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Introduction

The Reduced Basis Method

is a model order reduction technique that provides

rapid and reliable approximation of solutions

to parametrized partial differential equations (uPDEs)

for design and optimization, control, parameter estimation, ...

— i.e., for parameter space exploration.

M. Grepl (RWTH Aachen)
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The Reduced Basis Method

SNAPSHOTS
u(pi)

HIGH-DIMENSIONAL
FE SPACE

XN:span{ w(ps) , i:l,...,N}
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The Reduced Basis Method

EXACT SOLUTION

u(p)
SNAPSHOTS
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The Reduced Basis Method

EXACT SOLUTION
u(p)

SNAPSHOTS .
u(p;) un(p)
(1) APPROXIMATION

HIGH-DIMENSIONAL
FE SPACE

a(un(p),vsp) = f(v;p), forallv € Xn.
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The Reduced Basis Method

EXACT SOLUTION
u(p)

7 [ ]
. un(p)
Sso . (1) APPROXIMATION

SNAPSHOTS
u ()

(2) ERROR BOUND
An(p)

HIGH-DIMENSIONAL
FE SPACE

I~ (o5 ) || 20

lu(p) —un()llx < A% (1) =
ars(p)
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The Reduced Basis Method

EXACT SOLUTION
m

SNAPSHOTS
w(ft;)

o
un ()
A (1) APPROXIMATION

(2) ERROR BOUND
An(pe)

HIGH-DIMENSIONAL
FE SPACE

(3) OFFLINE-ONLINE COMPUTATIONAL DECOMPOSITION

Q
a(w,viw) = ¥ 07

11-DEPENDENT
COEFFICIENTS
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The Reduced Basis Method

EXACT SOLUTION
u(p)

SNAPSHOTS
u(p;)

7 [ ]
. un(p)
Sso . (1) APPROXIMATION

(2) ERROR BOUND
An(p)

HIGH-DIMENSIONAL
FE SPACE

(3) OFFLINE-ONLINE COMPUTATIONAL DECOMPOSITION
(4) GREEDY ALGORITHM

o = arg max An(w)
ntd1 = TSN
#eD: [lun (p)|lx
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Problem Statement

We wish to compute, for any parameter pu € D,
s(p) = €(u(p); p) OUTPUT
where u(p) € X satisfies
a(u,v;p) = f(vsp), forallv e X, FEMar (1)
and

f(os ), £(vs ) are bounded linear functionals

a(+,+3p) : X X X - R s continuous and coercive

for all u € D.

M. Grepl (RWTH Aachen)



(1) Approximation

We let
XN:span{ w(p;) , i:l,...,N}
~——

SNAPSHOTS
and compute our approximation as

sn(p) = L(un(p); 1)

where ux (@) € Xy satisfies

a(un,v;p) = f(oyp), forallv e Xy.

M. Grepl (RWTH Aachen)
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(1) Approximation (Algebraic Formulation)
We let

XN=[\<;; \CE/ \CN/} st un(p) = Xyuy(p)

X-ORTHONORMAL SNAPSHOTS ¢; “=" u(u;)
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(1) Approximation (Algebraic Formulation)
We let

XN = [ ¢1 G2 Cn ] st. un(p) = Xyupy(p)
X-ORTHONORMAL SNAPSHOTS ¢; “=" u(p;)

and compute our approximation as
sn(p) = L) "Xn uy(p)
N—_———

= IT(p) uy(w)

where u, () € RY satisfies

XD A(p) Xy uy(p) = XL F(p)
— N————
An(p) uy(pn) =  Fy(p)
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(1) Approximation (Algebraic Formulation)
We let

XN = [ ¢1 G2 Cn ] st. un(p) = Xyupy(p)
X-ORTHONORMAL SNAPSHOTS ¢; “=" u(p;)

and compute our approximation as
sn(p) = L) "Xn uy(p)
N—_———

= IT(p) uy(w)

where u, () € RY satisfies

XD A(p) Xy uy(p) = XL F(p)
— S———
An(p) uy(pn) =  Fy(p)

How do we quantify the error?

M. Grepl (RWTH Aachen)



(2) Error Estimation

Let a(pt) be the coercivity constant of a

a\v, v;
a(p) := inf M
vex lvll%

and define residual 7y (v ) := f(v;p) — a(un,v;p), Vo € X.
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Let a(pt) be the coercivity constant of a

a\v, v;
a(p) := inf M
vex lvll%

and define residual 7y (v ) := f(v;p) — a(un,v;p), Vo € X.

The error, ex(p) := u(p) — un(p), then satisfies
a(eNav;H):rN('U;H)’ VovedX,
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a(p) := inf M
vex lvll%

and define residual 7y (v ) := f(v;p) — a(un,v;p), Vo € X.

The error, ex(p) := u(p) — un(p), then satisfies
a(eNav;H):rN('U;H)’ VovedX,

and, for any u € D and aps(p) < a(w), we have

7 (-5 ) l| 2
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(2) Error Estimation

Let a(pt) be the coercivity constant of a

a\v, v;
a(p) := inf M
vex lvll%

and define residual 7y (v ) := f(v;p) — a(un,v;p), Vo € X.

The error, ex(p) := u(p) — un(p), then satisfies
a(eN,'v;u)er('v;u), VovedX,

and, for any u € D and aps(p) < a(w), we have

7 (-5 ) l| 2

lex(w)llx < and  [s —sn| < €larAK
ars(p) N ,
= A% (1) =: A (p)

How do we compute un, sy, A%, Af\, efficiently?
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(3) Offline/Online Decomposition

Q
We assume a(v,w;p) = > 0(w) al(v,w)
=1 ~—— ~—_——
n-DEPENDENT p-INDEPENDENT
COEFFICIENTS BILINEAR FORMS

Q
so that An(p) = XT A(p) Xy = 3 09(p) XLAIX
N—— N~—— q=1 ——
RB-MATRIX FE-MATRIX p-INDEPENDENT

M. Grepl (RWTH Aachen) 10



(3) Offline/Online Decomposition — Example

Affine Parameter Dependence: Example 1

[ Kk

Kk°

M. Grepl (RWTH Aachen)

Froot

|
<—L—>|T

Parameters:
k= ( koa kl’ kz, k3? k* )

THERMAL
CONDUCTIVITIES

Governing Equation:
—k:iV2yi =0
in;,, 2=0to4

11



(3) Offline/Online Decomposition — Example

Affine Parameter Dependence: Example 1

| = | Parameters:
k= ( koa kl’ kz, k3? k* )

THERMAL
CONDUCTIVITIES

Kk°

Governing Equation:

—k:iV2yi =0
in;,, 2=0to4

|
Froot L T

The matrix A(p) then represents the bilinear form

M. Grepl (RWTH Aachen) 11



(3) Offline/Online Decomposition — Example

Affine Parameter Dependence: Example 2

1

sz) Q) |u

71

PARAMETRIZED DOMAIN

Bilinear Form on Parameter-Dependent Domain
v dw v Ow ~ -
a(o, @) = | ( o 0% | 0b O ) (), 5 € H ((w))
Q(p) 8w1 81:1 8$2 3:1:2

V-V
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(3) Offline/Online Decomposition — Example

Affine Parameter Dependence: Example 2

1

L) M Iz T—)xl

71

Q 1

PARAMETRIZED DOMAIN REFERENCE DOMAIN

Bilinear Form on Parameter-Dependent Domain

- . 0v Ow 0v Ow ~ o 1L

a(v,w; p) = - (8.%1 oz, + oz, 8:52> dQ(p), v, € H'(2(p))
V5.V

After (Affine) Mapping to a Reference Domain

( ) / (81} ow n 1 Ov 8w) a6 c H'()
a(v, w; = — s v, w
B Q 8{31 3:1:1 u2 am2 8332 a ’

M. Grepl (RWTH Aachen) 12



(3) Offline/Online Decomposition

Q
We assume a(v,wi;pu) = > 09(u) al(v,w)
=1 ~—— ——
14-DEPENDENT 1+-INDEPENDENT
COEFFICIENTS BILINEAR FORMS

Q
so that An(p) = XTI A(p) Xn = 3 09(p) XLAIX
qg=1

~—— S~—~— —
RB-MATRIX FE-MATRIX p-INDEPENDENT

Since all required quantities can be decomposed in this manner, we can

OFFLINE: Form and store u-independent quantities
at cost O(N*)

ONLINE: For any u € D, compute approx and error bounds
at cost O(QN?2 + N3) and O(Q?*N?)

M. Grepl (RWTH Aachen)
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(3) Offline/Online Decomposition

Q
We assume a(v,wi;pu) = > 09(u) al(v,w)
=1 ~—— ——
14-DEPENDENT 1+-INDEPENDENT
COEFFICIENTS BILINEAR FORMS

Q
so that An(p) = XTI A(p) Xn = 3 09(p) XLAIX
qg=1

~—— S~—~— —
RB-MATRIX FE-MATRIX p-INDEPENDENT

Since all required quantities can be decomposed in this manner, we can

OFFLINE: Form and store u-independent quantities
at cost O(N*)

ONLINE: For any u € D, compute approx and error bounds
at cost O(QN?2 + N3) and O(Q?*N?)
How do we choose the snapshots?

M. Grepl (RWTH Aachen)
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(4) (Weak) Greedy Algorithm

Given X2 = span{u(pu1),u(u2)}, how do we choose pug?

M. Grepl (RWTH Aachen)
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Given X2 = span{u(p1),u(p2)}, how do we choose pg?

A,
[lunllx
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(4) (Weak) Greedy Algorithm
Given X3 = span{u(p1),u(p2)}, how do we choose p3?

_ Az (p)
pH3 = arg max

A, =2 )
eDs ||uz (1)l 2

[lunllx

where Dg C D is a finite train sample
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(4) (Weak) Greedy Algorithm
Given X3 = span{u(p1),u(p2)}, how do we choose p3?

_ Az (p)
pH3 = arg max

A, =2 )
eDs ||uz (1)l 2

l[enllx

where Dg C D is a finite train sample

X3 = span{u(u1) u(pz2) u(ps)}

M. Grepl (RWTH Aachen) 14



(4) (Weak) Greedy Algorithm

Given X2 = span{u(p1),u(p2)}, how do we choose pg?

A, s = argmax 20
Tfunllx HED; |luz(p)l 2

where Dg C D is a finite train sample

u-l 13 M2 X3 - Span{u(/'l'l) u(IJQ) u(p‘3)}

M. Grepl (RWTH Aachen) 14



(4) (Weak) Greedy Algorithm

Given X2 = span{u(p1),u(p2)}, how do we choose pg?

A 13 = arg max Az (k)
A 3 = ek Ut
fuallx HE€Ds |lug(p)|lx

where Dg C D is a finite train sample

u-l 13 1] X3 = span{u(ul) 'U,([JQ) u(u3)}
Key points:
» A, () is sharp and inexpensive to compute (online)

» Error bounds enable choice of good approximation spaces

M. Grepl (RWTH Aachen)



Summary

The reduced basis method provides

accurate un ~u
reliable Ay 2 [lu —un|lx
efficient surrogates cost O(N™*)

N small

to solutions of parametrized PDEs

for the many-query, real-time,

APPROX

ERR EST

DECOMP

GREEDY

and slim-computing contexts.

M. Grepl (RWTH Aachen)
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Extensions & References

Review Articles: [RHP08], [QRM11], . .
Book: [HRS15]

Reduced Basis Methods for:

» elliptic coercive [PRVT02], [PRVPO2], . .
elliptic noncoercive [VPRPO3] [MPROZ], . . .
saddle point (Stokes) [Rov03], [RVO7], [GV1Z], ...
parabolic [GP05], [RMMO6], [HOO08], [UP14], .. .

hyperbolic (transport-dominated) [PRO7], [HKP11], [DPW14] .

vV v Vv

v

Disclaimer:

» List contains — to the best of my knowledge — only the first papers
on these topics and is thus not meant to be exhaustive
» References to nonaffine and nonlinear problems to follow ...

M. Grepl (RWTH Aachen)
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Extensions & References

References by topic for:

>

>

>

error bounds (adjoint techniques) [PRV*02], [GPO5], ..

stability factor lower bounds [VRP02], [HRSP07], [HKCT10], [CHMRO9],

a priori convergence [MPT02]
greedy algorithm

o original papger [VPRPO3]
o convergence analysis [BMP*12] [BCDT11] [DPW12], [Haal3], ...
o variations (hpRB, ...) [EPR10], [BTWGvBWO7], [BTWGO08], . ..

geometry parametrization [RHPO8], [LR10], ...
multiscale problems [Ngu0g]

stochastic problems [BBMT09] [BBLT10]

Disclaimer: see previous slide ...
M. Grepl (RWTH Aachen)
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Part 1l

Nonlinear (and Nonaffine) Problems




Nonlinear Problems

Distinguish between problems involving

» quadratic nonlinearities

» higher-order or nonpolynomial nonlinearities

M. Grepl (RWTH Aachen)
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Nonlinear Problems

Distinguish between problems involving
» quadratic nonlinearities
— (Petrov-)Galerkin projection
— A posteriori error bounds: Brezzi-Rappaz-Raviart [BRR80]

— Offline/online: dominant online cost O(IN%)
— Ref.: [VPP03] [VP05] [Dep0s] [DL12], [RG12] [MPUL4] [Yanld] ...

» higher-order or nonpolynomial nonlinearities

M. Grepl (RWTH Aachen)
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Nonlinear Problems

Distinguish between problems involving

» quadratic nonlinearities
— (Petrov-)Galerkin projection
— A posteriori error bounds: Brezzi-Rappaz-Raviart [BRR80]
— Offline/online: dominant online cost O(IN%)
— Ref.: [VPPO03], [VPO5], [Dep08], [DL12], [RG12], [MPU14] [Yanl4] . . .

» higher-order or nonpolynomial nonlinearities
— Additional approximation of nonlinearity (EIM)
— A posteriori error estimation (in general no bounds)
— Offline-online decomposition possible

— References: to follow ...

M. Grepl (RWTH Aachen) 19



Problem Statement
We wish to compute, for any parameter p € D,

s(u) = £(u(p); p)
where u(p) € X satisfies

a(u, v; 1) + / g(us s i) v = F(v), Vo € X,
Q

and
f(osp), L(vsp) are bounded linear functionals

a(s,3u) : X X X = R is continuous and coercive
and the nonlinearity satisfies
- g™ : R x Q X D — R continuous;
= g™ (urs @5 p) < g™ (uzs s ), Yur < ug;
—ug™(u;xz; ) >0, Vu ER, forany x € Q, u € D.

M. Grepl (RWTH Aachen) 20



RB-Galerkin Approximation

We let
XN:span{ w(ps) i:l,...,n}
——

SNAPSHOTS

and compute our approximation as
sn(p) = L(un(p); 1)

where uy () € Xy satisfies

a(tun, v3 1) + / g (uni s ) v = F(v), Vv € Xy,
Q

M. Grepl (RWTH Aachen)
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RB-Galerkin Approximation

We let
XN:span{ w(ps) i:l,...,n}
——

SNAPSHOTS

and compute our approximation as
sn(p) = Lun(p); 1)

where uy () € Xy satisfies

a(tun, v3 1) + / g (uni s ) v = F(v), Vv € Xy,
Q

Can we still compute up efficiently?

M. Grepl (RWTH Aachen) 21



RB-Galerkin Approximation

Sample Computation:
N

We expand un (i) = Y un (1) ¢
i=1

and obtain (v=¢i, 1<i<N)

N
/ﬂgnl(uN(u);m;u) Ci=/ﬂg“‘(;um(u) Cj;w;u)ci

M. Grepl (RWTH Aachen) 22



RB-Galerkin Approximation

Sample Computation:

N
We expand un (1) = Y un; (1) G5,
j=1

and obtain (v=¢,1<i< N)
N
/ﬂgnl(uN(u);:v;u) Gi = /Qg“‘(j;uwj(u) Cj;w;u) Gi
Issues

» Online assembly requires \/-dependent cost

M. Grepl (RWTH Aachen) 22



RB-Galerkin Approximation

Sample Computation:

N
We expand un (1) = Y un; (1) ¢,
j=1
and obtain (U =¢,1<1:1< N)
N
| o @ty ei= | g“‘<§lum(u> Cj;w;u) G

Issues

» Online assembly requires \/-dependent cost

na

» Similar to nonaffine problems: assume g™? is nonaffine, then

z—py2

b(Cis 1) Z/ﬂg“a(w;u) Gi eg e (%5

requires A -dependent cost.

M. Grepl (RWTH Aachen) 22



Empirical Interpolation Method

Main ldea:

M
g (@) =gt (@n) = X enn)  gn(z)
" EIM  Collateral RB

Then: b((isp) = / na(iB,N)CzN/g F(xs 1) G

M
= > eump) | gn(x)é,
m=1 Q

M. Grepl (RWTH Aachen) 23



Empirical Interpolation Method

Main ldea:

M
g (@) =gt (@n) = X enn)  gn(z)
" EIM  Collateral RB

Then: b((isp) = / na(iB,N)CzN/g F(xs 1) G

M
= Y eump) | agn(x),
m=1 Q

Issues

» How do we choose XJ, = span{q,.(z), m =1,..., M}?

M. Grepl (RWTH Aachen) 23



Empirical Interpolation Method

Main ldea:
M
g™ (x5 p) = gt (w5 1) = leoMm(u) Qo ()
m= — —
EIM Collateral RB

Then: b((isp) = / na(iB,H)CzN/g F(xs 1) G

M
= Y eump) | agn(x),
m=1 Q

Issues

» How do we choose XJ, = span{q,.(z), m =1,..., M}?

» Can we compute the coefficients @, (1) efficiently?
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Empirical Interpolation Method

Main ldea:
M
g™ (x5 p) = gt (w5 1) = leoMm(u) Qo ()
m= — —
EIM Collateral RB

Then: b((isp) = / na(iB,H)CzN/g F(xs 1) G

M
= Y eump) | agn(x),
m=1 Q

Issues

» How do we choose XJ, = span{q,.(z), m =1,..., M}?

» Can we compute the coefficients @, (1) efficiently?
» How do we quantify the (interpolation) error introduced?

M. Grepl (RWTH Aachen)

23



Empirical Interpolation Method

Greedy Procedure
Initialize: Choose uf € D and set

x] = arg max |g(z; pf)|, @ =
€N

M. Grepl (RWTH Aachen)

[MNPPO7]

g(z; pnd)
g(x1; )

24



Empirical Interpolation Method

Greedy Procedure
Initialize: Choose uf € D and set

x] = arg max |g(z; pf)|, @ =
€N

Forl1 < M < Mpax — 1:

M. Grepl (RWTH Aachen)

[MNPPO7]

g(z; pnd)
g(x1; )

24



Empirical Interpolation Method

Greedy Procedure [MNPPO7]
Initialize: Choose uf € D and set
.9
] = arg max|g(z; pf)l, @ = m.
Forl1 < M < Mpax — 1:
» Sample Set
Moy = arg max  lg(ss ) — gu (5 1) L= (o)

= .
train

M. Grepl (RWTH Aachen)
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Empirical Interpolation Method

Greedy Procedure [MNPP07]
Initialize: Choose uf € D and set
g
T g g(x; py)
x7 = arg max |g(x; = ———.
1 g pev=re) |g( ’ul)l’ qi g(asf; [,L'(iz)
Forl1 < M < Mpax — 1:
» Sample Set
pirpa =arg max |lg(ss p) — g (5 p)llL=(0)
Strain
» Interpolation Points
w}:“rl = arg glgg{ [P aga ()],

where 7544 () = g(@5 plr41) — g (@5 pRr41)

M. Grepl (RWTH Aachen)
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Empirical Interpolation Method

Greedy Procedure [MNPP07]
Initialize: Choose uf € D and set
g
T g g(x; py)
x; = arg max |g(x; = ———.
1 g o) |g( a“l)la q1 9(93{;#?)
Forl1 < M < Mpax — 1:
» Sample Set
pirpa =arg max |lg(ss p) — g (5 p)llL=(0)
Strain
» Interpolation Points
mf/“rl = arg glgg{ [P aga ()],

where 740 (2) = g (@5 plr 1) — gne(@s 13041)
» EIM Space
Tar41()
Arr41(T) = T
7"M+1(.’.17M+1)

M. Grepl (RWTH Aachen)
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Empirical Interpolation Method

Interpolation Points, Samples, and Spaces:

Ty, = {27 €Q,...,zT € Q},
S = {u] eD,...,ul; € D}, and associated
X?/I == Span{(ha oo 7qM}7 1 S M S Mmax’

chosen by greedy procedure.

M. Grepl (RWTH Aachen) 25



Empirical Interpolation Method

Interpolation Points, Samples, and Spaces:

Ty, = {27 €Q,...,zT € Q},
S = {u] eD,...,ul; € D}, and associated
X?/I = Span{iha oo 7qM}7 1 S M S Mpmax,

chosen by greedy procedure.

Approximation: for given u € D

M
g(zs ) = gy (zsp) = 21 Prrm (1) @ (),
m=
where

M
Zlqm(wﬂ) erm(p) =g@Lp), 1<n< M.
m=

Note: BM = g,,,(zT) lower triangular and invertible.

M. Grepl (RWTH Aachen) 25



Empirical Interpolation Method

Interpolation Points, Samples, and Spaces:

Ty, = {27 €Q,...,zT € Q},
S = {u] eD,...,ul; € D}, and associated
X?/I = Span{iha oo 7qM}7 1 S M S Mpmax,

chosen by greedy procedure.

Approximation: for given u € D

M
g(zs ) = gy (zsp) = 21 Prrm (1) @ (),
m=
where

M
Zlqm(wﬂ) erm(p) =g@Lp), 1<n< M.
m=

Note: BM = g,,,(zT) lower triangular and invertible.

How do we quantify the (interpolation) error?
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Empirical Interpolation Method

“Next Point” Estimator

Given an approximation g, (x; p) for M < Mpax — 1, we define

En(p) = g, sp) — g (2t 5 1)

and, if g( - ;) € X34, we have

lg(-51) —gnm(-5)|lLeo) < Em(p).
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Empirical Interpolation Method

“Next Point” Estimator

Given an approximation g, (x; p) for M < Mpax — 1, we define
En(p) = 19T, s1m) — gu (2L, 5 1)]

and, if g( - ;) € X34, we have
lg(-51) —gnm (-5 0)llLe() < En(pt).

Note

» The estimator €,,(pt) is very cheap to evaluate
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Empirical Interpolation Method

“Next Point” Estimator

Given an approximation g, (x; p) for M < Mpax — 1, we define
En(p) = 9@, 51) — gz, 5 1)]

and, if g( - ;) € X34, we have
lg(-51) —gnm (-5 0)llLe() < En(pt).

Note
» The estimator €,,(pt) is very cheap to evaluate

> In general g(+;p) & X541, and hence our estimator €pr(p) is
indeed a lower bound

» An a posteriori error bound exists [EGP10], but does not extend to
the nonlinear case

M. Grepl (RWTH Aachen)
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EIM-RB-Galerkin Approximation

Given u € D, we evaluate

snm(p) = (unn(p); 1)

where upn (1) € Xy satisfies

a(unn, Vs 1) +/ g?}’uN’M(w;u) v=f(v), Vvé€E Xy.
Q

and

nluNM

M
(x5 1) = Zzl Prm () gm (),

M
with 3 Bl o, (n) = g™ (unm (@] 50)52]50), 1 <4< M.
i=1

M. Grepl (RWTH Aachen)
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EIM-RB-Galerkin Approximation

Given u € D, we evaluate

snm(p) = (unn(p); 1)

where upn (1) € Xy satisfies

a(unn, Vs 1) +/ gzr\l;’uN’M(w;u) v=f(v), Vvé€E Xy.
Q

and

nluNM

(x5 1) = Zl Prm () gm (),

M
with 3 Bl o, (n) = g™ (unm (@] 50)52]50), 1 <4< M.
i=1

Admits offline/online treatment:
online cost (per Newton iteration) O(M?2 + M N? + N3)
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EIM-RB-Galerkin Approximation
Given u € D, we evaluate

snm(p) = (unn(p); 1)

where upn (1) € Xy satisfies

a(unn, Vs 1) +/ gzr\l;’uN’M(w;u) v=f(v), Vvé€E Xy.
Q

and

nluNM

(x5 1) = Zl Prm (1) qm(T),

M
with 3 Bl o, (n) = g™ (unm (@] 50)52]50), 1 <4< M.
Jj=1
Admits offline/online treatment:
online cost (per Newton iteration) O(M?2 + M N? + N3)
How do we quantify the (RB+EIM) error?

M. Grepl (RWTH Aachen) 27



Error Estimation

Define the dual norm
v
94, = sup 7“[9 IM+1
vex ||vllx

and the residual, for all v € X,

P (V3 ) 1= F(v) — a(Unnr, v5 1) — /ﬂgn1 UM (5 ) v,

M. Grepl (RWTH Aachen)
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Error Estimation

Define the dual norm
v
99, = sup 7“&) IM+1
vex ||vllx

and the residual, for all v € X,

Paona (03 1) 1= F(0) — @(Unnrs v ) — /ﬂ GoLENM (g 1 o,

If g™ (umar; s o) € X5;4 1, the error, ex s 1= u — Un s, iS
bounded by
1 .
lena ()l x < ——— (I7nn (5 ) |27 + Ens (1) 9,) -
aLB(lJ’)
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Error Estimation

Define the dual norm
v
99, = sup 7“&) IM+1
vex ||vllx

and the residual, for all v € X,

Paona (03 1) 1= F(0) — @(Unnrs v ) — /ﬂ GoLENM (g 1 o,

If g™ (umar; s o) € X5;4 1, the error, ex s 1= u — Un s, iS
bounded by

lenas (1)l < al(ﬂ) (7m0 + Ene () 3,)

Note
» Admits offline/online treatment: online cost O(M?2N?)
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Error Estimation

Define the dual norm
v
99, = sup 7“&) IM+1
vex ||vllx

and the residual, for all v € X,

Paona (03 1) 1= F(0) — @(Unnrs v ) — /ﬂ GoLENM (g 1 o,

If g™ (umar; s o) € X5;4 1, the error, ex s 1= u — Un s, iS
bounded by

lenas (1)l < al(ﬂ) (7m0 + Ene () 3,)

Note
» Admits offline/online treatment: online cost O(M?2N?)

> In general g™ (un nrs T3 1) € X341, and hence the bound is

more like an estimator
. Grepl (RWTH Aachen)



Nonlinear Parabolic Problems

We wish to compute, for any pu € D,

s(t; ) = L(u(t; p))
where u(t; p) € Y, satisfies u(O; ) =0

m(u(t; p), vs p) + a(u(t; n), v p)
—|—/Qg“1(u(t; w);x;p) v = b(v)u(t), Vv € Y.

Key Ingredients:

M. Grepl (RWTH Aachen) 29



Nonlinear Parabolic Problems

We wish to compute, for any pu € D,

s(t; ) = L(u(t; p))
where u(t; p) € Y, satisfies u(O; ) =0

m(u(t; p), vs p) + a(u(t; n), v p)
+/Qg“1(u(t; p); ms p) v = b(v)u(t), Vv € Y.

Key Ingredients:
» FE[x]-FD[t] truth approximation
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Nonlinear Parabolic Problems

We wish to compute, for any pu € D,
s(ts p) = £(u(t; p))
where u(t; p) € Y, satisfies u(O; ) =0
m(u(t; p), vs p) + a(u(t; n), v p)
+/ g™ (u(t; p); s p) v = b(v)u(t), Yo € Y.
Jo

Key Ingredients:
» FE[x]-FD[t] truth approximation
» POD/Greedy algorithm to construct Xn and X%,
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Nonlinear Parabolic Problems

We wish to compute, for any pu € D,
s(t; ) = L(u(t; p))
where u(t; p) € Y, satisfies u(O; ) =0
m(a(t; p), v p) + a(u(t; p), v p)
+/ g™ (u(t; p); 23 p) v = b(v)u(t), Yo € Y.
Jo
Key Ingredients:
» FE[x]-FD[t] truth approximation

» POD/Greedy algorithm to construct Xn and X%,

» Error bound/estimator for space-time energy norm
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Nonlinear Parabolic Problems

We wish to compute, for any pu € D,
s(t; ) = L(u(t; p))
where u(t; p) € Y, satisfies u(O; ) =0
m(a(t; p), v p) + a(u(t; p), v p)
+/anl(u(t; w);x;p) v = b(v)u(t), Vv € Y.
Key Ingredients:

FE[x]-FDJ¢t] truth approximation
POD/Greedy algorithm to construct Xn and X,

v

v

v

Error bound/estimator for space-time energy norm
Online cost: O(M? + M N2 4+ N3)T plus O(KM2N?).

v

T Cost per Newton iteration per timestep.

M. Grepl (RWTH Aachen)
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Extensions & References

Empirical Interpolation Method:

> methodology [BMNPO04] [GMNPO7], [MNPPO7] .. .

» error bounds [EGP10], [EGPR13], .
» generalized EIM [MM13], [MMPY15]

» variations [CS10], . ..

Related Methods:

» best points interpolation [NPPOS], . .

» adaptive cross approximation [Beb00], [Bebll] .
» gappy POD [ES95], [BTDWO04], [Wil06], [GFWGL1Q], . . .

> missing point estimation [AWWBO08], . ..

For a comparison of these methods: [BMS14]

M. Grepl (RWTH Aachen)
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Extensions & References

RB for nonaffine problems:
> elliptic [BMNP04], [GMNPO7], [Ngu07], [Roz09], . ..

» parabolic [GMNPO7], [Grel2a], [KGV12], . ..

RB for nonlinear problems:
» elliptic [GMNPO7], [NPO8], [CTUOY], . . .

> parabolic [GMNPOQ7], [Grel2a], [DHO12], [Grel2b], . ..

Issues
» Convergence and stability of EIM-RB approximation
» Greedy EIM algorithm requires (truth) solution at all u € Dg
» Simultaneous EIM + RB [DP15]

M. Grepl (RWTH Aachen)
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Model Problem
Given pu = (p1, u2) € D = [0.01,10]?, evaluate Q =]o, 1[2

k() = [ uF
() = [ ww)
where u*(u) € X, 1 < k < K, satisfies ul(p) =0
arm(uF (p) — ¥ (), v) + a(uF(p), v)
+/ﬂgnl(uk(u); x; p) v = b(v) sin(27t*), Vo € X,

etz uf(p) _ 1
with g™ (u® (p); 25 1) =
K2
Truth Approximation:
» Space: X C X° = H}(Q) with dimension N = 2601;
» Time: T = (0,2], At = 0.01, and thus K = 200.

M. Grepl (RWTH Aachen) 32



Sample Results

Truth solution w(*; p) at time t* = 25A¢t and
p = (10,10)

p = (0.01,0.01)

Solution for p = (10,10), t=25At

Solution for p = (0.01,0.01), tK=25At

1.5
1
0.5 05
AN =

o

,,o,‘\\\\\\

a0
s
(4]

b(v) = 100 [, v sin(27x;) sin(27xz)
33
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Convergence: Energy Norm

10
10° b
%
107
o\
31070 N
£10° b4
z M= 10
=Z || —M=
© 10 m=20
10| - - M=40
M = 60
10°-e-M=80
. M = 100
10

0 5 10 15 20 25 30 35 40 45 50 55
N

10
10° for,
NN
107\ Sl
R T AN
3 N Tt
E,lO3 > SR R it tialie dadens Solle
=
2Z 04— M=20 ~o
100 _m=40 8.
5 - Tre-o
10 -=M=70 o e
M = 100
10°%H{-e-M =130
B M = 160 ‘
10

0 5 10 15 20 25 30 35 40 45 50 55
N

Results for sample Etest € D of size 225.

» “Plateau” in curves for M fixed.

» “Knees" reflect balanced contribution of both error terms.

» Sharp bounds require conservative choice of M.

. Grepl (RWTH Aachen)
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Convergence: Energy Norm & Output

N | M E:}J\I,M,max,rel A:IZJ\T,M,max,rel ’F’?V,M
1 |40 3.83E-01 1.15E+00 2.44
5 |60 1.32E-02 4.59E-02 2.43
10 | 80 9.90E-04 3.41E-03 2.10
20 {100 || 9.40E-05 4.16 E-04 2.77
40 | 140 | 3.36 E-06 8.75E-06 1.64
N | M €‘]‘E\T,M,max,rel A‘ZS\T,M,max,rel ﬁ?\T,M
1 |40 9.99E-01 2.49E+01 14.1

60 5.35E-03 1.00E+00 130
10 | 80 2.57TE-04 7.42E-02 146
20 (100 || 1.43E-05 9.06 E-03 436
40 | 140 || 2.85E-06 1.90E-04 205

M. Grepl (RWTH Aachen)

Results for sample E¢est € D of size 225.
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Online Computational Times

N | M SN,M(IL’ tk) A?\],M(N’tk) s(“atk)
1 40 5.42E-05 9.29E-05 1
5 60 9.67TE-05 8.58E-05 1
10 | 80 1.19E-04 9.37TE-05 1
20 | 100 1.71E-04 1.05E-04 1
40 | 140 3.15E-04 1.35E-04 1

Average CPU times for sample E¢est € D of size 225.

> Computational savings O(10%) for A% 1y o e < 1%.

» But offline stage much more expensive than for linear case.
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Nonlinear Reaction-Diffusion Systems

General formulation: [Gre12b]
Oy (x, t; 1)
# = V(D(p)Vy(z, t; m)) + £(y (@, t; p); 1)
Self-ignition of a coal stockpile
A = VT (x,t) + B8 (c(x, 1) +1) e/ T@DHD,
% = LeVZ3c(x,t) — ®2 (c(x,t) + 1) e/ (T@H+D)
where
~ : Arrhenius number, - o
B3 . Prater temperature, 1
Le : Lewis number, & e(z, t)
® : Thiele modulus. — o5 i

» Nonlinearity not monotonic: a posterior error bounds not valid.
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Nonlinear Reaction-Diffusion Systems

» Very complex dynamic behavior (depending on parameters).

» Here: p =« € [12,12.6], all other parameters fixed, N' = 501

Temperature and Concentration: v = 12.0

Outputs, p =12

Phase Plot: p = 12.0

‘ sl(t;uj: Température

R sz(t;p): Concentration|| 05

osr | \
0 O Ry ey S R g 0

0 1 2 3 4 5 6 1 15 2 2.
Time t Temperature sl?t;u)

Concentration sz(t;u)
o
w

35
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Nonlinear Reaction-Diffusion Systems

» Very complex dynamic behavior (depending on parameters).

» Here: p =« € [12,12.6], all other parameters fixed, N' = 501

Temperature and Concentration: v = 12.5

Outputs, p=12.5 Phase Plot: p = 12.5

0.4

‘ sl(t;uj: Température

---2

3.5 s_(t;): Concentration|| 0.35

0.3
0.25
0.2
0.15

Concentration SZ(W)

0.1

057 1 0.05

O A A .

0 1 2 3 4 5 6 1.2 14 1. 1.8 2 2
Time t E?’emperature sl(t;u§

2.4
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Nonlinear Reaction-Diffusion Systems

» Very complex dynamic behavior (depending on parameters).

» Here: p =« € [12,12.6], all other parameters fixed, N' = 501

Temperature and Concenctration: v = 12.58

Outputs, g = 12.58 Phase Plot: p = 12.58

0.4

‘ sl(t;uj: Température

35 - - -S,(t): Concentration| 0.35

0.3
0.25

Output

0.2

0.15

Concentration sz(t;u)

0.1

055" : 0.05
1
)

L < W\ U g i
0 1 2 3 4 5 6 2 14

1.(% 1.8 2 §.2 2.4
Time' t emperature s, (1

M. Grepl (RWTH Aachen) 38



Nonlinear Reaction-Diffusion Systems

» Very complex dynamic behavior (depending on parameters).

» Here: p =~ € [12,12.6], all other parameters fixed, N =501
NT = Nc = 16, M = 36: tRB/tFEM = 5.12E-03

FEM solution and RB approximation: v = 12.6

Temperature,pu = 12.6 s, (G Concentration, g = 12.6

~ 4 . . . . ~ 1 . . . . :
2 5 N 2 o8 i . —s,(tH |]
o ) @' 0.6 - - =S, GH
3 3 04 : : H
51 5 02 Y
© 0 © 0

0 1 2 3 4 5 6 0 1 2 3 4 5 6

Time t Time t

!
N
!

N

[
o

i
o

e
O\

Rel. Error in Sl(t ")
I
o o
b &4
Rel. Error in sz(t;u)
= [
O‘ O‘ o
b & 4

o
-
N
w
S
o
o
o
P
N
w
IS
o
)
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Nonlinear Reaction-Diffusion Systems

» Very complex dynamic behavior (depending on parameters).

» Here: p =« € [12,12.6], all other parameters fixed, N' = 501
NT = Nc = 16, M = 36: tRB/tFEM = 5.12E-03

FEM, RB, and output interpolation: v = 12.5

Temperature,p = 12.5 — s, (tw) Concentration, u = 12.5
4 ! 1 -
- - - s, - - - —s,tw)
' 0.8 b
3 == Sy ) - - =Sp(tH)

Output s'(t;p)

Rel. Error in s‘(t;u)

3
Time t

3
Time t
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Nonlinear Reaction-Diffusion Systems

» Very complex dynamic behavior (depending on parameters).
» Here: p =« € [12,12.6], all other parameters fixed, N' = 501
NT = Nc = 16, M = 36: tRB/tFEM = 5.12E-03

FEM, RB, and output interpolation: v = 12.5

Temperature,p = 12.5 Concentration, p = 12.5

4
E 3 N —s,(tw) || ;1 0.8f —s,(tw)
g, o - =S tR) || @' 0.6 % - = =Syt |
3 3 04r il AR SRR N PO S, ing(tik)
S 1 S ool v i
o o - [
8. % 5 0.55 0.6 0.65 0.7 0.75 0.8
Time t
2 =z 10°
- & 10770
£ £
5 5 10
i} w107
- T a8
o o 10
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.5 0.55 0.6 0.65 0.7 0.75 0.8
Time t
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Part 11l

Extra Slides




Offline/Online Decomposition: Error Bounds
Crucial ingredient: Dual norm of residual ||rx (-5 0) || A7

N
We expand un(p) = > un;(p) ¢

i=1

and obtain from the definition of the residual and affine dependence

rn(vip) = f(v) —a(un(p),v;p)
N
= f(v) — a( szlwvn(u)Cmv;u)

N
= f(U) - Z uNn(lL) a(Cn,U;U)

n=1

N Q.
= f(v)— ;um(u) gleg(u) a?($n,v)

For simplicity, we assume here that f(v) does not depend on p.
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Offline/Online Decomposition: Error Bounds

Riesz representation:
(é(n),v)x = rn(vip)

Qa N
= f(U) - Z Z Og(ﬂ)uNn(.u’)a'q(Cna'U),

g=1n=1
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Offline/Online Decomposition: Error Bounds

Riesz representation:
(é(n),v)x = rn(vip)
Qa N
= f(U) - Zl Zl Gg(H)UNn(H)aq(Cn, 'U)a
g=1n=

Linear Superposition:

= ép) = C+ Z Z 63 (1) un n(p)A7

q=1n=1
where
C,v)x = f(v), Vv € X;
(A%, v)x = —al(ln,v), YV E X,

1<n<N,1<¢q< Qa.
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Offline/Online Decomposition: Error

Thus

le(u) 1% = (c+ 555 09 (uyun o (1) AL, -

g=1n=1
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Offline/Online Decomposition: Error Bounds

Thus

Qa
ez = (C+ 2. % 0 (1) un n(p) AL, )
X

g=1n=1

= (C.C)x + z > 9q(u)UNn(u){

g=1n=1

Qa N ’
20C, ADx + Y, > 07 (wunn (1) (AL, AL)x

qg=1n'=1
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Offline/Online Decomposition: Error Bounds

Offline: once, parameter independent
» Compute C, A, 1 < n < Npax, 1 < ¢ < Qg, from

(C9U)X = f('U)v Vv € X;
(Ad,v)x = —a¥(ln,v), Yv € X,
1<n<N,1<q<Qq-
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Offline/Online Decomposition: Error Bounds

Offline: once, parameter independent
» Compute C, A, 1 < n < Npax, 1 < ¢ < Qg, from

(Cav)X = f('U)v Vv € X;
(Ad,v)x = —a¥(ln,v), Yv € X,
1<n<N,1<q<Qq-

> Form/Store (C,C)x, (C, A%)x, (A2, AY)x,

1 S n’n, S Nmax’]- S q’ql S Qa'
Complexity depends on IN, Q, and N
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Offline/Online Decomposition: Error Bounds

Online: many times, for each new p
(and associated solution un(pt))

» Evaluate

Qa
lewll = €.C)x + 3 5 eg(u)uwn(u){

g=1n=1

Qa N ’ ’
20, ADx+ X 07 () un () (AL AL x|
qg'=1n'=1
- 0(Q2ZN?)
Complexity depends on IN, Qq, but not N
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Offline/Online Decomposition: Error Bounds

Summary of computational cost:

OFFLINE —
O(QaNmaxN®)  + O(Q2NzN)
solve Poisson problems form p-independent inner products ’
ONLINE —

O(Q:ZN?)
evaluate ||é(w) ]| x-sum

Online cost is independent of NV
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