Eigenvalues and Singular Values

Introduction

Eigenvalues and Eigenvectors

The a]gel)taic eigenvalue ptoblem is defined as follows.
Consider the equation: Ax = Jx

The solution (4,X) is called an eigenpair of A (or rigl'lt eigenpair) with the scalar 2
called eigenvalue and the vector x called an eigenvector.

We can also consider the equation: yTA =T

The solution (4y)isa called a left eigenpair. Left and right eigenvalues are the
same; that is if 1 is a rig]')t eigenva]ue, it is also a left eigenva]ue. Hence we can
define an eigentrip]e (2,x,y).

The set of all eigenva]ues of A is called the spectrum of A: MA)
The maximum modulus of the eigenvalues is called the spectral radius:

p(A) = max{lAl : 7 is eigenvalue of A}

Geometric Interpretation

Eigenvectors determine directions that are invariant under mu]tiplication with the
matrix; so the effect of mu]l.iplying })y the matrix is parLicularly simple:

Only the lengtl'x of a vector (in that direction) cl’langes.

The relative change in lengﬂ) is the corresponding eigenvalu&

Eigenva]ues and eigenvectors &ecompose complicale(l behavior of genera] linear

transformation into simpler actions.

1f we think of the (vector)space defined ]oy an eigenvector: range(x) ={mx:aeR}
then this space is invariant under the linear transformation defined l)yA.

For every vector y = ax we have Ay = Jy = Jaxerange(x)

So every element of the space remains in the space after mu]tiplication LyA.

This also holds for the space defined l)y multiple eigenvectors: Ax; = Aix;
span{xi,x2,x3} = {ax1 + 2+ 3 : 4, ,y € R}

W =axi+ 2+ x3 t Aw = alixi + floxa + pAaxs € spanf{xi,x2,x3}
Hence, the term invariant sulaspace for such spaces.

Applications
Eigenvalue proh]ems occur in many areas of science and engineering, such as
structural ana]ysis, and pro})]ems cletermining the stahi]ity of the steatly state of a
pro})]em defined ]Jy a time tlepen(lent differential equation (system of equations).

Eigenvalues also play important role in analyzing numerical methods.

We will be mainly concerned with real matrices.
However, both Lheory and algorilhms are applical)le to complex malrices.

Nol.alionaﬂy, only difference with complex matrices is the use of conjugate

transpose, denoted Ly A" instead of the usual matrix transpose, A"
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Exam“ies
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Ciiaracteristic Poivnomiai

The eigenvalues of A are determined by the characteristic polynomial of A.
Ax=/x = A-Ax=0

So we're looking for (eigen)values 4 such that the matrix (4 — A1) is singular:
det(4-i)=0 (this is a polynomial in /)

This poiynomiai is called the characteristic poiynomiai of A. The eigenvaiues of A

are defined to be the roots of its characteristic poiynomiai.
Since eigenvalues of matrix are roots of its characteristic polynomial, the
Fundamental Theorem of Aigeiyra impiies that an n x n matrix A aiways hasn

eigenvalues. The eigenvaiues, i)owever, need be neither distinct nor real.

Compiex eigenvaiues of a real matrix must come in compiex conjugate pairs.

M uitipiicitv of cigenvaiues

Eigenvaiues may be singie or muitipie (singie or muitipie roots).

An eigenva]ue with muilipiicily k> 1hask or fewer independenl eigenvectors
associated with it. It has at least one associated eigenvector. If it has fewer than k
in&ependent eigenvectors we call the eigenvaiue (and the matrix) defective.

The multiplicity of an eigenvaiue as the (muitipie) root of the char. poiynomiai is
called its aigeijraic muitipiicity.

The number of inc]ependent eigenvectors associated with an eigenvaiue is called its
geometric muitipiicit)u

The geometlric mu]lipiicily is smaller than or equai to the aigei)raic mu]l.ipiiciLy4
A matrix that is not defective is called (iiagona]izahie: we have the Aiecomposilion

A=XAX" = X'AX = A = diag(%;)

where X contains the eigenvectors (as coiumns) and A contains the eigenva]ues.

Ior(ian iorm O{: a matrix

For every matrix 4eC™" there exists a nonsinguiar matrix X such that

XAX = diagW1, -+, Jq)

and JieCmomi| and mi+ma+ - +mg=n.

Each block has one corresponciing eigenvector: g in(iepemient eigenvectors
Each block has m; -1 principai vectors (o{ gracie 2)

1f every block is of size 1, the matrix is (iiagonaiizai)ie

Multiple blocks can have the same eigenvalue: 2; = /;

The sum of the sizes of all blocks with the same eigenvaiue 7 is the a]gei)raic
muitipiicity of the eigenvaiue J.. The number of blocks with the same eigenvaiue 2
is the geometric muitipiicity of the eigenvaiue A
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Exanl 165
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Multiple eigenvalue with algebraic multiplicity 2, but geometric multiplicity 1.

Properties of Eiéenvalue Problems

The properties of eigenvalue Pro})lems affect the choice of algorithm and software:

2 Are all of eigenvalues needed, or only a few?

= Are only eigenvalues needed, or are correspontling eigenvectors also needed?

2 Is matrix real or complex?

22 Is malrix relatively small and dense, or 1arge and sparse?

22 Does matrix have any special properties, such as symmetry, or is it general
matrix?

Matrix Properties

Relevant matrix properties:

+ Symmetric: A =AT,AeR™", diagonalizable, real eigenvalues,

ortl’xogonal eigenvectors

* Hermitian: A :AH,AEC”X”,

&iagonalizable, real eigenvalues,

orthogonal eigenvectors

* Orthogonal: ATA=AA" =1, AeR™", diagonalizable, unit eigenvalues,

ortl’xogonal eigenvectors

* Unitary: APA =AAT =], AcCT™, C]iagonalizal)le, unit eigenvalues,

orthogonal eigenvectors

+ Normal: 4174 =AA", AeC™,

di agona] izable, orth ogona]
eigenvectors)

Note: A" = AT sometimes written as A* = A"

U niqueness

Eigenvalues and eigenvectors are in genera] not unique.
We may have multiple eigenvalues (defective or not).

For eigenvectors the case is even more complicate(lA

= Only direction of eigenvector matters (not leugtll, positive/negative/argument)

2 Eigenvectors corresponding to a multiple eigenvalue span invariant su]aspaae of
dimension equal to the geometric muhiplicily of eigenvalue: any veclor in this
sul)space is an eigenvector.

22 Defective eigenvalue still has an associated invariant subspace, but not all
vectors in the space are eigenvectors.
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Conciitioning of eiéenprol)lems

Condition of eigenvalue prol)lem is sensitivity of eigenvalues and -vectors
to small perturl)ations in matrix; not the same as condition number for

linear equations.

Different eigenvalues or eigenvectors of given matrix are not necessarily

equally sensitive to perturl)ations in matrix.

Condition of simple eigeuvalue: K(A) = lnylil; x and y are correspoutiiug

riglit and left eigenvectors, normalized so that llx| = llyll =1.

Suppose (A +E)(x + Ax) = (4 + AL (x + Ax) and tirop second order terms:
Ax +AAX +Ex = Jx+Ax +AJx <  AAx+Ex = JAx+AJx
YHAAx +yHEx = JyHAx + yHEx = JyHAx + AdyHx

IEIy 1l IEN
Iyl 7 Iyhxl

YHEx = AiyHx = Al <

Note (/) gives cl')ange in eigenvalue due to (al)solute) cl1ange in matrix.

Con(iitioning of eigenm‘oljlerns

For symmetric or Hermitian matrix, riglit and left eigenvectors are same,
so eigenvalues are inl'ierenlly well-conditioned. More generally, eigenvalues
are well conditioned for normal matrices, but eigenvalues of nonnormal

matrices need not be well conditioned.
More generally, if,u is an eigenvalue of A +E, then there is a / € (A):
l,u —).kl <2 EI,
where X is the matrix of eigenvectors of A and x is its condition number

with respect to solving linear systems (an(i the two-norm).

A useful backward error result is given l)y the residual.
Let r =Ax —Jx and lIxll; = 1. Then there exists a perlurl)alion E with
IEl, = llrll; such that (A + E)x = Jx. Proof: E = —rx".

Multiple or close eigenvalues can cause numerical difficulties, especially if

matrix is defective .

Con(iitioning of eigenm'ololems

Eigenvalues ofa symmetric (Hermitian) matrix are well-conditioned, but the

eigenvectors may not be. As an example consider the iollowiug matrix:

o )

0l+e
Ifeis large, it will take a large perturl)ation to make, for example, the vector

—»/"VI:],x.:“)l, Jra=1l4¢ x2=

y=[11 1" an eigenvector.

However, if & - 0, any vector in the space span{x1,x2} becomes an eigenvector
with eigenvalue 1. So, a small perturlmtion O(e) will make y an eigenvector.

Hence the eigenvectors become ill-conditioned.

For an nonsymmetric matrix the conclilioning of the eigenvectors is even more
complicatecl. Apart from close eigenvalues the augles between the eigenvectors play

a role and so does the distance to a defective matrix.

Solving Eigenvalues prolalems

Two steps for systematic methods to compute (all) eigenvalues and

eigenvectors

1. For what types of matrices are eigenvalues easily determined
2. What types of transformations preserve eigenvalues

Transformations that preserve eigenvalues are called similarity
transformations. Two matrices are called similar i tl'ley have the same

eigenvalues (not vectors).

Trick is to transform matrices from general form into simple form
using similarity transformations (compare with Gaussian elimination

for linear systems).
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Simple Matrices

Diagonai malrices:
- Eigenvalues are the diagonal entries

. Eigenvectors are the corresponding columns of the i[]enlily malrix

Easy, but not every matrix is similar to a tliagonai matrix (defective matrices).
Best possiiﬁie, in general, is i)i(]iagonai with one upper (iiagonai Uorc]an form)i

Triangular malrices:

- Eigenvalues are the diagonal entries

. Eigenvectors can be solved for trivia]]y

Always possi]:yie; ]Jidiagonai with upper ciiagonai is upper triangular

Assume simpie eigenvaiue AiA-ADx=0

UnuUsp
Lrianguiar: 0 vT | wesetx=|-1 and we solve for y->Uny=u
Uss 0

For a sirnp]e eigenva]ue this is aiways solvable.

Simiiarity Transformations
What kind of transformations leave eigenvaiues unci’ianged:
Let T bhea nonsinguiar matrix, and B = T'AT then we say B is similar to A:
By=Jy=T'ATy=Jy= ATy = \Ty
So 2 must (also) be an eigenvalue of A and the corresponding eigenvector is Ty.
So A and B share the same eigenvalues.
T]’ley do not have the same eigenvectors, but the eigenvectors of A are easi]y found
from those of B and the simiiarity transform.
So we want to find a simiiarily transform that transforms A into a tiiagonai or
trianguiar matrix.We will do this i)y a sequence of transforms such that the

resulting sequence of matrices converges to the desired form.

W}ly can't we compute the tig]qt simiiarity transformation at once?

Similari ty Transformations

Forms attainable ]Jy similarity transforms for various matrices:

Matrix A Matrix T Matrix B

all eigenvaiues distinct nonsinguiar cliagonai

real symmetric orthogonal real diagonal

compiex Hernitian unitary real tliagonai

normal unitary cliagonai

general unitary trianguiar

genera] nonsinguiar ]ordan (aimost diagona])
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Eigenvalues and Singular Values

Computing a few eigenvalues

Power Method

Power method computes eigenvalues using a simple iteration.
Choose x, and iterate: x; = Ax)_| = A*xy

What happens? Assume A is diagonalizable: 4 = VAV~" and that [ 1,] >|4,|
Write x¢ as sum of eigenvectors (decompose x¢ along eigenvectors):

Nk
— — fhyy = k — gk 4
x0=Z;vja; thenx; = A*xg=%; v,%/ a; = A(ar+Zpm v,‘(/:‘) aj)
So x4 converges to v since relative weight of other eigenvectors goes to zero.

Convergence is determined by the second largest (magnitude) eigenvalue.

. . . 1]
, then the rate of convergence is determined by ﬁ

Assume |71 > 171> |4,

So convergence may be very slow if % ~1.

The method converges linearly (if it converges).

Power Method

The power method will not converge (to dominant eigenpair) if:
22 The starting vector has no component in dominant eigenvector (corresponding to
eigenvalue with largest magnitude). Rounding error usually takes care of the problem
=2 For a real matrix with largest eigenvalue/vector complex
22 The matrix has two (or more) distinct eigenvalues of largest magnitude
To avoid overflow or underflow we normalize the vector every iteration:
x = Axpr /N Axi 1o

If assumptions on previous slide are satisfied then

Xk = V1

(Ax)1)j/(xk-1)j = A

(if j' coefficient nonzero)

Deflation

Suppose we have found the most dominant eigenpair (11, v1) (largest eigenvalue
in magnitude), and we would like to find the second largest eigenvalue and
corresponding vector as well(42.v2).

1 bT }

0 B

Now B is (n-1)-by-(n-1) matrix with eigenvalues: 4,/ # 1

Find H such that Hv, = ae; > HAH ' =

_A
, where 0 = o

Let By = 2,y then vy = H™! B
Other approach, let Z vector be such that ZTV1 =/
Iterate with 4 — V1ZT:

mz=vidi (|vill,=1

=y121, where | is corresponding left eigenvector, normalize y!v; = 1
2 z=A"e;, where |vi |l =1and vy = 1.
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Inverse Iteration

What if we want the smallest (rnagnilurle) eigenvalue or any other one that is not

the largest in magnitude? Inverse iteration:

xi=A"'x1 <  solve Ax;=x; or
xi=U-sD'x1 o solve (A— sy = x4

Inverse iteration with 4 converges to smallest (in magnilude) eigenvalue if unique,
and inverse iteration with (A — sI) converges to eigenvalue/vector closest to s.

By choosing s more accurate we can improve convergence speed.

(A= sI)"" has eigenvalues (Z; —s)™! and so, assuming we want to approximate the

eigenpair with (simplc) cigcnvaluc A the rate of convergence is determined l)y

|7l

This can be made arl’)ittuﬁly small if we know 44 sugiciently accurate.

Rayleigh Quotient [teration

Let x be an approximate eigenvalue for a real matrix 4. Then approximate

eigenvalue is given l)y nx 1 linear least squares pml)lern:

N P 2 4
ximAx=>xTxi=xTAx = A= );rxx (Rayleigh quotient)
Let Av = Jv and 4 be symmetric then  [lx—vll = O() = l/:— 7| =0(@?)
Letx=v+ep, wherev Lp, Ivl,=lpl,=1
Xax () TA(v+ep) oy TAv+2ep Av+e?pTAp _ J+e2pAp
xTx - (v+ep) T (v+ep) - vIvi2epTv+e2pTp - 1+¢2

(+e*p"Ap)(1 - &%) = 1+ O(e?)

Ravleigll Quotient [teration

So given O(¢) approximation to v we get O(¢?) approximation to 4.

Cunning plan: Improve eigenvalue estimate s every step using Rayleigh quotient.

-1 . X Axk)
xi=@-ril) 'xiy = solve (4—riiD)xp=x4 with Fp_) = Toor
k=1%k=1
This is called Rayleigh Quotient Iteration
For symmetrix matrices, close to solution, we have cubic convergence.
Let x = vg+é&p = v+ Zjs vjay, where v Lp, [[vll, = lIpll, =1
x= (A=A x= = A e+ e vy (= ) normalization gives

XCi—A)=vi+ (k= 2) a1 via (A — /)" and the norm of the error now gives

13k = D) =villy = | Gie= 2 Zer vy = D71y < G = Dp Lyt vy | = OG)

Reducing the Cost of Rayleigl'l Quotient [teration

The Rayleiglx Quotient iteration

Xl Axi ve (4
r == solve (4 —sl)x; =
=T solve (4 —shxi = xj-1
requires rcpcatc(lly solving a (new) linear system.
We can make this cl)eaper lvy first re&ucing Ato tric]iagonal or lIessenl)etg form
using unitary similarity transformations: 4" = Q740

This gives 7= 0740 is tridiagonal if 4 is symmetric, and H = 0740 is (upper)
Hesseul)erg if 4 is nonsymmetric.

Solving a linear tridiagonal system (order n) takes only O(1) operations.
Solving an upper Hessenberg system (order n) takes O(1%) operations, for
n Givens rotations and backsubstitution O(#?).
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Reduction to Hcsscnbcrg or Tri&iagonal Form

First we apply a Householder reflection to zero the coefficients in the first column
below the second coefficient, and we mu]tip]y with the transpose from the right:

XXXXX
X XXXX

0T40=| =xxxx |0
XXXX
XXXX

The important idea is that or does not clmnge the first row, and so [ does not
change the first column. Hence the rnultiplication l')y 0 does not f]esttoy the
structure of the matrix created L)y the first step. Next we apply a Householder
reflexion that sets the coefficients in the second column to zero below the third
coefficient. Continuing in this way we create a sequence of transformations that

create the tridiagonal or upper Hessenberg system:

T=0,2003 0401 0s 3042 same for H=0TAQ with 0= 0102

R Alsorithm

The QR-iteration is by far the most well-known algorill’xm for computing all

eigenvalues and eigenvectors of a general (or symmetric) matrix.

The basic step is very simplc: Let 49 = QIAQ (tridiagonal or Hcsscn];vcrg)
ORy=Ar1; Av=RiOr (= Q}{A;\ 101)  so Ay and Ay are similar.

It turns out (analysis later) that the stlbdiagol1al coefficients converge to zero, and
hence the iteration converges to a upper triangu]ar or diagonal (symmetric) matrix.
In practice, also l')crc, we apply shifts to accelerate the convergence.

ORic = Ak —sils A =R Qi+ sul

At cach step we set subdiagonal (an(l supcrdiagonal symmetric case) entries to zero

if tl)cy are suf{icicntly small. This reduces the prol}lcrﬂ to two pmblcms of smaller
size.

OR Algorithm

We will carry out the analysis for the symmetric case:

We have A= QfA110x = Of Q{4010 & Q1 Oxdy = 4010y

Prove loy induction: 4% = Q1 OkRi Ry = Ql\lé/\'
A=QiRy;
AN =44 =401 O Ricr Ry = Q1 Okt AjiRict Ry =

01 Qi1 OkRkR 17" R1 = ORi

This gives
Ak = OiRy so Oy gives an ()rtl)ogonal basis for 4% = A/‘I;
that is, we app]y the power method simultaneously toey,....e,

Ak = Q{AQ/ s0 on the diagonal q/IA(]/ (Rayleigl'x quotients) and oﬂ-diagonal
ti/Ali, As the vectors G converge to eigenvectors, the rliagona]
coefficients converge to the eigenva]ues (qua&ratica”y) and the
()f{-diag()nals to zero (eigenvectors ()rt}logonal),

OR Algoritllm

Let some vector ¢ converge to the dominant eigenvector; then the orl}lognalily
restricts the other vectors to be in the sul)spacc ()rtl'log()nal to the dominant
eigenvector. Hence tl’)ey only have components in the other eigenvectors. So one
of the other vectors will converge to the eigenvector corresponding to the second
largesl. eigenvalue (in magnilude), and so on.

(witl') some c()mp]icati()ns if there is no singlc largcst (m()dulus) cigcnva]u&)

This will however on.ly give us linear convergence (just as the power method will).
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OR Algori’cllm

So let’s apply the same ideas of Tnverse and Rayleigl‘: Quotient [teration.
Ak = Qk}ék o A= lé;]Q[l = leé;’ (last step since 4 is symmetric)

1
Let P=| 1 | then 4*P=0,P-PR;’"P = OR

So we also carry out inverse iteration simu]taneous]y on the columns of P.

And Q4P gives an orthogonal basis for 47*P.

Now we can improve convergence })y carrying out shifts (as shown earlier for the
QR a]goritl‘:m) and get the same convergence as for Rayleigh quotient iteration.
As shifts we could take again Rayleigh quotients (diagonals of A), however this
may not a]ways give convergence. Therefore, in practice, we compute the shifts
from two-by-two diagonal blocks (Wilkinson shift).
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