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Systems of Linear Equations 1
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Systems of Linear Equations 2

Monday, August 22, 2011
11:08 AM
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" A
Norms

A norm on a vector space V' is any function f:V—-R such that

1. f(z)>0 and f(z)=0s2=0,
2. 1 (o) =|ol 1 (s)
3. f(:):—l—y)éf(x)—l—f(y),

WherexEVandozéR.

Important vector spaces in this course: R", C", and R™", C™" (matrices).

Note that the set of all m—l)y—n matrices (real or complex) is a vector space.

Many matrix norms possess the sul)multiplicative or consistency property:

f(AB) < f(A)f(B) for all A € C™* and B € C*" (or real matrices).

Note that s’cric’cly spealzing this is a property of a fami/y o][ norms, because in
general ‘each’ f is defined on a different vector space.



Norms

We can define a matrix norm using a vector norm (an induced matrix norm):

| Az ||a
| Al = max —max || Az ||
@ =0 " T " Ilelazl «
8]

Induced norms are always consistent (satis£y consistency property).

Two norms | . ||a and || . | 5 are equivalent if there exist positive, real constants a

and b such that

Veiallzll <llzl, <bollzl

The constants clepencl on the two norms but not on z.

All norms on a finite dimensional vector space are equivalent.



" A
Norms

Some useful norms on R", C", R™", C™™":

1
>
o i=1
Induced matrix p-norms are:

n
All = max g _
1 j 1=1

A s = T inax (A) (max singular value — harder to compute than others)

n
Al = max Z ,
00 7 J=1

X.

1

Z.|.

A

p-norms: ||.’17

p]p, especiaﬂy p =12 00, where Hx” — max
P o0 i

aij‘ (max absolute column sum)

(max absolute row sum)

a..

)

Matrix Fro})enius norm:

1
ul, =[5

2
i ] (similar to vector 2-norm for a matrix)

All these norms are consistent (Sa’cisfy the su]omul’ciplicative property)



Norms & Inner Products 1

Friday, August 19, 2011
9:25 AM
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Norms & Inner Products 2

Monday, August 22, 2011
11:26 AM
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Norms & Inner Products 3 ?

Monday, August 22, 2011 “ (_\C/)d"’ )

DBl 1s nevi Ay
e 3

H@X)/ZO omd |]i2x]] = 6 = ISx-o
X

B non 3 —> =0
”@i/l =0 => X =0 M7 } [|[8x]] =0 (&> x=o
X=o = (=0 = [2x] =
I () | = [l (B = I |||

B G| = || B+ Byf| < }@x//+///3\///

<<

“AH = Mmax Al showo cousiale,
3 XZ# 0 Hx“og

| A < = ||A < ||A
| y%\/}/u LA 18y 1 < 1Al Dyl

H A L)y = max 168 <y

x#0 ) x|«

AR, < I8 2]« Shovo

= [ max 1Al ax I By lly
xzo Iy YEO  ylle

mac BBl s IA R llo |l 2]y
XAED - T oy
| %l D J| Bl Il s

AT s\

Iterative Methods Page 6



1o A #0 JH15% et Il
i\r\/\ﬁ‘ “AYHOK o H&Uq
Iy [] |

.

SV (x*_Bx 2 porma Por T HUPD

Vo,
(e x) B[o«x)> @*M) [x Bx) lo(\(x*ex)
5

) 3@*7){ Bty + y P By * iy
(K*Bx + >/7\L73>/ + 2LKs @(X—gy)> °

= l /

- ) 4 (761&‘/)//&) = s % ny () fy )

[ X%@\/f < (XXBX)VQ (\/(&\/)//z s C&aul\7 =St baonels

Iterative Methods Page 7



Norms & Inner Products 4

Monday, August 22, 2011
6:19 PM
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Norms & Inner Products 5

Monday, August 22, 2011
7:21 PM
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Norms & Inner Products 6

Monday, August 22, 2011
9:01 PM
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Error Analysis
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" A
Inner Products

Many methods to select z from the Krylov space are related to projections.

We call f:8x85 — R an inner procluct over the real vector space O, if
for all vectors Z,Y,z and scalars a

1. f(z,z) > 0 and f(z, x)z()(:):;c=0
2. f(ozx Z)Zaf(l’,z)
4 f( >:f<zvx)

For a complex inner product, f:9x8 —C, overa complex vector space S we

have instead of property (4): f(z,2) = f(z, ).

Inner proclucts are often written as <x, y>, (x, y), or <$, y> , etc..
We say x and v are or’chogonal (w.r.t a-IP), z 1y if <£E,y> = 0.

(07



Inner products and Norms

Each inner product defines, or induces, a norm: |zl = (T, 7). (proo£?)

Many norms are induced ]oy inner products, but not all. Those norms that are
have additional nice properties (tha’c we'll discuss soon).
An inner product and its induced norm satisfy: {z,y)| <N zlllyll  (CS ineq)

A norm induced by an inner product satisfies the paraﬂelogram equality:
lz+ylIP + = yIF =2(lI + lyIP)

In this case we can find the inner procluct from the norm as well:
1

R%bwe<@w:2@x+yW—um—wﬂ

Complex case:

1 1 . .
Rd@wzzwx+mﬁ—m~mwy hM%w:Z@x+wW—ﬂx—wW)

8
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lel U be Subsbocu:o, ot C™ amd fu, - } be
basis for U.

Then u, € C" = matix U = (u, U )

‘RCu) = a and a = U« Porsome o(éd:lz

USmg SchJ tvmar producs[- 3“’3 _<uJ)u > - u (,{
and G =U U
Yhe oré—\wg. cond. b-Uod L U =

b-Uo L u, QQOr-l:':l--[Q — u*09~(/h>() =0
(=> U b — UMUK =06 — Goa =& widh
G=U*t amd £=Ub
A%am X = 6P = (u*u)"u )'utb  amd
= Ud = U(UFU)'u”b

Prool of Lemma J—)or Gram mahin or his case:
U*U s mverbible {£€ livi. 1ndep.
Assume {u,..w is lin. indep.

let U Uz =o0.Then 2° 0% Uz =0 =
\Uuzll> =, which implies Uz =o. Sivee the
columns of U are lin. Mdap. 2 =0 musd hold
Hence U i3 inverfible.



Cokusalg, assume U U is inverdible

_k
Led 2 Usz; = Uz =o0. Then (/{*uz = (/i*o:o
=

and  Z :LU*L{)—’ (W*u)z = o

Yhe same a,rgumeml—s a(pooly Sr o g;znam,/
Mhex producd.

We souw :HchbJ— J'\'w besJ' c«.‘odam)(. Prob]&m
P bin He space U e €™ soas solved

/\

bé a = Uuru)y urhb

Led P = Uu*u) U Venly $had P =@
Such a mahix Ov; more g,ememl%) Imear hransior-
makion 15 called & proAchiow (or (prod'zeior).

Deb: ld P:V >V be a Inear dravsf amd =@
Yhen Pis a projection,

Y he WCLL]&Y dwica oPDY P aboove SaJ'LsECas ansther
IVWPOKI}U-MJ’ (PY‘DP-Q,(A’%.



DeP: led V be a weclor space 40. inner producd
L., . P lineor trans®. T2 V-V (or lnear vper )

s colled sal?ad(join‘# &
iy Vo LTR vy, = Ty X

Tn €™ with He séd mner product ((x‘y>=y""x)
o moadeit 19 Se[?—ad‘)'oimé— LBl s Hermikan
Ae "™ . [(Ay> = X Ay> =
yEAX = y*A*X
Totk\'ng Xy = e [ Cardesian basis Veedory
for 4y =l.m shows his Lompon end- rvise

P - (A(U*U)“ M"‘ 13 gel?—a_dj, w(} (H'LL 34’(:1, impro&

DeR: An orblwg. proj. is a lin. dansP. P: V-V
auch Hat P=0* and Pis sel?—addoms’r
Wy ¥ Lo % -

Awn onl—\/wg, proy. P hina Pre (proooe,d—? Haal
Ib—-Pbll, < lb-ul, Fral uecf(®
(a\readg proved above)
Def : Lot U\ e W ({/\\J//UQ,CJ'OY 2pace )

U+V = {uso| uel, ve \7]



Def: Lot 4,V be subspws of W (veedor space)
WwWe saj Hhad U and V qgorm oL divect sum
de,composi\—fou of W: UV =w

) U+V = W (or Yawe W : = utw, where
Uléu)/ué’\ﬂ

()\7:{_(2}

U
(vwle dwo Subspaces (j) % l%rm a direcd sum
o GoV  Unv =fel )



Properkes o& (Prooie,c/glj_@ns

led P: V>V be prodle,c,lﬂ;avz_ Vlhen (X-P) 18
borod‘echom (mlled complememhr? qoro:\&&]—@n)

(I-P = T-P-P+¥ =Y-P

R(P) = N(T-P), N() = R (T -P) (/uuifa)
Yhen: R(P) & N(P) =V
Prook: led we T/ Then © = ©-Po + Po
(T-P)w + Po, where (T-P)v & N(P)
N Po & R(P
So, R(P) + N(P) = v
let x & R(P) and x & N(®). Yhen x:?y,i—)ors,omo_y)

ond Px =p. So, © = Px = ‘sz =Py =x.
Henee, RO n N(O) ={o

p—
—

Node Huat XeR(P) = Px =%, S0 % QA%U.Q,C, wolth

Ju}g.zvol 1. Also, x & N(F) = Px =0,80 X IS &4q. vec
with g val. 1.

Since coery vecdor e V can be mwriden Cuniq,uzlg]
HS AV = ><+\/,w\/uz_re x & R(P) amd yéN((P)j e

union of a basiz forR(e) and a basis for N(P)
s a basig ¥or V (Huis holds g,werall for diceel

sums). Hence @ is nalizable an

has
ugmfuo_lwes AP = {01}



So, Lf P C™ - €™ and {n,...,r;{& basis &or
R(€), [n,,ngl basis for N(P), then

AW
PR n..ny) =(q..1 N .- VQ)( k ) > i

For P = u(ufu) u¥, R(®) = R(U)=TU.

N (P) ?
Sivee U has liv. indep. col.3 (basis for U)
P\/ = 0 LM u*y =0 = u,*y =0 ... b{f\/ =0

&’\’L&‘J' 18 {\/) L{J> =0 (EOI"(} =l~-|< =>

L

2y, uS =06 For all ue U

The seb of all such VE called P orJ-lwg_
Lomplemend of U :

U{"L :{\/G(EMI [V, Uy =0 Eora,lluea}

L

So, N(®) = U.

30, a Frojechon a[wwj,g delines a direcd sum
decomposidion

R(P) & N(P) =V
bud nol necessarily N(P) = R(P) L. The lader
hwlds owl% bor ort og,oncul proj.s



Tt fwrns oud J—halj CDV)V@VS’Q’?) a&/zrlj direel
sum delives a (pro:)ec}iow-

Yheo: Yhe sum 2w = U+ v, aoidh uea) vevV
(_QOY‘ O.vué aw 6‘\7\/) 13 Umiq/u.

Pr. Lk wew and w=uy +v, ,u el v eV

and 40 = Uyt U, UpeU, 6V

~

Then U+, = U+ Uy & U—U, = U —0,
Siviee U, V

are weclor gpans U -u, e U
omd v, —v, €Y. Bul dhen UV = {Q}
(Prom def. of dirvecd sum) implies

-t =0 = =t KHavu:e Be u,v in

W= U+rv ore um'ibte.

discussion of (prodeahoms above

delrme P 2uch thad R(P) = U and NE) =V
OLV)Cl (Pzz P

\/2_ '—'\/l =0 = Vl:VZ

So, Qo\\owmgr

Lot wew and 1w =u+o (ueal (DN ’\7)

N(P):/\V/ =) ?M) ::-PUH—/%: (Pu
P?=P = Pu=u —°

(MG‘RLP) = uU="re, Por come x
= Pu=Px=Tx =u )



So Pw = U L"DW% Had P is linear)
Ly dhe U Lompo nen ¢ 68 w.
Nole Yhed Bor eV @ v = o+ omd
cu €V
o o = V e N (P)
Convorsely, of x & N(f) Fhen x =0 +x, X, eV

and X & V. So, N(P) & V., Hence, N(P) = V.

|

Th prackee o Bind He U comp. amd V comp.

(30, Ve Con p;‘cjz He U a)mp.) would be
@x(pensiVA — essentiolly a largz linear solve.
Sol wL deﬁfm projechons ugiwg av auxiliar Space
[ov basis Yor such a space) and He complemen-
hrz 3poce V is defined fmp\io{,é'\\g,

Example: Find U e U st b-0 _1,37

T& dim ,(j = k awe need (n (Jr’lnc,t'ple, dim(\\]:Iz:

b - Zujoaj Lovioyr = (st wmpred)
y*(b—u(x) = 0 &S >/’¥~b :y*uol

« uniguely defined for any b Y FU inverdible

led Pb = U = KR(P) = U .

What is V = N(®) 7



(Pb =6 =S & =0 => d:(y*uy-‘y*b =0
= beR(Y). 2 V=R .
Po = uly*u)™y*b - P=u(y*uy”

Yluse dlewe,@ a ovﬂojecJ—ion Lf y*u ivn/arjcib\e
which is a,iuwalo_ml— o RO aRW) = {o].

—

As we compute U (or its basis)and Y (or its basis)
Simul%aweouslj, ot

o boroéfealftow mag not be defived and +he
mo_l—\wd— bnea,lﬁs dowm-

T ;/ = a) so V =’\7'L', P s an or}\/wg,ona,(
(Pro&ech’om (wrd e s¥d wner product ).



A (_p(pmximctj’f/bw s Bom su bspaces

TP we pick an QpproX. @'om a Subs‘oac_e_
amol sed e residual orJ'\/wg;omZ Jo Hud-

subsdoou;a, me 0«?J—€Vl ezl cHwayoorox- o (Qi\[-z)
Golevkin QPProx. Ca/vui He cond. a @-alarlzim wwd.)
For example S’Dlumg Approx. Ax =b

o

usimg U Subsdoace of ([’M fo Bind SPProx.

Find X e st b-A% L[ (v some
mner producl).

TP R(U) =U: b-AUEL U

st w.prod. gy{,ues u*(b-— AUE) =o0.

T2 we wse an addikional spoce V o dobive
o projection, we call He approv. a

Petrov— Golerkin opproX. [ Fedrov— Goclevkin

wndil'tom).

Fvd £ O sb b=AZ LV (dimV=diwm (1)

If R(V) :A\J/,‘R@)-:-((j and s+d. . prod. used
\/*(b—Au§) =0



Least Squares 1
[Tuesday, August 30, 2011

9:39PMA é @:XM Y\)/m
be ¢
Mt H b— Ax )[2 (w[So m(iﬂ"\"ﬂv\ AX ~ \o>
e ™

V_:f be raxvlg;e(,ﬂr) Hun Fx: Ax=b U:xaclg[_)

V/Qwi b avge [ ?
Qf o %< ) b/r—_—J;—@x J_rm%(ﬁ\)

fmgl(/vl)
L Ax
A r = A b= Ax) =0 = Ab— ATA X =0
S\Qg\al’ 3\mdo&ﬁlﬂj’bbm : &Oe% P.f MAQJO!&\/LC}O/VLJ
Thew ATA anwm?ﬂav (mmg ?)ix = (A*A)'Ah
Px = AAey'A* s b-Ax= (T-Al*a) 'A%k
b = AlR*ay'A*E {Pzzﬁwﬁ%wm‘ A% = P

l—) 0900/%/2,&4'00\4
F=e" HMYVI/S?/VVIVVI [Lj real)

P=p ot P=C% = Codlogonad projeckion

(swce rm%egp&“—(?)ogj__%(mm?g (P))
P T-0) = C- PP = P-F = P-@ =0
Lagrm%dﬁ):LmM%(Q

= =/F - =0"b+(T- =b + b
b =Tb (P+ (T- )b =Por(T-®)b=b + b, {bzl_rm%(;;)

Sobve Au=b 1= (T-&b = b,

Iterative Methods Page 1



Least Squares 2

[Tuesday, August 30, 2011
9:57 PM

Theo © Lok x zang min _|[b - 8%],
Ye €
Vhewm b-Ax L ravge(A)
(Proogi Lonrioler g(x) = {b- Ax b-Ax (;W ?umc_ﬁon)
MV um Eor % (f@?) mfm’Ma@\

TWM E@va_//w% (pé-(fm7’o AL W%J’ ha/u-e

d P — Peip) = P M
= Pl = o X+t ) _
d(P ) O 5£_>0 Z = O [OI/\MJOQQG \
(ééﬁ%)
[b-AR+tp) b-hA(R+tp)> — {b-AZ b-A>
z

1
= (<W> (b PR, At — (itpb-pt> +Atp ALpy — <J:_/A244>/_%\?>> _

(- Edbopr, Ap> - Epp oA £ £ (hg 0p) =
— (b-A2 ARD> — <Ap, b-B2> + £ LAp, Pp>
&’W _'<J7‘A;‘\]A(P>—<Aq>lb—ﬂ2> 1+t <Q09\Aﬂo> =0 (a/wgoo) D

£ =0
(s )

(b—AQ)A(J> + 439—@:54\) /3r09> = 0 Kamg da) =D
(b-RY, Ap> =0 [a/vtg )
b-AZ 1 Ap &V%%?p =) E-AQL.Mq%(ﬂ\

Iterative Methods Page 2



#7 - Jovdtuog. prof. e

P =@ ol m‘ﬂp PY =P 0!9&74&/34@»%
Uramge(P) - P. C'— u
PP =P = P =3

u = X Lre/wofo?a—ou)
wwguedis'z’-z sl Pz =« |

= P(P2)= P22 o =u

— e
V = rewge (T-¢) P*(g- @)= P*- TP Zo
VE \/ —D V= (S:'-(P)Z o
?\/-:@—- Gﬂ)?- =0
Wﬂvt ZJ Pv =o ==>é._'—09)v=\/
Ve vange (T-P) (abeo proy . 50—
ve mll (@) = Ve ramee (T ?)) el

ve ramge (T-@) => VE nwuld (P)

27 ca X
/\;';! 0 zeramgP) = 2¢ mdl )
26 wllP) = 2¢ rewe @)
CtU)Jeu,wl- |

O/WZ 2 = 2, +74 3-[. : L
2 € ram%é?) ovd 2, & il (¢)= rovage (z-¢)

2=Yz-= (P** C‘r"d?)) [
—>  Oleecd sy P + (T-P)2 =
z, *t 2



range (G) =U
rangé @)=V



Least Squares 3

[Tuesday, August 30, 2011
10:16 PM

S’o@umg boas Spuares problems: A =[a, - a,,]
) (Medcbad) Gram- Schmidd
g = A Jyay, Omd o= Jal, > 8 =45
O Fo = ¢%a , tu = |4 =g 1al,
= (0=9,02) fr, & faf, = %= & a=[0] [
laad = Lg g ] (0 7]

wole. Z;*f; =1 (c=42) oamd
R R A
@ - Z*m( <=l k- ‘1\1:“%‘— ol
7k 1@“%%— = PVl ) ik

¥

Y — 7;4% - iffa (=2 (f £y = o)
> [rove JDZ pnducbow
S, W\/} prove b} mduction  ramge (Ta;-- o) = roange(ry, --9,7)
AT = "R
@#Q:_T o R = (;\/ )

Yﬁ {al7‘”]a|/"\3 UVL‘J%O — {in';[wl j mdqo amd
(R mwomg,m/éw/
ﬁ‘:g tol s Prdqomﬂw‘m} we tan sbilf Zwmﬁzmcfe

nxw mxX w1

AP = @ « Wil A%a =T aad
n\L \ ") /r”\

Iterative Methods Page 3




o= W K avldh L L =N  awmd

\ ro—
('/O&UV\/H/] -Q.\)(C\/Lﬂ/vkg}eﬁ ? — \rﬂo—r@w\
O o

noita 3\&@2 adapledd M?D(L%V‘ﬂ

Ewou:awma? ﬁTderc = 9, (Qk—Z 96k ) L= 1..m-l
slso oy =295l « el Rane Ll
compice g imocourale (nst L g gy )

\MW’A ve sl m,orvl—\wg/om&zah'om Cf A% =T WODWJQMJL

Reswme A mdep col.s
SLiwvce VO\/\A%(Q) = rm%@, a/wcl G ¥e =V,

GB* = Ap*a)'A* (vorfy )
Ge*p = b (T-ag*)b = by

A b-0"Ax =0 ¢=> G 65— R -0 (sele)
b-Ax = rr06%b —ARx =1+ a(0*6-Rx
Voo Bxll, = g + [ bl

)|%zuz = @*y@*z)h: (2%2)™ = |=l,

CIozs wol  haan lean \H\
ov O«w%@w (@)* (ayY = Z*\/

Iterative Methods Page 4



Hme,lw_&&r Yrama ﬁwma}um_( rellechon)

[ 7 5\
z = [ e ("
L2 ) vy
wohare | 13)= iz,
H= T~ 22— o H=T —ayy*
24
At )l =

C 4 X
cH H = HL=(I"‘ vv¥~ /I« \/\/ =

%
AR AR 2 A =Y

VALV (VX

Sonee H= H* . mb/()wwsg)lv"“//*v:f

- wwola/w /aw%éér f_md)

How o Oadtlz va ﬁw O (fix g lole)

AUl [/l/l/ =]
e I

4
e,

2 = 2 —avy¥2 =% =5

\/(2\/*2) = 2~ ‘Ye

wdod v/ nevimabored so stcelons 2 *2

deesn'd ww.ﬂ(m /doesm} (’W MQLO&A)

m\/L V. = 2- ‘(e ool mm&&u

/amrmmma Z:frz — Vwo\

ch‘CL 3 B avegd dso&b_(’,a/wce/[a/ww

(‘v = ""3(%&4/2—\



I s,I .

‘@_W@" Y

/a»b%pma

0 |

- H A =(\l

| No—e
A= M. #H, ;:MHZV.-,B.K =a@dR

| Rm

BN 7 44 e { = Y [~ -7/“ ~

%%%%% A a" /AN

- ] mum,vu(n 7 I — — L O ‘( ,
© .

4 =1 7 ) m/ = rgmﬁi@mﬁm

7L
r/@z)=

‘
(3

-




b= Ax), =]laa™k- 0"a*ax,
= lafe*s - [B=[ ] -
! C 0]

Soboe @“L}o = R,

_ 1»—Pro<lL,= H-@;EH,_

r= @0 L  64%*L = Ay

elkz
o, nem f Pt

AP=_[a a, 0, | O\[ N
o

L m,_
m= m, +w,
{ 2%

'5 v
O _ Beg n-m_




wmoéc;m QWP&»\) L, Wm a

=N ”/J:bl
plles S =- =
] (o) "“ oy )h

|

ZA " TeIz Ia]

S
= &
( |+ Yo lod ja)> )b

Bome o tompulig 2.

[ ’
- a A “/ib
L= -—I—‘“/ - <% = '—""I“_T‘T'
1] (TH+ )™
o
_ 1y,
c= = 5 o /1ol
lev /H— -z)l/q_

LAoumnae. )DW C

C/Jm % GLA)WS Vo«[aalw\/w j»o/se&ciw&%
sed a;e/)f s neclov (o mahic) s

/4\. WA /\
[ [ %

N fs‘-.




)

Gz;/t)&ns @Wﬁwm&w /\ ﬂ)cb/vlw;lsj

VQ,Q(/( G = (is i)
COWuaw&x ())-3 / S-—- \ oy /_(:, SA ) (70
-2 C ) s ¢/ =

zy ' : ' ‘
[3"'“ + I8l b = 3« — b =3Sx = 3= %%

[avoids wo(wﬁaw 2

[;SCC&-I-IC[?')D:: 0O

v o)
a




Ao "t = e
B¢ - da* =T &=<<\ I
| \ O ]w
& g™ ﬁcwo‘wa AR
fon AR

| G Ax—a*b || = | Ax-®ls
(“@%x“= ﬂx*Wx)V; fLxy a,wax
(3 -(F)) TS
sobve R x =J5:;3, "

o iy fo be olonst alooud & ped
i || = bl =l (F) (LI = Weal
boe R(A) = Ax=b = LRE

0-[Ga] A-a% -—»(o‘*)@«,..



) £
-‘ A(A*A)" R .
' B
e é&(kﬁ&”
— {

¢ e
ﬁﬂ(ﬁmy/ﬁjq* B
6 ‘ .
=q* g K"
= R(B)
R@,| -

6, - RA*
Rb,) = »




Eigenvalues and Eigenvectors

Let Az = Az and y*A = )\y* (ior same \).

We call the vector z a (rigiit) eigenvector, the vector Y a left eigenvector, and \
an eigenvaiue of A , the tripie ’cogether is called an eigentripie (oi A), and
()\,:IZ) and ()\, y) a (rigiit) eigenpair and left eigenpair.

The set of all eigenvaiues of A, A(A) , is called the spectrum of A (Wiien

convenient we will count multiplicities in /A (A))

If the matrix A4 is ciiagonaiiza]oie (iias a compiete set of eigenvectors) we have
A=VAV ' & AV =V 4,
where V is a matrix with the rigiit eigenvectors as columns and A is a (iiagonai

matrix with the eigenvaiues as coefficients. This is not aiways possi]:)ie (soon).

A similar (iecomposition can be given for the left eigenvectors.



" JAE
Spectral Radius

The spectral radius p(A) is defined as p (A) = max {‘)\‘ P\ E A(A)}.

Theorem:

Forall A and € > 0 a consistent norm

exists such that

So, if 0 (A) < 1, then a consistent norm

exists such that

Take ¢ = % (1 —p (A)) and apply theorem above.

Define A" = A" (complex conjugate transpose).

If A is Hermitian (A= A*), then p(A) = HAH .

2

If A is normal (AA" = A"A) then p(4) = 4] .

A

A

C<plA)+e.

< 1.

Q

11



Characteristic Polynomial

The eigenvalues of A are determined by the characteristic polynomial of A.
Ax=Ix<= (A- IDx=0

So we're looking for (eigen)values A such that the matrix (A - Jl) is singular:
det(A- A1)=0 (this is a polynomial in A)

This polynomial is called the characteristic polynomial of A. The eigenvalues of A
are defined to be the roots of its charaoteristio polynomial.

Since eigenvalues of matrix are roots of its characteristic polynomial, the
Fundamental Theorem of Alge]ora implies that an N X N matrix A always has n

eigenvalues. The eigenvalues, however, need be neither distinct nor real.

Complex eigenvalues of a real matrix must come in complex conjugate pairs.



Mui’ciplicity of eigenvalues

Eigenvaiues may be singie or mui’cipie (single or muitipie roots).
An eigenvaiue with multiplicity k> 1 has k or fewer in(iepen(ien’c eigenvectors
associated with it. It has at least one associated eigenvector. If it has fewer than k

in(iepen(ien’c eigenvectors we call the eigenvaiue (an(l the matrix) defective.

The muitiplicity of an eigenvaiue as the (muitipie) root of the char. poiynomial is
called its aigei)raic muitipiioity.

The number of in(iepen(ient eigenvectors associated with an eigenvaiue is called its
deometric muitipiicity.

The gdeometric multipiicity is smaller than or equai to the aigei)raic muitipiicity.
A matrix that is not defective is called (iiagonaiizai)ie: we have the (iecomposition

A =XAX ! = X TAX = A = diag(/)

where X contains the eigenvectors (as coiumns) and A contains the eigenvaiues.



Ior(ian iorm oi a matrix

For every matrix AeC™ there exists a nonsinguiar matrix X sucil that
X 1AX = diag(J1, -+, Jq)

[ i 1
Ai
1
Ai

Ji and Jie(]:mixm‘,an(i mi+mz+---+Mg=n.

Each block has one correspon(iing eigenvector: (] in(iepen(ient eigenvectors
Each block has mi- 1 principai vectors (oi gra(ie 2)

If every block is of size 1, the matrix is (iiagonaiizai)ie

Mui’cipie blocks can have the same eigenvaiue: Ai =4

The sum of the sizes of all blocks with the same eigenvalue J is the aige]:)raic
multipiieity of the eigenvalue /.. The number of blocks with the same eigenvalue A
is the geometric muitip]icity of the eigenvalue A



" JE
Invariant Subspaces

A generaliza’cion of eigenvectors to higher dimensions is an invariant subspace.

We say a sul)space Y C C" is invariant under A € C"" if

forall r eV :Az eV

It is possi]ole that an invariant sul)space is the span of a set of eigenvectors, but this
need not be the case. Moreover, in general, elements (vectors) of the sul)space will not

be themselves eigenvectors.

In many cases it is useful to consider the restriction of the matrix A to the invariant

Su})space )/: Av Y — V.

fV eC™ and range(V) =V then AV = VL with L € C*".

Hence L represents A in the basis defined l)y V for the space V



"

Similarity Transformation and Schur Decomposition

Let A have eigenpairs ()\i,’vz.): A?JZ. = )x@.fUZ.
For nonsingular B, define the Simi/arity trans][ormation: BAB™

The matrix BAB ™" has the same eigenvalues, )\Z., as A and eigenvectors B :

BAB™ (Bv,) = BAv, = \ By,
In fac’c, BAB " has the same ]ordan—]alocle structure as A.

In many cases, we are interested in a (complex) unitary (or real, orthogonal)

Similarity transformation:

QAQ  with QQ =QQ=1I

Schur decomposi’cion: QA Q* = U (upper triangular)

11



[Similarity Transformation

Similarity transformation for A: BAB™;
this can be done with any nonsinguiar B.

Let Az = Az, then BAB 'Bx = BAx = \Bz.

BAB ™" has the same eigenvalues as 4, and

eigenvectors BT where 7 is an eigenvector of A.

Aithough any nonsinguiar B possii)ie, most stable and

accurate aigorithms with orthogonai (unitary) matrix.

For exampie used in the OR aigoritilm.



[Similarity Transformation

Qrthogonai simiiaxity transformation for A: Q*A Q,
where Q Q = 1.

L F

HQ*AQ: 0TI ,then ﬁ(A)ZE(L1>U£<L2).

If we can find Q = that yielcls such a decomposition

@ @

we have re(iuce(i the pro]olem to two smaﬂer proi)lems.

Moreover, AQ), = Q,L, and range (Q1> is invariant sui)space.
Eigenpair L,z = Az gives eigenpair AQ,z = Q, L,z = \Q),2.



[Approximation over Search Space ]

For 1arge matrices we cannot use fuﬂ transformations. Of’cen
we do not need all eigenvalues/vectors. Loolz for proper basis

Q, that captures relevant eigenpairs. We do not need Q,.

Approximations over subspace range <Q1>: L, = Ql* AQ,

When is an approximation good (enough)?

We will rarely find A Q —QL =0 unless we do huge

amount of work.
Not necessary. We are Worleing with approximations and we

must deal with numerical error anyway.



[Approximation over Search Space ]

Let AQ, — QL =R with ||R|| small relative to HAH

Now, (A= RQ,)Q, — QL = AQ —R—QL, = 0.

A

range <Q1> 1s exact invariant sul)space of per’curl)ecl matrix, A.

A=A-RQ and |A-A|/|4] = |R)/|A|

It |R| / |A| sutficiently small, then @, is acceptable.

In fact, this is as good as we can expect (unless we're lucley).

Any numerical operation involves per’curbecl operands!

Note that we cannot always say that (), is accurate.



[Eigenvalue problems ]

Before we compute eigenvalues and eigenvectors numericaﬂy,
we must understand what we can and cannot compute

(accura’cely) or should not compute.

We may want Az = Az for single elgenpair, for example with

A as small as possible. Say minimum energy level.

In many cases we want Axi = \Z, fori=1...M (M 1arge),

where A, are smallest M eigenvalues.

* [t may be important that we do not sleip any eigenvalues.
* We may want the invariant su})space accurately.

* We may want every eigenvector accurately.



[Usefulness of Computed Results

In general we need to consider the accuracy of a computecl

answer, without 12nowing the exact answer.
This involves the sensitivity of the result we want to compute.

If some result is very sensitive to small changes in the
prol)lem, it may be impossﬂ)le to compute exactly. In other
cases results may be compu’cable but at very high price, for

example, an algorithm may convergence very slowly.

Sometimes it is better to compute related but less sensitive

resul’c.



[Sensitivity of an Eigenvalue

Sensitivity of eigenvaiues to per’curba’cions in the matrix.

Different eigenvalues or eigenvectors of a matrix are not

equaﬂy sensitive to perturi)a’cions of the matrix.

Let Az = Az and y*A = )\y*, where ||z]| = ||y|| = 1.
Consider (A + E) (r+e)= ()\ + 8) (x +e) and clrop second
order terms.

Az +Ae+ EFx 2 x4+ de+ecx < Ae+ Fxr = e+ ex
y de+vy Ex = )\y*e—I—y*Ex ~Nyeteyr &

y B |
Y Y

Condition number of simple eigenvalue: K ()\) —

y*E:c ~ 5y*x = &=

x |—1

yx




[Sensitivity of an Eigenvalue ]

For symmetric/ Hermitian matrix, rigiit and left eigenvectors

are the same. So, eigenvaiues are iniierentiy well-conditioned.

More generaiiy, eigenvaiues are well conditioned for normal
matrices, but eigenvaiues of nonnormal matrices need not be

well conditioned.

Nonnormal matrices may not have a full set of eigenvectors.
The aigei)raic multiplicity, the muitipiioity of \ as a root of
det (A — A\ ) = 0, is not equai to the deometric muitipiicity,

dim null (A — M ) In that case we can consider con(iitioning

of the invariant Su]:)space associated with a ]or(ian block.



[Sensitivity of an Eigenvalue

If 11 is an eigenvalue of A 4+ E, then A € L (A) exists:
=N < |XEXT| < 5 (X)]B]

where X 1S the matrix of eigenvectors of A and
K (X) = ||X|| HX_1H is a condition number (consistent norm).

A useful backward error result is given i)y the residual.

let r = Ax — Az and ||z = 1.

Then there exists a perturi)ation E with ”E ” <|Irll such that
(A+ E)z = Az.

*

Proof: Take E = —rx .



[Sensitivity of Eigenvectors

1 0 1 0
Consider A = 0 1+¢ T, = 0l Ty = 11
Consider perturbation F with |E| = ¢, +¢,, €, arb. small.

Enough to give A any eigenvectors not equal to x, and X, .
Let E=E, + E, and X = [fl 932] (unitary)

0O O (0 0 .
Let B, = and b, =X X .

0 —¢ 0 &

A+ FE =1 (aﬂ nonzero vectors are eigenvectors)

0 0). . (1 0
X =X
0 &

A

A+ E=1+X
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" A
Model Problems

Discretize — ( pum) (quy )y +ru, +su, +tu = f.

X

Integrate equality over box V. Use Gauss’ divergence theorem to get

(), + o) ity = [ (1] -

And approximate the line in’cegral numericaﬂy.
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" J
Model Problems
: : pu_|.
Now we approximate the boun(lary 1ntegral J; ; [ qu ] nds.

We approximate the integrals over each side of box V using the midpoint rule

and we approximate the derivatives using central differences.

A
f pu_n dy ~ A_yle/Q ; (Uz'+1,j — Ui,j) and so on for the other sides
We approximate the integrals over U, Su , tu, and fusing the area of the box
and the value at the miclpoint of the ]DOX, where we use central differences for

derivatives. So, (TS (U‘ - UZ._L].) / (QA.I), and so on.

1+1,7

For various examples we WiH also (10 ’chis While strong convection relative to Jche

mesh size makes central differences a poor choice (as it gives interesting systems).

16



"

Model problems

This gives the discrete equations

_% :p¢+1/2,j (Uz'+1,j o Ui,j) N pi—l/QJ (U@j B Ui_l’j )]
_2_;; _qi,j+1/2 (Uz',j+1 N Uz',j) N pm_l/2 (Ui’j B Ui’j_l )]

- (Ay / 2) Iy (UHLJ' a Ui—l,j) + (Ax / 2) S, j (Uz',j—l—l o Ui,j—l)
+A1:Ayti’jUi7j = AxAyf;.’j

Often we divide this result again Ly Az Ay.

17



" JE
Rate of Convergence

Let £ be the solution of Az =1b , and we have iterates Ty Ty Ty

{7} converges (q-)linearly to # if there are N > 0 and ¢ €[0,1) such that for
k>N:llz,  —zl<clz, —zl,

{:Uk} converges (q—)superlinearly to 7 if there are N >0 and a sequence {Ck}
that converges to () such that for & > Nl T, — T |l < C, | T, — z |l

{xk} converges to T with (q—)or(ler at least p if there are p>1,¢>0, and
N > 0 such that £ > N: || T, — z |l <cll T, — z P (quaclratic if p =2, cubic

if p =3, and so on)

{:Uk} converges to T with j-step (q—)order at least P if there are a fixed integer
i>1,p>1,¢>0,and N >0, such that £ > N: II:zskH—fllgcllxk—zftllp
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