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Let
V=[(s"1-A)7B, (sl —A)?B, ..., (sl — A *B],
be the generalized reachability matrix and W any matrix such that
wv =1

Then a reduced order model which matched the moments of the system
at s* is described by the equations

£ = W*AVE + W*Bu
y = CVE&+ Du
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Consider a linear, single-input, single-output, continuous-time, system
described by the equations

Moments - Time domain approach

x(t) = Ax(t) + Bu(t), y(t) = Cx(t) (1)

and let
W(s) = C(sl —A)"'B

be the associated transfer function.

Definition

The 0-moment of system (1) at s; € C is the complex number
no(s;) = C(sil — A)~'B. The k-moment of system (1) at's; € C is the
complex number

m(s) = & [%(C(sl - A)—IB)]

S5=5;

with kK > 1 and integer.
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Lemma

Suppose s; ¢ o(A). Then there exists a one-to-one relation between the
moments 1o(s1), - ., M (s1), -, 1M0(Sy), - -, Mk, (sy) and the matrix
CI1, where I is the unique solution of the Sylvester equation

Al + BL =TS,
with S € R¥*" any non-derogatory matrix with characteristic polynomial
p(s) = ﬁ(s — 5:)k, where v = 2’7: ki, and L such that the pair (L, S) is
observa;;/é. -

K. Gallivan, A. Vandendorpe, and P. Van Dooren, Model reduction and
the solution of Sylvester equations, in Proc. MTNS, Kyoto, Japan, 2006.
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Steady state response
T & = Ax+ Bu
w=Sw u = Luw -y, Moments
y = Cuz
IT

The interconnected system has a globally invariant manifold given by

M= {(x,w) e R™" : x =MNw}

with TT the unique solution of the Sylvester All + BL =T1S.
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London
Steady state response
T, r = Ax+ Bu
w=Sw u= Lw v, Moments
y = C';T
IT

The interconnected system has a globally invariant manifold given by
M= {(x,w) € R™" : x =Nw}
with TT the unique solution of the Sylvester All1+ BL =TIS. As a result
y(t) = CNw(t) + Ce™(x(0) — Nw(0))

where the first term on the right-hand side describes the steady-state
response of the system, and the second term on the right-hand side the
transient response.
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London
Moments
o= s(w) U=H@) o= [ y t
y = h(z) Steady state response

The interconnected system has a local invariant manifold
M={(x,w) eR™ : x = 1(w)}

if m(w) solves f(m(w), I(w)) = Z—Zs(w).

Giordano Scarciotti

Model Reducti y Moment Matching for Linear and Nonlinear Time-Delay Systems
9/56




Imperial College Moments for nonlinear systems

London
Moments
o = s(w) u=l(w) @ = f(z,u) y t
y = h(z) Steady state response

The interconnected system has a local invariant manifold
M={(x,w) eR™ : x = 1(w)}

if m(w) solves f(m(w), [(w)) = g—Zs(w).

y Moment Matching for Linear and Nonlinear Time-Delay Systems




Imperial College Moments for nonlinear systems

London
Moments
o= s(w) =4 ¢ o= flzu) y t
y = h(z) Steady state response

The interconnected system has a local invariant manifold
M={(x,w) eR™ : x = 1(w)}
_ Om

= %5
y(t) = h(m(w)) + (¢, x(0) — w(w(0)))

and the steady-state response is by definition the moment of the
nonlinear system at s(w).

if m(w) solves f(m(w), (w)) (w). Then
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In this talk | will try to convey the message that the one-to-one
relation between moments and steady-state response is a flexible
and powerful tool to extend the moment matching approach to general
class of systems.

Our toolbox is constituted by the steady-state equations
x(t) = Nw(t)
x(t) = m(w(1))
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London Motivations

v

Time-delay systems are ubiquitous

v

Delays generate unexpected behavior

v

Model reduction for linear and nonlinear systems

v

What is the role of the delay in the reduced order model?
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Definition of moment for LTD systems

Consider a linear, single-input, single-output, continuous-time, time-delay
system described by the equations

S
X—ZAXT"'ZB“TN y=>_ Cxs, (2)
j=0

j=s+1
S < -1,
and let W(s) = Z Cie 7 (sl _ ZAje_STf) Z Bje 7.
=0 j=0 j=s+1

Definition

The k-moment of system (2) at s; € C is the complex number

mis) = 55 Kl [dsk <ZC€ST’ (5’ ZA e s”) > Bje”l')]

Jj=s+1

with k > 0 integer.
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Definition of moment for LTD systems

S

Let A(s) = ZAje_STf and suppose s; ¢ o(A(s;)) for all i =1,...,n. Then
j=0

there exists a one-to-one relation between the moments no(s1), - .., Mk (1),

S
., mo(sy), -+, Mk, (Sy) and the matrix Z CiNe™*"i, where N is the unique
j=0
solution of the Sylvester-like equation

S 13
D> ANe T —NS=— " Bjle "
Jj=0 j=s+1

with S € R"*" any non-derogatory matrix with characteristic polynomial
n n

p(s) = H(s — )", where v = Z ki and L such that the pair (L, S) is
i=1 i=1
observable.

Giordano Scarciotti
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Steady state response

< H

T = Z Ajar, + Z Bjur,

. , uw = Lw =0 j=s+1 1
w=Sw v Moments

S
v=>_ Cyrr,
j=0

IT

The interconnected system has a globally invariant manifold given by
M={(xw) ER™ : x =TNw}

with T the unique solution of the Sylvester-like equation.

nd Nonlinear Time-
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London Moments for LTD - Time domain

Steady state response

< H

T = Z Ajar, + Z Bjur,

. , uw = Lw =0 j=s+1 1
w=Sw v Moments

S
v=>_ Cyrr,
j=0

IT

The interconnected system has a globally invariant manifold given by
M={(xw) ER™ : x =TNw}
with T the unique solution of the Sylvester-like equation. As a result
S S _
y(6) = GNe™w+ > GL (sl — A(s)) ™" (x(0) — Mw(0))}
j=0 j=0

where the first term on the right-hand side describes the steady-state response
of the system, and the second term the transient response.
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Steady state response
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q S I3 r t
= Dixg+ > Ay + > Bjur + Z/t ) (Gix(0) + H;u(0))do
j=1 j=0 —hj

j=e+1 =1
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q S I3 r ot
= Dikg+ > A+ > Bjur + Z/t ) (Gix(0) + H;u(0))do
j=1 j=0 —hj

j=e+1 j=1

The relation between moments and steady-state response is a powerful tool!

x(t) = Nuw(t) wr = e w(t) /ti;u(e)dé? =S — e *Mw(t)
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x = ZDXC +ZAXT + Z BuTj—l—Z/ (Gix(0) + H;u(6))do

Jj=c+1

Neutral type - Distributed delays

The relation between moments and steady-state response is a powerful tool!
t
x(t) = Nw(t) wr = e*Tw(t) / w(0)do = S — e *"w(t)
t—h

Hence, the associated Sylvester-like equation is

S r q
ST AN+ Z GNS™H (I —e™™)+ Y DNSe™ 9 —NS =

j=1

=- Z BjLe " — ZHLS Y- e,

Jj=e+1
q < T 1 e
M unique if s5; ¢ o Z Djse™%9 + ZAje_STj + Z ij and s; # 0.
=1 j=0 =1
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Reduced model with free parameters
London

The system

d
§ Zfo,"‘ E Gjuy;, w:Zijxp
=0

=o+1

4
is a model of the original system at S, if s, ¢ o (Z Fje_s’Xf> for all

I =1,...,n, and there exists a unique solution P of the equation
o p
> FPe™N —PS=— 3" Gle *Y,
=0 j=et1
such that

S d
> Gne =3 ppe
j=0 Jj=0
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Reduced model with free parameters
London

To construct a family of models that achieves moment matching at v points
select P = /. This yields the family of reduced order models

<s— > Gile SXJ—ZFe )§+ZF5XJ+ > Guy,,

Jj=o+1 Jj=o+1
- (Saner- 3 H) €Y HE,
Jj=0 j=1 j=1

with G;j, Fj and H; any matrices.
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Reduced model with free parameters

To construct a family of models that achieves moment matching at v points
select P = /. This yields the family of reduced order models

<5— > Gle™ SXJ—ZFe )ﬁ—l—ZFng-i— > Guy;,

Jj=e+1 Jj=eo+1
- (Saner- 3 H) 3o Hes,
Jj=0 j=1 j=1

with G;, F; and H; any matrices.

The delay-free model is in this family

£=(5— GiL)¢ + Gu,

= Z GRe *7i¢

Jj=0
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London Example - Exploiting F;

Consider the model of a LC transmission line described by the equations

(@

.1 (1 G 2 [Gl-RyT
=== |5+ | x1— =7 =X + by,
G\ R L GVl g /a

L

1—Roy /S
X2 = X1+ ————=—=Xor + biu,

1+R0\/§

Yy = cx1+ X,
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London Interpolating (p + 1)v points

Can we exploit the additional free parameters to interpolate more points?

Giordano Scarciotti

Model Reduction by Moment Matching for Linear and Nonlinear Time-D
20/56




Imperial College
London

Interpolating (p + 1)v points

Can we exploit the additional free parameters to interpolate more points?

Let S, € RV and S, € R¥*” be two matrices such that o(S,) N o(Sp) = 0.
Consider Fo and Hp given before with x2 =0, S=S,, d=1and L =L, = L.
Then the selection

Fi=(Sb— Sa— Ga(e >3 — e7%X3))(e7 X1 — e~ %x1) !
Fo=S.— GoL — GsLe >?® — Fre >,

Hi = (CMp — CM,)(e X1 — e~ %x1) 1,

Ho = CM, — Hie %X,

belongs to the family of reduced order models achieving moment matching at
S. and S, for any G, and Gs, with P, = P, = |.
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London From delay-free to time-delay

Bode Diagram

©
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o
=]

Magnitude (dB)
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o

90

Phase (deg)
o

1
©
oS

-180

Frequency (rad/s)

Bode plot of a n = 1006 delay-free system (blue/solid line), of a v =8
delay-free reduced order model (black/dash-dotted line) and a v = 8 time-delay
reduced order model (red/dotted line). The squares indicate the first set of
interpolation points, whereas the circles indicate the second set.
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Imperial College Moment for NLTD systems
London

Consider a nonlinear, single-input, single-output, continuous-time, time-delay
system described by the equations

X = f(Xrg, .o, Xr, Ur,), y = h(x)
Consider a signal generator described by the equations
w = s(w), 0 = I(w),
and the interconnected system

w = s(w), X = f(Xrg, .oy Xrg, I(wr,))s y = h(x).

Assumption

There exists a unique mapping 7w(w), locally defined in a neighborhood of
w = 0, which solves the partial differential equation

O s(w) = F((@ny), - 7(@r,), H(3r,)) ©)

where @, = ®7 (w) is the flow of the vector field s at ;.
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London Moment for NLTD systems

Assumption

The signal generator is observable.

Definition

The function h(m(w)), with 7 solution of equation (3), is the moment of
the system at (s(w), I(w)).

Theorem

Assume the zero equilibrium of the system x = f(xzy, ..., %;_,0) is locally
exponentially stable and s(w) is Poisson stable. Then there exists a
unique (w) and the moment of the system at (s(w), /(w)) coincides with
the steady-state response of the output of the interconnected system.

Giordano Scarciotti

Model Reduction by Moment Matching for Linear and Nonlinear Time-Delay Systems

24/56



Imperial College

London Moment for NLTD systems

Assumption

The signal generator is observable.

Definition

The function h(m(w)), with 7 solution of equation (3), is the moment of
the system at (s(w), l(w)).

Theorem

Assume the zero equilibrium of the system x = f(xzy, ..., %;_,0) is locally
exponentially stable and s(w) is Poisson stable. Then there exists a
unique (w) and the moment of the system at (s(w), /(w)) coincides with
the steady-state response of the output of the interconnected system.

Giordano Scarciotti

Model Reduction by Moment Matching for Linear and Nonlinear Time-Delay Systems

24/56



Imperial College

London Moment for NLTD systems

Assumption

The signal generator is observable.

Definition

The function h(m(w)), with 7 solution of equation (3), is the moment of
the system at (s(w), l(w)).

Theorem

Assume the zero equilibrium of the system x = f(xzy, ..., %;_,0) is locally
exponentially stable and s(w) is Poisson stable. Then there exists a
unique w(w) and the moment of the system at (s(w), /(w)) coincides with
the steady-state response of the output of the interconnected system.

Giordano Scarciotti

Model Reduction by Moment Matching for Linear and Nonlinear Time-Delay Systems

24/56



Imperial College

Reduced order model for NLTD systems
London

A family of models that achieves moment matching at (s(w), /(w)) is
described by the equations

£ =5(8) = 0(OIEw) — - &) + (6w ) +0(E)ux
¢ = h(m(¢))

where &, = &} (w) and d and v are arbitrary mappings such that
op _
95,5« = s(p(w)) = a(p(w))(p(@x,)) + d(P(w))(wy,)—

=(P(@x.)s -5 P(@x,)) + (P(wxa)s -+ P(wx, )

has the unique solution p(w) = w.
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Imperial College Dynamics of an oilwell drillstring
London
5% I 9%0
@(Z»f)—@@(zvt), z€(0,L),t>0
coupled to the mixed boundary conditions
o7} o7} o7} 50 a0
GJE(O, t)=c, (E(O’ t) — Q(t)) , GJE(L, t)+lsﬁ(L, t)=-T (E(L’ t))

§ Torsional
3| A vibrations

\

- B
Lateral
vibrations

Axial o s 6T s S0 T s
5 z Time (s)
vibrations
Fig. Angular speed of the system (17). with (20). for different values
of r: 20 rad/s (solid line), 15 rad/s (dashed line) and 10 rad/s (dotted
line). Note the stick-slip phenomenon for r(¢) = 10 rad/s.
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Fig. Time histories of the output of system (17). with (20) and (21),
(dotted line) and the output 4/ of the reduced order model (22), with 8(-) =
2, (dashed line) for various desired velocities.

Reduced order model

£=—0(8)[€ — rr,]
P =m(E)

and Nonlin,

Dynamics

of an oilwell drillstring

Time (s)

Fig. Time histories of the output of system (17), with (20, (solid
line) and of system (23) (dashed line) with 6(z) = qz° + & for 7 = 25,
q=0.0333, £ = 0.3 (top) and 7 = 15, ¢ = 0.125, & = 0.01 (bottom).

Open-loop reduced order model
£=—6(&)[¢ — pn)]
= _klw(éfz) —kem(&r,) +r
¥ =m(§)
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Recap and further directions

The problem of model reduction by moment matching has been changed
from a problem of interpolation of points to a problem of interpolation of
signals. The output of the reduced order model has to behave as the
output of the original system for a class of input signals, a concept which
can be translated to nonlinear systems, time-delay systems and...
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Recap and further directions

The problem of model reduction by moment matching has been changed
from a problem of interpolation of points to a problem of interpolation of
signals. The output of the reduced order model has to behave as the
output of the original system for a class of input signals, a concept which
can be translated to nonlinear systems, time-delay systems and...

The results described are based on the availability of a differential
representation of the signal generator, namely w = Sw. However, there
are notable applications in which this may not be the case. For instance,
the input of a dynamical system describing a power electronic device can
often be a PWM wave (e.g. a square or sawtooth wave) which cannot be
represented as the output of a system described by smooth differential
equations.
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Analysis of a square wave
London y 9

Consider a square wave M(t) defined as
1, (k=1)r < t < km,
n(t) = sign(sin(t)) =4 0, t=kmort=(k+1)m,
-1, kr<t<(k+1)m,

i.e. with sign(0) =0, and k =1,3,5,...,400.
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n(t) = sign(sin(t)) = ¢ 0, t=kmort=(k+1)m,
-1, kr<t<(k+1)m,
i.e. with sign(0) =0, and k =1,3,5,...,400.

The Laplace transform of this function is

£00) = Sy

and this has the poles
s1=0, si=(2j + 1),

with j = —o0,...,—1,0,1,...,+00.
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Since the function M1(t) is periodic, it admits a Fourier series, namely

Analysis of a square wave

m(r):% 3 %sin(it).

i=1,3,5,...,4+00
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Since the function M1(t) is periodic, it admits a Fourier series, namely

Analysis of a square wave

oo

A(t) = 3 %sin(it).

i=1,3,5,...,400

The Laplace and Fourirer transform of the square wave suggest that we could
describe 1M(t) by means of the infinite dimensional system

+2t 0
0 +¢ 0
w= 0 0 O w
0 — 0
0 -2

with output M = Pw for some “matrix” P.
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Since the function M1(t) is periodic, it admits a Fourier series, namely

Analysis of a square wave

oo

A(t) = 3 %sin(it).

i=1,3,5,...,4+00

The Laplace and Fourirer transform of the square wave suggest that we could
describe 1M(t) by means of the infinite dimensional system
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w= 0 0 O w
0 —¢ 0
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with output M = Pw for some “matrix” P.
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London Generator in explicit form

To overcome these issues we consider signal generators in explicit form. Thus,
consider
w(t) = A(t, to)wo, u=lw,

Note that for linear systems in implicit form

A(t, to) = (1),

Giordano S
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To overcome these issues we consider signal generators in explicit form. Thus,
consider
w(t) = A(t, to)wo, u=Lw,

Note that for linear systems in implicit form
A(t, to) = (1),

But it describes a very large class of signals: noncontinuos periodic signals,
time-varying systems, a subclass of hybrid systems, a subclass of nonlinear
systems,...
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London

To overcome these issues we consider signal generators in explicit form. Thus,
consider
w(t) = A(t, to)wo, u=Lw,

Note that for linear systems in implicit form

A(t, to) = (1),

But it describes a very large class of signals: noncontinuos periodic signals,
time-varying systems, a subclass of hybrid systems, a subclass of nonlinear
systems,...

We want to characterize the “moments” of the following interconnection
w(t) = A(t, to)wo
x = Ax + BLw
y=Cx
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London Characterization of the moments

Theorem

t

Let MN(t) = (e““—fc')n(to) + / " BLA(r, to)d7'>/\(t, to) "
to

be a family of matrix valued functions parametrized in M(t) € R"*". Given

“mild” assumptions there exists a unique MNu(to) such that, for any N(to),

lim M(t) — N (t) = 0. Moreover, if x(to) = Moo (to)w(to) then

t—+o00
x(t) = Moo (t)w(t) = 0 for all t > ty, and the set {(x,w) | x(t) = Moo (t)w(t)} is
attractive.
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Characterization of the moments

Theorem

t
Let MN(t) = <e*‘<f*f°)n(to)+/ T BLA(T, to)dr)/\(t, to) "

Jty

be a family of matrix valued functions parametrized in M(t) € R"*". Given
“mild” assumptions there exists a unique MNs(to) such that, for any MN(to),

. Iir+n M(t) — Moo (t) = 0. Moreover, if x(to) = Moo (to)w(to) then

—+o0

x(t) — Moo (t)w(t) = 0 for all t > to, and the set {(x,w) | x(t) = Moo (t)w(t)} is
attractive.

Remark

MNs(t) is also the unique solution of
M(t) = AN(t) + BL — N(t)A(t, to)A(t, to)

with the initial condition T (to) = Mo (to). From a practical point of view, it is
necessary to know the initial condition MNs(to). However, since the motion
Moo (t) is attractive, any solution of the two equations converges to Moo (t).
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Moo (t) is attractive, any solution of the two equations converges to Moo (t).
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London The periodic case

Consider the signal generator

w(t)=w(t—T),
w(t) = h(t) tO)w07 to — T<t< to,

u=Lw,

then My (t) becomes

t
Noo(t) = (1 — A7) 72 U eACTIBIN(7, to)dT| A(t, ) ~*
t—T
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Consider the matrix of square waves

|‘|<2—7rt+z) —l‘l(2it>
An(t,0) = T 2 T
’ (%) A(ZFes T
T T 2
The previous equation computed for t =0

Mo (0) = _A—l(/ _ eAT)—l [(e%AT _ eAT_i_e%AT _ e%AT) BL +

A numerical example
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A~ (t,0) =

Time history of the entries of the matrices
M~ (top), Ma (middle) and Mn (bottom).

Giordano S ti
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Looking at new [1's

2
(5
N[l —=t
T

Time history of the output (solid lines)
Y~ (top), ya (middle) and yn (bottom).
Time histories of the steady-state of the
output (dotted lines) computed as ClMw,
CI'I/\w and CI'Imw.
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The system described by the equations

A new family of reduced order models

t
£(t) = F(t, t0)6o +/ G(t - T)u(r)dr,
to
¥(t) = H(t)&(t),
is a model of the system, if there exists a unique solution P (t) of the equation
t
P(t) = <F(t, to)P(to)—l—/ G(t — T)LA(T, to)d7'> A1 (¢, 1)
to
with P(ty) = Poo(to) such that for any P(t), . IiT P(t) — Ps(t) = 0 and
—+00

CMuo(t) = H(t)Pso(t)
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The system

The periodic family

é = :E£ 4 au,
P(t) = CMao(t)Pos () '4(1),

is a model of the system, if o(F) € Co and

~ t _ _
Poo(t) = (1 — )2 V eF "I GLA(T, to)dT | A(t, t0) 7,
t

-7

is non-singular for all t € Rxq.
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Introduction to moment matching

The time domain approach to moment matching

Model reduction for linear time-delay systems

Model reduction for nonlinear time-delay systems
Interpolation at infinitely many points
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A toolbox for the model reduction by moment matching
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Contents
» Introduction to moment matching
» The time domain approach to moment matching
» Model reduction for linear time-delay systems
» Model reduction for nonlinear time-delay systems
» Interpolation at infinitely many points
» Model reduction from input/output data
> A toolbox for the model reduction by moment matching
» Remarks and further research
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London Systems with unknown description

If we have the steady-state response Clw(t), how do we
recover the moments [17
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Imperial College Systems with unknown description
London

If we have the steady-state response Clw(t), how do we
recover the moments [17

How do we obtain a reduced order model if we do not have
the matrices A, B, C, but we have measurements of the input
and output of the system?
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London Let's manipulate the response

Recall that the output of a linear system can be written as
y(t) = CNw(t) + Ce™(x(0) — Mw(0))
This can be rewritten as
vec(CMNw(t)) — vec(Ce™ Mw(0)) = vec(y(t) — Ce**x(0)),
and
(w(t)T ® C—w(0)" ® Ce’*)vec(N) = vec(y(t) — Cetx(0)).
Finally

W(O0)T @ C)(e® '@ 1 — I ® e™)vec(MN) = vec(y(t) — Ce™x(0))
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London Let's manipulate the response

Define the time-snapshots R, € R”*™ and T, € R as
(UJ(O)T ® C)(eSTfk—wH @1 —1® eAtk—w+1)

R = :
“ w0 @ C)(e 1 @1 — I ® )

W0)T @ C)(e® @l — 1)

Y(tk—ws1) — CeAtk‘W“x(O)

y(t_1) — Ce**=1x(0)
y(tx) — Ce*™x(0)
This yields the on-line estimate

vec(Mi) = (R Re) 'R T«
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London Exploiting the steady-state

Note that the equation can be written as
y(t) = CNw(t) +&(t),

with e(t) = Ce™(x(0) — Mw(0)) an exponentially decaying signal.
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Exploiting the steady-state

Note that the equation can be written as
y(t) = CNw(t) + (1),
with £(t) = Ce™(x(0) — Mw(0)) an exponentially decaying signal.

Thus, let CN be such that .
y(t) = CMNw(t),

and define the time-snapshots Rc € R and T« € R” as

Re=[ w(ticwr) .. w(tic1) w(te) |

and _
Te=[ y(te-wi1) - y(teo1)  y(t) ]T
Then
vec(CMy) = (R R) TR T,

is an approximation of the on-line estimate CIlly.
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It is easy to derive a recursive least-squares estimation of Eﬁk. To this end, let

A recursive implementation

o = (R R,
Wy = (R_ 1Rt + w(ti)w(te) 7)) 72

Then - o N
CMyg = CMy_1+ ¢kw(tk)(y(tk) — (/.)(l'k)—r anfl)
— Okt w) (y(tew) — w(tiw) CMli1),
with
b =V, — Wkw(tk,W)X
X(I + w(tk_W)T\ka(tk_w))flw(tk_w)T\llk
and

YV, =&, — ¢k,1w(tk)><

X(I + w(tk)T¢k_1w(tk))71w(tk)T¢k_1.

For SISO systems the two matrix inversions are two divisions. The computation
complexity of updating the estimate is O(1).
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London

The system described by the equations
£=Fé+ G, ¢ = Hid,

is a model of the system at (S,L) at time ty, if there exists a unique solution
Py of the equation
FiPi + GkL = PiS,

such that .
Cly = Hi P,

Remark
Select Py = I, for all k > 0. If 5(Fi) N o(S) =0 for all k > 0, then the model

£ = (5 — GeL)¢ + Gyu,
¢ = CTiE,

is a model of the system at (S,L) at time t.
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London Linear time-delay systems

These resuls can be easily extended to linear time-delay systems. In fact,
we have already seen that for linear time-delay systems the following holds

S
y(£) =) GNe *Tw(t) + (1),
j=0
Then

.
vec | Y- GNe, ™ | = (R{R) IR T,
=0

S
is an approximation of the on-line estimate Z le'le,:ST’, and families of
j=0
reduced order models at time t; can be easily defined.
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Determining at every k the matrix G, such that
o(Fx) = { Mk, .-, Ak} for some prescribed values \; x. The
solution of this problem is well-known and consists in selecting
G, such that

0'(5 - GkL) = U(Fk).
This is possible for every k and for all \; x & (S) and note
that Gy is independent from the estimate CI1,. Note also that
by observability of (L, S), G is unique at every k.

Giordano Scarciotti

Model Reduction by Moment Matching for Linear and Nonlinear Time-Delay Systems
47/56




Imperial College Prescribed relative degree, zeros,
London compartmental constraints

These problems can be solved at each k if and only if
-5
rank { . } =n,

for all s € o(S) at k. Even though the asymptotic value of

CIy satisfies this condition there is no guarantee that the
condition holds for all k. However, if the condition holds for
the asymptotic value, there exists k > 0 such that for all

k > k the equation has a solution.

Giordano Scarciotti

Model Reduction by Moment Matching for Linear and Nonlinear Time-Delay Systems

48/56



Imperial College System with n = 1006
London

Bode Diagram
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Figure: Bode plot of the system (solid line), of the reduced order model at

te = 90s (dotted line), of the reduced order model at t, = 110s (dash-dotted
line) and of the reduced order model at t, = 140s (dashed line). The circles
indicate the interpolation points.
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The averaged model of the DC-to-DC Cuk converter is given by the equations

A nonlinear example

d . d .
Llallz—(l—U)V2+E, L3EI3:—UVQ—V4,

C—w = (1 — Ll)il + uis, C4EV4 = i3— GV47

dt
y=w,

0 01 02 03 04 05 06 07 08 09 0 005 01 015 02 025 03 035 04
@ time (s)
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A nonlinear example
London P
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A matlab toolbox for moment matching
London
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A matlab toolbox for moment matching
London
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The topics presented today have been extracted from the following papers
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The topics presented today have been extracted from the following papers
> Model reduction by moment matching for linear time-delay systems (IFAC
'14)
» Model reduction by moment matching for nonlinear time-delay systems
(CDC '14)
» Model reduction of neutral linear and nonlinear time-invariant time-delay
systems with discrete and distributed delays (TAC, conditionaly accepted)
» Characterization of the moments of a linear system driven by explicit
signal generators (ACC '15, to appear)

> Model reduction by matching the steady-state response of explicit signal
generators (TAC, submitted)
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The topics presented today have been extracted from the following papers
> Model reduction by moment matching for linear time-delay systems (IFAC
'14)
» Model reduction by moment matching for nonlinear time-delay systems
(CDC '14)
» Model reduction of neutral linear and nonlinear time-invariant time-delay
systems with discrete and distributed delays (TAC, conditionaly accepted)

» Characterization of the moments of a linear system driven by explicit
signal generators (ACC '15, to appear)

> Model reduction by matching the steady-state response of explicit signal
generators (TAC, submitted)

» Model Reduction for linear systems and linear time-delay systems from
input/output data (ECC '15, to appear)
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The topics presented today have been extracted from the following papers
> Model reduction by moment matching for linear time-delay systems (IFAC
'14)
» Model reduction by moment matching for nonlinear time-delay systems
(CDC '14)
» Model reduction of neutral linear and nonlinear time-invariant time-delay
systems with discrete and distributed delays (TAC, conditionaly accepted)

» Characterization of the moments of a linear system driven by explicit
signal generators (ACC '15, to appear)

> Model reduction by matching the steady-state response of explicit signal
generators (TAC, submitted)

» Model Reduction for linear systems and linear time-delay systems from
input/output data (ECC '15, to appear)

» Model reduction for nonlinear systems and nonlinear time-delay systems
from input/output data (CDC '15 submitted)
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Thank you for your attention!
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