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Iterative Methods for
Linear Systems

Comparisons of methods for
model problems

GMRES - Computational Cost

GMRES: Ax =b

choosex (e.g. X0 = 0) and tol
ro=b—Axo; k=0; vi=ro/llroll2;
while |7 || » > tol

k=k+1; 4 kernels:
w=Avg; matrix-vector product
Solve Py =w; preconditioner
forj=1:k,

hjx = V]H17k+1; inner product

Vie1 = Vil —jkVis vector update
end
Ricer ke = Wi 25 Viert = Vit ke i (norm & vector scaling)

update QR-dec: Hy = QkHBk

I Iy = |G eq| o ll,
end

vk =R Qerllrollo; xi =x0 + Viyi;

re =ro—ViaH, yk = Vk+1(1— ngf}n lro Il 25 (or simply re = b —Ax)
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Computational Cost

Many cheap iterations vs minimum number of expensive iterations

Four main kernels
* matrix-vector product comp: 2Nk; comm: neighbor

* preconditioner comp: 2Nk, comm: neighbor (& global)
* vector update comp: 2N comm: none
* inner product comp: 2N comm: global (reduction)

Methods for non-Hermitian (nonsymmetric) problems:

* GMRES, GCR, FOM, BiCG, QMR, CGS, BiCGSTAB, TFQMR
* Short recurrence: cheap iteration / many iterations

* Full Orthogonalization: expensive iteration / minimum number

Matrix-vector product often linked to grid / domain partitioning
Partition scheme to minimize comm. volume / nr. of messages
Separate local/nonlocal references and overlap comm. with comp.

MINRES

MINRES: Ax=b

choose xy —» ro =b —Axo and tol, set k =0;
while [[r¢ [l > tol do

k=k+1;

Vi1 =AVk — bk kVik — tk-1,kVk-15

tirtk = 1Pke1 125 Vet = Vet /tiengs

Update QR: Qi1 = QiGi; R = G?(Q?Ik);)?k,k =qH01lroll,
— Qk, Ri, Yk EQ?% Iroll,;
Wk =T E,lk(Vk — Wi1Tk-1k — Wk-2T'k-2,k);

Xk = Xk-1 + WiVk k
end
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Conjugate Gradients

(Easier form of) CG algorithm: Ax=b

Choose xo — ro =b — Axy;
p1=ro;i=0

while [[rill, > tol do

i=ivl;
S TS VAN
Ui = i1 Apin)
Xi=X;+api;
ri =ri1— GiApi;
Bi = ),
L™ Gricria)?
pi=ri—pipii;
end
A Model Problem

Convection-Diffusion(-Reaction) Equation
Dirichlet boundary conditions

u=u,
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CG vs GMRES for various h
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CG vs GMRES

p=q=1;t=0,f=0;, h=1/11;

u=0;u,=1u,=1,u.=0;
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# iterations (matvecs)

CG vs GMRES

p=q=1;t=0,f=0;, h=1/11;

uu=0u.=1Lu=1u=0;

CG
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CG vs GMRES

p=q=1;t=0;f=0; h=1/51;
u=0u. =1L u=1u=0;

CG
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CG vs GMRES (time)
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Iterations for GMRES (m)

p=q=1;t=0;f=0; h=1/51;
uu=0,u,=1u,=1;u=0;
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CG for non-Hermitian Problem
p=q=1; r=s=5; h=1/31;

u,=0; u,=0; u,=1; u.=1;
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GMRES for varying convection

p=q=1; r=s: given; h=1/31;

u=0;,u,=0;u. =1, u.=1;
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GMRES(m) with r=s=70

p=q=1; r=s=70; h=1/31;

u=0;u,=0;u.=1;u.=1;
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GMRES(m) with r=s=100
p=q=1; r=s=100; h=1/31;

u=0;,u,=0;u. =1, u.=1;
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GMRES(m) with r=s=250

p=q=1; r=s=250; h=1/31;

u=0;,u,=0u,=1u=1;
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Surprising Convergence of GMRES(m)

p=qg=1; r=200; s=-200; t=0; f=0; h=1/51;
u,= 0; u,=100; u, = 100; u. = 0;

a9 30 50 75

0 100 200 300 400 500 600
# iterations (matvecs)

Surprising Convergence of GMRES(m)
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