Iterative Methods and
Multigrid

Part 4: Local mode analysis
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Local mode analysis

How to analyze smoothing behavior for more general problems and
relaxations: local mode (normal mode/Fourier) analysis.

In general computing eigenvectors/values is too hard (harder than
solvng a linear system)

The idea is to derive the smoothing factor from idealization of the
equations at a point (experiment to find worst point).

This separates the smoothing of the error from the other algorithmic
components. It also provides a optimal figure against which to compare
overall performance of algorithm.

|dealizations:

e Assume infinite domain

» Assume equations are same everywhere

e Assume relaxation scheme is linear process
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Local mode analysis

Error given by linear iteration: k1) = Ggl¥)

Now we assume the error consists of Fourier modes and we analyze
how relaxation acts on these modes (ideally no mixing of modes).

We should analyze the damping of the eigenvectors of the iteration
matrix. However, we assume that oscillating modes are approximately
eigenvectors (generally true); and apply smoothing analysis to these.

: . . jkm
For discrete domain we have waves w; = sinZ with wavenumber

k=1...n.
Now we replace % by ¢ (continuous wavenumber) and consider waves

w; = exp(zj0) With 0 e (-, z].

Values |9| near O correspond to low frequency waves; values of || near
7 correspond to high frequency waves.

Wavelength of mode ¢ is &£ |e|
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Local mode analysis

Error at point j at iteration k : &) = A(k) exp(1j0), —n < 0 < .

Goal is to find relation A(k+ 1) = A(k)G(0),
where G(9) is called the amplification factor (for mode ¢)

This way we can analyze the convergence of the modes separately.
For convergence (of relaxation method) we need |G(0)| < 1 for all 0.

For MG only need damping of oscillatory modes:|G(0)| < 1, 5 <10l < =.

We define smoothing factor as i = maxz..| G(z)!.
(slowest damping of oscillatory modes)
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| D Example: Jacobi

Consider one-dimensional equation —y,, +cu=f

Central finite differences gives: —v; 1 + (2 + h%c;)v; — vj11 = h?f;

Jacobi: (k”) hf; + v 1 + v(k))

(2+h2 c;) (

weighted Jacoby: v = —2—(h2f; + ik 4 Vi) 1 (1 -

(2+h2c)
For the error we get:

(k+1)
i

= Uj— V(_k+1)

i = ouj—

Gy (P + {4+ V) + (1 )iy = (1 )

Since u satisfies the equation we have u; = (2+:)20_)(h2fj +Uj1+ Ujsr)
f)
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| D Example: Jacobi

Substituting u;

(h?f; + uj_1 + u;1) in expression for error

e h2 )
ej(-k”) = wUj — (2+h20)(h2f +v 1+ (k))+ (1-w)u; — (1 —a))vj(-k)
gives
(k1) _ o (2 2 (k)
ke (2+h20)(h fi+Uj1+ Ujy1) — o h20)<h fi+ v 1+v )+(1—a))e
and finally
(k1) _ o (K (k) (k)
6" (2+h20)( +6 J+1>+ (1-w
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| D Example: Jacobi

Now substitute A(k) exp(;j6) for ej(.k) and simplify expression
First we assume ¢ = 0.

e = 2(e) +e)) + (1-w)el" becomes

Alk+ 1) exp(40) =
2(A(k) exp(i(j —1)0) + A(k) exp(i(j + 1)0)) + (1 — w)A(k) exp(1j0)

A(k) exp(ilj — 110) + A(k) exp(ij + 110) = Alk) exp(1j0)[exp(—10) + exp(10)] =
A(k) exp(1j0)[cosd —1sin @ + cosO+ 1sin 0] =
A(k)2exp(1j0) cosl

A(k+1) exp(1j0) = SA(k)2exp(1j0) cosO + (1 — w)A(k) exp(1j0) =
A(k) exp(j0)[1 — w(1 - cosO)]
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| D Example: Jacobi

Using cosf = cos2- (§) = 1—2sin?(5) we get
A(k) exp(10)[1 — (1 - cos0)] = Alk) exp(1j0)[1 - 2w sin?(5)]
This gives the amplification factor

Alk+1)=AK)[1-2wsin?(5)] = A(k)G(0), for —-n < 0 < 7.

NI

These are the same convergence rates we saw for discrete
wavenumbers k, corresponding to 0, = <.

This is not generally the case, however.

From the above result we know that optimal weight is ¢» = % which
yields

u=G(3) =1G(+0) =%
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| D Example: Jacobi

Now we assume ¢ =+ 0.

e(k+1)

j 52— (e + ek + ( el¥) becomes
f)

Alk+1) exp(40) = 22175 A(k)2exp(1j6) cosl + (1- w) Alk) exp(4j0) =
AK) exp(0)| 1 - o+ 2220 | =
Alk) exp(5j0) [ 1 - 1 - 225 |

Result depends on ¢;. Typically take some fixed ¢ for analysis:
maximum or minimum ¢; or worst case for amplification factor.

This gives for the amplification factor: G(0) = 1—w(1-52%2) this can
be rewritten (for comparison) as

G(0) = 1—w(1-cosh) +w(1—cosh) —w(1— 5252
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| D Example: Jacobi

The amplification factor G(6) = 1— w(1-525%) can be
rewritten (for comparison) as

G(0) = 1- w(1-00s0) + w(1—cosh) — w(1-5252) =
Go(6) + w(1—-cosf—1+2237)
Go(0) + w(—1+ 525 ) cosl =
Go(6) — 22¢ cos g

where Gy(0) is G(¢9) for the case ¢ = 0.

G(0) only differs significantly from Gy(9) if h?cis not too
small.

©2000 Eric de Sturler



| D Example: Gauss-Seidel

For Gauss-Seidel we get

(K)
(k+1) _ G- +e/+1

ef  2+h?%¢

(k+1)

assuming carry out the relaxations from left to right (increasing j).
Again assuming e,(-k) = A(k) exp(;j0) and ¢ = 0 we get

exp(10)
Alk+1) = 5507 Alk).

exp(:0)
2—exp(—i0)

So we have as amplification factor G(9) =

7T

The graph of |G(0)| shows the smoothing factor is obtained for ¢ = 7.

u=1G6(5) =35 = J5 ~ 0453
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| D Example: Gauss-Seidel
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| D Example: Gauss-Seidel

Contrary to what we saw for the Jacobi iteration, we notice that in this
case the eigenvalues on the infinite domain without boundaries are
different from the case with boundaries.

So the result only approximately gives the smoothing factors on finite
domains. As we can verify from the results from chapter 2.
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Local mode analysis for 2D

We can apply local mode analysis analogously to
two-dimensional problems.

We represent the error as ej(-,’j} = A(k) exp(ij01 +im6-2)

where j and m run in x and ydirection, and ¢ and 0>
represent waves in x and y direction.

Now we look for recurrence: A(k+ 1) = G(01,02)A(k) where
again

G(61,02) is amplification factor corresponding to two
wavenumbers.

The oscillatory modes are modes that are oscillatory in either
one direction or both.
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2D Example: Jacobi

Consider —Uxx— Uy + CU = f
Discretization: —Ujm—1—Uj-1m + (4 + hZij)Ujm —Ujr1m — Ujm+1 = hzfjm

So weighted Jacobi iteration:

(k+1) 2 (k) (k) k (k) (k)
Vim (4+h201m)(h fjm =+ Vim-1 + Vi +1m )+ (1-

For error this gives

(k+1) (k) (k) (k) (k)
ejmJr :(4+h—czcjm) ejm—1 +ej—1m+ej+1m+em+1) +(1 a))ejm
Forc=0

(k) k (k) (k)

'm 4( W1+e 1m +1m >+
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2D Example: Jacobi

Analyze case c=0

ej(rl:;r1 4(ejm 1 +ej( %m‘i'ej(ﬁm‘kej(m)ﬂ) (1 —Cz)) j(/{:(v)
ek = 2A(K)[expljo1 + (m—1)02] + exp dj01 + (M +1)02] + 1+ (1-w)A..

2 A(k) expilj01 +mb21(2cos2 + 2cosb1) + (1 - w)Alk) exp iljo1 +mb2] =
A(k) exp ilj01 +mB21(1 - w[1-3(200s02 + 2 cos61)])

200801 + 20080, = 2(1- 28in2(%)) + A1 - 28in2(%)) =
4-4sin2(4) -4sn?(%)

Alk+1) = A1 - w(sin?(%) +sin?(%2))]

G(61,02) =[1 —W(S'nz(%) +S'n2(7))]
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2D Example: Jacobi

Analyze casec+ 0

(k+1)

(k) (k) k (k)
ejm 4+h201m< im-1 T e Im T e+1m m+1) + (1 CO)ejm

k” = A(k) expiljo + m92]<1 ® + 752:(2 00802 + 2C0S - ))

G(91,92) = (1-w+72-(2cosfz +2c0s61))

Alternatively

G(04,07) = (1 —w+755:(2c0s02 + 2 c0s 01 )) =

1—-w+%(2c080, +20080+1) — () + 725(+) =

Gol01,02) + (200802 + 200801 (-4 +5325) =

60(91,92) 4 4+h20)(200892+200891)
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Convection-diffusion example

We solve several instances of the following equation

-u+bu.+cu=f

for various values of b, ¢, and h, and various choices
in the multigrid algorithm.

We show how smoothing analysis helps guide choices
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Convection-diffusion example
-u. +500u.=0, h=1/64, nrel=10,

. w=0.5, injection
. w=0.5, full weighting
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Convection-diffusion example

Amplification factors for the oscillatory modes and
various weights
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Convection-diffusion example

5l
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log,|1],
5r 6
1. w=0.5, injection . . . 5
2. w=0.5, full weighting 0 10 20 30 40 >0
3. # Vecycles

4,
5. w=0.05, injection (41)
6. w=0.05, full weighting (34)
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Convection-diffusion example

Amplification factors for the oscillatory modes,
w=0.1, injection, and various values for c
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