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A HIGHER DEGREE IMMERSED FINITE ELEMENT METHOD
BASED ON A CAUCHY EXTENSION FOR ELLIPTIC INTERFACE
PROBLEMS*
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Abstract. This article develops and analyzes a pth degree immersed finite element (IFE) method
for solving the elliptic interface problems with meshes independent of the coefficient discontinuity in
the involved partial differential equations. The proposed pth degree IFE functions are macro poly-
nomials constructed by weakly solving a Cauchy problem locally on each interface element according
to the interface jump conditions. To alleviate the discontinuous effects of IFE functions, penalties
on both the edges of interface elements and the interface itself are employed in the proposed IFE
scheme. New techniques are introduced to analyze the proposed IFE functions in a format of macro
polynomials, including their existence, the optimal approximation capabilities of the resulting IFE
spaces, and trace inequalities. These results are then further applied to prove that the proposed IFE
method converges optimally in both the L? and H! norms.
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1. Introduction. In this article, we develop and analyze a pth degree immersed
finite element (IFE) method for the second order elliptic interface problem:

(1.1a) -V (BVu)=f inQ UQT,
(1.1b) u=0 onodQ,

where Q= and Q7 are the subdomains of Q C R? partitioned by a CP*! simple curve
T" which does not intersect 92. As usual, the following jump conditions are imposed
on the interface curve I':

(1.1c) Jo(u) = [u]r == u”|p —u™[r =0,
(1.1d) Ji(u) = [AVu-n], = B"Vu" -nlp - Ve’ - nfp =0,

in which n is the unit normal vector to the interface I'. Here, 3 is assumed to be
piecewise constants,

| BT forXeQ~,
BX) = { Bt for X € QF,

and, without loss of generality, we assume 3~ > A7 in the following discussion. In
the case p > 2, as in [3, 5, 4], we further impose the so-called Laplacian extended
jump conditions

12 Ay
Oni—2

(1.1e) jj(u):[ﬁ ]on, i=2,...,p.
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All the jump conditions in (1.1c)—(1.1le) are imposed in the L? sense. The jump
conditions in (1.1le) are suggested by the smoothness of the body force term f across
the interface curve which is in fact satisfied in many applications such as the constant
gravity [48], charge density in electrostatics [32], and the source term in Helmholtz
equations [35].

Interface-fitting meshes need to be used in order to obtain the optimal conver-
gence [8, 12, 15, 53] when conventional finite element methods are utilized to solve
the interface problem (1.1). In particular, a detailed analysis was given in [38] to
show how well the interface must be resolved by the mesh to guarantee the optimal
order accuracy according to the degree of polynomials used. By contrast, meth-
ods using a fixed mesh for solving the interface problem (1.1) have been developed
which, among many benefits, can avoid the time-consuming procedure for generating
meshes to fit the interface, especially for those with complicated geometry or evolving
shape/location. Roughly speaking, most fixed-mesh methods fall into one of the two
groups. A method in the first group fits the interface and the jump conditions by
the computation scheme such as the immersed interface method (IIM) [37, 40] in the
finite difference context and the CutFEM [14, 28] based on the finite element scheme.
In particular, we refer readers to [36, 44, 51] and references therein for higher-order
CutFEMs. Methods in the other group take into account the jump behaviors of ex-
act solutions in the construction of shape functions on interface elements such as the
multiscale finite element method [16, 19], the extended finite element method [18, 49],
the partition of unity method [46, 50], and the immersed finite element (IFE) method
to be discussed in this article.

As indicated by the regularity analysis in [16], there are many interface prob-
lems in practice, such as the pressure equations from the projection methods solving
Naiver—Stokes equations in multifluid dynamics [47] and transmission problems in
wave propagation [45], where the exact solutions have a piecewise regularity sufficient
for efficiently applying higher degree finite element methods. In addition to the de-
sired high order accuracy, there are also other attractive properties for high order
methods, such as their capability to reproduce the oscillatory behavior in high fre-
quency wave propagation problems and their deployment in hp-refinement techniques
[6] for efficiently solving problems with localized singularities. These are just a few
considerations that motivate us to develop a pth degree IFE method.

One key idea in IFE methods is to use Hsieh—Clough—Tocher [11, 17] type macro
elements, i.e., the piecewise polynomials constructed according to the jump conditions,
as the shape functions on interface elements while the standard polynomials are used
on noninterface elements. Compared with IFE methods based on lower degree poly-
nomials [21, 22, 24, 29, 30, 39, 41, 42] in the literature, there are two major issues in
the development of higher degree IFE methods. The first and a fundamental one is to
construct suitable macro polynomial spaces on interface elements with the optimal ap-
proximation capability to the functions satisfying the jump conditions with respect to
the involved polynomial degree. It remains unknown in the literature how to impose
suitable weak jump conditions such that the IFE functions universally exist and how
to analyze the approximation capabilities of the underlying macro polynomial spaces
with discontinuities. The second issue concerns suitable formulation in the related
IFE schemes for solving the interface problems. Specifically, this is about suitable
penalties to handle the discontinuities of IFE functions on edges and interface. These
penalties further pose challenges in the error analysis demanding the trace inequalities
for IFE functions as macro polynomials on interface elements because standard trace
inequalities cannot apply directly due to insufficient regularity.
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There have been exploratory works for higher degree IFE methods. The authors in
[2] introduced a correction function to construct the IFE shape functions for the linear
interface, and this idea was then generalized in [25] to handle the curved interface for
constant coefficient 3. The authors in [3] considered an L? inner product defined on
the actual interface curve to penalize the jump conditions, but the existence of the IFE
shape functions based on this approach is not established yet. Recently, the authors
in [4, 54] developed a least squares method to construct the IFE shape functions, the
existence of which naturally follows from the least squares formulation.

We now propose a construction procedure for pth degree IFE functions. In this
procedure, an IFE function is the extension of a pth degree polynomial from one
subelement to the whole interface element by solving a local Cauchy problem on in-
terface elements in which the jump conditions across the interface are employed as the
boundary conditions. The underlying idea can be traced back to the early works of
Babuska, Caloz, and Osborn [7, 9], who proposed special shape functions constructed
by solving some local differential equations. This idea was further employed by Chu,
Graham, and Hou in [16], where the special shape functions were the piecewise linear
finite element solutions of a local interface problem on a submesh of each interface
element. We also note that the extension idea from one piece to another in the con-
struction procedure is similar to the one used in [26]. As for the suitable formulation
for the related pth degree IFE methods, we propose using penalties on interface edges,
like those used in the partially penalized IFE method in [43], and on the interface
itself, like those used in CwtFEM [44, 51].

The contributions of this article are original and multifold, and we believe they
are noteworthy because they enable us to achieve what the conventional construc-
tion/analysis techniques in the literature for macro polynomials cannot offer. The
core idea, i.e., constructing IFE functions by solving a Cauchy problem locally on
each interface element, is originally proposed in this article, and it leads to a so-called
Cauchy mapping to connect polynomial components in an IFE function. This map-
ping also plays a critical role in the related analysis such that major results including
the existence of IFE functions, the approximation capabilities, and trace inequalities
for the macro polynomials in the proposed IFE space can be traced back to prop-
erties of this mapping. The new analysis techniques employed in this article enable
us to derive error bounds in which the proportional constants are all independent of
the interface location relative to the mesh. All of these together form a systematic
framework for us to establish the optimal convergence of the related IFE method as
indicated by the following estimate in an energy norm:

B+ 8-
(B+)3/2

This article consists of five additional sections. In the next section, we introduce
basic notations and assumptions. In section 3, we establish a group of geometric esti-
mations and norm equivalence results. In section 4, we introduce a Cauchy extension
operator and study its properties. In section 5, we use the Cauchy extension to define
the local IFE spaces, prove the related approximation capability, and trace inequal-
ities. In section 6, we introduce a pth degree IFE method and present an a priori
error estimation for this IFE method. Some numerical examples are also presented
to demonstrate the convergence of the proposed IFE method.

lu = unll, < RPN £l ro—1(02)-

2. Notations and assumptions. In this section, we introduce some basic no-
tations and assumptions. Given each measurable subset Q1 C Q, we let W*4(Q) be
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the standard Sobolev space with the norm || - ||Wk,q(§)7 k>1,1<q< oco. In the case

when  has a nonempty intersection with the interface I', we define Qf = QN OQ* and
further introduce the following the split space with the associated norm according to
the jump conditions (1.1c)—(1.1e):

(2.1a)

PWHha(§) = {v eWHI(Q) : vlge € WEUQE); Ji(u) =0,i=0,1,... k- 1},
(2.1b)

||U||pwk,q(§) = HU”Wk,q(ﬁ—) + HU”Wk,q(ﬁJr)-
In particular, when ¢ = 2, we have the Hilbert spaces H* (Q) and PH’“(SNI) with the
norms || - || g () and || - || p o)~ Let PWEQ) and W5 (Q) be the related spaces

with zero trace on 9Q2. We will use P, to denote the polynomial space of degree not
exceeding p.

We use T, to denote a triangular mesh of Q and let h = maxper;, {hr}, where
hr is the diameter of each element T' € 7. As usual, we assume the mesh 7}, is
shape-regular, i.e., there exists a constant ¢ such that

h
(2.2) L <o VT €T,
PT

where pr is the diameter of the largest inscribed circle of T'. It is well known that the
condition (2.2) yields the existence of constants 6,,,0y € (0,7) such that

(2.3) 0, < every angle of T < 0y, VT € T.

Let N}, and &, be the sets of nodes and edges of the mesh 7;. Denote the sets of
interface and noninterface elements in this mesh by 7,¢ and 7,;”. In addition, we let
&' be the collection of all the edges of elements in 7;' and let £ = £, \E5.

Guided by [51], given each domain K C R? we call K’/ := {X € R? : 3Y €

K s.t. OX = pOY'} the homothetic image of K with respect to the homothetic center
O and the scaling constant g. Hinted by [54], for each interface element T' € T,
we define its fictitious element T as the homothetic image of T' with the homothetic
center being the incenter G of T and a scaling factor A > 1 independent of mesh size
h, and let 1"% = I' N T); see Figure 2.1 for an illustration. In particular, we denote
I'r = I‘lT =I'NT. To facilitate a simple presentation of the main ideas, and without
loss of generality, we assume that T C €2 for every interface element 7.

In addition, we employ || to denote the measure of a d-dimensional manifold such
as edges for d = 1 and elements for d = 2. Also, following tradition, we employ the
notations < and ~ to denote the relation - - - < C'- - - and the equivalence, respectively,
in which the hidden constants C are independent of the mesh size, the coefficients 3+
and the local interface location relative to either T or Ty VT € T}'.

Furthermore, we make two major assumptions for the mesh 7}, as follows:

(A1) The mesh is generated such that the interface can only intersect each interface
element T € 7;: and its fictitious element T at two distinct points which
locate on two different edges of T and T.

(A2) There exists a fixed integer N such that for each K € 7, the number of
elements in the set {T"€ T, : K N Ty # 0} is bounded by N.
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A3

Fic. 2.1. T = AA1 A3 A3 and its fictitious element Ty = AA%A%A;)‘.

On such a mesh 7, inspired by [26], we consider the mesh-dependent space V}
as
Vi ={veL*Q) : vlr e H(T) T € T, vlr+ € HY(T*) if T € T},

(2.4) . .
and v is continuous on each e € &, v|oq = 0},

and we note that the functions in V}, are in Hl(Q\(UTeTﬁT)). Given each e € &}
shared by two elements 77 and T5, we employ the following operators for the functions
in Vhi

(vl)le + (vlzy)le
2 )

(2.5) [vle = (Wlny)le = (v]zy)[e and  {v}e =

and similarly, we can define [v]r and {v}r on the interface. Then, testing (1.1a) by
functions in V}, and applying the integration by parts on each element, we obtain the
following weak formulation:

(2.6a)
an(u,v) = Ly(v) Yv € Vp,

with an(u,v) = > / BVu - VudX
T

TETh
0
(2.6b) - Z /{BVU -n}e[v]eds + €o Z /{BV'U ‘n}efuleds + Z 727 /[u}e [v]eds
6652 € eEE}iI € eeff]i €
— Z {AVu - n}r[vlrds + € Z {BVv - n}rlulrds
rer /Tt ferg I

+ 30 G| e e,

TET;
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v):/QfUdX,

where 0¥ 0! are some constants independent of the coefficients 3 and v = (max{3~,

BT1H?/min{B~, 8"}. According to (2.6b), we define the following quantities on the
space Vj:

(2.72) |v||h_z/||fw|\ X+ ”/ d”ZM/FT

TETh ec&} TET,

(2.6¢)

(2.7b) |||v||\h—uv||h+ Z / (6Vv-n}.) ds+— 3 / ({BV - n)r)2ds,

e€El TeT,L
and it is easy to verify that these are norms on V}, with
(2.8) [olln <ol Vo € Vi

Following the idea in [26], given each u € PHET'(Q), we let u$, € HETH(Q) be

the Sobolev extensions [20] of u® = u|gs from Q° s = — + to 2 such that
p+1 p+1

(2.9) D lublar@) < Cp Y10 lmr@e), 5 ==+
k=1 k=1

for some constant Cg only depending on QF, 2, and p. Estimate (2.9) follows from
the boundedness for the Sobolev extensions (Theorem 7.25 in [20]) and the Poincaré
inequality.

3. Some inequalities on interface elements. In this section, we first present
some basic geometric estimations related to each interface element 7' and the associ-
ated fictitious element 7). These results enable us to establish a group of inequalities
in the polynomial spaces to be used. Given an interface element T'= AA; A3 A3 € 771Z
with its fictitious element Ty = A A3 A3, A > 1, without loss of generality, we only
consider the interface element configuration where I' cuts the edges A} A3 and A3 A
with the intersection points D* and E*, as shown by Figure 2.1. We note that the
original element and the fictitious element may have different interface configurations;
but for simplicity’s sake, we also let I" intersect the original element 7" with the inter-
section points D and E at the edges A1 A3 and A3 A3. Under this configuration, we let
T, and T)\+ be the curved-edge triangle D*E* A3 and the curved-edge quadrilateral
AP A3 EADX| respectively, as shown in Figure 2.1. Now we start with recalling the
following result from [22].

LEMMA 3.1. On each Ty, A\ > 1, associated with an interface element T € T},
assume hp is small enough; then there exist constants 6y and d1 independent of the
relative interface location inside T\ and hr such that for every two points Xy, Xs €
T NTy with their normal vectors n(X1),n(Xs3) to T and every point X € T NTy, with
its orthogonal projection X+ onto D E?>, the following estimations hold:

(3.1a) [X — X+ < doA2RE,
(Slb) l’l(Xl) . H(XQ) = 1-— 51)\2}7/%

The estimates (3.1) describe the local flatness of the interface inside each interface
element (the special case A = 1) and the fictitious element. The constants dg, o1
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depend only on the maximal curvature of I' [22]. Now we let Op and 0 be the angles
between the interface I' and the ray D* A2, E*A3; see Figure A.1 in the appendix for
an illustration. The following lemma describes the relative location of I" inside T).

LEMMA 3.2. For each Ty, A > 1, associated with an element T € T}%, assume hr
is small enough; then there exist positive constants 6>, I* and ri < r3 < 1 independent
of interface location and hr such that

(3.2a) ZAZDE* > 0, ZAYE*D* >0 0p >0 0p >0,
. [[A3DA |AZEX 2
(3.2b) r < Inm{ , <ry,
* [A3AY]" |AZ A *

(3.2¢) T2 > [DAE* > 1 hy.

Proof. The arguments for these results are technical but elementary; therefore,
they are presented in Appendix A.1l. O

Remark 3.1. Lemma 3.2 actually shows that given each interface element T, the
triangular curved-edge subelement of its fictitious element T, A > 1, has the regular
shape.

Based on the two lemmas above, in the following discussion, we always assume the
mesh size h is small enough such that they all hold. Next, we present an estimation

of the difference between the Laplacians of the extensions uiE

LEMMA 3.3. Let u € PHPYY(Q) with the integer p > 1, and let u be the Sobolev
extensions. Then on each fictitious element T, A > 1, it holds that

(33) 18T Aug — B~ Dugllacey S Wy (BF lublmeicry + B luglmrsry))-

Proof. Let w = BTAuf, — B~ Aup € HP~Y(2). Note that the case p = 1 is
trivial, so we only discuss p > 2. Since uﬁ\gi = u*, by the definition (2.1a), for
i=0,1,...,p— 2, the ith order trace of w on F% is zero.

First, for the curved-edge triangular subelement T, according to (3.2a) and
Remark 3.1, there exists a one-to-one mapping F' L55] from the reference element
T = A1 A3 A3 with A; = (0,0)T, Ay = (1,0)7, and A3 = (0,1)T on the #-§ plane to
Ty such that its Jacobian satisfies C1h% < |det(a§g”£) )| < Cah for some constants
(4, Cy independent of the curved edge. Let @ = w(F(&,7)); then the scaling argument
together with the Friedrichs inequality for functions vanishing on part of the boundary
[1] yields

(34)  Nwlyaiyy < ORI 5 < CREIO s ) < CREP ™Vl

On the curved-edge quadrilateral Tj , the scaling argument is not applicable di-
rectly. Instead, we employ a different approach by constructing a finite number of
strips with bounded width to cover the whole quadrilateral T;‘ of which the num-
ber is bounded independently of the interface inside Ty. Let Py be A} and P; be a
point on the edge A} A3 such that A} D? is parallel to Py E*, and the first strip s;
is the curved-edge quadrilateral A} P;E*D?. Then we proceed by induction to find
P, on Ai\Aé‘ such that P,_;D? is parallel to P,E*, n > 2, and the nth strip s, is
the curved-edge quadrilateral P,_; P, E*D*. The last Py may locate outside of the
edge A} A} for which we simply let Py = A3. This procedure constructs the total
N strips s1,82,...,SnN, as shown by the left plot in Figure 3.1. Obviously, we have
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T = UN  s;. Without loss of generality, we assume ZA}EAD* > ZA}D*E*, which
1mp11es

(3.5) |Pnv_1Pn_2| > |Py_oPn_3| > - > |PiPy| = " sin(6*)hr,

where, in the last inequality, we have used the estimates (3.2a) and (3.2c). Therefore,

we have N < 5o %y sm(O/\) + 1, and this bound is independent of the interface. On each

strip s;, 4 =1,...,N—1, ie., the curved-edge quadrilateral P;_, P;D*E*, we consider
a local system With the f—direction perpendicular to the parallel sides Pi,lD’\ and
P,E*, and the n-direction perpendicular to the &-direction, as shown in the right
plot in Figure 3.1. On this local system, let f1(£) and f2(€) be the functions of the
line P;_1P; and the curve DAE*, ¢ € (0,&;), respectively. Then the 1D Friedrichs
inequality [1] yields

(3.6)

& pf2(8) &i ) f2(&) ) ) )
]2, / / Wdnde < / F2(6)—F1(6)] / . (OowPand < i
0 1

The estimation on the last strip sy can be shown similarly. Then (3.6) together with
the bound of N gives

N N
BT Tl <X el <hr - Rolan) < Nhrhol g

Therefore, following the argument based on the mathematical induction [1], we have
(38) ||7.UHL2(T+) CNP~ 1hp 1|w|HP 1(T+)7

where the constant C only depends on the degree p. Finally, (3.3) follows from (3.4)
and (3.8). |

;]

)

2
=
27
™

£l;

__.Z‘_n-_——____
oy

Fic. 3.1. Interface elements and strips.

Next, inspired by [51], we use Lemma 3.2 to establish a group of delicate norm
equivalences on every interface element T and the related fictitious element T. These
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results are the fundamental components in the proposed analysis framework. We begin
with recalling the following lemma from [51].

LEMMA 3.4. Given an integer p = 0 and p € (0,1), let K be a closed convex
domain in R? with a (piecewise) smooth boundary. Assume K' contains a homothetic
subset of K with the scaling factor p. Then there exists a constant C(u,p + 1) only
depending on p and p such that

(3.9) [vllr2x) < Clp,p+ Dvllrzrrny Vv € Py

The following lemmas are about the equivalence of the L? norm on an interface
element T and the related fictitious element T.

LEMMA 3.5. Given an interface element T and its fictitious element T, for each
degree p, there holds
(3.10) N2y = M1 llL2ry)  on Py

Proof. By the definition, T is a homothetic subset of T with the homothetic
center being the incenter; hence (3.10) is a direct consequence of (3.9) by taking
w=1/X\ |

Now we define 7' /\i and T* as the auxiliary straight-edge subelements partitioned
by the line connecting the intersection points of the element boundary and the in-
terface. In particular, on the interface element configuration shown by Figure 2.1,
TA and TA are the stralght edge quadrilateral A7 Ay E*D* and triangle D>‘E>‘A§,

respectively, while T+ and T~ are the straight-edge quadrilateral A1 AsED and tri-
angle DFE A3, respectively. Then, we have the following norm equivalence.

LEMMA 3.6. Given an interface element T as shown in Figure A.4, for every
degree p, if |AsD| > 1/2|A3A1| and |AsE| > 1/2|A3As|, there holds

(3.11) I llez-y = - 2@y = - 2@y on Py
On the other hand, if |AsD| < 1/2|A3A1| or |AsE| < 1/2|A3As|, then there holds
(3.12) | - ||L2(T+) ~ |- HLZ(T+) ~ - ||L2(T) on Pp.

Proof. See Appendix A.2. ]

FIG. 3.2. Equivalent norms on T>.

LEMMA 3.7. Given a fictitious element T, X > 1, as shown in Figure 3.2, asso-
ciated with an interface element T, then for each degree p, there holds

(3.13) |- ||L2(T;) ~|- ||L2(T y =Ml (1) = |- HLZ(T+) ~ |- le2eryy  on Py
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Proof. Using (3.2b) and the arguments used in Lemma 3.6, we can show that there
always exist two fixed triangles AA§M1N1 CTy ﬁf/\_ and Ay MyNo C T/\Jr ﬁfj both
homothetic to T’ regardless of the interface location, as shown in Figure 3.2. Then,
(3.13) follows from similar arguments used for (A.3). |

Finally, we present the trace and inverse inequalities related to curved-edge subele-
ments.

LEMMA 3.8. Given each interface element T, on its fictitious element T, for
every v € P, the following hold:

(3.14a) the inverse inequality: ||VU||L2(T>\i) S h%IH’UHLg(T)\i),
, . —1/2
(3.14b) the trace inequality:  [|v||L2ry) S by / ||U||L2(T>\i).

Proof. For (3.14a), we apply Lemma 3.7 and the standard inverse inequality on
T to obtain

(3.15) IVoll airy S IVOllaery S bzt vllaery S bt vl 2.

For (3.14b), the standard inverse inequality on Ty, Lemma 3.2 in [51], and Lemma
3.7 together lead to
(3.16) O

—1/2 1/2 —1/2 —1/2
[ollaeyy S b2 lvllzecry + 2190 )2y S b2 Iollaey S b2 N0l )-

4. The Cauchy mapping. To construct an IFE function is to find two polyno-
mial components z~, 2" € P, such that, ideally, they satisfy all the jump conditions
(1.1c)—(1.1e). In particular, according to the extended jump conditions in (1.1e), these
two polynomials should satisfy 3~Az~ = T AzT. This consideration suggests one
way to construct an IFE function: choose one of its polynomial components z T, for
instance, and then find the other polynomial component 2z~ of the IFE function by
solving the following local Cauchy problem [27] imposed on the sub-fictitious-element
Ty :

ﬁ-i—
Nz~ = BTA,Z"’ in Ty,
27 =2zt on '},

B+
Vz~ -n= B—_Vz+ ‘n onT.

We note that it is in general impossible to find a polynomial solution z~ to this
Cauchy problem. Alternatively, in the proposed framework, we consider solving this
Cauchy problem in an approximation sense based on the least squares finite element
idea [10, 33], and this procedure further allows us to introduce a mapping which is a
crucial tool in both the construction and analysis for pth degree IFE functions.

On each fictitious element T) associated with an interface element T' € T}%, we
introduce the following bilinear forms and the associated seminorms:

(4.1a)

a)(v,w) = AvAwdX + h;g/

vwds + h;l/ Onv Onwds  Yv,w € H*(TY ),
Y Iy T3
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(4.1b)
Bt : Bt
bx(v,w) = / E_AvAwdX + h;d/ vwds + hy' [ ==0nv Onwds Yo,w € H*(Ty ),
Ty ) r) 5
(4.1c)
Ioll2, = ax(v,v),  lolls, = ba(v,0) Yo € HA(TY).

Here and from now on, we employ the notation Ogv = Vv - £ for any direction &.
Recall the assumption that 8~ > 87; so

/8+ 2 2 2
(4.2) = llvlle, <llvlly, <llvlla, vvePp.
B

The next lemma shows that the seminorms (4.1c) actually become norms when re-
stricted on polynomial spaces.

LemMa 4.1. ||/l and [[-[,, are both norms on the polynomial space P, for each
degree p > 1.

Proof. From (4.2), we only need to prove [|-[|,, is a norm. The result for the linear
case, i.e., p = 1, is trivial. Now we proceed by mathematical induction. Suppose the
result is true for degree p. Then, given each v € Ppy1, [[|v]|,, = 0 is equivalent to
Av=0and v =0, v =0 on I'}. According to [25, 37], we actually have div = 0
for I = 1,2, 9%2v = 0, and 9,0¢v = 0 on 1"% where t is the tangential vector to F%.
Consider the polynomial d,v € P, and let an+bt = (1,0)T on I'}.. Note that Av =0
yields Ad,v = 0. Besides, since Onv = dyv = 0 on I'},, we have 9,v = a0nv+bdgv = 0
on I'}.. In addition, there also holds 9,0,v = ad2v +bddsv = 0 on I'}.. Therefore, by
the hypothesis, we have d,v = 0, and similarly dyv = 0. Then v must be a constant.
Now using v = 0 on I'},, we have v = 0. 0

Based on Lemma 4.1, we can further prove an equivalence between the standard
L? norm and |||, -

LEMMA 4.2. Given every Tx, X > 1, associated with a T € 773, there holds
Rl Moy = Il g2y on Py
Tl Mllay L2(T5) P

Proof. See Appendix A.3. 1]

Since |||, is indeed a norm, the coercivity and boundedness of the bilinear form
ax(v,w) (Lemma 4.2 in [33]) under this special norm together with the Lax-Milgram
theorem directly imply that for each v € IP,, there exists a unique ¢ € P, satisfying
the variational equation ax(9,w) = by(v,w) Yw € P,. According to the discussions
in [33], computing v € P, for a given v € P, is related to solving a Cauchy problem
weakly on Ty~ with initial conditions imposed on F%, and this leads us to introduce a
Cauchy mapping as follows.

DEFINITION 4.1. Define a mapping € : P, — P, such that for every v € Pp,
€(v) € P, is determined by
(4.3) ax(€),w) =by(v,w) YweP,,

and we call € the Cauchy mapping.

Because of the uniqueness and the fact €(0) = 0, € is a one-to-one (bijective)
linear mapping from the polynomial space P, to P,. In the following discussion,
we let Pr, be the standard L? projection from HP*!(T)) onto the polynomial space
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P, on Ty. The following properties of the Cauchy mapping € are the fundamental
ingredients for us to analyze the local approximation capability and trace inequalities
of IFE spaces defined in section 5.

THEOREM 4.1. For every uw € PHPT(Q) with the extensions uf, on each inter-
face element T and its fictitious element Ty, X\ > 1, there holds

(44) |||Q:(PT>\'UJE) — PTAUE'HLU 5 hg:l <|UE|H”+1(T>\) + |UE|HP+1(T)\)> .

Proof. Let w = &(Pr,u}) — Pr,uj, and note that w € P,, so the definition (4.3)
directly yields

(4.5)
|HIU|||(21/\ = a/\(Q:(PTAuE) - PTAUJ}UJ) = b/\(PTAuEJU) - CL,\(PTAUE,U))

_ / (g AP ut — APTAuE>Ade+h / (Pryul — Proug)wds
-

A T
—l—h;l/ (g 15) PTAuE 15) PTAuE> Onwds.
ry

Then, applying Holder’s inequality to each term on the right-hand side of (4.5), we
have

5+ ]
Il < | G P~ APrug| P~ Pl
L2(Ty
(4.6) +hp'? A 2 OuPryul — 0nPruy :
A~ L2(r})

For the first term in (4.6), by the triangular inequality, the error estimate for the
projection operator Pr,, and Lemma 3.3, we obtain

(4.7)
gt
H APTAUE APT/\UE
L2(Ty)
5 SR _ _ CRE— _
—APpuf; — ——Aug + |APruy — Auglp2ryy + || 5= Aug — Aug
B- 12(13) B 12(13)
5

+
1 -1, — —1 6 _
NB*hp luplaesrcry) + Wy lug|aevr ey + by (5|UE|HP+1(TA) + |UE|HP+1(TA)>~

To estimate the second term in (4.6), we first apply the special trace inequality given
by Lemma 3.2 in [51] and the error estimate for the projection operator Pr, to obtain

(4.8)
_1 1 n
1Pryugs — willpaeay S by 1Prvug — upllce ) + b3V (Pryug — up)llz )
+3 +
S hy P ugl e (ry)-
Then, we employ the jump condition (1.1c¢) for u§ to obtain
(4.9)
3/2 —3/2 _ _
HPTAUE PTA“E||L2(F*) <hg (HPTA’U’E - “EHL2(F Ay T+ | Pryug — “EHL%F}))

1
Shiy ([uf | ey + [ug | oo 1y))-
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By an argument similar to (4.8) and (4.9), we can also show that
(4.10)

+ +
h;l/Q BianPTquEr - aﬂPT/\uE 5 Bihljj“_llug‘|HP“(TA) + hg“_1|uE|Hp+1(T>\)'
/B L2(p%) B
Substituting (4.7), (4.9), and (4.10) into (4.6) yields the desired result. 0

LEMMA 4.3. On each interface element T and its fictitious element Ty, A > 1,
the following hold:

(4.11a) ll€(v) — U‘HM < h%l‘lel(T;) Yo e Py,
1B
(4.11b) ll€(v) - U‘HM S thﬂim(UﬂHl(T;) Vo € Pp.

Proof. Let w = €(v) — v. The definition (4.3), Holder’s inequality, and the as-
sumption 8~ > BT yield

wl|Z, = ax(w, w) = bx(v,w) — ax(v,w)

(4.12) :/T_ <§j — 1> Av Adeth;l/F% (gf _ 1> Oav Oqwds

A

—1/2 _
< (180l ey + 072 10m0l ey ) Wetllay S 210l 1 i el

which implies (4.11a), where in the last inequality above we have used the inverse
inequality (3.14a) and trace inequality (3.14b). For (4.11b), by (4.2), we have

2 B~ 2 _ B
(4.13) llllay < Fxllwll, = Z3 0a(€w), w) = ax(E(v), ),
and the rest of the derivation is the same as (4.12). O

5. A pth degree IFE space. In this section, using the Cauchy mapping in-
troduced in section 4, we proceed to define the pth degree IFE spaces and study
their properties. Specifically, on each interface element T' € 7;" with its fictitious
element T, A > 1, the local pth degree IFE space is defined as a space of piecewise
polynomials:

(5.1) SP(T)={ve L*T) : JweP,st. v|p+ =w and v|p- = E(w)}.

By definition, every function in S¥(T') is the extension of a polynomial from T'F to
T through the Cauchy mapping that enforces the jump conditions (1.1c) and (1.1d)
across the interface naturally in a weak sense; hence, every function in this local pth
degree IFE space is called a Cauchy extension of the related pth degree polynomial.
On each noninterface element T" € 7", the local IFE space is simply a standard
polynomial space, i.e., SI(T) = P,. As usual, these local IFE spaces can be put
together to form a global IFE space in the way suitable for a finite element method.
For example, for the IFE method to be introduced in the next section, we can form
the following global IFE space:

(5.2)

SP(Q) ={ve L*R) : v|r € S{(T) YT € Ty, and v is continuous on each e € &'},

Alternatively, let {¢; : i = 1,2,...,n} be a set of basis functions with desirable features
for the polynomial space P, with n = (p+1)(p+2)/2. Clearly, since € is bijective on
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IP,,, the piecewise polynomials

. + ,
(5.3) vi:{ c(%), ﬁgfg, i=1,2,...n, NTET;
form a basis for the local IFE space S} (T); i.e., we have S} (T) = Span{v;, 1 < i < n}.

Next, we show that the proposed IFE space (5.2) has the optimal approximation
capability to the space PHPT1()) with respect to the polynomials used to construct
the IFE space. On noninterface elements 7' € 7", we simply consider the standard
Lagrange type interpolation operator It [13]. The challenge is on interface elements
where IFE functions are discontinuous across the interface I' because of the lack of
readily available error analysis tools in the literature. Inspired by [26], our contribu-
tion here is to introduce a new interpolation operator for gauging the approximation
capability of the IFE space S;,(T') on each interface element T'. Recalling that Pr, is
the standard L? projection from HPT!(T}) to P,, we define the following interpolation
operator:

Ifu:= Pprout, T+
(5.4) Ipu={ TWT O DE O gy ¢ pRet(T).
I u:=¢&(Ppuy) onT,

Then, the global interpolation operator I, : PHPT(Q) — S7(€2) is defined element-
wisely as

(55) Ihu|T =Iru VT €T

The key idea for using this interpolation operator to analyze the approximation
capability of the proposed pth degree IFE space is a delicate decomposition of the
interpolation errors illustrated by the diagram in Figure 5.1. As shown in this dia-
gram, the error of the interpolation Iru can be decomposed into the error between
the Sobolev extensions uy,s = =+, of the components of v and their projections
Pr,uy,s = £, and the error between the projection Pr,uj and the Cauchy exten-
sion €(Pr,u}). We note that the errors between the Sobolev extensions and their
projections are well understood; hence, a solid arrow is used to connect them in the
diagram. However, the difference between the projection Pr,uz and the Cauchy ex-
tension €(Pr,u}), connected by a dashed line in the diagram, is unknown in the
literature, which motivates us to carry out preparations such as Theorem 4.1 in the
previous sections.

u

PN

+

Up ug
t o &TJF '
Prup \ Pt
" onT~ e

.
. /
~\
‘&(Pruf)

Fic. 5.1. A decomposition of the interpolation error.

The following theorem is about the optimal approximation capabilities of the
proposed IFE space locally on each interface element.
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THEOREM b5.1. Let w € PHPTY(Q). On every interface element T € T,' with its
associated fictitious element T, A > 1, the following estimates hold:

2
(5.6a) Z th\uJb: - I;U|HJ(T) S h§+1|uE|Hp+l(Tk)’
=0
2 .
(5.6b) > Wplup = Irulgsry S R <|UE|HP+1(TX) + u;3|Hp+1(Tk)>,
=0

where I} u and I u are understood as polynomials on the whole element T.

Proof. We note that (5.6a) is simply the optimal approximation capability for the
projection operator Pr,. For (5.6b), note that I;;u — Pruy, = €(Pryuf) — Pryuy €
P,; then the norm equivalence given in Lemmas 3.5, 3.7, and 4.2 together with the
estimate given in Theorem 4.1 implies

HI;’LL - PTAU’E”Lz(T) S;HI;’U - PTAUE”IH(T;) S h%’m@(PTAuE) - PTAU;EHLM
(5.7) _
<yt <UE|HP+1(TA) + uE|Hp+1(T>\)>‘

In addition, applying the standard inverse inequality to (5.7), we have
(5.8)

WplLyu— Pryuplmiry S | Ipu— Prougl2ery S ko <|UE|HP+1(T>\) + |UE|HP+1(TA))-

Finally, the triangular inequality and the optimal approximation capability for the
projection Pr, yield

Wplug — Ipulpecry < Wplup — Pryug|reer) + b Proug — Ipulrer
(5.9) B
< R (|UE|HP+1(TA) + |UEHP+1(TA))'

The following theorem provides an estimate for the global approximation capa-
bility in terms of the energy norm defined in (2.7b).

THEOREM 5.2. Given each u € PHPT1(Q), there holds

_ pt+l
B

(5.10) e = Tl 00— 320 vy + L)
k=1

Proof. First, using the estimate for the Lagrange interpolation [13] on noninter-
face elements, we have

(511) > [ A1V 1) X S0 S fulhen

TeTy TeTy

Over all the interface elements, Theorem 5.1 directly yields

(5.12) Z /BIIV(quTU)HQdXShQ%’ Z(IUEI?IPH(:&)+Iu15|?n+1m))-
reTi? T TET;
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In addition, given each interface edge e € £ with the two neighbor elements 7! and

T2, let e = e N QF and h = max{hp1, hp2}. Using Theorem 5.1 and the standard
trace inequality, we have

(5.13)

. )
Z";‘”/[u — ul2ds S Zh w/[uE—Ihu Szzh / (wk = L)l )*ds

r==+ e’

S Z Z h=2ug — ITJ‘“HL2(TJ) + lup — ITJ'U‘Hl(Tj))

r==+j=1,2

A
>

+2 -2
7(‘“E|Hp+1(T§uT§) + |UE|HP+1(T§UT§))~

The estimates on noninterface edges in &} can be proved similarly. Thus, we have

Oy _

(5.14) > ] [w— TyulZds S h*Py Y (Juhimes iy + [up T 2y)-
ecE} ¢ TeT;

Next, using Lemma 3.2 in [51], Theorem 5.1, and the standard trace inequality, we

have

067/ [u — Thulpds < Z ZhT fy/ (uf; — I7u)ds

TET TeT} r=%
S Y0 D ety (hptllug = Irullie oy + ol V(up — Trw)|[Z20y)
TeT} r=%
2
(5.15) Shy Z |uE‘HP+1(T)\) + ‘UE‘HP‘H(T)\))
TeT;

By similar arguments, we can also show that

(5 16)

e| 270 < 12p +12 —2

{BV Inyu—u)-ncte)ds S Py ZK'“EalH(TjUTf) + |UE‘HP+1(T§UT§‘))7

5657' TET;
(5.17)

hT
Z ({BY(Inu —u) - np}r)?ds S h*Py Z ‘UE Hr+1(Ty) T ‘uE|HP+1(T)\))
T€T1 Ir TeTz

Now recall that v = (87)%/BT because of the assumption that 3~ > S7; then com-
bining the estimations above and using the finite overlapping Assumption (A2), we
arrive at

(5.18) lw — Inulll, < hPv/~y (|UJ_E|HP+1(Q) + |UJ15|HP+1(Q)) ;
which yields the desired result by the boundedness of the Sobolev extension in (2.9).0

Remark 5.1. Let m > 1 and p > 1 be two integers with m < p, u € PH™T1(Q),
and let Ij, be the pth degree interpolation operator defined in (5.4). Using the more
general approximation capability for the Lagrange interpolation operator and the
standard L? projection operator, we can actually prove more general local estimates
than (5.6),

2
(5.19a) > nhluh = iul sy S PR b e 1),
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2
(519]:)) Z hT|uE = ’U,‘HJ(T) hm+1 (|UE|H1,L+1(T>\) =+ |UE|H7"+1(T>\)) 5

and a more general global estimate than (5.10),

m4+1

(5.20) lu = Ihull, S A" ——= \/B—Jr Z [u™ [ ey + 1wt s e) -

Az

(a) Case 1 (b) Case 2
Fic. 5.2. Trace inequalities on T'.

To finish this section, we establish a group of useful trace inequalities for the
IFE functions on interface elements, which are critical for the error analysis in the
next step. We emphasize that the trace inequalities for IFE functions as well as their
proofs are nontrivial since the underlying macro polynomials do not have sufficient
regularity for standard trace inequalities to hold. We need to seek new analysis tech-
niques by taking advantage of the developed Cauchy extension, in particular Lemma
4.3, which shows that two polynomial components in an IFE function are restricted to
behave collectively with each other in a certain way close to a standard polynomial.
Now, without loss of generality, we consider the two interface element configura-
tions as shown in Figure 5.2 where T~ is the triangular or quadrilateral curved-edge
subelement. The analysis here, similar to that used in [23], highly relies on the trace
inequalities for polynomials [52], which, for the reader’s sake, we recall as follows: on
every 2D triangle T,

k4 1)k +2
(5.21) ||11|L2(5)<\/(+)2(+) |e|| o]l p2ery o € Ph(T), e is an edge of T.

THEOREM 5.3. Let e be an edge of an interface element T in the configuration of
Case 1 in Figure 5.2. If |AsD| > 1/2|A3A1| and |AsE| > 1/2|A3As|, then

(5.22) 18V 120y S hp' 218Vl L2iry Ve € SE(T).
On the other hand, if |AsD| < 1/2|A3A1| or |AsE| < 1/2|AsAs|, then
(5.23) IVollL2e) S hp'IIVll2y Vo € SE(T).

Proof. Without loss of generality, we consider the interface edge A;As and the
noninterface edge A;As. Recall that T— and T+ are the straight-edge triangle
AAsDE and quadrilateral A;AsED. First, if |AsE| > 1/2|AsAs| and |AsD| >
1/2|AgA;|, the trace inequality (5.21) and the norm equivalence in (3.11) lead to

(5:24) 187V lr2(awny S b CIBTVO I agrey S b PINBTVE L2
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For the estimation on the subedge DAy, we apply the trace inequality (5.21) to obtain
(5.25)

187V ll2par) S hp' PIBY VS 2y S hy 2 (IBTVO L2y H1BTVET I r2(r-))-
Now, using the fictitious element T, we proceed to bound the second term on the

right-hand side of (5.25). The triangular inequality and the norm equivalence in
(3.10), (3.11), and (3.13) yield

(5.26) 18TV L2y SIBTV(O" = ) pagroy + 187V L2y,
where we have also used the assumption 8%t < S7. Recalling that ¢~ = €(¢T),
and using the inverse inequality (3.14a), the norm equivalence (3.10), (3.11), (3.13),

Lemma 4.2, and (4.11b), we have

(5.27)
1BV (6" = 0 paqroy S hp' BFN0" = 07 Ml 2oy S bt ||oF = €(oh)]|,,
S 57“V¢(¢+)“L2(T;) SNB7Ve 2y

Thus, combining (5.24)—(5.27), we have the desired trace inequality (5.22) on the
interface edge e = A1 A3. The estimation on the noninterface edge e = A; Ay follows
from a derivation similar to (5.25)—(5.27).

Second, if |A3E| < 1/2|A3A5| or |A3D| < 1/2|A3A;|, without loss of generality,
we assume |As3D| < 1/2|A3A1|. Then, the estimation on the subedge A;D directly
follows from the trace inequality (5.21) and the norm equivalence in (3.12). For the
subedge A3D, an argument similar to (5.25) and (5.26) yields

IV~ ll2as0y S B2 IV llz2ry S hr 2 (IV(@ = 692y + VO 2
(5.28) + IVl L2(r-))-

Then, similar to (5.27), but using (4.11a) here, we have

(5.29)
IV~ =6 p2rp) S A2 97 = 8Tl airgy Shr' 6™ = 6 2o, S hrle@™) — o7,

SIVE Ny S 1967 e

Therefore, (5.23) on the interface edge A3 As follows from (5.28)-(5.29). The result
for the noninterface edge follows directly from the trace inequality (5.21) together
with the norm equivalence (3.12). 0

The next theorem concerns the trace inequalities on the interface.

THEOREM 5.4. Let T be an interface element in the configuration of Case 1 in
Figure 5.2. If |A3D| > 1/2|A3A1| and |AsE| > 1/2|A3As|, then
(5.30)

IV6llr2wry S b IVO e, 18TV  naer) S hr' 218Vl L2(r) V6 € SH(T).
On the other hand, if |AsD| < 1/2|A3A1| or |A3E| < 1/2|A3As|, then

(5.31)

IV 2wey S hp 2UVSl2ry, (V6T I2@n S hp 2V | paire) Vo € SE(T).
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Proof. The proof is basically the same as that of Theorem 5.3. Here, for simplicity,
we only discuss the case that |AsD| > 1/2|AsA;| and |AsE| > 1/2|A3Az], and the
other case can be discussed similarly. The trace inequality (3.14b) and the norm
equivalence in (3.10), (3.11), and (3.13) yield

(5.32)

V6 lr2er) S bz 21V oy S b2 IV Iz,

(5.33)

1B¥V 6t I L2vry S hr Z118Y VO 2y S b (1B VO 2re) + 18TV | 12r-))-
Note that (5.32) already gives the first inequality in (5.30). Applying the results from

(5.26), (5.27) to the second term in the right-hand side of (5.33), we arrive at the
second inequality in (5.30). d

To avoid redundancy, we now present the trace inequalities for Case 2 in Figure
5.2 without giving the detailed proof because the arguments are basically the same
as Theorems 5.3 and 5.4.

THEOREM 5.5. Let e be an edge of an interface element T in the configuration of
Case 2 in Figure 5.2. If |AsD| > 1/2|A2A1| and |AsE| > 1/2|A3As|, then

(5.34) IVSllL2e) S hp/? Vel 2y Vo € SE(T).

On the other hand, if |AsD| < 1/2|A2A;| or |AsE| < 1/2|A3A,|, then

(5.35) 18Vl 20y S hp 1BVl 2y Vo € SE(T).

THEOREM 5.6. Let T be an interface element in the configuration of Case 2 in
Figure 5.2. If |AsD| > 1/2|A3A | and |AsE| > 1/2|AsAs|, then
(5.36)

IV I 2we S hp VSl 2y, (V6T 2@n S hp 2V | p2irey Vo € SE(T).

On the other hand, if |A2D| < 1/2|A2A1| or |A2E| < 1/2|AsAs|, then
(5.37)

IV llz2r) S Br IV (ln2mys 187Vt n2wny S hp' 1BV S| 2 () Yo € SP(T).

Remark 5.2. We can summarize Theorems 5.3-5.6 as follows so that they can be
directly used later on:

(5.38)
|e|1/2H/6V¢”L2(e) < Ct%”\ﬁV(ﬁHL?(T) and th/2||5V¢||L2(FT> < Ct%”\/BV(ﬁHH(T)

VBT VBT

for each edge e of an interface element T', where C; is a constant independent of
interface location and 8.

6. A pth degree IFE method for the interface problems. In this section,
we present a pth degree IFE method and proceed to show a priori error estimation.
Based on the bilinear form in (2.6), we define the pth degree IFE solution to the
interface problem (1.1a)-(1.1d) as u;, € S} (€2) NV}, such that

(61) ah(uh,vh) = Lf(’t}h) Yoy, € SZ(Q) N Vy.
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Following tradition, we call (6.1) the symmetric, nonsymmetric, and incomplete pth
degree IFE method for ¢g = ¢ = —1, ¢¢ = ¢;1 = 1, and ¢¢ = ¢; = 0 in (2.6),
respectively. Note that the bilinear form (2.6b) used in this method involves the
penalties on edges in Eﬁ and the interface itself, which distinguishes the proposed
IFE method from the PPIFE method [43], where the penalties are only used on
the interface edges, or the CutFEM [28], where the penalties are only enforced on
the interface. This pth degree IFE method (6.1) is also related to the selective IFE
method [31] and the IFE method in [26] sans the penalty on the interface. We begin
the error estimation for this method by establishing a relationship between the energy
norms || - || and [|-[||,, in (2.7).

LEMMA 6.1. For sufficiently large 02 and o}, there holds /2||v|[n = [[v], Vv €
Sh(Q).

Proof. Given each e € &}, let T' and T? be the two elements sharing e. Then
Holder’s inequality and the trace inequality (5.38) yield

(6.2) %ﬂ/({ﬂvv-ne}e)2d5< ¢
hT

i (T t ||\/BVU||%2(T2)),

(6.3) ({BVv - nrir)’d < ||f BV[[72(1)-

I'r

Hence, we have H|v|||h 2||v|| Yo € SP(Q) for any 60 > 3C7/2 and any ¢} > CZ. O

The following two theorems establish the coercivity and continuity of the bilinear
form ap(-,-).

THEOREM 6.1. Assume that the constants o0 and o} are large enough for the
symmetric and incomplete pth degree IFE method or that they are just positive for the
nonsymmetric pth degree IFE method; then there holds

1
(6.4) ap(v,v) 2 5”1}”% Yo € S7(Q) N V.

Proof. We note that

(v,v) Z/BVU VodX + (eg — 1) Z/{BVU N, }elv ds—i—z

TET ec&} ecE;

7 e

(6.5)

+€171 / {ﬂVv Ilp}p Fd8+za’y/r

TET; TET;

Thus, the result (6.4) is trivial for the nonsymmetric case because € = ¢y = 1. For
the other two, given each e € &}, let T" and T be the two elements sharing e; then
the derivation in (6.2) and (6.3) gives

(6.6) 2
C
(0 —1) /‘va n.}elvle H\fvaLz(Tl)+||\FVUHL2(T2 5 t|7| I[0)ellZ2 ey
(6.7)

C?
(e =1) | {BVv-nrirfolrds| < 20/VBVo| L) + t}j Il lZ2 )

I'r
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for v > 0, where we have used Young’s inequality. Substituting (6.6) and (6.7) into
(6.5) yields

C2\ v
(0,0) > 3 (1= 5IVAVollacry + (o2 = 52 ) Lllelliac

TeTh
02
(6:5) + (o - 55 ) =Nl e
Then, letting o = 1/10, 60 > 5C? + 1/2, and o} > 5C2 + 1/2 in (6.8) leads to the
desired (6.4). ad

THEOREM 6.2. For every v,w € Vy, there holds

(6.9) an(v, w) < 7ol llwl,-

Proof. The result follows from applying Holder’s inequality on each term in the
bilinear form (2.6b). ad

The coercivity in terms of the energy norm || - ||}, guarantees the existence and
uniqueness of the IFE solution wy to the pth degree IFE method (6.1). The funda-
mental error estimation for the pth degree IFE solution wuy, is given in the following
theorem.

THEOREM 6.3. Let u € PHPTY(Q) with the integer p > 1 be the exact solution
to the interface problem (1.1a)—(1.1d). Assume that the mesh Ty, is fine enough such
that all the previous results hold, and assume that o9 and ol are large enough such
that Lemma 6.1 and Theorem 6.1 hold. Then the pth degree IFE solution uy, has the
following error bound:

_ p+1

B
(6.10) llw = wnll), < NG Z [ |y + U e or))-

Proof. Note that the exact solution u satisfies the weak formulation (2.6) for every
v € V. Then

(6.11) an(up — Iyu,v) = ap(u — Iyu,v) Yo € SH(Q) NV,

where Iyu € S}(Q) is given by (5.5). Since u, — Iyu € S} (Q) NV}, Lemma 6.1 and
Theorems 6.1 and 6.2 give

N

1
Z”'uh — Inull; §||Uh — Iyull} < an(un — Inu,up — Inuw)

(6.12)
= ap(u — Inu,up — Ihu) < 7| — Tyulll, lun — Inull,,

which yields [|up — Ipul|, < [|lu— Inulll,. Then, (6.12), the triangular inequality, and

Theorem 5.2 together lead to

(6.13) O
_ ptl

s = all St = Tl W = el S 127 3 S0 vy o L)
/6-&-
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Remark 6.1. The regularity result from [16, 26, 34] gives

p+1 p+1
(6.14) B~ Z [u™ | ey + 87 Z [u ™ ey S Nl ae-1(0)-
k=1 k=1
Therefore, (6.10) implies
Bt + 6~
(6.15) llw = wnlll, < WthfHHP—l(Q)

Finally, we follow the standard duality argument to estimate the error in the L?
norm.

THEOREM 6.4. Under the conditions of Theorem 6.3, there holds

+ -3~ p+1
WMH z:(|u7‘H’“(Q‘) + [ graey)-

k=1
Proof. Define an auxiliary function z € PH?({) as the solution to the interface
problem (1.1a)—(1.1d) with the right-hand side f replaced by the solution error u —
up, € L2(Q). In particular, we let I;, be the pth degree interpolation defined in (5.5).
Because v — up, € V,, and Iz € SP(Q) N Vi, we have ap(Ipz,u — up) = 0. By the
continuity in Theorem 6.2, we have

(6.17)
[ = unllF2i) = an(z,u —up) = an(z = Inz,u — un) < 1z = Inzll, llu = -

(6.16) lu —unll2) S

In addition, Remark 5.1 and the regularity (6.14) yield

(6.18)
2

Bt + 8-
llz = Inzlll, < Z (27 [ o) + 12 [ar ) S Famgs il — unllL2 o)
/ (6+)3/2

Finally, combining (6.17), (6.18), and (6.10), we arrive at (6.16). 0

Remark 6.2. Similar to Remark 6.1, we also have

< (BT +B7)?
(Caph
Remark 6.3. Let m > 1 and p > 1 be two integers with m < p, and further let

the exact solution u € PH™1(Q)). Based on Remark 5.1, we can derive the following
estimates corresponding to (6.10) and (6.16), respectively, for v with low regularity:

(6.19) u—unlzz@) < PP Fll =10y

m+1
(6.20a)  llu = upll, < \ﬁ ey + T o),
m+1
Bt +87)8 L
(6.20b)  flu—unllzz) S gw“Z(\u o) + U e

Gk 2

Their proofs are standard and similar to those in Theorems 6.3 and 6.4 but with the
estimate in (5.20). Therefore, for solving problems whose exact solutions do not have
the optimal regularities, the proposed higher degree IFE method behaves in the same
way as standard higher degree finite element methods in the sense that the order
of convergence of the finite element solution decreases as the regularity of the exact
solution deteriorates.
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To finish this section, we present some representative numerical results in Table
6.1 to demonstrate the convergence features of the pth degree IFE method. To gen-
erate these numerical results, we apply the pth degree IFE method with p = 3 to the
example from [22] in which Q = (=1,1) x (=1,1) and the interface is a circle with
the radius 7/6.28; similar examples have been used in the literature [22, 26, 43, 4]. In
this table, the first column contains the values of the integer N such that the mesh
size of the Cartesian mesh used for these numerical results is h = 2/N, and € and
e,ll are the errors of the third degree IFE solution measured in the L? and H' norms,
respectively. Here, 3~ = 1, 87 = 10 represent a moderate discontinuity in the coeffi-
cient, while 3~ = 1, 87 = 1000 are for a much larger discontinuity. The data in Table
6.1 clearly demonstrate an optimal convergence, and our numerical experiments with
other configurations demonstrate similar optimal-convergence behavior.

TABLE 6.1
Errors in pth degree IFE solutions for p = 3.

B~ =1,B8T =10 B~ =1, T =1000
en order e}l1 order 62 order e,lL order
20 4.24E-5 NA 5.01E-3 NA 1.19E-5 NA 1.33E-3 NA
30 8.20E-6 4.05 1.48E-3 3.01 2.36E-6 3.98 4.03E-4 2.94
40 2.57E-6 4.03 6.26E-4 2.99 7.91E-7 3.80 1.81E-4 2.78
50 1.04E-6 4.04 3.20E-4 3.01 3.21E-7 4.03 9.34E-5 2.97
60 5.02E-7 4.02 1.85E-4 2.99 1.57E-7 3.91 5.50E-5 2.91
70  2.70E-7 4.03 1.17E-4 3.00 8.49E-8 4.01 3.45E-5 3.02
80 1.58E-7 4.02 7.82E-5 3.00 4.98E-8 3.98 2.33E-5 2.93

0

Appendix A. Technical results. In this section, we present the proof of the
two technical results.

A.1. Proof of Lemma 3.2. First, in order to show (3.2a), we consider the
auxiliary angle ZA3D*D, as shown by Figure A.1. Denote the normal vectors to
D*E* and D*D by n and fig. By geometry and (3.1b), there holds

(A1) cos(LA3 D EX — ZAYD D) =n-ng > 1 — §;\%h3.

We note that the smallest case for ZA3D*D is /A3 A} A3 directly calculated by

A1
/A3A} Az = tan™!
3 =W\ N oot (ZAYAMAL) + cot(ZAz AL AY)

+1

(A.2) > tan™! (;\ tan(em/z)) = 0,

which only depends on A and the shape regularity (2.3). So (A.1) and (A.2) yield
ZAZD E* > LA} DD — cos 1 (1 — 610%h?) = 0y — 21/01 \hr,

which can be lower bounded by a positive constant independent of the interface lo-
cation for hy small enough. The argument for the angles ZA3E*D?, 0p, and 0 is
similar.

Next, for (3.2b), we consider the auxiliary line connecting D and E which in-
tersects the lines A7 A3 and A3 A3 at D} and Ep, respectively. See Figure A.2 for
an illustration. From (3.1a) and (3.1b), it can be directly verified that the distance
from E} to the line D*E* is bounded by (A% + /201 \)h%. Then (3.2a) yields
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|EAE| < (60A + /261 \)h2-/ sin (0*) := dprh%, and so does |[D*D}|. In addition, we
let D} and E7 be the intersection points of the edges A; A3 with A} A3 and A3 A2,
respectively. We define D2 and FE3 similarly, as shown by Figure A.2. Without loss
of generality, we assume |A3E7|/|A3AY| < |A3D}|/|A3A}|. Then E; must be be-

|43 B3| A+l |42 B2 A—1
3 5o < gAt+ and 34 >

>\ >\ . .
tween E7 and E3. Hence, it can be verified that Aia S o ASAN Z oarae

Therefore, we have

A3E* |AD? AYEY| |A3D) dyrh? A+1

n (IS LSBT < i (008 LB ol A
|A3 43| |A3 A7 [A3A3]" A3 A7 pT oA+ A
AYE* |AD? AYE}| |A3D) dyrh? A—1

i {580 R > i {020 EOB Y DAL 5 A o,
|[A3Az| [A3 A7 [A3A3| " |A5 A7 pT oA+ A

which can be both upper bounded from 1 and lower bounded from 0 for hp small
enough.

At last, for (3.2c), let D} E} be the segment parallel to D*E* passing through
D, as shown by Figure A.3. It is easy to verify that the shortest length of DjE7
is achieved when it is orthogonal to A3A3 and passing through As, i.e., it moves to
D2 E2, as illustrated by Figure A.3. Therefore, using (3.1a), we have

|ID*E*| > 2tan(£A3 A3 AY)(|As AL | =80 A°h3) > 2tan(0m /2) (M - 60>\2hT) hr > 1 he
g

for some [* > 0 independent of interface location for hs small enough, where we have
used (2.2) and (2.3).

F1G. A.1. Angle estimation. Fi1Gc. A.2. Ratio estimation. FiG. A.3. Length estimation.

A.2. Proof of Lemma 3.6. We first prove (3.11). Without of loss of generality,
we consider the segment Dy Fy which is parallel to the segment DFE, tangent to I' at
a certain point and bounds ' above. We further let M and N be the points on
A1 Az and AgAs such that |AsM|/|AsAq| = |AsN|/|AsAs| = 1/3; see the first plot
in Figure A.4 for an illustration. Then AA3M N is a homothetic subset of T with
Ajs being the homothetic center and the scaling factor 1/3. Since |A3D| > 1/2|A3A; |
and |AsE| > 1/2|A3As], i.e., AAsMN C f*, given any v € P, Lemma 3.4 directly
implies

(A3) ol < ollieery < CO/3, 0D [0l 2annny < CA/3p+Dllol s

which suggests || - ”L?(Tﬂ >~ || ||z2(r) on P, where the constant C'(1/3,p+1) inherits
from (3.9) with p = 1/3. In addition, we let d; and da be the distance from Aj to the
lines DE and D1 Ej, respectively. Then, (3.1a) implies |d; —da| < doh%; hence we have

i—f =1- % >1- 25;’r—”2hT > 2/3 for hp small enough, where we have also used



pth DEGREE IFE METHOD FOR INTERFACE PROBLEMS 1569

AALAZA 2 . |A3E A3Eq| |A3E
do > W > 5p~ and (2.2). Therefore, we can obtain }AiAil\ = “AiEl‘l I‘A;Az‘l >
1/3, and similarly ||A o ‘ > 1/3. This shows AAsMN C ANAsD1E; CT- CT. So
the same argument as (A.3) yields || -|| L2(T-) = Il r2() on Py, which further implies

(3.11) together with (A.3).

Next, for (3.12), without loss of generality, we assume |AsE| < 1/2|A3Az|. Let
the points M and N be at the edges A1 A; and AzAs such that |AsM|/|A1As| =
|A2N|/|A2As| = 1/3; see the second plot in Figure A.4 for an illustration. Through
similar arguments above, we can show AA;NM C T+ N T+, Therefore, we have
(3.12) by following the same arguments used for (A.3).

(a) Case 1 (b) Case 2

Fic. A.4. Equivalent norms on T.

A.3. Proof of Lemma 4.2. First, we consider the case that Ty is the curved-
edge triangular subelement A3 D*E*, as shown in the left plot in Figure A.5. The first
two estimates in (3.2a) enable us to construct an isosceles triangle Ty = APD*E*
with ZPD E* = ZPE*D* = 0 such that it is always contained in the straight-edge
triangle AA3 D*E*. Then, we consider a special reference element Ty = APED on
the z-y plane which is also isosceles with /PED = /PDE = 6* and \DE| =1 as
shown in the second plot in Figure A.5. Define an affine mapping F' which is simply
a scaling rotation transformation:

(A.4)
Fa,g) = |D B | cos(@) —sin(a)

sin(a)  cos(a)

} { 5 }+DA, with (1)2h2 < '

OF(%,9)

9(2,9)
where « is the angle between D* E* and the z-axis, and the bound of Jacobian matrix
follows from (3.2c).

Let F map a curve I : § = f(&) to T, and consider & = v(F(Z,7)) € P,.
Equations (A.4) and (3.1a) yield |f(2)] < 6(I*)"*A2hr V& € (0,1). So, we can
construct a new triangle Tl = ApﬁlEl homothetic to To according to the center
P with the scaling factor |PD|/|PD;| = |PE|/|PEi| = 2/3 such that it always
contains the curve I' inside for hp small enough; see the right plot in Figure A.5 for
an illustration. Then,

(A.5)

10l 2y = (/01 0% (2, f(2))(1 +f/2(i’))1/2dj;> 1/2 . (/01 (f)(g@o) . /Of(fc) 8gvdg>2dj>
= (/()162(£,0)£)1/2 _ (/01 (/Of(:i) agvd;g)zd@) 1/2

’ < A2hZ,

1/2
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Fig. A.5. Lemma 4.2.

> [lollz20,) = (00/8) "Moo g1 1,
where we have used Holder’s inequality and the bound for |f(z)|. From (3.1b), it

is easy to verify that |f'(#)| < 2v/26./*Ahr V& € (0,1), for hy small enough, which
shows

(A.6)
0w — ( [ o @msa s@) + oy006. 1) dfc)

> </01(% ) —Nia;/%T (/Ol(aﬁ@(gz,f(;a)))%@)

Applying the similar arguments in (A.5) to each term in the right-hand side of (A.6),
we obtain

1/2

1/2

1/2

(A7) (/ (3@@(:%,1”(93)))%) > 1105l 2201 — o/ V2N 216 oy

1 1/2
(A8) (/ (8@17(50,f(i")))2df%> <100 520 + G/ ARY o] o,

Substituting (A.7) and (A.8) into (A.6), and using the trace inequality (5.21) o
1020 £2(0,1) in (A.8) together with the distance from P to DE equaling tan (9’\)/2
we have

(A9)  110dlp 2050 z200,1) — [Crhrlol sy + (Cohl + CshY ) ol s
where C;, Co, C3 depend only on p, A, 01, &2, and #*. Combining (A.5) and (A.9),
using Lemma 3.4 to bound |@|H’<(T1) by |@‘H’“(To)’ k =1,2, with 4 = 2/3, and applying

the inverse inequality on Ty, we have

HA{)”L?(TO)+||{)||L2(f‘)+“8n{)”L2(f) > HA{’”L%TO)+||17HL2(0,1)+Ha@{)”L2(0,1)_Ch;"m”ﬁ”m(fo)
for hr small enough, where the previous derivation shows this generic constant C
also only depends on p, A, 01, 82, and #*. By the same argument in Lemma 4.1,
A 127,
Therefore, the norm equivalence on finite dimensional spaces yields
(A.10)

~ ~ ~ ~ 1/2) ~ ~
||A’UHL2(T})) + ||U||L2(f) + ||3n’UHL2(f) Z C'||’U||L2(:ﬁ0) - ChT/ ||UHL2(TO) > C||’UHL2(T‘0)




pth DEGREE IFE METHOD FOR INTERFACE PROBLEMS 1571

for hr small enough. Furthermore, Lemma 3.7 indicates HAU”Lz(T;) > C’||AUHL2(7~,7)
A

> C||Av| 121y, where we recall Ty, = AA3D*E*. Hence, using (A.10), (A.4), and

the scaling argument, we arrive at

(A.11)

2 2 -3 2 —1 2
1112, > ClAvI3acry) + Az 0122 a) + T 10nv] 22y,
—2 ~112 ~112 ~112 —211~112 —4 2
> Chz” (18001322 + 100325 + 10001132ty ) = Chz’llol}aez,) > Chr*llolacry).

Next, on Ty, we consider the intersection point @ of the lines A3 P and D*E*. By
(3.2¢), we have
(A.12)
QP| sin(6*)| PEX| _ sin(6*)| DAEA| S tan(6*)1*
QA3 sin(ZAJEADMN)|AJEX  2cos(0*)sin(LA3EADM)|A3EA ~— 2X

Therefore, we can construct a triangle T, = AP’ DY E* which is homothetic to Ty

according to the chosen center @ such that |QP|/|QP’| = W

factor. Then, the triangle f\_ = AA; D E? is always contained in T} regardless of
the interface location inside T), as shown in Figure A.5. Hence, using Lemma 3.4
again, the equivalence norms in Lemma 3.7 and (A.11), for each v € P, we have

,i.e., a fixed scaling

1ol g2y y < Cllvllpagzioy < Cllvllzy < Cllvllzecz) < Chzllvll, -

The other direction ||v||L2(T;) > ChZ|[v|l,, can be easily obtained by the trace
inequality and inverse inequality in Lemma 3.8.
Second, we note that Lemma 3.7 implies that C1[|Av] 2y < 1AV pagpoy <

Ca|| Al 2+~ Thus, when T} is the curved-edge quadrilateral subelement of T, the
result simply follows from what we have already shown for the curved-edge triangular
subelement together with the norm equivalence in Lemma 3.7.
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