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Motivation
> System (typically discretization of (system of) PDE(s))
Ay +F(y;0) =Bu+b
Parameter 6§ € O, control u € Uy, 4.
(Both are parameters for purpose of model reduction.)
» (Deterministic) Optimal control
min J(y,u)
st. Ay +F(y;6p) = Bu—+b,
u € Upd,y € Vad-

» Optimal control governed by PDEs with uncertain parameters
(informal)

min/p(&)J(y(@),u) do
©

st. Ay(0) + F(y(0);0) =Bu+b, 0c0©
uc Z/{ad7
y(@) S yada 0 e @
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Examples

Nonlinear reaction advection diffusion Reservoir management
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In this talk

Focus on simulation (solve Ay + F(y;0) = b).
Detailed aspects of DEIM/EIM in finite element setting.
Limits of DEIM/EIM.

Error estimates.

vV v v v
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Outline

EIM and DEIM
EIM and DEIM for Finite Element Simulations
EIM and DEIM for Navier-Stokes
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Model Problem

Semilinear Advection-Diffusion-Reaction PDE

y=h, onI'p,
Vy-n =0, on I'y.

Consider specific nonlinearity

F(y,0) = Ay(C — y)e” P/P=0)
where C, D are known constants and 6 = (In(A), E') are system
parameters in © = [5.00, 7.25] x [0.05,0.15] C R?.
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» Semilinear Advection-Diffusion-Reaction PDE

—vAy+ 5 -Vy+ f(y,0) =0, in Q,
y=9, on FDv
Vy-n=0, on I'y.

Consider specific nonlinearity
f(y,0) = Ay(C —y)e” B/P~Y

where C, D are known constants and § = (In(A), E) are system
parameters in © = [5.00,7.25] x [0.05,0.15] C R2.

» Weak form: Find y € H'(Q) with y = h on T'pp such that

/VVy-VUdm—i—/ﬁ-VyUdm—&—/f(yﬁ)vdmzo
Q Q Q
for all v € H*(Q) with v =0 on I'p.
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» Finite element discretization. Approximate

N N+Np
= yiei@) + > g(z)6i(x)
Jj=1 j=N+1

where yy, satisfies

/ I/Vyh-V@-dm—i—/ B-Vthﬁidac—i—/ flyn,pdx =0, i=1,...,N.
Q Q Q

To simplify presentation omit stabilization and often set g(z,) = 0.

» In practice use quadrature to evaluate integrals:
e €Q weR, £=1,...,n4 quadrature nodes and weights.

Fi(un 6:6) sz (e 0)0te0) (= [ flona). 0601z )

» Matrix form:
Ay +F(y;0) =b.
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Basic Reduced Order Model

> Generate snapshots yp,;, i=1,...,n (y;, i=1,...,n)

» Extract orthonormal basis vy, ;, i =1,...,n (v;, i =1,...,n) from
snapshots. n < N.

» Approximate y =y + Vy. (To simplify notation set y = 0.)
» Reduced order model
T AV < T sy _ vl
VIAVY + VIF(Vy;0) = VTb.
nxn
where V = (vy,...,v,) € RVx",
» Approximation of § — VT F(Vy;0) with (on-line) computational
complexity independent of N.
EIM: Barrault, Maday, Nguyen, Patera (2004), Grepl et al. (2007).
DEIM: Chaturantabut, Sorensen (2010).
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DEIM

» Generate subspace U = [uy,...,u,,] € RVX™ for nonlinear term.
Want F(Vy(0);0) € R(U) approximately for all § € ©.

v

F,(Vy;0)

Compute approximation ﬁ(vy; 0) = Uc(y; 0) such that

F;(Vy;0) for components i = p1,...,Pm.

(Index selection next slide)

v

v

Define P = [y, , ..

.,ep, ] € RNX™: write interpolation condition as

PTF(Vy;0) = PTF(Vy;6).

DEIM approximation of nonlinearity:

F(Vy:0) < UPTU) 'PTF(Vy;0).

v

DEIM reduced order model

VTAVy + VIUPTU) ' PTF(VY;0) = Vb,
N—————

Matthias Heinkenschloss
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Selection of DEIM points
Input: Linearly independent vectors uy, ..., u,,.
Output: Indices p1,...,Pm-
1. [p,p1] = maxu |}
2. Set U= [w], P=ley], p=[p]
3. Fori=2,...,mdo
3.1 Solve (PTU)c = PTu; for c
32 ri=u; — Uc

3.3 [p, pi] = max{|ri|}
34 Update U=[U w;|,P=[P ep], p= [pT p,']T

DEIM error estimate: If U € RY*™ has ortho-normal columns, then

IF —Fll> < [(PTU) |2 (L~ UUT)F|>.

Matthias Heinkenschloss May 20, 2015
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Why is DEIM efficient?

» DEIM approximation of nonlinearity:
F(Vy;:0) L UPTU)'PTF(Vy;0).
> Need to evaluate m components F, ..., F, .

If they depend on k ~ n components of Vy, then we only need to
compute product of k x n submatrix of V times y.

Matthias Heinkenschloss May 20, 2015
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Why is DEIM efficient?

» DEIM approximation of nonlinearity:
F(Vy;:0) L UPTU)'PTF(Vy;0).
> Need to evaluate m components F, ..., F, .
If they depend on k ~ n components of Vy, then we only need to

compute product of k x n submatrix of V times y.
» (Continuous nodal) FEM:

Fi(y;0) = Fu(yn, ¢:;0) —/ (ZYﬂ% ) i(z)dz
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Why is DEIM efficient?

» DEIM approximation of nonlinearity:
F(Vy;:0) L UPTU)'PTF(Vy;0).
> Need to evaluate m components F, ..., F, .
If they depend on k ~ n components of Vy, then we only need to

compute product of k x n submatrix of V times y.
» (Continuous nodal) FEM:

Fi(y;0) = Fu(yn, ¢:;0) —/ (Zyjqb] ) i(z)dz

> P1 P2
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» Alternative:

Ne N
Piyit) =3 [ £ vi0s(@)i0)ou(a)ds
e=1 e 7j=1

=Fi(y:0)
Assemble (add element information)
F(y;0) = QF“(y;0)

where Q € RV*(nems) (n, # elements, n, # DOF per element).
» Reduced order model applied to unassembled nonlinearity:
» Basic model

VTA(VY) + VIQF¢(Vy;0) = V'b.
» DEIM approximation of unassembled nonlinearity
F(y;0) = U ((P)"(U")) " (P)"F*(y:0).
» Final

VTAVY + (VTQUE((PE)T(Ue))_1> (P9)TF*(Vy;0) = Vb,

Matthias Heinkenschloss May 20, 2015 14
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Apply to 3D Diffusion-Advection-Reaction PDE

Piecewise linear FEM

Thetrahedra that need to be evaluated

assembled
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Polynomial degree p=1 p=2

Mesh number 1 2 3 1 2
# tetrahedra 6,144 49,152 165,888 6,144 49,152
# nodes N 1,296 9,248 30,000 9,248 69,696
# POD basis vectors n 19 18 19 18 19
# DEIM points m 21 21 22 21 22
# nodes adjacent DEIM pts. 183 271 320 445 559
# DEIM points m® 21 21 22 21 22
# nodes adjacent DEIM pts. 67 80 88 193 220
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EIM

v

v

v

v

Works with nonlinearity f(y,0)

Variational form

F(y;0); =Fn(yn, $;0)
= @ef (yn(we), 0)i(we) ( /fyh
/=1

Define
$1(&1) - d1(&n,)

) . N
®= ; : € R,

én(&) .. dn(én,)
W = diag(w1,...,@,,),
Yn = (Yn(1)s - yn(@n, )7
(yn: 0) = (f(yn(21),0), ..., f(yn(zn,), 0))"

FEM approx. at all quadrature points: y;, = ®7y.
Matrix form of nonlinearity F(y;6) = ®TWf(y;,; ).

Matthias Heinkenschloss May 20, 2015
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EIM

» Generate subspace U = [, ..., U,,] € RY*" for nonlinear term.

Want f(y;,(0);6) € R(U) approximately for all § € ©.
» Compute approximation f(y,(6);6) = Uc(yx(0);6) such that

f(yh(xi); 0) = f(yn(z;); 0) for components/quad. points i = py,...,Dm-
> Define P = [e5,,---,ep,] € RNX"4; write interpolation condition as
PTE(yn; 0) = PTE(yp; 0).
» EIM approximation of nonlinearity:
£(5;0) = T(PT0) " PTE(VE; 0).

» FEM approx. at all quadrature points: y;, = ®”y, 75, = ®7 Vy.
At EIM quad. points i = p1, ..., Pm: QPTVY.
» EIM reduced order model

VIAVY + VIe"WU(PTU) ' PTt(@7Vy;0) = VTb.

nxm

Matthias Heinkenschloss May 20, 2015 19



Evaluations e for EIM (quadrature) point e

Matthias Heinkenschloss
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Apply to 2D Diffusion-Advection-Reaction PDE
piecewise linear FEM - DEIM

Matthias Heinkenschloss
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Polynomial degree p=1 p=2

Mesh number 2 3 4 2 3 4
# triangles 3,213 12,976 53,120 3,213 12,976 53,120
# nodes N 1,768 6,813 27,215 6,751 26,604 107,552
# POD basis vectors n 16 17 17 17 17 17
# DEIM points m 19 20 20 20 20 20
# nodes adjacent DEIM pts. 130 160 162 168 177 180
# DEIM-u points m® 20 20 20 20 20 20
# nodes adjacent DEIM-u pts. 56 60 60 114 120 120
# EIM points m 20 20 20 20 20 20

Matthias Heinkenschloss May 20, 2015
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DEIM for Navier-Stokes

%v(w,t) — vAv(z,t)
+(v(z,t) - V)v(z,t) + Vp(z,t) =0, in Q x [0,77,
V- u(z,t) =0, in Q x [0,77,
v(z,t) = g(x,t), on Ty, x[0,T],
v(x,t) =0, onT'p x [0,T7,
(Vou(z,t) — p(x,t))n(z) = 0, on Loyt % [0,T].

1
0.5
0

0 0.5 1 1.5 2

Set-up as in V. John (2004)

Matthias Heinkenschloss May 20, 2015
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» Taylor-Hood P2-P1 finite elements leads to

d

Mv(t) + Av(t) + N(v(t))v(t) + BTp(t) = (1),
Bv(t) = g(t),
v(0) = 0.

» Treat v(t) — N(v(t))v(t) as general nonlinear term with DEIM

Matthias Heinkenschloss May 20, 2015

24



Lift (— full; — POD-DEIM) Drag (— full; — POD-DEIM)

0.3
25

0.2
2

0.1
1.5
0 e A 1

e

0.5

-0.1
0

-0.2
-0.5
-0.3 -1

0 2 4 6 8 0 2 4 6 8
time time
full POD-DEIM

Velocity att=2.24 Velocity att=2.24

Velocity at t = 2.48
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> Have that
/Q(U(x) V)w(z) -w(z)dr =0 forall v e [HY(Q))? w € [Hi(Q)]?

with V- v(z) =0 in Q.

» For Navier-Stokes with Dirichlet BCs everywhere,

T T
/§2v2(a:,T)dat+u/0/QHVv(at,t)Hdetdtg/QvQ(m,O)dm—i—/o/Q||f(x,t)||2da

(Dropped several constants.)

» If discretely, v(t)TIN(v(t))v(t) =0,

T T T
V(D)2 + / v(tyTAv(t)dt < [v(0)]? + / / 1£(t)] 2t

Matthias Heinkenschloss May 20, 2015 26



> Have that
/Q(U(x) V)w(z) -w(z)dr =0 forall v e [HY(Q))? w € [Hi(Q)]?

with V- v(z) =0 in Q.

» For Navier-Stokes with Dirichlet BCs everywhere,

T T
/§2v2(a:,T)dat+u/0/QHVv(at,t)Hdetdtg/QvQ(x,O)dm—i—/o/Q||f(x,t)||2da

(Dropped several constants.)

» If discretely, v(t)TIN(v(t))v(t) =0,

T T T
V(D)2 + / v(tyTAv(t)dt < [v(0)]? + / / 1£(t)] 2t

> If v(t)TN(v(¢))v(t) = 0 for all snapshots, then
(VV()TN(VV(t))VV(t) = 0 for POD.
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> Have that
/Q(U(x) V)w(z) -w(z)dr =0 forall v e [HY(Q))? w € [Hi(Q)]?
with V- v(z) =0 in Q.

» For Navier-Stokes with Dirichlet BCs everywhere,

T T
/91)2(33,T)dat+u/0/9HVv(at,t)Hdetdtg/Qv2(x7o)dm+/o/ﬂ||f(x7t)||2da

(Dropped several constants.)

» If discretely, v(t)TIN(v(t))v(t) =0,

T T T
V(D)2 + / v(tyTAv(t)dt < [v(0)]? + / / 1£(t)] 2t

> If v(t)TN(v(¢))v(t) = 0 for all snapshots, then
(VV(t))TN(VV(t))VV(t) = 0 for POD.
» DEIM approximation of nonlinearity:
N(v(t))v(t) ~ UPTU)"tPT (N(VV(t))VV(t)).
In general

V(HVIUPTU)PT (N(VI() V(1)) # 0.
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Outline

Error Estimate

Matthias Heinkenschloss
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Error Estimate

» Original problem G(y,0) = Ay + F(y,0) —b =0.
Solution y*.
» POD-DEIM reduced order model

VIG(F + V,.5,0)
=VIAvV,y +VIU,,(PTU,,) 'PTF(F + V,3,0)
+VIAy+Vvib=o.

Solution y*.
Will drop mean ¥ to simplify notation.

» Want estimate y* — V,,y*; select number of bases V,,, U,,.

Matthias Heinkenschloss May 20, 2015
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Newton's Method

» Newton's method for the original problem

DyG(y*,0)0y" = —G(y*,0),
yErl = yb 4 sy
» Newton's method for the POD-DEIM reduced order model
D,VIF(V, 3%, 0)V, 6y = -VIF(V,5",0),

yrt =y + oy,

Matthias Heinkenschloss May 20, 2015 29



Newton-Kantorowich type estimates

> G(y,0) cont. diff'bel ; D,G(y,8) be invertible for all y, 6 € ©.
» Affine covariance Lipschitz condition

|1DyG(y,0)" (DyG(y,0) — DyG(v.0))(y —v)|| S wly—v[* Vy,v.
> ho = wl||dy°] < 2.
Newton's method converges to y* with quadratic convergence rate

w _
Iy =yl < Sy =y

e 15y°)
% 0 o def y
ly* =y°|| <7 1= Ihy

Can estimate (heuristics)

ho =~ 20y with ©g = ||(5y1‘|2/||(5y0||2.

Matthias Heinkenschloss May 20, 2015 30



Error Estimates

» Apply previous theorem to full problem with star value y° = V,,y*:

def H5YO||

Iy = Vay™ll <o :
" 1—1hg

Can estimate (heuristics)
ho =20y with Qg = ||5y1||2/||5y0H2.

» Apply previous theorem to reduced order problem with star value
30 — VT *.
y nY

Can estimate (heuristics)

et [|99°]
) = ——=—

% T . *
210

<

ho ~ 20 with O = [|65"[12/1165°|2-
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Heuristic Algorithm

INPUT: Newton tolerance: 7,.,, max. Newton iterations: k.4,
tolerance: Tegt,

initial size of basis: n, max. size basis: N0z > N,

initial Newton iterate: y°

OUTPUT: rg, V,,

while n < 1,44
» Generate reduced order model V,,, U,,
» Apply Newton's method to compute y*.
» Estimate error (full estimator)
> Set y’ =y + V,.§*
» Compte 6o = ;12 7, — 159"l
If 7o < Test, STOP (outer loop)
else if n +1 > ny,,,,,. update basis V,, .. .
else set n = n + 1 goto ‘while’ loop
Compute the new iterate y? = y! + dy’.
- §0=VIy
» Estimate error (reduced estimator)
Use reduced order problem with V.

end
Matthias Heinkenschloss May 20, 2015
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Application to 3D Reaction diffusion

# basis vectors n and # of DEIM points

Grid 1 Grid 2 Grid 3
n|lm| n|m| n|m
6| 8|/ 6| 8| 6] 8
9112 9|12 | 913
13 15|13 | 15 | 13 | 17
17 |20 | 17 | 20 | 18 | 21
- - -1 21| 24

m for three different grids.

Grid 1

Grid 2

Grid 3

estimate

actual (full)

estimate

actual (full)

estimate

actual (full)

3.53 x 1072

3.46 x 1072

1.54 x 1072

1.54 x 1072

312 x 1071

3.02 x 107 T

222 x10°°

222 x107°

5.23 x 10°°

523 x 10°°

1.66 x 1072

1.66 x 1072

5.27 x 1072

5.27 x 1072

2.29 x 10~3

228 x 1073

8.95 x 10~ °

8.94 x 1073

277 x 1072

277 x 1072

1.72 x 1073

1.71 x 1073

9.47 x 1077

0.47 x 1077

Error estimator for three different grids using 7es: = 5 x 1074,

Matthias Heinkenschloss
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Conclusions:
» Comparison of DEIM and EIM for FEM computations
» Capture properties of full order problem in reduced order model.

» Newton-based error estimates

Matthias Heinkenschloss May 20, 2015
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