)
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Preliminaries I.| DAEDALUS
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Theorem (conformal map weger, 2012))

Let ¢: X — Y, with X, Y C C open, be Fréchet differentiable as a
function of two real variables. The mapping 1 is conformal in X if and
only if it is analytic in X and 1)/ (so) # 0 for every sy € X.
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Re(s)
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Re(s)

@ t: C — C meromorphic.
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Re(s)

@ ¢: C — C meromorphic.
o ¢: X — A, with X C C_ open, is bijective conformal.
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@ ¢: C — C meromorphic.
o ¢: X — A, with X C C_ open, is bijective conformal.
@ X C X€ open such that {s € C| — s* € X} C X. Then ¢: X — A",
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Preliminaries I.| DAEDALUS
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@ ¢: C — C meromorphic.

o ¢: X — A, with X C C_ open, is bijective conformal.

o X C XC open such that {s € C|-s*eX}C X. Then 1): X — A€,
@ 7/ zero in a finite amount of points in X¢.
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Ho(A) space puen 197 E DAEDALUS
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Definition [H(A€) space]
® Let p(s) = F(y(s)y/(s)*
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HQ(AC) SPACE [puren, 1970] EDAEDALUS
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Definition [H(A€) space]

o Let Hr(s) = F($(s)¥'(s)7
@ Let F,G be analytic in AS. Then the H2(AC) inner product is

<F, G>’H2(A°) - = <~V)F,~VJG>H2(C+)

1 o
= %/_oo Hr(w)* He(w)dw
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Definition [H(A€) space]

o Let Hr(s) = F($(s)¥'(s)7
@ Let F,G be analytic in AS. Then the H2(AC) inner product is

<F, G>’H2(A°) - = <~V)F,~VJG>H2(C+)

1 o
= %/_oo Hr(w)* He(w)dw

0 Ha(A%) norm is || Fllay, aey = 11974, c, )
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Definition [H(A€) space]

o Let Hr(s) = F($(s)¥'(s)7
@ Let F,G be analytic in AS. Then the H2(AC) inner product is

<F, G>’H2(A°) - = <~6F,~60>H2(c+)

1 o
= %/_oo Hr(w)* He(w)dw

0 Ha(A%) norm is || Fllay, aey = 11974, c, )

Ho(A) := {F: A° — C analytic

1F s ey < oo}
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> Dr(s) = F(v(s)y'(s)/?

PMm(s)

(@)

Re(sf
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Ho(A°) optimality conditions B DAEDALUS
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o Let H € Ha(AS). We want H € Hy(AS) such that

H=arg min |H - HHHQ(&‘)'
HeHa(AC)
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o Let H € Ha(AS). We want H € Hy(AS) such that
H=arg min |H - H||H2(Ac
HGHQ AC
o Let € A, then
1 > 1
H,— =38u(p) and <H—> = Fu(n).
< TR (A (=) Ho (Ac) "

with
Fu(s) = 9u (¢ ()W (W) 72 + 30, EH(—W)%
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o Let H € Ha(AS). We want H € Hy(AS) such that

H=arg min |H - H||H2(Ac
HGHQ AC
o Let € A, then
1 1
(1LY (n L) g
T e S TS
with

Fr(s) == 9u (¢~ () (0 H() 72 + X0, EH(—W)%

Let A be a domain. Let H(s) = &*(sI — AT)_}BT be a local minima of
the H2(A°) optimization problem with poles {\;}7_; € A. Then the
following interpolation conditions hold for j = 1,...,r

FaA) =3u(y) and Fy(\) =Fu(y).
Ho (AC) optimal model reduction NLMRCC23 12/25




Practical consideration I.‘ DAEDALUS
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o Let p(s) = (= ~1(s))* = Y(—~1(s)¥)
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Practical consideration L.JET’QE%LUS

o Let p(s) = (= ~1(s))* = Y(—~1(s)¥)

o With some additional assumptions we get

(o)) = H (p(4) and 8 (o)) = B ((A),

foryj=1,...,r
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Practical consideration L'JEQE%LUS

o Let (s) = P(—v71(s))* = v(—¥1(s)")

o With some additional assumptions we get
i (o) = H (¢(\) and 8 (o(4) = 7' (e(4))),
HU,_/ N—— HU,_/ N——

lea o

foryj=1,...,r

@ The assumptions made work for some rational functions
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M Im(s) ™ Im(s)

Ac

) Re(s

WV

~—~
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P Im(s)
Ac

%) Re(s)

WV
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I RKA [Gugercin et al., 2008] I.‘ DAEDALUS
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Algorithm

Q initial guess oy
@ construct V,. and W,. such that

Ran(V,) =span {(o:I—A)"'b,..., (0, I - A) 'b},
Ran(W,) = span {(oiI — A*)7lc,..., (o}1— A*)c}.

Q while |61 — oi|/|los|| > tol

A, = (W:V,) 'WZrAV,

A.v=2Av

Oit1 = —A*

Update V,. and W,.

Q A, = (W*V,)"'W*AV,, b, = (W*V,)"'W*b, and & = c*V,.

v,

vV vy VY yvy

A. Borghi, T. Breiten Ho (A°) optimal model reduction NLMRCC23 15/25



IRKA with conformal maps EDAEDALUS
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Algorithm

Q initial guess oy
@ construct V,. and W,. such that

Ran(V,) =span {(o:I—A)"'b,..., (0, I - A) 'b},
Ran(W,) = span {(oiI — A*)7lc,..., (o}1— A*)c}.

Q while |61 — oi|/|los|| > tol

;&r = (W:VT)_PVV:AVT

Av=av.

Tir1 = p(})

Update V,. and W,.

Q A, = (W*V,) 'W*AV,, b, = (W*V,)"!W?b, and &* = c*V,..

v,

vV vy VY yvy
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Schrodinger equation for the free particle EDAEDALUS
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We have the PDE

ow(xz,t) 0w(x,t)
ot =1 32172 ) on <07 1) x (OaT)v

w(0,¢) =0, w(l,t)=u(t), on (0,T),

1
y(t) = / w(z,tydz,  on (0,T),

w(z,0) =0, in (0,1).

A. Borghi, T. Breiten Ho (AC) optimal model reduction NLMRCC23 17 /25



Schrodinger equation for the free particle BDAEDALUS
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We have the PDE

ow(xz,t) 0w(x,t)
Tl v e on (0,1) x (0,T),

w(0,¢) =0, w(l,t)=u(t), on (0,T),

1
y(t) = / w(z,tydz,  on (0,T),

w(z,0) =0, in (0,1).

o H(s)=c*(sI-A)"'b
e n = 1000
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x10°
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Schrodinger equation for the free particle L.JDAEDALUS
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Step response

—Re{y(t)} = -Re{3 ()} —--Im{y(t)} - Im{5 (1)}

WA

0 0.5 1 1.5 2 25 3 3.5 4 45 5

oy -1 n . ‘. .
= 107 1“"""".’ M"llu ,"‘.‘, ,". u,‘l"nl,\' """I"Illlnl ! I \:."||",1 ‘l| ‘ ."'n'uulm 1m’l:ll\ll,".,h""‘l,‘ﬂ"“ 'u o
~ [ 1
<$ I \ | [ LN AN 1 || il i i ‘ A ,‘ J i i “
| 102 ' Nt ‘ ' "
= .
= ‘—Algomthm 1---IRKA
- 10—3 I I I | I I T T T

0 0.5 1 1.5 2 25 3 3.5 4 45 5

time [s]
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Schrodinger equation for the free particle BDAEDALUS
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[ H {34, (7e)
102
100# - ---~- === il - i
g
S 102
—
e
T 107t
=
T 0]
Q
~
108 t|—e— Algorithm 1
-«-IRKA
10-10 ! L L
5 10 15 20 25
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Wave equation I.‘ DAEDALUS
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We have the PDE
Pw(x,t)  O*w(x,t)

% o2 + X[0.6,07u(t), on (0,1) x (0,T),
w(0,8) =0, w(l,t) =0, on (0,T),
0.4
o) = [ wlat)da, on (0,7),
0.1
w(x70) = ) in (O’ 1)’
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We have the PDE
Pw(x,t)  O*w(x,t)

+ X[0.6,07u(t), on (0,1) x (0,T),

ot T Oa2
w(0,4) =0, w(l,t)=0, on (0,T),
0.4
o) = [ wlat)da, on (0,7),
0.1
w(z,0) =0, in (0,1),

o H(s)=c*(sI-A)"'b
e n = 10000
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. DAEDALUS
Wave equation L.J e

4
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Wave equation

%104
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Im(z

-0.5

'\oxx)\rv*g
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Wave equation

Impulse response
T

I .| DAEDALUS
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0.02 T T T
0
—y(t)
- -u(t)
0.02 | | | | | | | i
0 0.5 1 15 2 25 3 3.5 4.5 5
x107*
afl—ly®) - 5@ :
2 |-
0
0 0.5 1 1.5 2 25 3 3.5 4.5 5
time [s]
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Summary
@ Generalization of the Hs optimality conditions
@ Developed an IRKA-based algorithm

Next Steps

Develop a TF-IRKA-based algorithm.

Relate the error | H — I;THHQ(Ac) with |y — 7y |

Extend the theory to H ., model reduction

Use concepts from computational conformal mapping
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Thank you for your attention!

1A. Borghi, T. Breiten, Ho optimal model reduction on general domains, arXiv:2305.01511 (2023)
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Proof for Meier-Luenberger conditions jaouss et . 20201|.‘ DAEDALUS
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e For G € H2(Cy) and p e C_

<G,L> —G(~p*) and <G;> — ().
T () (=n H2(Cy)
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Proof for Meier-Luenberger conditions jaouss et . 2020]I.‘ DAEDALUS
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e For G € H2(Cy) and p e C_

<G,L> —G(~p*) and <G;> — ().
T () (=n) H2(Cy)

o Let H(® be perturbation of H
IH = H3 0y < IIH = H9 3,0,

OSQRe{<H—ﬁ,FI—ﬁ<E>> )}+||FI—I§I‘E)II3¢2<@+>-

H2(Cy
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Proof for Meier-Luenberger conditions paoues . 2020]I.‘ DAEDALUS

@ For G € Ha(Cy) and pe C_
<G L> — G(-p*) and <G ;> — G ()
n H2(Cy) - n)? H2(Cy) .

o Let H(® be perturbation of H
IH = H3 0y < IIH = H9 3,0,

0 < 2Re <H-ﬁ,ﬁ1—ﬁ<€>>
H2(Cy)

@ For ¢ — 0 and a specific direction of € we get the interpolation
conditions
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Schrodinger equation for the free particle I.‘ pirpLCs
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ow(x,t) _ _-82w(:c7t)

5 =52 on (0,1) x (0,7),
w(0,t) =0, w(l,t) =wu(t), on (0,7),
1
y(t) :/0 w(z,t)dz, on (0,7),
w(z,0) =0, in (0,1).
1
n = 1000, (s) = —is
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Schrodinger equation for the free particle I.‘ DAEDALUS

107

| ‘+ IRKAcom‘

Relative Ha(extA) error
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Iterations
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Sinusoidal response (1Hz)

4 T T T T i i I
—Re{y(t)} —--Im{y(?)}
2r - 'Re{@" (t)} """ Im{yr(t)} |
“~ -
0 <— > .// N v N '/ N // N 7
0 0.5 1 1.5 2 25 3 3.5 4 45 5

l— Algorithm 1 - - -TRKA

0 05 1 15 2 25 3 35 4 45 5
time [s]
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Wave equation I.‘ DAEDALUS

RTG 2433

O*w(z,t)  O*w(x,t)

+ X[.6,07u(t), on (0,1) x (0,7,

ot Ox?
w(0,t) =0, w(l,t)=0, on (0,7),
0.4
o) = [l )d, on (0.7),
0.1
w(z,0) =0, in (0,1),

n = 10000, (s) = % (5 + %)
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Additional Slide I.‘ DAEDALUS

Let ¥(—2)* = 9(z) for z = 1w, w € R and p(s) = (= ~1(s))*,
Let [¢'(2)| have poles {~/}}~, € C_,
For H € Ha(A®) define

(]

(]

Let H € Ha(A%), - o € Ha(AC), and = )2 € Ha(AC). Let
H((—5)*)* be analytlc in a neighborhood of ¥~!(u) € C_, then

1 1
H—— _ d (H —— — 3 ().
< S M>H2(AC) Su(p) an < (—p)? >’H2(Ac) Su(w)
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