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BEC — An experimental breakthrough

Nobel Prize in Physics 2001: Cornell, Ketterle and Wieman
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Schrodinger equation

Fundamental description by Schrodinger equation:
HNWN(Xl, veny XN) = ENWN(Xl7 ...,XN)7
with Hamiltonian
N X2
Hy = Z (—A/ + T’) + Z v (Xi — Xj)-
i=1 1<i<j<N

In experiments: N = 10? — 10% = Curse of dimensionality.

Andreas Deuchert (Mathematics UZH) SC approximation March 12, 2021 3/23



Behavior of the system at zero temperature (MF case)

Mean-field limit: When vy(x) = N~!v(x) we have

N
Un(x,oxw) ~ [[@%(x) and  Ey = NEM,
i=1

where

@)= [ 309 (~a0+ 2 ) o0 ax+ 1 [ vix— eIt dtey)

and o is the unique minimizer of £,

References:
@ Lewin, Nam, Rougerie, Adv. Math. 254, 570 (2014)
o Grech, Seiringer, Comm. Math. Phys. 322 (2), 559 (2013)
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Behavior of the system at zero temperature (GP case)

Gross—Pitaevskii limit: When vy(x) = N?v(Nx) we have

N
Up(x,xn) & [[@9F(x) and  En & NEST,
i=1

where

5GP(¢):/ d(x )( A+ >¢(X)dx+47ra/ |P(x)|* d(x)
R3

and ®CF is the unique minimizer of £6F.

References:

@ Lieb, Seiringer, Yngvason, Phys. Rev. A 61, 043602 (2000)
@ Boccato, Brennecke, Cenatiempo, Schlein, Acta Math. 222, 219 (2019)
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Free energy and Gibbs variational principle

Let
Su={reB (L, (RM)| T =0and Trr =1},

sym
denote the set of N-particle states.
The free energy can be characterized by the Gibbs variational principle

F(T,N)= rgg {Tr[HNI] = TS(I)}  with  S(F)=—Tr[n(l)].

=F(r) Von Neumann entropy

The unique minimizer of F is the Gibbs state

e—Hn/T

N = T fe A/T]
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1-pdm and BEC

The one-particle reduced density matrix (1-pdm) of an N-particle state
v € Sy can be defined via its integral kernel

'yﬁlN)(X,y) = N/FN(X, qi, - qN-1; Y, 1y n—1) (g1, -, Gn—1).-

It is the quantum version of the one-particle marginal of an N-particle
probability distribution.

A sequence of states 'y (indexed by the particle number) displays Bose—Einstein
condensation (BEC) if

. (6,7)9)
liminf sup > 0.
N> gz N
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Scales for ideal Bose gas as N — oo

1/3
Critical temperature of ideal gas: T.(0) = (%) .

— Harmonic trap
— BEC
—— Thermal cloud

-3 -2 -1 1 2 3

o Free energy F(T,N) ~ TN ~ N*/3
@ Length scale density condensate: 1
o Length scale density thermal cloud: N'/6
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Scales for the interacting model as N — oo

Hamiltonian:

=3 (o) e s S (0 )

1<i<j<N

Temperature:

T < To(N) = <%)>1/3.
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Scales for the interacting model as N — oo

Hamiltonian:

= N/3 ﬁ:( WA+ 5 )+% > vixi—x)

i=1 1<i<j<N

with i = N~1/3,
Temperature:

T<T.(N) = (%))1/3.
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The semiclassical mean-field limit

Hamiltonian:

N 2
_ 20, K 1 ) )
HN_Z<_hAI+T>+N V(X,—XJ)

i=1 1<i<j<N

with i = N—1/3,

Temperature:

T<T.(1) = <$>m.
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The semiclassical mean-field limit

Hamiltonian:
N X 1
HN:Z;(_thH_I’) +N v (xi — xj)
=

with i = N—1/3,

Temperature:

T<T.(1) = <$>U3.

Goal: Prove BEC and quantify how the critical temperature depends on the
interaction potential v.
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Heuristics

MF interaction vy(x) = N~1v(x) implies

1
Tl S x| =5 [ vx— e en ) dexy)
— RS
1<i<j<N
where gr,(x) = fyl(-jv)(x, x). = Expect that energy can be expressed as a nonlinear
function of 1-pdm.

Semiclassical parameter —h2A implies that for “nice” functions f:

tr [f (R0 + V(x))] = /Rs f (P> + V(q)) ?2(7':53) +0(h7?).
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Effective model: The semiclassical free energy functional

Let g € [0,1] and v(p, g) > 0 be such that

d bl
/RG v(p, q) ((2/;)2) +g=1

The semiclassical free energy functional is defined by

]_-sc(,)/’g):/]R (p + )’Y(P, ) ((2[;’)) Ssc( )
N % /R va—d)ela)e(d)d(q.9),

with the density o(q) = fR3 ~v(p, q)(sz")3 + gd(q) and the entropy

=0 / (vIn(y) = (1 +9)In(1+7)) (p. q) ((p’)q)
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Main results (non-technical version)

Theorem (Characterization of BEC and MF shift of T.)

The full quantum mechanical model displays BEC if and only if the
semiclassical free energy functional displays BEC.

Denote by g(T) the condensate fraction of the interacting Gibbs state.
Assume that v is replaced by A\v with 0 < X\ < 1. Then there exists \g > 0 such
that for all A < )y we have the following statements

o There exits a unique critical temperature T.()\) such that g(T) =0 for
T > T.(X) and g(T) >0 for T < To(N).

@ The critical temperature satisfies T.(\) = T.(0) — A® + O(\?) with

0= 50z [, 80 e0 (g (7 + %)) @) = o a6 Al )
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1st stage of simplification: Hartree free energy functional

We define the set of 1-pdms
Di = {7 e B(L2(®)) | 720, ul] =N}

For an operator v € D} the Hartree free energy functional is defined by

X2 1
fH(”y) =tr |:(—h2A + I + mv * .Q’y) ’7:| - TS(’}/),

where 0.,(x) = 7(x,x) and where the bosonic entropy is defined by

s(v) = —tr[yIn(y) = (1 +7) In(1 +7)].
Finally, v denotes the unique minimizer of 7% and

FR(T,N) = FH (1)
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Main results: 1st stage of simplification (technical version)

Theorem (Validity of Hartree theory)
In the limit N — oo with T < T.(0) we have

|F(T,N) - F(T, N)| < NP3,
Moreover, for any sequence of states 'y € Sy with I-pdm vy and
|F(Tw) = FY(T,N)| <6

for some § > 0, we have

||’YI'N = 'yHHl < N5/6(1 + 5)1/4.

Andreas Deuchert (Mathematics UZH) SC approximation March 12, 2021 18/23



Main results: 2nd stage of simplification (technical version)

For a given 1-pdm v we define the Husimi function by

my(p,q) = (€ ALk ) with 8 = R73/%%((x — q)/(M?))e™/".

Theorem (Validity of the semiclassical approximation)
In the limit N — oo with T < T.(0) we have

|FR(T,N) = NF*(T)| < N*/3.

Moreover, let PH be the projection onto the eigenspace of the largest
eigenvalue of v/ and define Q" =1 — PH. We then have

IN~ttr [PHAH] — g%¢| S NTHOP7 as well as

[ Imasn(p.) = 27(p. )] d(p.x) S N4
R

for any o > 0.
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Remarks

Optimal error of bounds for free energies.

Zero temperature limit included.

@ All results remain true if F is minimized over general states on the Fock
space with fluctuating particle number. In particular, we have equivalence
of ensembles up to the given accuracy.

o Power law traps behaving as |x|® for |x| — oo and some s > 0 can be
treated with our approach.
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Quantifying coercivity of semiclassical free energy
For f(x) = xIn(x) — (1 4+ x) In(1 + x) and two nonnegative functions
a, b € [1(R®) we define the semiclassical relative entropy
5%(a.6) =35 [ | (alpx)) ~ F(b(p.x)
) _(27_(_)3 RS p7 p7

- f’(b(pﬁ()) (a(p’ X) - b(p7 X)) d(pa X)'

Lemma (Quantitative coercivity)

There exists a constant C > 0 such that for any two nonnegative functions
a, b € L'(R®) we have

SC (4 (f]R6|a(p7X)_b(p?X)| d(p?x))z
R I R )
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Quantifying coercivity of quantum free energy

For f(x) = xIn(x) — (1 4+ x) In(1 + x) and two nonnegative trace-class operators
a, b we define the bosonic relative entropy

S(a, b) = tr|f(a) — f(b) — f'(b) (a — b) |.

Lemma (Quantitative coercivity)

There exists a constant C > 0 such that for any two nonnegative trace-class
operators a, b we have

(la - b]1)?
S(a,b)>c—Ma_2l)
&) = 1+ blftz[a + b]

Andreas Deuchert (Mathematics UZH) SC approximation March 12, 2021 22/23



Equivalence of ensembles for Hartree free energy

For I € Sy we define the canonical version of the Hartree free energy by

FRer) =Ty {d'r <h+ %VN x Qr) F} - 75()

and denote

H,c _ H,c
FIC(T,N) = inf FH(T).

Lemma (Equivalence of ensembles)
We have the bound

FE(T,N) < FRE(T,N) < F(T,N)+ T (1 +In(1+N)).
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