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The model

The Hamiltonian in mean-field (MF) scaling is given by

N

Hy = Z (—A; + w(x)) + % Z v(xi — xj).

i=1 1<i<j<N

At temperature T > 0 the system is described by the free energy and the Gibbs
state

F(T,N) = —TInTrlexp(—Hn/T)] and Tg = Tre[’;‘;()(__%

respectively. The traces are taken over permutation symmetric functions. We
have

Tllino F(T,N)=Ey and _,l_lino e = |Wa)(Wpl,

where Ep denotes the lowest eigenvalue of Hy and HyWVy = EyVy.
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1-pdm and BEC

The one-particle reduced density matrix (1-pdm) of the Gibbs state g can
be defined via its integral kernel

Ya(x,y) = N/l'c;(x, G1s s N1, Y5 Q15 s qN—1) A(q1, -..s Gu—1)-

It is the quantum version of the one-particle marginal of an N-particle
probability distribution.

We say that ¢ displays Bose—Einstein condensation (BEC) iff

<¢)7 7G¢>

liminf sup —/———+>0.
N= o)l pgs, N
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Scales for ideal Bose gas with w(x) = |x|* and s > 0

2s
6+43s "

Critical temperature of ideal gas: T.(s) = C(s)N* with o =

— w(x)
— BEC
— Thermal cloud

-3 -2 -1 1 2 3

e Free energy Fo(T,N) ~ TN ~ N
@ Length scale density condensate: 1

@ Length scale density thermal cloud: N5
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The interacting problem at T > 0

e(e) = inf {02+ we)+ £ [ 1o(Putx - vl

llell=1
Natural scaling limit: Ideal gas quantities:

o N— oo ) e Fo(T,N)
o TS Tes) ~ Newss

Theorem (Proved for harmonic trap)

0 g = limn_yoo No(T, N)/N

We have
lim N7'|F(T,N) — Fo(T,N) — NgE"(g)] =0
N— oo
as well as _
Jim N7 |ye — o = Ng o) (o] |, = 0.
Reference:

@ A. D., R. Seiringer, J. Funct. Anal. 281, Issue 6, (2021)
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Initial datum |: Reference state

We want to construct perturbations of the state

(¢, 7) = W(9)G(1)W*(9),

where G(7) is the unique quasi-free state on the bosonic Fock space .7 (L?(R3))
with 1-pdm ~ that satisfies [/, G] = 0. Moreover,

W(¢) = exp(a*(¢) — a(#))

is a Weyl transformation that implements the condensate. We call ¢ the
condensate wave function and v the 1-pdm of the thermal cloud. The
expected number of particles in the state (¢, ) equals

Tes (0,9 = [ 160 dx+ Traanfa] = M.
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Initial datum |I: Araki-Woods representation

We write G(7) = Yo" ; Aa|Wa)(Wa| and define the vector
V(1) =D VAaVa @V, € F(L2(R?) @ F(L*(R?)).
a=1
This allows us to write
Trz[AG(Y)] = (We(7), (AR 1) Ve (7))

for A € B(.#). That is, we have represented G(7) as a vector state on the
doubled Fock space. Moreover

Trz[AM(¢,7)] = (W(9) ® W(d)Vs(7), (AR 1) W(d) @ W(d)VWe(7)).

Reference:

@ N. Benedikter, V. Jaksi¢, M. Porta, C. Saffirio, B. Schlein, Comm. Pure Appl.
Math. 69, no. 12, 2250 (2016).
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Initial datum [ll: Exponential map

Let U : Z(L2(R3)) ® Z(L3(R?)) — ﬂ(Li(R3) @ L2(R3)) be the (unitary)
exponential map defined by /Q ® Q = Q and

U(a(f) @ 1)U* = a(f @ 0) = a,(f),
UL ®a(f))U* =a(0® f) = a,(f).

We also define the Weyl transformation

W(¢) = exp (a(¢) + a,(¢) — h.c.)
acting on .7 (L2(R3) @ L?(R3?)). Then

Trz[P(a,a")l(¢,7)] = UVa (), W () P(ar, ) W(UVa(7))-
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Initial datum [V: The perturbed state

With the Bogoliubov transformation

T(7) = exp (/R6 ky(x,y)a; ay, d(x,y) — h.c.) ,
where k. (x,y) = arcsinh(y/7)(x, y), we can write UW¥g(v) = T(7)RQ, and hence
Trz[P(a,a) (6, 7)] = (Q T (W () P(ar. 3 )W($) T (7))
The perturbed state '¢(¢, ) is defined by
Trz[P(a,a")le(d,7)] = (& T (MW (&) P(a, ap)WV(9) T (7)€)
with € € Z(L2(R?) @ [2(R3)).
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Time evolution

We are interested in the solution to the Heisenberg equation
iatrg’t = [HN, rg’t] with initial datum rg’o = I'g(qﬁ,w).

The Hamiltonian of the system is given by

1
Hy = VaiVa,dx + — v(x — y)aiaja,a, dxdy,
R3 2N R6 y

that is, we are interested in a mean-field system. The time-evolved state reads
Fe.e = exp(=iHA ) e(¢,7) exp(ity)-

In the doubled Fock space picture this reads

Trz[P(a,a" )¢l =(5, T (V)W (¢) exp(iLn1)P(ar, a7 ) exp(—ILnt)V(@) T (7)S),

where Ly = Hye — Hi,r-
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Assumptions

Assumptions (Initial datum)
We assume that the pair (¢, ) satisfies n(¢,v) = N and that:
(A) The condensate wave function ¢ can be written as the product of an

N-dependent constant c(N), which determines the expected number of particles
in the condensate, times an N-independent function ¢ € L?(IR3).

(B) The 1-pdm v obeys
JCOLCORNEED

with T.(s) above, and where 4(p, q) denotes the integral kernel of ~ in Fourier
space.

(C) The operator norm of vy satisfies

V'S Te(s)-

W

Andreas Deuchert (Mathematics UZH) Dynamics of approximate Gibbs states June 8, 2022 11/18



Main result

Theorem

Let the pair (¢,) satisfy the above assumptions with 0 < s < 3/2. The
fluctuation vector ¢ is assumed to satisfy (£, (N + N, )*¢) < 1.

Then the 1-pdm ¢+ of the state ['¢ ; satisfies
H’Y&,t - eiAt'Ye_iAt — @) (@4l ||1 St \/NTSM(S)a

where || - ||1 denotes the trace norm. The function ¢ is the solution to the
time-dependent Hartree equation

10:0e(x) = (=A + N7 v x [¢e(x)|?) ¢e(x)  with initial datum — ¢o(x) = ¢(x)

y

Reference:
@ M. Caporaletti, A. D., B. Schlein, arXiv:2203.17204 [math-ph] (2022)
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Remarks

@ First result for dynamics of BEC with a macroscopic number of excited
particles.

@ Obtain an optimal N-dependence for the remainder for our set of initial data
if we choose a slightly more general effective dynamics.

@ The assumption for £ with the 44th moment is the worst case scenario
happening for s = 3/2.

@ There is no reason to believe that the same result should not hold for all
s> 0.

@ Proof is based on the definition of fluctuation dynamics using the
Hartree—Fock—Bogoliubov (HFB) equations.
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Hartree—Fock—Bogoliubov (HFB) equations

For the triple (¢¢,7:, o) consisting of a condensate wave function ¢, € L?(R3),
a positive trace class operator v; (a 1-pdm), and a pairing function
a; € L2(R®), the HFB equations take the form

10:¢¢ =h(ve)be + k(af’t)a

1007 = [h(7{), e + k(af )i — aek(af)*

iat05t = [h(’y;ﬁt)a at]+ + [k(a(t’bt)7 ’7t]+ + k(att)

with [A, B]; = ABT + BAT, 4% = v+ |¢)(¢| and a® = a + |¢)(4|. Moreover, we
use the notations

1 1 1
hoy) = B+ pvepy+vhy, k() = pvie,

where viio denotes the operator with kernel v(x — y)o(x, y), and the density
associated with the 1-pdm + is given by p,(x) = v(x, x).
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Effective dynamics on doubled Fock space |

Let the triple (¢, V¢, o) be a solution to the HFB equations with initial
datum (¢,,0) and denote by
r(1) _ (T e73
t a—t 1 _ %

the generalized 1-pdm of associated to (¢, V¢, ). Then there exists an
implementable symplectomorphism U; s.t.

(1) u* u
Reference:
@ V. Bach, S. Breteaux, T. Chen, J. Fréhlich, I. M. Sigal, preprint arXiv:1602.05171
(2018).
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Effective dynamics on doubled Fock space Il

Let (-); be the unique quasi-free state with

(ax)e = oe(x), <3;3x>t - <3;>t<3x>t =(x,y), and

(axay)e — (ax)e(ay)e = ae(x, y).

If R; is the Bogoliubov transformation implementing U; and T; = R.7 (), then

(P(a,a"))e = (Q, TEW* (0e)P(ae, 3} )WV () Te).
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Fluctuation dynamics

The fluctuation dynamics is defined by
UM (t,5) = TW (0r) exp(—iLn(t — )WV (9s) T

It allows us to write the 1-pdm ¢ ; of the solution I'¢ ;(¢,~) to the Heisenberg
equation as

Ve,e(x,¥) = (&, TEW™(0e)ay yae WV (9e) Tee)

= ¢e(x)Pe(y) +1e(x, y)

+ terms whose trace-norm can be bounded in terms of (£;, N'¢;)
with the time-dependent fluctuation vector

gt _ uﬂuct(n O)f
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