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Abstract

We present a new fixed mesh method for solving a class of interface inverse problems for the
typical elliptic interface problems. These interface inverse problems are formulated as shape
optimization problems. By an immersed finite element (IFE) method, both the governing
partial differential equations and the objective functional for an interface inverse problem
are discretized optimally regardless of the location of the interface in a chosen mesh, and
the shape optimization for recovering the interface is reduced to a constrained optimization
problem. The formula for the gradient of the objective function in this constrained optimiza-
tion is derived and this formula can be implemented efficiently in the IFE framework. As
demonstrated by three representative applications, the proposed IFE method can be employed
to solve a spectrum of interface inverse problems efficiently.

Keywords Inverse problems - Interface problems - Shape optimization - Discontinuous
coefficients - Immersed finite element methods

1 Introduction

In this article, we present a numerical method for solving a class of interface inverse problems
with a fixed mesh by an immersed finite element (IFE) method. Without loss of generality, let
Q be a domain separated by an interface I into two subdomains 2~ and QT each occupied
by a different material represented by a piecewise constant function 8 discontinuous across
I". We consider a group of K forward interface boundary value problems posed on the domain
2 for the typical second order elliptic equation:
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-V (BViH) = fF, in Q- uQt,
L k X uk k 1 for k=1,2,...,K,
u* =gp, onaQy C IR, G- =gy, ondRy <IN,

(1.1)

where E)Q][‘V U 89’1‘) = 02 and n is the outward normal vector of 9€2, together with the jump
conditions on the interface I'":

[w*|r = ubF|r — k| =0,

[BVuk -n]|p == (B+Vub+ — B~Vu*~)|r -n =0, nis the normal of T, k=12....K,
(1.2)
in which «®* = u¥|gs, B(X)=B° for X € Q°, s = —, +. (1.3)

An important inverse problem related to the typical second order elliptic equation is
to identify the coefficient § where one needs to either identify the physical properties of
materials, i.e., the values (the parameter estimation problem) and/or detect the location and
shape of inclusions/interfaces (the inverse geometric problem) using the data measured for
u¥, 1 < k < K on a subset of the domain or on a subset of the boundary 92 [22,37,42].
This type of inverse problems arises from many applications in engineering and sciences,
such as the electrical impedance tomography (EIT) [14,39] and groundwater or oil reservoir
simulation [25,77]. In the former case, uks and B represent the electrical potential and the
conductivity, respectively, whereas in the latter case u*s and f are the piezometric head
and transmissivity, respectively. Similar inverse problems related to other partial differential
equations can be found in [38,44] for medical imaging problems, [48,71] for elastography,
and references therein. It is well known that these inverse problems are usually ill-posed
especially when the available data is rather limited. Numerical methods based on the output-
least-squares formulation are commonly used to handle these types of inverse problems, see
[17,20,22,37,41] and references therein.

In many engineering and science applications, the values of material properties or parame-
ters are known or chosen such as the elastic properties of tissue and bone in medical problems
[58,66] and the electrical properties in EIT problems [3,10] to mention just a couple of appli-
cations. Thus, the focus of this article is to develop an efficient numerical method based
on a fixed mesh for the inverse geometric problem related to the forward interface problem
described by (1.1) and (1.2) in which we assume that the material values * = B|qs, s = —, +
are known and we need to use the given measurements about uk, 1 < k < K to recover the
location and geometry of the material interface I'.

The shape optimization method [34,64] is widely used for inverse geometric problems by
which we seek for the interface I'* from an optimization problem:

'* = argmin J (), (1.4)

where
JT) = f J' (), u* (), ..., u®@); X, DdX, (1.5)
Q0

and ¥ (I")s are the solutions to the forward interface problems (1.1) and (1.2), but 9 € Q2 and
Jwh@), u* (), ..., u®(); X, T) are application dependent. A few specific formulations
of J are given in Sect. 4 for a chosen group of representative applications. We note that the
shape optimization approach has been applied to numerous applications, see for examples
[10,13,40,49,59].

The movement of the structure, boundary or interface is a critical issue in a shape opti-
mization process challenging a solver chosen for the related forward problems. Traditional
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Fig. 1 The body-fitting and interface independent mesh. a The initial body fitting mesh. b The body fitting
mesh after movement. ¢ The interface independent mesh. d The interface independent mesh (Color figure
online)

finite element methods can be used to obtain accurate solutions to the forward interface prob-
lems provided that they use a body fitting (or interface conforming) mesh [4,16]; otherwise,
their performance may not be satisfactory [7,19]. The shape optimization methods based on
body fitting mesh are referred as the Lagrangian approach [21] which, however, has a few
drawbacks. The first concerns the mesh updating process from one iteration to the next in the
optimization. As the geometry changes, to guarantee the accuracy, the mesh used by the cho-
sen solver for the forward problem needs to be updated to fit the new shape of the boundary
or interface [11,73], which not only consumes time but also generates unsatisfactory meshes
in many situations, see the illustrations in Fig. 1 where the two plots on the left demonstrate
an inappropriate mesh movement strategy leading to a mesh with less desirable qualities,
especially near the right boundary.

The sensitivity analysis in a shape optimization is about the derivatives of an objective
function with respect to the design variables, i.e., the parameters describing the geometry of
the domain [11,34], and this leads to the gradient of the objective function which is a nec-
essary ingredient in common numerical optimization algorithms such as descent direction
methods and trust region methods [23,62]. A velocity field defined as the derivatives of node
coordinates with respect to the design variables [21,68] is usually employed in the sensitivity
analysis. Several approaches for computing the velocity in a Lagrangian framework are sum-
marized in [21], which either require computations to be carried out over the whole domain
or need some special numerical methods for generating the velocity field approximately.

Alternatively, the Eulerian approaches based on fixed meshes have been widely used in the
shape optimization algorithms [45,46], which allow the material interface/boundary to cut
elements as illustrated in the two plots on the right in Fig. 1. For example, the extended finite
element methods (XFEM) based on a fixed mesh are used to solve optimal design problems
[57,60,72,79] and the inverse geometric problems related to crack detection [61,67,75]; the
immersed interface methods (IIM) based on a Cartesian mesh is employed to solve a cavity
(rigid inclusion) detection problem in [42]. Various techniques for improving the accuracy
of the evaluation of either the stiffness matrix or sensitivity on those boundary/interface
elements in Eulerian methods have been discussed in [5,24,43].

The goal of this article is to develop a fixed mesh method based on the partially penalized
immersed finite element (PPIFE) method [54] for solving the inverse geometric prob-
lems/optimal design problems described by (1.1)—(1.5). A key motivation is that IFE methods
can solve interface forward problems on interface independent meshes optimally with respect
to the degree of the involved polynomial spaces, and, as explained in Sect. 3, this naturally
leads to optimal discretizations of cost functionals in the shape optimization for many com-
mon interface inverse problems. In an IFE method, the interface shape/location and the jump
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conditions across the interface are intrinsically utilized in the local IFE shape functions on
interface elements, while the standard local finite element spaces are used on non-interface
elements. We refer readers to IFE spaces constructed with linear polynomials [50,51], with
bilinear polynomials [35,53], with rotated- Q1 polynomials [32,80] and high-order polyno-
mials [2]. Applications of IFE methods to other types of equations or jump conditions can
be found in [1,8,18,36,52,55,78].

The proposed IFE method for the inverse geometric problems has additional advantages.
Because it is based on an interface independent fixed mesh in the shape optimization process,
the issues caused by the mesh regeneration/movement, the mesh distortion caused by large
geometry changes, as well as some practical and theoretical issues for the construction of
the velocity field [21] are circumvented, see the plots (c) and (d) in Fig. 1 for an illustration.
When the numerical interface curve I' is expressed as a parametric curve whose control points
are the design variables for the shape optimization, the fixed mesh used in the proposed IFE
method allows us to develop velocity fields and shape derivatives of IFE shape functions that
are advantageous for efficient implementation because they both vanish outside the interface
elements whose total number is of the order O (h~") on a shape regular mesh compared to
the total number of elements in the order of O (h~2). In addition, the explicit formulas for
the velocity fields and shape derivatives in the proposed IFE method can be implemented
precisely within the IFE framework without any further approximation procedures, and they
are essential ingredients for the formula derived in this article to efficiently compute the
gradient of the objective function with respect to the design variables. We highlight that
almost all the computations in the sensitivity calculation in the proposed IFE method are
concentrated only on the interface elements. These benefits together with the fact that no
need to remesh again and again in the shape optimization process suggest a strong potential
of the proposed IFE method.

This article is organized as follows. The next section recalls the linear IFE space and
the related PPIFE scheme for the interface forward problems. Section 3 presents the shape
optimization algorithm based on the IFE discretization on a fixed mesh of €2 for the inverse
geometric problem described by (1.1)—(1.5) and the computation procedure for its sensitivity.
In Sect. 4, we demonstrate the strength and versatility of the proposed IFE method by applying
it to three representative interface inverse problems. Numerical examples presented in this
section also serve as hints/suggestions about how to implement the proposed IFE method
efficiently.

2 An IFE Method for the Interface Forward Problems

In this section we recall the linear IFE method [31,50,51] for the discretizatoin of the interface
forward problem described by (1.1) and (1.2) with an interface independent mesh. The
following notations will be used throughout this article. We let I'(#, &), € [0, 1] be a
parametrization of the interface I' with design variables as entries in the vector & = (o) jep
where D is the index set of the chosen design variables. For example, when I'(¢, &) is a
cubic spline, & is the vector of all the coordinates of control points [27]. Let 7;, be an
interface independent triangular mesh of the domain 2. An element 7 € 7 will be called
an interface element if its interior intersects the interface I'(¢, &); otherwise we call it a
non-interface element. Let ’2;5”’ (S;l”’ ) and 7, (£})) be the sets of interface and non-interface
elements (edges), respectively. Denote the set of the interior interface edges by 50;[”’ . And let
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Fig.2 An interface element and its partitions (Color figure online)

N, ={X1. X2, ..., X|n;|} and ./\o/'h be the sets of all the nodes in the mesh and the interior
nodes, respectively.

For each element T = AAjArA3 € Tj, we let Z = {1, 2,3} and let ;"% p=1273
be the standard linear shape functions on 7' [12] such that v % (A¢) = 8,4, p.q € . The
local IFE space on each T' € 7," is

Sy(T) = Span{y'%, p € T} = Py. @1

Onan interface element T = AA| A2 Az € T/, welet P = (xp, yp)T and Q = (xg, yo)T
be the two interface-mesh intersection points, and let / be the line connecting P and Q. The
normal vector for the line / is n = HPlW(yp —yo,—(xp — xQ))T and the equation for
the line [ is L(X) = 0 with L(X) = n - (X — P). The line [ cuts the element into two
sub-elements Tt and T, see the sketch on the left in Fig. 2, and we use them to introduce
another two index sets 7~ ={p: A, € T }andZt ={p: A, € .

According to [31], with &« = B+ /B~ — 1, the linear IFE function constructed according
to the interface jump condition (1.2) and nodal values v = (v1, vz, v3) has the following

formula

int v U0 = 9O + eoL(X) if XeT
1//T (X) - int,+ non non : =t
vr (X)) =) per- cp¥pr (X) + 2 pezt vp¥pr(X) if X eT

2.2)

with co = p Zcpv ;f’}l~ﬁ+ ZUPV ;”}’ﬁ ,

pel- peTt
¢i= (cp)per- =D — um, 23)
in which y = (V7 .ﬁ)pef 8= (L(A)) g
b= v, —uLA,) Y VYT iy, : (2.4)

qeI+t per-

Then, using v = e, p € T, the standard basis vectors of R3 in (2.2)-(2.4), we obtain the

int int

IFE shape functions p,T(X)’ p € T satisfying p,T(A‘I) = §pq for p,q € 1. The local
IFE space on each T € 7, is defined as

Sp(T) = span{wj,{"r : p eIl (2.5)
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Local IFE spaces defined on all elements of 7, are then used to define the global IFE
space as follows

Sn(Q) = {v e LX(Q) : vz € Su(T); vl7, (A) = vl7,(A),
VA € N, VT, T, € Ty with A € T1 N T»}. (2.6)

With this IFE space and its associated space S,?(Q) ={veSH(Q) : v(X) =0, VX e N},
N a2 p}, the interface forward problem (1.1) and (1.2) can be disretized by the symmetric
PPIFE (SPPIFE) method [54] as follows: find uﬁ € Sp(RQ),k=1,2,..., K such that

an (ufy, vi) = L% (o), Yop € SHQ), up(X) = gph(X), VX e N N9Qp, (2.7

where the bilinear form gy, (-, -) and linear functional L’}(-) are given by

an(un, vn) = ) fT BVup - VopdX — ) / (BVun)e - [vn)eds

TeT) eegim\ gk ¢

- Y [T s

ecgimank, ”°

0
+ ) % / [unle - [vnleds. Vun. vi € Sy(Q), 2.38)

int
ee&)

Ll}(vh) = fkv;,dX + glfvvhds — Z ,Bglz,Vvh -neds
‘ Q loie

int naok Y€
ee&; " NI,

er k
+ ) m/egDuhds, You € Sp(Q). (2.9)

ecElM NIk

In the bilinear form ay, (-, -), the operators [-], and {-}, on each interior interface edge e € & ;;"’
shared by elements 77 and 7> are such that [v], = (v|p ni + v|72n§), and {Vv}, =
%(ﬂVv|T1 + BVv|r,), Yv € S;,(R2), where the normal vector nel, = —ng is from T'! to
T2 Fore € S,"l”’ N €2, we define the operators [-], and {-}, as [v], = v|rn,, {BVv}, =
BVu|r, Yv € §,(2), where T is the element that contains e and n, is the outward normal
vector to d€2. In our applications, we choose aeo = 10max{B~, B7}. It has been shown [54]
that the PPIFE solutions u’}‘l from (2.7) approximate the true solutions uf, 1 < k < K, with
an optimal accuracy in both the L2 and H' norms with respect to the involved polynomials
regardless of the interface location and shape, i.e.,

luy — uk 200y + hlufy, — ¥ 1) < Ch* UM | gy (2.10)

In order to describe how this IFE discretization is used to solve interface inverse problems,
we put the SPPIFE method described by (2.7)—(2.9) in the matrix form. We assume that
Sn(2) = Span{¢; (X) | X; € N} in which ¢; (X) is the global IFE basis function associated
with the node X; € Nj,. When the k-th (1 < k < K) interface forward problem has a mixed
boundary condition, we let /\/’,f"’ ={X;| X; € J\O/h U d2n} such that we can denote the
SPPIFE solution u’,; (X) € Sp(R2) determined by (2.7)—(2.9) as follows:

N NG|
w(X) =Y w0+ Y gh(Xngi(X), @.11)
i=1 i=INM1+1

@ Springer



154 Journal of Scientific Computing (2019) 79:148-175

where, without loss of generality, we have assumed that nodes in ,f” are ordered first. Here
and from now on, the superscript M means that the boundary condition in the k-th interface
forward problem is of a mixed type. The stiffness matrix A = (g; ])lN” | associated with
the bilinear form defined in (2.8) can be assembled from the followmg local matrices on

elements and edges of 7;:

Ky = < / BV, - wq,de> . VT e, (2.12a)
T p.qel
B = ([ B9 gamnnas) L veesp, (2.120)
e P.qeZ
0
G = (l% /(wp,T’I ). (Wq,T’znZZ)dS) , VYee&, (2.12¢)
e p.qeT

where the index rq, r» = 1,2 and the edge e € 50;;’” is shared by the two neighbor elements

T! and T2. Butin the case e € 8;;’” N2, weletr; =rp, =0,n O = n, is the outward normal
vector and T? = T is the element that contains e. Let Ag’l’ (ab l)lN” =A [O k ]

where 0 is the |NM|-dimensional zero vector and g’i) = [ng(XWMHl), o, gD(XWh‘)] .
Similarly, the load vector F¥ = (fF) Whl
be assembled from the following vectors

associated with the linear form defined in (2.9) can
F\ = (/ fkwp,TdX> , VT €Ty, (2.13a)
T peT

0
= (/ﬂg’g,wfﬂ ~neds> , Ch= Je (/,Bglz)t/fpjds) , VYee&MNaQp,
e pel le] e peT

(2.13b)
NK = (/g’wﬂds> , Yee&MNaQy. (2.13¢)
e pel
Letting uz/l’k = [u]f, ug, R u@le]T we can see that the unknown vector uh K of the
h

SPPIFE solution u’,‘l (X) described by (2.11) is determined by the following linear system:
AM Ayl = Mk (2.14)

WheI‘CAM’k (al])JNfl"FMk (fk |N } ( bl)"/vh |

When the k-th (1 < k < K)interface forward problem has a Neumann boundary condition

such that 852]]‘\, = 9%, we know that |./\/,f”| = |NVl, uh(X) given in (2.11) does not have

the second term and the related load vector F¥ = ( fii ) Wh‘ is assembled by the local vectors

only in (2.13a) and (2.13c). Since the solution to the 1nterface problem is not unique, as
a common practice, the normalization condition fQ ukdXx = 1416 is imposed such that the

SPPIFE solution u’,‘l (X) described by (2.11) is determined by the following linear system:

- Nk _r k k k T
=[uj,usy,..., ,ALT,
AN,kulll\/,k:FN,k’ with AN — [RAT 13]7 {u};vk [uy, uy u%h‘ ]k ’ 2.15)
F flszv"'v,fl./\/'hl,uo] ,

where the superscript N refers to the pure Neuman boundary condition, A is the Lagrange
multiplier, and R is the vector assembled with the following local vector constructed on each
element:
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Ry = </ lﬂp,TdX) , VT €Ty, (2.16)
T peT

In summary, according to (2.14) and (2.15), the SPPIFE discretization for the K interface
forward problems described in (1.1) and (1.2) can be written in the following unified matrix
form:

ko k _ ok
A'u, =F",
o ettt o |aMk o [FME for a mixed boundary condition,
u, = = =
h u, ok ANk FY-* for a Neumann boundary condition.

(2.17)

We note that the matrices A¥s in (2.17) are symmetric positive definite, and their size and
algebraic structure remain the same as the interface I'(¢, ), t € [0, 1] evolves in a fixed
mesh when the design variable o varies.

3 An IFE Method for the Interface Inverse Problem

We now discuss the discretization of the inverse geometric problem (1.4) subject to the
governing equations (1.1) and (1.2) by the SPPIFE method on a fixed mesh. By the discussion
above, we note that the local matrices (2.12a)—(2.12b), local vectors (2.13a)—(2.13c), and
(2.16) are all influenced by the shape variation. Hence, we write the matrix A* and vector
F* in the SPPIFE equation (2.17) as A¥ = A¥(a), F* = F¥(a), k =1,2,..., K, which
further imply the solution u’,‘l to the IFE equation (2.17) depends on « and so we will denote
it as uﬁ (o) from now on. Also, in a shape optimization problem, the spacial variable X is
considered as a function of «. Therefore, the IFE solution u’; to the k-th (1 < k < K)
governing interface forward problem in the form of (2.11) depends on « through the IFE
solution vector uﬁ (ar), the spacial variable X (), and the IFE basis functions, then we can
denote it as follows

uk = ub (@) = uf (uf (@), X (@), @)

|NhM‘ |-/\[11‘
= Y uf@¢i(X@, )+ Y gh(Xiei(X(e), @) 3.1
i=1 i=INM|+1

where the second variable in ¢; (X (e), &) emphasizes the fact that « also effects the IFE
solution u’;l through the coefficients ¢, cg and the function L(X) in the IFE shape functions
by the formulas (2.3)—(2.4).

The IFE solutions uﬁ (X) ~ u*(X), 1 < k < K, spacial-design-variable mapping X =
X (ar), and the interface parameterization I'(-, o) together naturally suggest the following
discretization of the integrand in the objective functional defined by (1.5):

J @ (@), u? (@), ..., uf@); X, T, @) ~ J@u) (@), us(@), ..., uk@); X(@), T, o).

(3.2)
Following the explanations similar to those in the previous paragraph, the design variable
a can influence the approximated integrand J(u,ll (o), u%l (o), ..., u}lf (0); X(a), I'(+, ¢)) not

only through uﬁ (a), 1 <k < K, X(a), but also through those coefficients ¢, co and L(X)
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of IFE shape functions (2.2) represented by the last variable « in the following formula for
the discretized integrand:

T} (@), ui (@), ..., uf (@), X (@), @) == J(u} (@), ui (@), ..., uf @); X(@), T(-, @)).
(3.3)

The discretized integrand defined in (3.3) can be then used to define a discretized objective
function:

jh(u,i(a),uﬁ(a),...,u{f(a),a)=/ Jh(u) (@), ui (@), ..., uk (@), X (@), 0)dX.
Qo
(3.4)

In many applications such as those to be presented in Sect. 4, the approximation optimality
of the IFE solution u/;l (X), 1 <k < K implies that the discretized objective function [, in
this IFE method is also an optimal approximation to the exact objective functional given by
(1.5) regardless of the interface location in the fixed mesh.

Therefore, we propose an IFE method on a fixed mesh of 2 for solving the inverse
geometric problem formulated as a shape optimization with (1.1)—(1.5) by carrying out a
constrained multi-variable optimization as follows: find the design variable o* such that

a* = argmin Jy (),  Jh(e) = Jp(uy (@), uj(@), ... uf (@), a)
subject to  A¥(a)uf (@) —FX(@) =0, k=1,2,....K. (3.5)

The proposed method follows the idea of discrete derivatives [74], i.e., we first discretize
the whole system and then calculate the gradient of the discretized objective function with
respect to the vector a for optimization. This methodology has been used in many shape
optimization applications, see [60,68,74] and reference therein.

3.1 A Velocity Field for Sensitive Computations

In shape optimization, the so called velocity field % [68] is a key ingredient in the sensitivity
analysis. In this subsection, we follow the ideas in [34,43,46,60] to generate a velocity field on
a fixed mesh for the IFE-based shape optimization method. As suggested by these references,
all the points located in non-interface elements can be considered as constant functions of
the design variable «, i.e., the velocity field vanishes on all the non-interface elements. So
we only need to discuss the velocity field on interface elements. In the following discussions,
we use Dy; to denote the total derivative operator with respect to the j-th design variable
aj, j € D, and Dy is the corresponding gradient operator, and use %j and % to denote the
standard partial differential operators and the gradient operator with respect to «; and e.

Consider a typical interface element T = AA|ArA3 € 7}:’” , without loss of generality,
we assume that the parameterized interface I'(, ) = (x (¢, @), y(¢, &)), t € [0, 1] intersects
with the boundary of T at P(«) € A1 A and O () € A1 A3z, see the first sketch in Fig. 2, but
neither P nor Q coincides with vertices of 7. All the results derived from now on are readily
extended to the case in which one of the interface-mesh intersection points P and Q is a
vertex of 7. Following the idea used in [34,43,60], we partition T into three sub elements as
follows: Tl = AA]PQ, T2 AAz QP T3 AA3 QA2, and let T ABlBgB3 be the
usual reference element with vertices 31 0,07, Bz = (1,07, Bz 0, DT, see the
2nd and the 3rd sketches in Fig. 2. Then, the standard affine mappings from the reference
clement 7 = ABleB3 to T,,, m = 1,2, 3 provide a relation between the points in 7 and
the design variables « as follows:
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X(a) =Fp(o, &, n) = Jn(a) (i)—l—Am, for (i)ef m=1,2,3, (3.6)

where the matrix J,, (&) is the Jacobian matrix of 7, such that J;(¢) = (P(a) — A1, Q(@)
— A1, () = (Q(a) — A, P(a) — A2), J3(a) = (Q(a) — A3, Ay — A3) . Then, the
proposed velocity V/ is constructed by differentiating the relation (3.6) with respect to the
Jj-th design variable:

Vi(X) =0, ifT ¢ T,
Vi(X) = (Do, I (@)J;, @) (X () — Ap), if T € Zj™ and X € T,p.m = 1,2, 3.
3.7

VI (X) =

In order to implement the formula (3.7), we further need the derivatives of the interface-
mesh intersection points with respect to «;, i.e., the velocity at these intersection points,
which are given by the explicit formula in Lemma 3.1 below. Actually, these derivatives will
be also used in deriving the shape derivatives of IFE shape functions presented in Sect. 3.2.
Without loss of generality, we only discuss the intersection point P = (xp, yp) and the
discussion for Q is similar. Let fp = fp(at) € [0, 1] be the parameter corresponding to P
and express P as P = (x(fp(a), &), y(fp(et), &) in which the second variable & in x and y
indicates the dependence through the formula of parameterized curve I' (¢, ), for example,
the coefficients in a cubic spline.

Lemma 3.1 Assume I' (¢, &) is not tangent to A1 A, at P. Then the function P = P (fp(at), o)
is differentiable and its velocity defined as the total derivatives Dy; P with respecttoaj, j € D
are determined by the following linear system:

Mp(ip) Dy, P = bp j(ip), V j €D,

with Mp(tAp) = |:

N 0
and bp j(ip) = | oy, SRS G| (3.8)
ar l1=ip aa, t=ip ~ Bt lt=ip aaj t=ip

Proof See the “Appendix A.1”. O

2 — )i —(X2 - Xl)]

ot |f IP ()t |t tp

The formula given in Lemma 3.1 to compute Dy, P relies on the fact that P is between the
vertices A1 and A»; hence, this formula can be easﬂy modified for computing Dy; 0.

We note that dx/d¢ and dy/dt needed in formulas (3.8) are readily obtalnable for the
parameterized curve I'(¢, o). But 9x/0cr; and 9y /0cr; depend on the specific parameteriza-
tion of I'. For example, let @ = (e, e¢y,) be such that &, and ey, are the vectors of the x and
y coordinates of control points, and let I'(¢, &) = (x(t, ex(0ty)), y(Z, cy(@y))), t € [0, 1]
be the corresponding parametric cubic spline whose coefficient vectors ¢, (ety) and ¢y ()
are determined by two linear systems Wyc, = ry(ey) and Wyey, = ry(ay) [27],
respectively. We note that matrices Wy, s = x, y are independent of o and the vectors

rs(e), s = x, y are simple polynomials of a5, s = x, y. Hence we can solve for g:”] from
W, gg‘ = Dqy,rx(0ty), with 1 < j < dim(ay) and solve for a fromW ac‘ = Dqy,ry(ay)

withdim(ay) + 1 < j < dim(ety) +dim(ecy). Then, we obtam aaj li=ip = x(fp, ac‘ ) and
A0

G =i = ¥(Pp. 30,

We now end th1s subsection by presenting some properties of the proposed velocity field.
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Theorem 3.1 Forany j € D, the velocity VI (X) defined in (3.7) has the properties:

PI1: on each interface element T = AA1A2A3 € 7;:’”, there hold

X = Anll

Viup=-o—"""D, P, m=12

TP — A

: I1X — Al

Vilano = "Dy, Q, m=1,273, (3.92)
THARC =0 Z A,
: IX - 0l IX — P :

V/lpo =Dy P+ "Dy Q, Vilaa, =0, (3.9b)
) TR A Y T rideds

div(V] ) = tr (Do, Jn)J,, "), m=1,2,3; (3.9¢)

P2: V/ e H'(Q) and supp(V') € Ureqin T

P3: when restricted on each interface edge e, VI (X) is in the same direction as the edge
e.

Proof All of these properties can be verified by direct calculations. O

3.2 Shape Derivatives of IFE Shape Functions

In the proposed IFE method described by (3.5), the IFE basis functions ¢;, 1 <i < |[A}| on
the chosen fixed interface independent mesh are directly employed in the objective function
Jn according to (3.1)—(3.3). By their construction described in (2.2)—(2.4), the IFE basis
functions change when the interface I'(¢, ), t € [0, 1] moves because of the variations in
the design variable «. Hence, the gradient of the objective function 7, in this IFE method
inevitably involves the derivatives of the IFE basis functions with respect to . By definition,
each IFE basis function is a piecewise polynomial that is a linear combination of the IFE shape
functions on each element according to (2.5) or (2.1) depending on whether the element is an
interface element or not. Consequently, the derivative of an IFE basis function ¢; with respect
to o is zero on each non-interface element where all the shape functions are independent of
o, and our focus in this subsection will be the derivative of IFE shape functions with respect
to a on interface elements. We note that [60,79] presented similar approaches to calculate
the shape derivative for special finite element shape functions.

Consider a typical interface element 7 = A A1 A A3 configured as in Fig. 2. By (2.2) and
the discussions at the beginning of this section, we express an IFE shape function w;’” (X)
on T as w;’" (X) = w;’" (X (o), @) to emphasize that the design variable « influences the
value of w;’” not only through the spatial variable X which is a function of & according to
(3.6), but also directly through its coefficients cgp, ¢ and the coefficients of L(X). However,
the rate of change for an IFE shape function 1//}’” with respect to «j, j € D through X (a)
is readily known by the simple chain rule for differentiation because the velocity field gTXj is
already discussed in Sect. 3.1. Therefore, we only need to discuss the rate of change for an
IFE shape function 1//%’” with respect to «;, j € D not through X («), and this rate of change
is referred as a shape derivative in the shape optimization literature [34].

First, by their formulas given in Sect. 2, both L(X) and n depend on the design variable
o because of their dependence on the interface-mesh intersection points P = (xp, yp)” and
0 = (xg, yQ)T that are functions of a. By direct calculations, we have
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L (X —-P)ta" _ar L (X —P)'ta"

) ’

aP P -0l 90— IIP—Qll
on —tn” on tn”
m_ —tm’ on_ (3.10)
oP  [P—=0l 90 [IP—QI
where == (MP d}P) (de d)Q) are 1-by-2 matrices, and t = ”P Q” (xp —
XQ,yp — yQ) is the tangentlal vector of [, 2 3P (axP 3yp (8xQ ay L) are 2-by-2
matrices. Then, by the chain rule, we can use (3.10) to calculate aL(X @) and as follows:
LX) _OL P+8LD 0 aﬁ_aﬁD palm LI G
dot ap Y 30 YT da; AP a0 Y '

in which Dg; P is given by formulas in (3.8) and similar formulas adapted for Dq; Q.
Then, by (2.3) and (2.4), we have

aC() an non non non
2a =" > (a jwf %+, VY- 5 + ) v,V 80:] :

peI— pelt
(3.12a)
a on 08 dL(A
A N , — = (4p) , (3.12b)
8o¢j P 30(j pel- 80(j 30{j peT-
ob aL(AP) non non on
e _ﬂTj D VY Rvg — uL(Ay) Y VY o vq
qeIt qeIt pel-
(3.12¢)
Furthermore, by (2.3) again, we can compute ()?; , j € D from (3.12b), (3.12c¢) as follows:
dy T b TH_38 T T ay T 08
s b [(M) b+ P54y baa}(lJr/w 8 — uy bs[( ,> S+y aa_,}
daj  daj (I+ uyT9)? '
(3.13)

Finally, we use (3.11), (3.12a), and (3.13) to obtain the formula for the shape derivatives of
an IFE shape function defined by (2.2) by the following formula: for every j € D,

int,— int,+
Yy ; (X,a) oYy ; (X,a) BCOL(X aH_COL(X @) i XeT .
a.(//.lnt(x’a) aj Ol]
aOlj =
YT (X, dc . —+
‘”Ti) = e 30(1; 1ot (X) if XeT".

(3.14)

3.3 The Gradient of the Discretized Objective Function

The gradient of the objective function Jj is necessary for implementing the proposed IFE
method with a chosen minimization algorithm based on a descent direction or trust region.
We now put all the preparations in the previous subsections, including the velocity field and
shape derivatives, together into the formula for the gradient of the objective function 7, that
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can be executed efficiently within the IFE framework. In the following discussion, we use V
to denote the standard gradient operator with respect to X.

Now, by differentiating (3.4) with respect to a through u];l (@), 1 <k <K, X() and a
itself, and then following the standard procedure, see Lemma 3.3 in [34] for example, we
have the following formula for the material derivative associated to the j-th design variable
aj:

K
0.7
Da, Ji(@) = ) (,’j : Da_fuZ>
oy,

k=1
0Jp ; ) :
+/ —dX—i—f VI, -Vde—i—/ Ty div (Vf)dx (3.15)
Q 0o Q) Qo

where we have used the fact that 3‘7” fQO 91

LdX. The terms 31” are derivatives of Jj,

with respect to its last variable o spec:lﬁed in the generic formula (3 3), not through other
variables uﬁ (er)s and X (e) of Jj, , and the computations for % essentially rely on the shape
derivatives of IFE shape functions given in (3.14), a typical example to further explain this
is given by (4.4) in the next section. Furthermore, as demonstrated by examples presented in
the next section, in this fundamental formula for D, Jh (), the terms }‘7,? , VI, aa , and
Jy, are problem dependent, but they are easy to calculate for many apphcgtlons by exphcit
formulas. Also, we note that V7 is given in (3.7) and div (Vj ) is given in (3.9c); hence, we

proceed to derive the formula for (%) . DO,]. uy, j € D which can be directly used in
h
(3.15).
For D, juz, 1 <k <K, j € D, by differentiating the IFE system in (2.17) with respect
to «j, we have the linear system for Dy; uﬁ: AR () Dy; uﬁ = Dyg; Fr (o) — Dy; AR () uﬁ (o),
1 < k < K. Then, by the standard process in the discretized adjoint method [29], we can

compute <g‘7,f

- Dy; u’g efficiently (especially when |D] is large) by solving for Y* from

(Ak) 3‘7" and then compute

(232) - Dgjuj = Y- (Daij(oc) — Do, A (@) u,ﬁ(a)) , l<k<K, 1<j<|D|,

(3.16)
where A is the matrix for the k-th IFE equation described in (2.17). We further note that
the formula (3.16) involves the material derivatives of the global stiffness matrix and load
vector with respect to «j, j € D, i.e., DO,_/.Ak (e) and D, ; F*(a) which can be assembled
with the material derivatives of the local matrices for A¥ and the material derivatives of local
vectors for F¥ according to the same standard assemblage procedure as that for assembling
matrix A and vector F¥. However, the assemblage for Dy, A¥(a) and Dy; Fr(a) only needs
to be performed over the interface elements/edges since the material derivatives of the local
matrices and local vectors all vanish on the non-interface elements/edges. The derivation of
these material derivatives of the local matrices and local vectors follows from Lemma 3.3
of [34] in the direction of the velocity field developed in Sect. 3.1 and the shape derivatives
of the IFE shape functions given by the formula (3.14) together with the results in Theorem
3.1. We present the related formulas for these derivatives in the “Appendix A.2”.
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For the implementation of the proposed IFE-based shape optimization method, we summa-
rize the discretization of forward/inverse problems and the sensitivity computation discussed
above into the following algorithm.

Algorithm The IFE Shape Optimization Algorithm

1: Generate a fixed mesh and choose an initial design variable o.
2: Loop until convergence.
3: Prepare data:
a: use the design variables to generate the parametric curve I' () as the numerical interface;
b: find the interface-mesh intersection points, interface edges and interface elements.
4: Prepare matrices and vectors for the IFE systems and compute the objective function:
a: use (2.12) and (2.13) and the IFE spaces given in (2.1) and (2.5) to assemble matrices and vectors
Ak, Fk, 1 <k < K for the IFE systems (2.17);
b: compute the PPIFE solutions uk, 1 <k < K by (2.17) and the objective function 73 () in (3.5).
5: Compute the shape sensitivities:
a: form the material derivatives of local matrices and vectors according to Appendix A.2, and use them to
assemble the global matrices Daj Ak (&) and vectors Daj F* (ar);

b: compute ii,f’ . Daiuz fork =1, ..., K, according to (3.16);
w, ’
c: compute the terms fQo gaih_dX, fQo VJj, - VidX and fQO Jpdiv(V/)d X according to the given shape
j

functional;
d: compute the material derivatives of 7, (a) according to (3.15).

6: Use Jp,(a) and its material derivatives to update the design variable a by a chosen gradient-based opti-
mization algorithm.

7: End loop

In this proposed IFE Shape Optimization Algorithm, we note that the mesh can be fixed
during the optimization process, and the only mesh information needed to be updated are those
interface-mesh intersection points and interface elements/edges. Consequently, the global
matrices AF and vectors F in step 4 remain the same size and algebraic structure on this
fixed mesh, which is beneficial for implementation. Also, they do not need to be completely re-
assembled in each iteration, because only those global basis functions whose supports overlap
with the interface elements/edges in two consecutive iterations are changed. As a result, their
assemblage can be done very efficiently by just updating those entries corresponding to
the global basis functions whose supports overlap with the interface elements/edges in the
previous and the current iteration.

In step 5 above (computing the shape sensitivities), we emphasize that the velocity fields
and the shape derivatives of IFE shape functions are only needed on interface elements,
which can be implemented according to the analytical formulas (3.7) and (3.14). These
two quantities vanishing over all the non-interface elements make the whole procedure
of shape sensitivity computation remarkably efficient. Firstly, the integration for the terms
fQO VJ,-V/dX and fQO Jdiv(V/)d X in the material derivative of the objective functional
(3.15) only needs to be done on those interface elements intersecting with 2o because the
involved integrands all vanish on the non-interface elements. Secondly, assembling the matri-
ces Dy; F* () and Dy; Ak (), i.e., the material derivatives of global matrices A¥ and F*, is
also a very efficient process since it is only performed over the interface elements/edges by
the explicit formulas given in “Appendix A.2”. In summary, the computations of shape sen-
sitivity in this algorithm only need to be carried out over interface elements whose number is
in the order of O (h~!) versus the number of all elements in the order of O (h~2) in the mesh.
In contrast, preparing D, /Fk (o) and Dy, A¥(«) is usually expensive within the Lagrange
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framework where a global velocity field requires to carry out the assemblages over all ele-
ments in a mesh [21], and D, ij (o) and Dy; AX(a) are usually prepared approximately in
methods in the Eullerian framework, see the related discussions in [24,76,79].

Finally, we note that the proposed IFE shape optimization algorithm is highly parallelizable
because computing the velocity fields V/ (3.7), shape derivatives of IFE shape functions

ayint . — . .
g; T (3.14) and the material derivatives of stiffness matrices and vectors Dy; AX(a) and
J

Dy; F¥(a), i.e., the material derivatives of objective functions (3.15) with respect to each
individual design variable o, are independent with each other. Hence these computations
can be done very efficiently with an easy implementation on modern parallel computers.

Therefore, we believe these properties together with the optimal accuracy of PPIFE solu-
tions (2.10) and the resulted optimal accuracy of discretized objective functions, regardless
of the interface location, make the proposed IFE shape optimization algorithm advantageous
compared with those in the literature.

4 Some Applications

In this section, we demonstrate how the general IFE shape optimization method proposed
in the previous section can use a fixed mesh to solve a wide spectrum of interface inverse
problems posed in the format of (1.1)—(1.5) by applying this method to, but not limited to,
three representative interface inverse/design problems: (1). an output-least-squares problem
[15,17,30]; (2). a Dirichlet-Neumann problem [10,39,70]; and (3). a heat dissipation mini-
mization problem [26,49,81]. The first problem uses the interior data available on the whole
or a portion of 2 to reconstruct/design the interface, the second one recovers the interface
from the data only available on 92, and the last one is an application for an optimal design
of heat conduction fields. These examples also serve as hints/suggestions how the proposed
IFE method can be implemented efficiently.

All numerical examples to be presented are posed on the domain Q2 = (—1, 1) x (-1, 1)
with a fixed Cartesian mesh that is formed by cutting €2 into congruent rectangles and then
cutting each rectangle into two triangles along its diagonal line. The parameterized interface
I" () in the shape optimization is expressed by a cubic spline. This choice of parametrization
for the interface I" is based on the accuracy, versatility, and popularity of the cubic spline,
and we emphasize that the fixed mesh method developed here can be readily extended to
other parameterizations.

4.1 An Output-Least-Squares Problem

In this example, we consider an interface inverse/design problem associated to the interface
forward problem described by (1.1) and (1.2) with K = 1, in which we assume an observation
data (or a target function in optimal design application) i for the solution u! to the forward
problem described by (1.1)—(1.3) with a pure Dirichlet boundary condition g }) on 0% is
available on a sub-domain ¢ C €2, and we need to recover/design the location and the
shape of the interface from u# by solving an output-least-squares problem [17,42], i.e., by
optimizing the following shape functional

JO) = | @' —n)?dXx. 4.1
Qo
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This problem arises from oil/underwater reservoirs [25,77] and optimal designing of cooling
elements in battery systems [65]. A related time dependent problem is discussed in [33].
Applying the IFE method proposed in (3.5) to the inverse problem formulated in (4.1) suggests
to seek the design variable a* by solving the following constrained optimization problem:

o = argmin Jj (@), Jh(e) = / Tn(wj, (o), X (@), a)d X,
Q0
subjectto  Al(@)u} (@) — Fl(a) =0, (4.2)

where, expressing the IFE solution u }ll () = “;11 (u,i (or), X (@), ) in the format given in (3.1),
we have

Tn(uh (@), X (@), @) = (Jy(uh (@), X (@), @)’

Nl [Nl
with Jy(uj (@), X(o),0) = Y ul (@i (X(@). @)+ Y gh(Xgi(X(a). a) —i.
i=1 i=| NG |+1

4.3)

It is easy to see that the discrete objective function 7, () has the optimal second order accu-
racy to approximate the continuous objective functional 7 (I («)) regardless of the interface
location and shape on a fixed mesh. According to (4.3), the evaluation of J;, (u ,]l (o), X(@), )
is straightforward and it is obvious that

NG|

Vi = 25w (@), X(@), @) | Y uj @V (X (@), @)
i=1

[Nl
+ > gp(X)Vei(X(@), @) — Vi |,
i=|Nj|+1
Nl NG|
dJp ~ 0¢; (X (o), o) ¢ (X (o), o)
@=2Jh(u,§(a),xm),a) 21: ul(a )7j+ %: lgb(x,»)Tj ,
l i=|Nyl+

4.4)

where u is assumed to be optimization independent, V¢; (X (), e) is the standard gradient

with respect to X, and W, Jj € D are the shape derivatives of the global IFE basis
J

functions which are zero on all the non-interface elements and computed by (3.14) on interface

elements. Furthermore, a direct calculation leads to

INT 1 1N\T 9 1
jh=<“1h> M(“h> 2(“{1) ﬁ+/ W2dX, i’f:zM()(“lh)—zﬁo,
) gD gp Qo ou, &p

4.5)

AR Vil
where M = (/ ¢,-¢,-dx) e RWVIlXINI - — (/ ﬁgb,»dx) e RWilx1,
Q0 i=1,j=1 Q0 i=1

(4.6)

and My, il are formed by the first | A/}, | rows of M and ﬁ respectively Formulas above confirm
the observation that the computations fo 6 and Jj, itself are problem dependent
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Table 1 Configuration for the Output-Least-Squares Problem

Cases f Interface S and initial guess Data u
Casel B~ =1 S =2 +y2)2(1 + 0.8sin (6arctan (y/x))) — 0.1 @ =S/p" inQ°
gt =20 So = (x +0.6)% + (y +0.2)% — (7/9)? s=+
S =4sin(rx)cos(my +m/2) —2 _ P i
1 _ 2 _ — i i
Case2 f =1 F=10 gl a2 4144 4052 — n2 “=S/p in g
F = S5 = 64x2 + 144(y — 0.5)2 — x2 i=123
_ 1024 5
- 2 2 g2 T g 2D
Case3 B~ =1 S=r—1, wherer = (16x~ + 64(y — 0.4)°)/m *ps
+ =10 or 1000 = (x —0.4)2 —02)2— 2 1024
B or So = (x —0.4)% + (y —0.2)2 — (r/6.28) L0 o m s
el
Initial interface Iteration 20 Iteration 40 Iteration 84

Fig.3 Optimization process for case 1 (Color figure online)

but they are usually straightforward to calculate within the IFE framework. These preparations
can then be utilized in the proposed IFE Shape Optimization Algorithm presented in Sect. 3.3.

We now present three specific cases for this interface inverse/design problem whose key
data are described in Table 1. In this table, S(x, y) = 0 is the target curve I" to be recovered
that is plotted as a dotted curve (in red color) in the related figures. We use the BFGS
optimization algorithm [62] in step 6 of the IFE Shape Optimization Algorithm presented in
Sect. 3.3, for which, So(x, y) = 0 is the initial curve that is plotted as a solid curve (in blue
color) in the first plot of related figures as all other presented approximate curves in shape
optimization by the BFGS iterations.

Case 1 The data i(X) is given on the whole €2, i.e., ¢ = 2. The numerical curve is a para-
metric cubic spline with 20 control points, and the target curve has a star shape representing
a certain complexity in the convexity. Some approximate curves generated in the BFGS iter-
ations are presented in Fig. 3 from which we can see a quick evolution of the numerical curve
towards to the target curve for this inverse/design problem even with a complicated geometry,
and this suggests a benefit of the accurate gradient formula available for the proposed IFE
method.

Case 2 We demonstrate how the proposed algorithm can handle an interface inverse/design
problem whose target interface consists of multiple components. For this purpose and for
simplicity, we consider the case in which an interface I'" is formed by the two simple curves.
We denote the sub-domain inside the upper-left dotted curve (in red color) by Q', the sub-
domain inside the lower-right dotted curve (in red color) by 2, and denote the sub-domain
outside these two closed dotted curves by 23, see Fig. 4, and the corresponding parameter
is given by g%, i = 1,2, 3. Each numerical curve component is a parametric cubic spline
with 15 control points and 30 control points in total. We notice that the numerical curve
component started from S(l) converges to the exact curve component much faster than that
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Initial interface Iteration 10 Iteration 60 Iteration 110

Fig.4 Optimization process for case 2 (Color figure online)

Initial interface Iteration 10 Iteration 20 Iteration 80
A PR ‘C/ . -
Fig.5 Optimization process for case 3 with 8~ = 1, 7 = 10 (Color figure online)
Initial interface Iteration 10 Iteration 20 Iteration 80

O

Fig.6 Optimization process for case 3 with 8~ = 1, B+ = 1000 (Color figure online)

started from Sg. We believe the objective function is more sensitive to the design variables
for the first numerical curve component than the second because the jump g3/8! is much
larger than 83/82 in this example, and the gradient in the proposed IFE method is capable
to capture this kind of subtle dependence of the objective function on the design variables.

Case 3 The data function i is given on a proper sub-domain Q¢ = [—0.5, 1] x [0, 1] in
the upper-right of 2 illustrated in Fig. 5. In Fig. 5, we observe that the converged numerical
curve is a much better approximation to the target interface curve I" inside € than outside,
and we believe this is a reasonable consequence of the available data function i given only
on . In addition, we also test this example with a larger jump case, i.e., =1, B+ = 1000.
The numerical results are presented in Fig. 6 which also shows a satisfactory reconstruction.
We think these two examples suggest again that the gradient in the proposed IFE method can
capture the nature of the interface inverse problem in accordance with the available data.

4.2 The Dirichlet-Neumann Problem with a Single Measurement
In this group of numerical examples, we apply the proposed IFE method to the popular but

challenging Dirichlet-Neumann inverse problem in which we try to recover the interface I"
from a single pair of Dirichlet-Neumann data, i.e., gp and gy, provided on the boundary
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for an interface forward problem of the elliptic equation described by (1.1)—(1.3). This type
of inverse problems have a wide range of applications in electronic impedance tomography
(EIT) [10,39,56] where one wishes to detect a material interface by injecting the voltage
potential gp on 92 and measuring the current density gy on (or a portion of) 2. When
the charge source f = 0, it is referred as the Calderdn’s inverse conductivity problem [14]
which is well-known ill-conditioned since only the data on the boundary 92 is available for
the reconstruction of I".

We formulate this inverse problem as a shape optimization problem with a Kohn-Vogelius
type functional [10,47,63]:

J(T) = f W' —u??dX, 4.7)
Q
where u! and u? are the solutions of the following interface forward problems:
—-V-(BVu') = f, —V-(BVu?) = f,
[u'llr =0, [u*]lr =0,
[BVu -nl|r =0, [BVu? -m]|r =0,
Ltlzg}):gD, on 0%2, ung%):gD, on d2p, %:g%\/7 on Ay,

and fQ u?dx = ug needs to be imposed when 0Q2y = 0. Again, we solve this interface
inverse problem by seeking the design variable a* from the following constrained optimiza-
tion problem:

o = argmin Jp(a), Jp(a) = /Q Jn(u} (0), u(e0), X (@), @)d X,
0
subjectto  Af(@)uf (@) — FX(@) =0, k=1,2, (4.8)

where J (ul (@), u2(@), X (@), @) = (J;(u} (@), v (@), X (@), @)’ with

NG| NG|
Tn(u) (@), wj (@), X (@), 0) = Y ul¢i(X(@), @)+ Y gp(X¢i(X (@), )
i=1 i=INGl+1
IV NG|
- Y e X@, )~ Y gh(Xgi(X(@), ).
i=1 i=INM+1

(4.9)

Again, we note that the discrete objective function 7, (u,ll (ar), u,zl (), &) approximates the
objective functional 7 (I" («)) with an optimal second order independent of interface location
and shape, and this objective function can be evaluated quickly by matrix-vector operations
as follows:

1 2 T 1 2
g i@.o=| () - ()] () - ()] o

where g}, = (gD(Xi))lflh./l\th|+l’ gl = (gD(X,-))ii/l%%H, and M is the global mass matrix
on the whole domain 2:
[Nl NG
M = (/ ¢i¢jdx> . 4.11)
Q i=1,j=1

@ Springer



Journal of Scientific Computing (2019) 79:148-175 167

Also, formulas similar to those in (4.4) can be easily derived to compute %i)? and %, j €D.
J

Furthermore, by direct calculations, we have

9 1 2 9 2 1
o[ () (3)] o -el() ()] e
du, gp gp duy, ) gp

where M| and M; are the mass matrices formed by the first |NG| and INZ"I | rows of M,
Jn

respectively. These derivations together confirm again that formulas for J;,, VJj, 531,
J

aswell as % ,k =1, 2in general can be easily derived explicitly and efficiently implemented
h

jeD

in the IFE framework. These preparations can then be used in the proposed IFE Shape
Optimization Algorithm presented in Sect. 3.3.

For the Dirichlet—-Neumann inverse problem, we report 3 experiments that are configured
with the target curve S(x, y) = 0 and one of the exact solutions u(X) given in Table 2
corresponding to the interface S(x, y) = O for the interface forward problem. We emphasize
that u(X) given in the third column of this table is used only to generate the Dirichlet and
Neumann boundary data, i.e., gp and gy on 9€2, for the related inverse problem. As before,
the BFGS algorithm [62] is employed to carry out the shape optimization described by (4.8)
according to the proposed IFE Shape Optimization Algorithm, for which, So(x, y) = 0 given
in Table 2 is the initial curve that is plotted as a solid curve (in blue color) in the related figures
as all other presented approximate curves in the BFGS iterations and the dotted curve (in red
color) is the target curve to be recovered.

Case 1 The Neumann data is given on the whole 9€2, and the numerical curve is a parametric
cubic spline with 20 control points. These numerical results demonstrate that the proposed
IFE method can handle a large shape change, as illustrated in Fig. 7 from the initial interface
to the one generated by the third iteration. We note that such a large shape change often causes
mesh distortion when body fitting mesh is used, but the proposed IFE method circumvents this
issue by using a fixed interface independent mesh. The numerical curve quickly converges
to the target curve after about 80 iterations, and this demonstrates again the benefit of the
fact that the gradient in the proposed algorithm provides a good sensitivity with respect to
the design variables of the numerical curve.

Case 2 We now consider a more difficult Dirichlet-Neumann interface inverse problem
whose exact solution interface curve I" has a non-conical and non-convex kidney-like shape,
asillustrated in Fig. 8, and, to the best of our knowledge, there is no general theory to guarantee
the uniqueness of the solution to this inverse problem with only one single pair of Dirichelt
and Neumann data given on the whole 9€2. The numerical curve is a parametric cubic spline
with 20 control points. We note this example takes far more iterations to converge and we
believe this is caused by the challenging nature of this interface inverse problem whose exact
solution is non-convex; nevertheless, the proposed IFE method still produces an approximate
solution quite satisfactory (Fig. 8).

Case 3 In this case, the Neumann data is provided only on a proper subset of the boundary
0%2. Specifically, the true interface I' is the level set S(x, y) = 0 plotted as the dotted curve
(in red color) in Fig. 9 that separates €2 into two sub-domains ~ and QT below and above
I, and the Neumann data function gy is given only on the lower and upper edge of the
square domain 2. The numerical interface is a 1-D cubic spline y = y(¢), t € [—1, 1] with
10 control points whose end points match the exact interface. The last plot in Fig. 9 shows
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Initial interface Iteration 3 Iteration 30 Iteration 80

Fig.7 Reconstruction process for case 1 (Color figure online)

Initial interface Iteration 95 Iteration 155 Iteration 250

Ol U

Fig.8 Reconstruction process for case 2 (Color figure online)

Initial interface Iteration 41 Iteration 94 Iteration 140

Fig. 9 Reconstruction process for case 3 (Color figure online)

that the numerical curve after 140 iterations matches the exact curve well. This demonstrates
that the proposed IFE method can treat a Dirichlet-Naumann interface inverse problem that
has a limited Neumann data measured on part of the boundary of 2. We also test the case
in which the Neumann data is on the left and right boundary of €2 instead of the lower and
upper boundary, but the result is not as satisfactory as the one presented here.

4.3 The Heat Dissipation Problem

We now consider the application of the proposed IFE method to an optimal design problem
for a heat system in which the goal is to minimize the overall heat dissipation by optimally
distributing two materials in a domain [26,28,81]. This thermal design problem has wide
applications such as cooling fins [6,69] and high-conductivity channel of electronic compo-
nents [9].

In the steady heat conduction situation, this design problem is to find an optimal curve I'*
separating two chosen materials that can minimize the following objective functional [26]:

j(F):/Vul-(,BVul)dX subjectto |7 < 0|2, (4.13)
Q

where u! is the solution to the interface problem described by (1.1)—(1.2) with K = 1
with a Dirichlet boundary condition, 27 is the sub-domain filled with the high conductivity
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u=0

(a) (b)

Fig. 10 The heat dissipation problem. a The heating conditions and initial guess. b The optimal design (Color
figure online)

material, and 6 € (0, 1) is a prescribed design parameter. By the proposed IFE method (3.5),
we seek a design variable a™ by solving the following constrained optimization problem:

o = argmin J;(a), Jn(e) 2/ Jn(uy (@), X (@), @)dX,
Qo

subjectto  Al(@)u} (@) — Fl(@) =0 and |Q7| < 6|2, 4.14)
where
A A :
Tn(uy(e), X (@), @) = B|> ulVei(X(@).0)+ > gn(X)Vei(X(e). )
i=l i=INjl+1
(4.15)

Itis easy to show that the discrete objective function can approximate the true shape functional
(4.13) with an optimal first order accuracy independent of the interface shape and location.
Also, similar to (4.4)—(4.6) again, formulas can be easily derived for 7, (ct), gi’; ,J € Dand
LN/ '

- that can be implemented efficiently within the IFE framework. In particular, we have
oy

VJy = 0. These preparations can then be employed in the proposed IFE Shape Optimization
Algorithm together with the SQP (sequential quadratic programming) method [62] to carry
out the constrained optimization numerically.

We test the proposed IFE method on a specific design problem configured in the domain
Q2 that contains a design independent heat source f = —1 on a center square [—0.1, 0.1] x
[—0.1, 0.1], and the boundary temperature is fixedtobe u = 0 and 6 = 0.5, see the illustration
in Fig. 10. The two materials separated by the curve I" are such that 8~ = 1 and g+ = 1073,
We start the SQP iteration from a circle x2 + y*> = 0.822 plotted as a solid curve (in blue
color) in Fig. 10a, and the numerical curve in the optimization is a parametric cubic spline
with 20 control points. After 28 iterations, the algorithm generates a design shown in Fig. 10b
whose patten is very similar to the one reported in [26].
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Appendix A Technical Results
A.1 Proof of Lemma 3.1

First, differentiating xp = x(fp (@), ) and yp = y(fp(a), &) with respect to aj and letting

E)x L dx OV oy 9x dfp _
that = §rli=i, and = 57 lizips 97y Da; 80(/ li=ips Dajyp =

we have Dy xp =

? a ?
T d;’; %b:&,,whwh leads to
ay ax dy dx dx dy
oty Dt T ar, PP = G e i T gt e =i a1

On the other hand, since P is on the edge A A2, we have the equation (yp — yj)xp — (x2 —
X1)yp = x2y1 — x1y2. Differentiating it with respect to «; yields

(y2 = y)Dg;jxp — (x2 = x1)Do; yp = 0. (A2)

Combining (A.2) and (A.1) yields the linear system for Dy, P in (3.8). Let ne be the normal

vector to the edge A1 A;. Then we have det(Mp (fp)) = n, - VI'(fp (&), ) which is non zero
by the assumption that A A is not tangent to I' (¢, &) at P.

A.2 Material Derivatives of Local Matrices and Vectors

For the simplicity, we assume that the boundary condition functions g’,‘\,, ng and the force
term f k are fixed and independent with interface change, 1 < k < K. Therefore, on each
interface element 7' € ’Z;l”” and each interface edge e € £/, we have:

3y, ), !
Dy K7 = ( /T ;sv%-wq,rdX) + ( fT ﬁVﬁ-qu,de)
J

J p.q€T p.qeT
3

+ (Z/ BVYYp. 1 - Vg dX tr((Da,Jm)J,;‘)) . (A.3a)

m=1 1 Pl

0 r
DajE?rz = </ﬂV wp,Tl '(1/fq,T"2n;2)dS>
e 301./' pogel
8 T
; ( [ 8905 ( Vo1 n?) ds)
e 30lj p.gel
+ <5_V¢;Tr1 : (Wq 2 M )|P - ,3+va "1 (W;Trz e )|P>
P.q€T

Dy P-(Ay — A
M, (A3b)

[A2 — Ayl

0

o, Yy 1
r wq " n’2
(wp Trimgt) - ng ds : (A3c)
@ j p.q€T

Do Ry = /MdXJr/wﬂ-Vfdx
J T a()lj T ’

pel
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Z/ V. dX (D, DI ) (A3d)

i=1 pel

and the material derivatives of vectors:

Dy, F = (/ fkagpﬂdx> +</ V(fkwp,T).Vf%dX)
T aj peT T pel

3
+(X> | HvprdX o (Do In,")) (Ada)

m=1 T

Vp. T
Dy B, = / BEHY — = - neds
e 80[1' pel

(ﬂ gpV¥, Ml — BT VY T'ne|P)

pel

Do, P - (A2 — A1)

’

per A2 — Al
(A.4b)
lﬁ T, ol (. _
Dy, Cs = fe(/ﬁ gh— + 7% (p gV, rle — B ep¥it lp
lel peT | | peT
Dq; P - (Az—Al) (Ado)
A2 — Al '

0Vp.T _ Dy P - (A2 — Ay)
D ka= k P, d k . k + j
e (/egN ba; ) o T\ Verlemanprle ) TR
(A.4d)
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