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Converg’ence bounds for CG

Consider case where one eigenvalue 4, much larger than others.

Construct better polynomial than T' (2/_/"_/1)/ T ( hn i ) using this

vy
information.

For example, “polynomial that is zero at extreme eigenvalue and lower
degree Chebyshev over other eigenvalues”.

pun(@) =T BT (355 (357

Cleatly pyu(7n) = 0 and |p(Zi)| < | T (PLE ) Tt (FEE D) i <

;~n—l

1

, where x,_1 =

" e -1 m—1
So, new bound ”e L ( el )

“A JKn-1 +1

(m_l ;n

llem ll.4
versus old bound: <2 J=) > wherer, = 7.

lleo L4
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Convergence bounds for CG and MINRES

Clearly, the trick can be applied if we have multiple outlying eigenvalues
(large ones and small ones).

The same convergence bounds obtained for the error in CG can be
obtained for the residual in MINRES if 4 is HPD, since we bound the
same polynomial.

MINRES: ”" ”2 2(
2

Jin -1
Jin +1

) where x,, = 5.

However, if 4 is Hermitian but not definite (MINRES) we need to find a
(I'schebyshev) polynomial that is small on both sides of the origin. This
1s much harder, which has a significant effect on the convergence

(bound).

©2002 Eric de Sturler
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Convergence bounds for MINRES (1)

Let A be Hermitian and let A/(A) < [a,b] U [c,d], whete a <b <0 <c <d and
b-—a=d-c.

We need a polynomial that 1s small over both these intervals.

We proceed more or less the same way as for CG: we construct a polynomial
g that maps both intervals into [-1, 1] and define the Chebyshev polynomial
in terms of q.

We take q(z) = 1 +% (2nd degree polynomial)
Check that g(z) maps [a,b] U[c,d] into [-1,1] (draw g).
How would you compute g(z) for more general [a,b] U [c,d]?

Now we take pi(z2) = Ti(q(z))/T:(q(0)), where [ = [k/2] (integral part).

Note that we have Chebyshev polynomials of half the degree we had in the
definite case.

©2002 Eric de Sturler

Convergence bounds for MINRES (2)

To compute max|pk(z)| we need to compute T;(¢(0)).

We have g(0) = 1 + 2% — adibc

Set u =2 _1(y 1 1) then Ti(u) = 3G +y ).

Solve u=3(y+y D ody—uy+3=0 (y+0)

y=u+ Ju* -1 (solution are each other’s inverse, so same result)
ad+bc (ad+bc)*  (ad-bc)*  adibe | |[_dadbe ad+bc | 2Jadbc

Y =ladbc T \/ (ad—bc)? ~ (ad-bc)? — ad-bc + (ad-bc)? — ad-bc T Tadbc <

_ (Jad +Jbc)* _ (Jad+Jbc)
Y = Vad+/bc)Jad—Jbe) — (Jad—ibc)

‘/W*MJ [k/2]

il [
Bound: < T i

Hron -

©2002 Eric de Sturler
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Converg’ence bounds for MINRES (3)

Let A be Hermitian and let A(A) < [a,b] U lc,d], where
a<b<0<c<dandb-a=d-c.

- [k/2]
Bound for MINRES: L2 2(m*m ]

roll = ladl +4/Tbel

In the case that a = —d and b = —c (symmetric w.r.t. the origin), we
can simplify bound further (but bound does not get better):

Irecll» dc k721 dje—1 k121 d
Hron 2 % = 2 dlc+1 (note K=

llrglly (JHJ"
In HPD case: |/ 7~ <2 =] -

So bound in indefinite case at iteration k is that of the definite case
at iteration k/2 for matrix with condition number d?/c?.

Dramatic loss of convergence compared with definite case.

©2002 Eric de Sturler

Converg’ence bounds for MINRES (4)

If we know that A has only a few negative (positive) eigenvalues, we
again can improve the bound significantly by taking product
ps(2)Tk-s(z), where ps = 0 on negative eigenvalues and T is scaled
and shifted Chebyshev polynomial over positive eigenvalues.
Product must also satisfy our normalization: p(0)T-s(0) =1.

Let l1</ly<iz<0<l4< " <ln.

Possibility: pi(z) = z— 11)(z - 12)(z - is)Tk—S(%)
Normalize: p(z) = pi(z)/px(0)

pk(Z) _ (Z7}.1)(?7f~2?(zf)~3)[ 27—/n— M)/Tk 3(

—/1/2/3 An—A4

]

(/n*/l)(/n*/z)(/n /3)
7/1/2/3

Jn

and k4 =

mil) , where C; =

pr(@) < 2C3(m+1

Note that pi(z) may not be good for small k.

©2002 Eric de Sturler
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Convergence bounds for GMRES (1)

We will now consider convergence bounds for non-Hermitian problems
solved by GMRES. This brings some important changes.

First, A may not be diagonalizable, and we have to take polynomials over
Jordan blocks into account. Second, the eigenvectors (and proper

vectors) of A may not be orthogonal. Third, the eigenvalues may be
complex.

Let’s assume A is diagonalizable: A = VAV ™!
We still have
rell, < rrlginllek(A)V‘lro I, <k minlpi(A) [l 2llroll, =

Iricll 2/ lro [l < k(W) min max P ()|

Clearly, usefulness of bounding min max Ipk(Ai)| depends on (V).

Sharp for normal A, approach still useful if A almost normal (V unitary).

©2002 Eric de Sturler

Converg’ence bounds for GMRES (2)

Now we must find polynomials that are small over a region in
the complex plane. More complicated than Hermitian case.
Generally we try to find ‘simple’ regions containing the

eigenvalues, and devise polynomial over such a region (e.g.
circle or ellipse).

Eigenvalues in circle C(c, p) not containing the origin with center
¢ and radius p:

k
minp, )=1 MaXzeC(c,p) pr@)| = (ﬁ)

D Obtained for polynomial
c Pr@) = (E9)* = (1 -z/c)"

©2002 Eric de Sturler
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Convergence bounds for GMRES

We will use minimax polynomials in the complex plane to derive bounds
over ellipses (more general regions possible).

Consider the T,,(z) = cosh(m cosh™'z) and z = cosh (.
Let w = e¢; then T,,(z) = 3(w™ +w ™) where z = 3(w +w™!).

Consider the map J(w) = %(w +w!) and the image of the citcle w = pe™.
z=L(pei + pleit) = 1( 1) L) p1)si

2(pe'” +pe 2p+p)cosd+3(p—p~)sing
Image is ellipse with semi-axes 3(p+p ") and 3(p—p~') and foci 1, 1.
Inverse map is not unique and so we restrict ourselves to p > 1.

Let E, be the ellipse given above by the Joukowski map J(w ).

Now consider the following problem  min  maxlg(z)l
qellm,q(y)=1 z€E,

- 5 _n s(w) — 2w
We usepenl}nl,}a%)ﬂ ng(ag;)lp(w)l =i for p(w) = o) =
The basic idea is to transform the ellipse to the circle, apply p(.) and
transform back, and finally normalize.

©2002 Eric de Sturler

Convergence bounds for GMRES

Consider Jop oJ1(z) for z=3(w+w") and w = pes.

ThenJop OJ—l (Z) zj(pmeimgﬁ) — %(pmemm +p—me—im¢) = Tm(Z)
Normalization requires Ty () = 1. So we take T7,(z) = Ty (2)/Ton (7).

LetJ ' (y) =w, =y + /»* =1 (taking max modulus)

pmeim¢+p—me—im¢ pm eim¢+p—me—im¢

m —n i
|W«;| e’m¢7"+| wq,l e—imdy
/ /

Tm (Z)
T ()’)

pr
wht4w" = |w;,|’" <1arge m)

This gives an upper bound for the minimax polynomial.

It turns out, for large m, Tn(2) approximates the optimal polynomial.
Now we can use this for more arbitrary elliptic regions that contain the
eigenvalues by scaling, rotating, and translating F,. Notice that a tighter

fit around the eigenvalues gives tighter bounds.
©2002 Eric de Stuarler
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Convergence bounds for GMRES

Consider the eigenvalues contained in the ellipse E(c,d,a) with center c,
tocal distance d, and major semi-axis g (aligned with x-axis). We want the
polynomial normalized such that 7,,(0) = 1 (residual polynomial).

We first translate the polynomial over —¢ and then scale by d to have

focal distance 1. This gives the ellipse E(0, 1,a/d) and the translated and
scaled origin gives y = —c/d.

So we get E, = E(0,1,a/d) With%:%(p+p‘1) = p=ald+ m.
This gives z € E, :z=3(pe + p~'e ) = J(pe?).

1 T,,(2)| =3lpme™? + pe ™| < T, (ald)

TP = 2w +wim| = 1T (c/d)]

s |Tm(Z)| |Tm(a/d)|
SO ﬁnally, we get | Tm(Z)| = [T (c/d)] < [Tyu(c/d)l

©2002 Eric de Sturler

Convergence bounds for GMRES

Eigenvalues in ellipse E(c,d,a) not containing the origin with center c,
major semi-axis a, and focal distance d.

712/ lIro 1, < £(V) 324D where T (z) = coshm cosh ™ 'z.

To(aid) _ (witsd @) ~1) " {atdedaiay?=1) ™" (a+da=a2)"
Tc/d) — (c/d+1/ (c/d)*1 ] m+(c/d+./ (c/d)*-1 )_m = (e+Je=az)"

©2002 Eric de Sturler

19-20

Krylov06.prz




03/06/03

Converg’ence bounds for GMRES

Although the eigenvalues often give important information about
the convergence of GMRES, we have the following theorem that
states this is not generally the case.

Theorem:

Given any set of eigenvalues and any non-increasing convergence
curve, a matrix with those eigenvalues and a right hand side can be
constructed for which GMRES will display the prescribed
convergence curve.

So even with a ‘nice’ spectrum the convergence can be arbitrarily
poor.

This does not have to the case. Nonnormal matrices are not
inherently bad.

©2002 Eric de Sturler

Converg’ence bounds for GMRES

Consider matrix

01
01
- -
1
CoC1 C2 """ Cn-1
Eigenvalues are zeros of p(1) = 2" —cp1 A" —cp2 "2 =+ —co =0,

Solving Ax = e1 gives no convergence till last step.
Taking appropriate initial residual yields any convergence curve.

This matrix 1s rather special, but we get same behavior for any unitarily
similar matrix. Note that this matrix is reordered lower triangular matrix,
and any matrix 1s unitarily similar to some lower triangular matrix (Schur
decomposition).

©2002 Eric de Sturler
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Convergence of Indefinite Problems

A=diag(-1,-2,...,-s,s+1,s+2,...,100)

GMRES/MINRES

1
ol
1
21
Iog,o|r|_3-
41
5l
6
5 5B
0 10 20 30 40 50 60 70 80 90 100
#iterations

©2002 Eric de Sturler

Convergence of Indefinite Problems

A=diag(1,2,...,25,-1,-2,...,-5,26+s,...,100)

GMRES/MINRES

-10F
124
25
14 . . . L .
0 20 40 60 80 100 120
#iterations
©2002 Eric de Sturler
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Convergence of Indefinite Problems

1: A=diag(1,2,3,...,100)
2: A=diag(-1,-100,1,2,...,49,52,53,...,100)

3: A=diag(-99,-97,...,-1,1,3,...,99)
) ____ GMRES/MINRES

3
-10t
-12b
14 \ \ \ \ \
0 20 40 60 80 100 120

#iterations
©2002 Eric de Sturler

Convergence of Indefinite Problems

A=diag(1,2,...,25,-1,-2,...,-5,31,32,...,100)
GMRES/MINRES without restart takes 76 iterations

GMRES(m)/MINRES(m)

50

full

0 200 400 600 800 1000 1200
#iterations

©2002 Eric de Sturler
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A Model Problem

Convection-Diffusion(-Reaction) Equation
Dirichlet boundary conditions
Lu =—(puy),— (quy), +rux+suy +tu=f

u=u,

©2002 Eric de Sturler

Eigenvalues

p=q=1; r=s=70; h=1/31;
u.=0; u,=0; u,=1; u.=1;

25 .
e,
%}go %OO%O O§§oo O%%
1.5} OO O 0B 09 5 QL .0 8
0 00, 1B 3] 00 09 o o5g
o o
1 @7 00 %%O O% Q% %O 00 o
f [ oS P D60, S0P 00 0 S B
(@) o oo 00 0O P O
2 o5} 8%369 & 0020 00 g 808
.E 8 [eB) Oooodgé oOOO OOOOOQD (@)
© olion 5 9987 oS %o 2 8%
o %@da ° & & o S 94
E @ OO O OOOO Ooooo@ (@]
£ -05F 5 §L 0030 00 © ol
%OQ% 206L 05 0 0% o8
O® ©o Eefolye OOOOOOO%@
-1.5} Oggogo 698 00008000088
o o
2| W SRR o
25 . RBog RSt .
2.5 3 3.5 4 4.5 5 5.5
real
©2002 Eric de Sturler
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GMRES(m) with r=s=70

p=q=1; r=s=70; h=1/31;
u=0;u,=0;u, =1, u.=1;

0 5 10 15 20 25 30 35 40
# iterations (matvecs)

©2002 Eric de Sturler

GMRES(m) after shifting’ spectrum

A=A-3.65%I
p=q=1; r=s=70; h=1/31;

u=0;u,=0;u. =1, u.=1;

0. : : : —o—
-1t 100 5o
logiobt|
3t
41
51
6t
7t full
8 0 2.00 liOO 6.00 éOO 1.000 1200

# iterations (matvecs)
©2002 Eric de Sturler
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