Derivation of Methods



[Similarity Transtformation

Similarity transformation for A: BAB™' ;
this can be done with any nonsingular B.

Let Az = Mz, then BAB 'Bx = BAx = \Bz.

BAB™" has the same eigenvalues as 4, and

eigenvectors Bzx where 7 is an eigenvector of A.

Aithough any nonsinguiar B possii)ie, most stable and

accurate aigorithms with orthogonai (unitary) matrix.

For example used in the OR aigorithm.



[Similarity Transtformation

Qr’chogonal simiiarity transformation for A: Q*A Q,
where Q*Q = 1.

L F
HQ*AQ: 0 I ,then E(A>:£<L1>U£<L2>.
If we can find Q =|0Q, O, that yiel(is such a (iecomposition

we have re(iuce(i the proi)lem to two smaﬂer pro]oiems.

Moreover, AQ, = Q,L, and range (Q1> is invariant sui)space.
Eigenpair L,z = Az gives eigenpair AQ,z = Q L,z = \Q,2.



[Approximation over Search Space ]

For 1arge matrices we cannot use full transformations. Often
we do not need all eigenvalues/vectors. Look for proper basis

Q, that captures relevant eigenpairs. We do not need Q,.

Approximations over sul)space range (Q1>: L = Ql* AQ,

When is an approximation good (enough)?

We will rarely find AQ, — Q,L, = 0 unless we do huge

amount of work.
Not necessary. We are Worleing with approximations and we

must deal with numerical error anyway.



[Approximation over Search Space ]
Let AQ, —Q,L, = R with ||R|| small relative to HAH
Now, (A= RQ)Q, — QL =AQ — R—QL, = 0.

range (Q1> is exact invariant sul)space of pertur]oecl matrix, A

A=A—RQ and |A-A4|/|4] = |RI/|A|

-~

] R]/]A] s

In fac’c, this is as good as we can expect (unless we re 1ucley).

liciently small, then Q, is acceptable.

Any numerical operation involves per’cur]aed operands!

Note that we cannot always say that (), is accurate.



[Power method

So, what kind of methods lead to goo& Q"

In many cases matrices are sparse and/or it is possi]ale to do

the matrix-vector product,Ax , Very cheap.

First consicler very smaﬂ sul)space: 1 vector

Well-known method is the Power method.

(ker) (k1) 7 (k) :
;A =, / v, until convergence.

D) A y(F) /HAv(k)

Converges to eigenpair with 1argest absolute eigenvalue, if
unique. May converge very slowly if dominant eigenvalue not

Weu—separa‘ce(l (next one is close).



[Power method

Assume A diagonalizable: A = XA X 'and ‘)\1‘ > ‘)\j‘

(0) . R () B
Decompose v along eigenvectors: v = Zjaﬁjaj

\ k
Ty + Zj>1 Ly [}\_j] aj]
1

— ARY = Z T\ = )\k

;I

So, o — T, since )\;C /)\k — 0.

Convergence may be slow if

N ] >[N\ >

de’cermines rate of convergence.

u
Al

~1, and linearly at best.



[Work with search space

Improve on the Power method ]Jy 12eeping all iterates.

Krylov space: K™ (A,v) = span {U,AU, A%,...,Am_lv}
Let Qm =

q, q, qm} give orthonormal basis for K™ (4,v).

Approximate eigenpair < s Qmw) is called Ritz pair if
AQ,w —pQ,w L Q, & Q,AQ,w— pw =0

We find Ritz pairs from eigenpairs ( L4, w) of H= Q;A Q. .

This is a small eigenvalue prol)lem that we can solve using

standard software (e.g., OR algorithm in LAPACK).



[Arnoldi ]

Generate an orthogonal basis for the Krylov su]aspace:

for k=1:m,
q=Aqk;
forj=1:k,

~

hjx =qrq; q=4-—qihyg;
hiax=1qlle; e = q/hiex;
end

Accurate ort}logonalization requirecl: (partial) reorthogonalization
AQm — Qm+1 Hmr

where Qi1 = [Ou q2 " 01m+1]anf1 Hp = [hj,k] j=lim+1 k=1:m

with Q* .1 Qus1 = Lus1 and range(Q i) = K™(A, vO),



[Arnoldi ]

Compute m approximate eigenpairs from H,, = Q* AQ
H,.v = Ay which gives approximate pairs: (1, Qumy) of A.

To reduce costs we select after m steps k approximate eigenvectors,
set new Q. (k < m) and discard the rest.
All Ritz vectors (Krylov space) have ‘same’ residual: Qmt1-

Ame — Qerley — QmHmy + Qm+1er1;1yhm+1,m
= Qm}’mi + Qm+1Ymhm+1,m

We can use (m+1 to continue generating vectors from the Krylov
space.
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[Lanczos ]

The Lanzcos algorit}lm is Arnoldi applied to a symmetric

system using short recurrence (two previous vectors).

AQm = Qi1 T, where T, =t ]]_1 ol il |

tr1d1agona1 and symmetric (even cheaper)

Use T, = @), AQ, to compute approximate eigenpairs.
Ty = Ay which gives approximate pairs: (4, Q,y) of A.

If we only need eigenvalues (anol do not re—orthogonalize) we
can discard the vectors and restarting is not necessary.

Special care required to avoid spurious copies of eigenvalues.

Qt}lerwise, Jcechniques for Arnoldi can be used.
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[IRA ]

We neecl to restart from time to time to save memory ancl

CPU time.

This also holds for Lanczos if we want to compute

eigenvectors or reorthogonalize (part.) for accuracy.

E ficient and accurate implementa’cion 1S so—caﬂe& Implioitly

Restarted Arnoldi (Lanczos).

This method discards unwanted Ritz pairs using polynomial
filter appliecl to Hessenberg matrix (tricliagonal).
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[IRA

Discard unwanted eigenpairs with polynomial filter.

(Sorensen’92)

The remaining vectors span new Krylov sukspaoe with

different starting vector ‘closer’ to wanted invariant su]aspace.

Method builds search space of dimension m, discards m — k
vectors, and extends again to m vectors using the residual of
the Ritz pairs (same vector; w,, ., fromA w =W  H)

m—+1

ARPACK from Www.netli]:).org , user guicle from SIAM
(Lehoucq, Sorensen, and Yang 798)
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[Inverse Iteration ]

What if we want the smallest (magnitu(le) eigenvalue or any other one that is not

the 1argest in magnitu(le? Inverse iteration:

xr=A'x;.; < solve Ax; =xi or
xr=A-sD"'x;.1 < solve (4—shxi=x41

Inverse iteration with 4 converges to smallest (in magnitucle) eigenvalue if unique,
and inverse iteration with (4 —sI) converges to eigenvalue/vector closest to s.

By choosing § more accurate we can improve convergence speecl.

A —sD)7! has eigenvalues (4, —5)" and so, assuming we want to approximate the
g j g pp

eigenpair with (simple) eigenvalue /i the rate of convergence 1s determined ]oy
|/1k—S|

R P

This can be made ar]:)itrarily small if we know /1, sufficien’cly accurate.
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[Rayleigh Quotient Iteration

Let x be an approximate eigenvector for a real matrix A. Then approximate

eigenvalue is given Ly nx 1 linear least squares prol)lem:

2 xT Ax

xA=Ax = xIxi=xTAx = ==
XX

(Rayleigh quotient)
Let Av=Av and 4 be symmetric then lx—v]| = O(e) = |2— i| = 0(82)

Letx =v+ep, wherev Lp, v, =lpll, =1

xTax  _ (vkep) TA(v+ep) B vIiAv2epTAv+e?pTAp J+elpTdp

xTx o (v+ep) T (v+ep) - vivi2epTv+e?pTp 142

(A+&2pTAp)(1 — &%) = 2+ O(&?)
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[Rayleigh Quotient Iteration ]

So given O(€) approximation to v we get 0(82 ) approximation to 4.

Cunning plan: Improve eigenvalue estimate § every step using Rayleigh quotient.

T
xk_lAXk_l

xi=A-rimD) e = solve (A—rDxk =xp with 7p1 = T e
k—1% k=

This is called Rayleigh Quotient [teration

For symmetrix matrices, close to solution, we have cubic convergence.

Let x=vi+ep=vi+ X va;, wherev Lp, v, =lpll,=1
x=A-)"x=Cu =) i+ Zp viai(A— A)! normalization dives

Xk = A) =vi+ Ak = A) Zje1 viaj(A — )" and the norm of the error now dives

15k = A) = Vi ||, = || Gk = 2) Zjs1 viai (A — )7, < | Ak = Dp Zjs1 via || = OE?)
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[Rayleigh Quotlent Iteration ]

The Rayleigh Quotient iteration
V-1 =—7 solve (A —sDxy = xj—1

requires repea‘ce(ﬂy solving a (new) linear system.
We can make this cheaper ]oy first reclucing A4 to tri(liagonal or Hessen]oerg form
using unitary similarity transformations: A =07T40

This gives T= QTAQ is tridiagonal if 4 is symmetric, and H= QTAQ is (upper)

Hessenberg if A is nonsymmetric.
Solving a linear tricliagonal system (orcler n) takes only O(n) operations.

Solving an upper Hessenberg system (order n) takes O(1n?) operations, for
n Givens rotations and backsubstitution O(n?).
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[(Approximate) Shift Invert Methods ]

Inverse iteration with shift and Rayleigh
guotient iteration are examples of shift-invert
methods

Very fast convergence, but require inverse of
matrix

Expensive for large matrix, especially if shift
changes every iteration

Hence, approximate shift invert methods
(really, shift, approximate invert ...)

Approximate solution by one step
approximation or few steps of iterative method

Davidson’s method, Jacobi-Davidson method
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[Davidson ]

Davidson’s method also uses a search space and Ritz

values/vectors from that space, but extension of search space
is different.

Let @ € R™ suchthat Q Q =1,Q AQ = H _ and
H y=M\y. We have residual r = AQ y—AQ vy .

Then extencl search space as foﬂows:

So]ve(DA — )x])lf — 1 where D, is diagonal of A.

b= (I -Q,Q, )t ) (orthog) and set Q,,,, =

Compute H, ., and its eigenpairs, continue.

Q t}.
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[Davidson ]

Very effective for outer most (esp.) dominant eigenvalues.

Various explana’cions for this have been given. In many cases
the matrix (D L — Al >_1 (A— M) has only few outlying
eigenvalues (1). Another interprets Davidson as an
improvement to an old method Ly ]aco})i (2).

This method discards unwanted Ritz pairs using polynomial
filter appliecl to Hessenl)erg matrix (tricliagonal).

20



[J acobi-Davidson ]

Linear eigenvalue prol)lem: ACC — )\CE

Orthon. basis for search space: (), H, = QZA Q. — (\x),

Ritz pair: ()\,u) where u = Q.Y and residual r. = Au— A\u

Correction equation:

Solve: (I—uu*>(A—)\I)(I—uu*)t:—7“, t 1w
t=(1-Q@)t/|1-ea)
Qk+1 — [Qk t]r Hk+1 — QZHA Qk+1

Continue
Discard unwanted eigenpairs with polynomial filter or using Schur

decomposition of H Eil

(Sleijpen and van der Vorst '06)
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[Some literature ]

1.R.B. Morgan, Generalizations of Davidson’s method for computing
eigenvalues of large nonsymmetric matrices, J. Comput. Physics
101, pp. 287-291, 1992

2. Sleijpen and van der Vorst, A Jacobi-Davidson iteration method
for linear eigenvalue problems, SIAM Review 42(2), pp. 267-293,
2000 (extension of SIMAX 1996).

(2) Provides many good references
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[Quick Comparison ]

Implicitly restarted Arnoldi (IRA) and Davidson work
well for eigenvalues on the boundary of the spectrum.

Jacobi-Davidson also works for these, but may be less
efficient.

Jacobi-Davidson (JD) is superior for interior
eigenvalues. Probably, because it is an approximate shift
and invert technique and more effectively so than
Davidson. To improve the 'invert' part preconditioning
can be used in the linear solver. This may improve the
effectiveness dramatically. (One can also use various
linear solvers, e.g. multigrid to improve convergence)

IRA has some advantage in looking for several
eligenvalues at once.
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