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Eigenvalues and Singular Values

Introduction

Eigenvalues and Eigenvectors

The algebraic eigenvalue problem is defined as follows.

Consider the equation: Ax = �x

The solution  is called an eigenpair of  (or right eigenpair) with the scalar (�, x) A �

called eigenvalue and the vector  called an eigenvector. x

We can also consider the equation: yTA = �yT

The solution  is a called a left eigenpair. Left and right eigenvalues are the(�, y)

same; that is if  is a right eigenvalue, it is also a left eigenvalue. Hence we can�

define an eigentriple . (�, x, y)

The set of all eigenvalues of  is called the spectrum of  A: A �(A)

The maximum modulus of the eigenvalues is called the spectral radius:
�(A) = max � : � is eigenvalue of A

Geometric Interpretation

Eigenvectors determine directions that are invariant under multiplication with the
matrix; so the effect of multiplying by the matrix is particularly simple: 
Only the length of a vector (in that direction) changes. 
The relative change in length is the corresponding eigenvalue.

Eigenvalues and eigenvectors decompose complicated behavior of general linear
transformation into simpler actions.

If we think of the (vector)space defined by an eigenvector: range(x) = �x : � c ‘

then this space is invariant under the linear transformation defined by A.
For every vector  we have  y = �x Ay = �y = ��x� range(x)
So every element of the space remains in the space after multiplication by A.

This also holds for the space defined by multiple eigenvectors: Axi = � ixi
span x1, x2, x3 = �x1 + �x2 + �x3 : �, �, � � ‘

w = �x1 + �x2 + �x3 : Aw = ��1x1 + ��2x2 + ��3x3 � span x1, x2, x3
Hence, the term invariant subspace for such spaces.

Applications

Eigenvalue problems occur in many areas of science and engineering, such as
structural analysis, and problems determining the stability of the steady state of a
problem defined by a time dependent differential equation (system of equations). 

Eigenvalues also play important role in analyzing numerical methods. 

We will be mainly concerned with real matrices.
However,  both theory and algorithms are applicable to complex matrices. 

Notationally, only difference with complex matrices is the use of conjugate
transpose, denoted by AH instead of  the usual matrix transpose, AT.
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Characteristic Polynomial

The eigenvalues of A are determined by the characteristic polynomial of A.

Ax = �x w (A − �I)x = 0

So we're looking for (eigen)values  such that the matrix  is singular:� (A − �I)

(this is a polynomial in )det(A − �I) = 0 �

This polynomial is called the characteristic polynomial of A. The eigenvalues of A
are defined to be the roots of its characteristic polynomial.

Since eigenvalues of matrix are roots of its characteristic polynomial, the
Fundamental Theorem of Algebra implies that an  matrix A always has nn % n

eigenvalues. The eigenvalues, however, need be neither distinct nor real.

Complex eigenvalues of a real matrix must come in complex conjugate pairs.

Multiplicity of eigenvalues

Eigenvalues may be single or multiple (single or multiple roots).
An eigenvalue with multiplicity  has k or fewer independent eigenvectorsk > 1
associated with it. It has at least one associated eigenvector. If it has fewer than k
independent eigenvectors we call the eigenvalue (and the matrix) defective.

The multiplicity of an eigenvalue as the (multiple) root of the char. polynomial is
called its algebraic multiplicity.
The number of independent eigenvectors associated with an eigenvalue is called its
geometric multiplicity. 

The geometric multiplicity is smaller than or equal to the algebraic multiplicity.

A matrix that is not defective is called diagonalizable: we have the decomposition

A = X�X
−1
w X

−1
AX = � = diag(� i)

where X contains the eigenvectors (as columns) and  contains the eigenvalues.�

Jordan form of a matrix

For every matrix  there exists a nonsingular matrix X such thatA�Šn%n

 X−1AX = diag(J1,£, Jq)

 and , and .Ji =

� i 1

� i •

• 1

� i

J i�Š
mi%mi m1 +m2 +£ +mq = n

Each block has one corresponding eigenvector:  independent eigenvectorsq

Each block has  principal vectors (of grade 2)mi − 1

If every block is of size 1, the matrix is diagonalizable
Multiple blocks can have the same eigenvalue:  � i = � j

The sum of the sizes of all blocks with the same eigenvalue  is the algebraic�

multiplicity of the eigenvalue . The number of blocks with the same eigenvalue � �

is the geometric multiplicity of the eigenvalue .�
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Examples

.A =
1 0
0 2

d det
1 − � 0
0 2 − �

= 0 d (1 − �)(2 − �) = 0 d �1 = 1, �2 = 2

.A =
1 1
0 2

d

1 − � 1
0 2 − �

= 0 d(1 − �)(2 − �) = 0 d �1 = 1, �2 = 2

.A =

−2 1
1 −2

d

−2 − � 1
1 −2 − �

= 0 d �2
+ 4� + 3 = 0 d �1 = −3, �2 = −1

A =

1 4
−4 1

d

1 − � 4
−4 1 − �

= 0 d �2
− 2� + 17 = 0 d �1,2 = 1 ! 1

2 4 − 68 d

�1,2 = 1 ! i 16 d �1 = 1 + i4, �2 = 1 − i4

. A =
2 1
0 2

d

2 − � 1
0 2 − �

= 0 d �1 = 2, �2 = 2

Multiple eigenvalue with algebraic multiplicity 2, but geometric multiplicity 1.

Properties of Eigenvalue Problems

The properties of eigenvalue problems affect the choice of algorithm and software:
 
� Are all of eigenvalues needed, or only a few?
� Are only eigenvalues needed, or are corresponding eigenvectors also needed?
� Is matrix real or complex?
� Is matrix relatively small and dense, or large and sparse?
� Does matrix have any special properties, such as symmetry, or is it general
matrix?

Matrix Properties
Relevant matrix properties:

• Symmetric: , , diagonalizable, real eigenvalues, A = A
T
A�‘

n%n

orthogonal eigenvectors

• Hermitian: , , diagonalizable, real eigenvalues,A = A
H

A�Š
n%n

orthogonal eigenvectors

• Orthogonal: , , diagonalizable, unit eigenvalues,A
T
A = AA

T
= I A�‘

n%n

orthogonal eigenvectors

• Unitary: , , diagonalizable, unit eigenvalues,A
H
A = AA

H
= I A�Š

n%n

orthogonal eigenvectors

• Normal: , , diagonalizable, orthogonalA
H
A = AA

H
A�Š

n%n

eigenvectors)

Note:  sometimes written as AH
= AT A

&
= A

H

Uniqueness

Eigenvalues and eigenvectors are in general not unique.

We may have multiple eigenvalues (defective or not).

For eigenvectors the case is even more complicated.
�Only direction of eigenvector matters (not length, positive/negative/argument)
�Eigenvectors corresponding to a multiple eigenvalue span invariant subspace of
dimension equal to the geometric multiplicity of eigenvalue: any vector in this
subspace is an eigenvector.

�Defective eigenvalue still has an associated invariant subspace, but not all
vectors in the space are eigenvectors. 
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Conditioning of eigenproblems

Condition of eigenvalue problem is sensitivity of eigenvalues and -vectors
to small perturbations in matrix; not the same as condition number for
linear equations. 

Different eigenvalues or eigenvectors of given matrix are not necessarily
equally sensitive to perturbations in matrix. 

Condition of simple eigenvalue: ;  and  are corresponding�(�) = yHx
−1

x y

right and left eigenvectors, normalized so that .æxæ = æyæ = 1

Suppose  and drop second order terms:(A + E)(x + �x) = (� + ��)(x +�x)

Ax + A�x + Ex = �x + ��x +��x g A�x + Ex = ��x + ��x

yHA�x + yHEx = �yH�x + yHEx = �yH�x + ��yHx

yHEx = ��yHx e �� [
æEææyææxæ

yhx
=

æEæ

yhx

Note  gives change in eigenvalue due to (absolute) change in matrix.�(�)

Conditioning of eigenproblems

For symmetric or Hermitian matrix, right and left eigenvectors are same,
so eigenvalues are inherently well-conditioned. More generally, eigenvalues
are well conditioned for normal matrices, but eigenvalues of nonnormal
matrices need not be well conditioned. 

More generally, if  is an eigenvalue of , then there is a :� A + E � c (A)

� − �k [ �2(X)æEæ2

where  is the matrix of eigenvectors of  and  is its condition numberX A �2

with respect to solving linear systems (and the two-norm).

A useful backward error result is given by the residual. 
Let  and . Then there exists a perturbation  with r = Ax − �x æxæ2 = 1 E

 such that . Proof: .æEæ2 =
æræ2

(A + E)x = �x E = −rx
H

Multiple or close eigenvalues can cause numerical difficulties, especially if
matrix is defective .

Conditioning of eigenproblems

Eigenvalues of a symmetric (Hermitian) matrix are well-conditioned, but the
eigenvectors may not be. As an example consider the following matrix:

.A =
1 0

0 1 + �
d �1 = 1, x1 =

1

0
, �2 = 1 + �, x2 =

0

1

If  is large, it will take a large perturbation to make, for example, the vector �

 an eigenvector.y = [1 1]
T

However, if , any vector in the space  becomes an eigenvector� d 0 span{x1, x2}

with eigenvalue 1. So, a small perturbation  will make  an eigenvector.O(�) y

Hence the eigenvectors become ill-conditioned.

For an nonsymmetric matrix the conditioning of the eigenvectors is even more
complicated. Apart from close eigenvalues the angles between the eigenvectors play
a role and so does the distance to a defective matrix.

Solving Eigenvalues problems

Two steps for systematic methods to compute (all) eigenvalues and
eigenvectors

1. For what types of matrices are eigenvalues easily determined
2. What types of transformations preserve eigenvalues

Transformations that preserve eigenvalues are called similarity
transformations. Two matrices are called similar if they have the same
eigenvalues (not vectors).

Trick is to transform matrices from general form into simple form
using similarity transformations (compare with Gaussian elimination
for linear systems).
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Simple Matrices

Diagonal matrices:
� Eigenvalues are the diagonal entries
� Eigenvectors are the corresponding columns of the identity matrix

Easy, but not every matrix is similar to a diagonal matrix (defective matrices).
Best possible, in general, is bidiagonal with one upper diagonal (Jordan form). 

Triangular matrices:
� Eigenvalues are the diagonal entries
� Eigenvectors can be solved for trivially
Always possible; bidiagonal with upper diagonal is upper triangular

Assume simple eigenvalue : � (A − �I) x = 0

triangular: , we set  and we solve for 
U11 u U13

0 vT

U33

x =

y

−1

0

y d U11y = u

For a simple eigenvalue this is always solvable. 

Similarity Transformations

What kind of transformations leave eigenvalues unchanged:

Let  be a nonsingular matrix, and  then we say B is similar to A:T B = T−1AT

By = �y e T−1ATy = �y e ATy = �Ty

So  must (also) be an eigenvalue of A and the corresponding eigenvector is Ty.�

So A and B share the same eigenvalues. 
They do not have the same eigenvectors, but the eigenvectors of A are easily found
from those of B and the similarity transform.

So we want to find a similarity transform that transforms A into a diagonal or
triangular matrix.We will do this by a sequence of transforms such that the
resulting sequence of matrices converges to the desired form.

Why can't we compute the right similarity transformation at once?

Similarity Transformations

Forms attainable by similarity transforms for various matrices:

Jordan (almost diagonal)nonsingulargeneral
triangularunitarygeneral
diagonalunitarynormal
real diagonalunitarycomplex Hernitian
real diagonalorthogonalreal symmetric
diagonalnonsingularall eigenvalues distinct
Matrix BMatrix TMatrix A
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Eigenvalues and Singular Values

Computing a few eigenvalues

Power Method

Power method computes eigenvalues using a simple iteration.

Choose , and iterate: x0 xk = Axk−1 = A
k
x0

What happens? Assume A is diagonalizable:  and that A = V�V−1 �1 > �j

Write  as sum of eigenvectors (decompose  along eigenvectors):x0 x0

 then x0 = �j v j�j xk = A
k
x0 = �j v j�j

k
�j = �1

k(v1�1 + � j!1 v j
�j

�1

k

� j)

So  converges to  since relative weight of other eigenvectors goes to zero.xk v1

Convergence is determined by the second largest (magnitude) eigenvalue.

Assume , then the rate of convergence is determined by �1 > �2 m �j
�2

�1

So convergence may be very slow if  .
�2

�1
l 1

The method converges linearly (if it converges).

Power Method

The power method will not converge (to dominant eigenpair) if:

�The starting vector has no component in dominant eigenvector (corresponding to

eigenvalue with largest magnitude). Rounding error usually takes care of the problem

�For a real matrix with largest eigenvalue/vector complex

�The matrix has two (or more) distinct eigenvalues of largest magnitude

To avoid overflow or underflow we normalize the vector every iteration:

xk = Axk−1/æAxk−1æ∞

If assumptions on previous slide are satisfied then

xk d v1

(if jth coefficient nonzero)(Axk−1)j/(xk−1)j d �1

Deflation

Suppose we have found the most dominant eigenpair  (largest eigenvalue(�1, v1)

in magnitude), and we would like to find the second largest eigenvalue and

corresponding vector as well .(�2, v2)

Find  such that  H Hv1 = �e1 e HAH−1 =
�1 b

T

0 B

Now  is (n-1)-by-(n-1) matrix with eigenvalues: B � j, j ! 1

Let  then , where By = �2y v2 = H−1
�

y
� =

bTy

�2−�1

Other approach, let  vector be such that z z
T
v1 = �1

Iterate with :A − v1z
T

� z = v1�1 (æv jæ 2
= 1)

� , where  is corresponding left eigenvector, normalize z = y1�1 y1 y1
Tv1 = 1

� , where  and .z = ATek æv1æ∞
= 1 vk,1 = 1
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Inverse Iteration

What if we want the smallest (magnitude) eigenvalue or any other one that is not
the largest in magnitude? Inverse iteration:

orxk = A
−1
xk−1 w solve Axk = xk−1

xk = (A − sI)−1xk−1 w solve (A − sI)xk = xk−1

Inverse iteration with  converges to smallest (in magnitude) eigenvalue if unique,A

and inverse iteration with  converges to eigenvalue/vector closest to .(A − sI) s

By choosing  more accurate we can improve convergence speed.s

 has eigenvalues  and so, assuming we want to approximate the(A − sI)−1 (� j − s)−1

eigenpair with (simple) eigenvalue  the rate of convergence is determined by�k

maxj!k
�k−s

�j−s

This can be made arbitrarily small if we know  sufficiently accurate.�k

Rayleigh Quotient Iteration

Let x be an approximate eigenvalue for a real matrix . Then approximateA

eigenvalue is given by  linear least squares problem:n % 1

(Rayleigh quotient)x�̂ l Ax e xTx�̂ = xTAx e �ˆ =
xTAx
xTx

Let  and  be symmetric then  Av = �v A æx − væ = O(�) e �̂ − � = O(�2)

Let , where x = v + �p v z p, ævæ2 = æpæ2 = 1

xTAx
xTx =

(v+�p)TA(v+�p)

(v+�p)T(v+�p) =

vTAv+2�pTAv+�2pTAp

vTv+2�pTv+�2pTp =

�+�2pTAp

1+�2 l

(� + �2pTAp)(1 − �2) = � +O(�2)

 

 

Rayleigh Quotient Iteration

So given  approximation to  we get  approximation to .O(�) v O(�2) �

Cunning plan: Improve eigenvalue estimate  every step using Rayleigh quotient.s

 with  xk = (A − rk−1I)
−1xk−1 w solve (A − rk−1I) xk = xk−1 rk−1 =

xk−1
T

Axk−1

xk−1
T

xk−1

This is called Rayleigh Quotient Iteration
For symmetrix matrices, close to solution, we have cubic convergence.

Let , where x = vk + �p = vk +� j!k vj�j v z p, ævæ2 = æpæ2 = 1

normalization givesx = (A − �ˆI)−1x = (�k − �ˆ)−1vk +� j!1 vj� j(� j −�ˆ)−1

 and the norm of the error now givesx(�k − �ˆ) = vk + (�k − �ˆ)� j!1 vj�j(�j − �ˆ)
−1

æx(�k − �ˆ) − vkæ
2
= æ(�k − �ˆ)� j!1 vj�j(�j − �ˆ)

−1æ
2
[ æ(�k − �ˆ)��j!1 vj� jæ = O(�3)

Reducing the Cost of Rayleigh Quotient Iteration

The Rayleigh Quotient iteration

rk−1 =

xk−1
T

Axk−1

x
k−1

T
xk−1

solve (A − sI)xk = xk−1

requires repeatedly solving a (new) linear system.
We can make this cheaper by first reducing  to tridiagonal or Hessenberg formA

using unitary similarity transformations: A
∏

= QTAQ

This gives  is tridiagonal if  is symmetric, and  is (upper)T = QTAQ A H = QTAQ

Hessenberg if  is nonsymmetric.A

Solving a linear tridiagonal system (order n) takes only  operations.O(n)

Solving an upper Hessenberg system (order n) takes  operations, forO(n2)

n Givens rotations and backsubstitution .O(n2)
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Reduction to Hessenberg or Tridiagonal Form

First we apply a Householder reflection to zero the coefficients in the first column
below the second coefficient, and we multiply with the transpose from the right: 

 QTAQ =

x x x x x

x x x x x

x x x x

x x x x

x x x x

Q

The important idea is that  does not change the first row, and so  does notQT Q

change the first column. Hence the multiplication by   does not destroy theQ

structure of the matrix created by the first step. Next we apply a Householder
reflexion that sets the coefficients in the second column to zero below the third
coefficient. Continuing in this way we create a sequence of transformations that
create the tridiagonal or  upper Hessenberg system:

same for  with T = Qn−2Qn−3£Q1
TAQ1£Qn−3Qn−2 H = QTAQ Q = Q1£Qn−2

QR Algorithm

The QR-iteration is by far the most well-known algorithm for computing all
eigenvalues and eigenvectors of a general (or symmetric) matrix.

The basic step is very simple: Let  (tridiagonal or Hessenberg)A0 = QTAQ

so  and  are similar.QkRk = Ak−1; Ak = RkQk (= Qk
TAk−1Qk) Ak Ak−1

It turns out (analysis later) that the subdiagonal coefficients converge to zero, and
hence the iteration converges to a upper triangular or diagonal (symmetric) matrix.
In practice, also here, we apply shifts to accelerate the convergence.

QkRk = Ak−1 − skI; Ak = RkQk + skI

At each step we set subdiagonal (and superdiagonal symmetric case) entries to zero
if they are sufficiently small. This reduces the problem to two problems of smaller
size.

QR Algorithm

We will carry out the analysis for the symmetric case:

We have Ak = Qk
TAk−1Qk = Qk

T
£Q1

TAQ1£Qk g Q1£QkAk = AQ1£Qk

Prove by induction: Ak
= Q1£QkRk£R1 = Q̂kR̂k

;A = Q1R1

Ak
= AAk−1

= AQ1£Qk−1Rk−1£R1 = Q1£Qk−1Ak−1Rk−1£R1 =

Q1£Qk−1QkRkRk−1£R1 = Q̂kR̂k

This gives
 so  gives an orthogonal basis for ;Ak

= Q̂kR̂k Q̂k Ak
= AkI

that is, we apply the power method simultaneously to e1,¢, en

so on the diagonal   (Rayleigh quotients) and off-diagonalAk = Q̂k
TAQ̂k q̂j

TAq̂j

. As the vectors  converge to eigenvectors, the diagonalq̂ i
TAq̂j q̂j

coefficients converge to the eigenvalues (quadratically) and the
off-diagonals to zero (eigenvectors orthogonal). 

QR Algorithm

Let some vector  converge to the dominant eigenvector; then the orthognalityq̂k

restricts the other vectors to be in the subspace orthogonal to the dominant
eigenvector. Hence they only have components in the other eigenvectors. So one
of the other vectors will converge to the eigenvector corresponding to the  second
largest eigenvalue (in magnitude), and so on. 
(with some complications if there is no single largest (modulus) eigenvalue.)

This will however only give us linear convergence (just as the power method will).
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QR Algorithm

So let’s apply the same ideas of Inverse and Rayleigh Quotient Iteration.

 (last step since  is symmetric)Ak
= Q̂kR̂k g A−k

= R̂
k
−1Q̂

k
−1
= Q̂kR̂k

−T A

Let , then P =

1

1

1

A−kP = Q̂kP $ PR̂
k
−TP = QR

So we also carry out inverse iteration simultaneously on the columns of .P
And  gives an orthogonal basis for .Q̂kP A−kP

Now we can improve convergence by carrying out shifts (as shown earlier for the
QR algorithm) and get the same convergence as for Rayleigh quotient iteration.
As shifts we could take again Rayleigh quotients (diagonals of ), however thisAk

may not always give convergence. Therefore, in practice, we compute the shifts
from two-by-two diagonal blocks (Wilkinson shift).
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