
Eigenvalue Solvers

Derivation of Methods
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Similarity Transformation

Similarity transformation for A: 1BAB− ; 
this can be done with any nonsingular B . 
 
Let Ax xλ= , then 1BAB Bx BAx Bxλ− = = . 
 

1BAB−  has the same eigenvalues as A, and  
eigenvectors Bx  where x  is an eigenvector of A. 
 
Although any nonsingular B  possible, most stable and 
accurate algorithms with orthogonal (unitary) matrix. 
 
For example used in the QR algorithm. 
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Similarity Transformation

Orthogonal similarity transformation for A: *Q AQ , 
where *Q Q I= . 
 

If 
1*

20

L F
Q AQ

L

⎛ ⎞⎟⎜ ⎟⎜= ⎟⎜ ⎟⎟⎜⎝ ⎠
, then ( ) ( ) ( )1 2A L L= ∪L L L . 

 
If we can find 1 2Q Q Q⎡ ⎤≡ ⎢ ⎥⎣ ⎦  that yields such a decomposition 

we have reduced the problem to two smaller problems.  
 
Moreover, 1 1 1AQ Q L=  and ( )1range Q  is invariant subspace. 
Eigenpair 1L z zλ=  gives eigenpair 1 1 1 1AQ z Q L z Q zλ= = . 
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Approximation over Search Space

For large matrices we cannot use full transformations. Often 
we do not need all eigenvalues/vectors. Look for proper basis 
1Q  that captures relevant eigenpairs. We do not need 2Q . 

 
Approximations over subspace ( )1range Q : *

1 1 1L Q AQ=  
 
When is an approximation good (enough)? 
 
We will rarely find 1 1 1 0AQ Q L− =  unless we do huge 
amount of work.  
Not necessary. We are working with approximations and we 
must deal with numerical error anyway. 
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Approximation over Search Space

Let 1 1 1AQ Q L R− =  with R  small relative to A . 
 
Now, ( )*1 1 1 1 1 1 1 0A RQ Q Q L AQ R Q L− − = − − = . 

 
( )1range Q  is exact invariant subspace of perturbed matrix, Â. 

*
1Â A RQ= −  and Â A A R A− =  

 
If R A  sufficiently small, then 1Q  is acceptable. 

In fact, this is as good as we can expect (unless we're lucky). 
Any numerical operation involves perturbed operands! 
Note that we cannot always say that 1Q  is accurate. 
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Power method

So, what kind of methods lead to good 1Q ? 
In many cases matrices are sparse and/or it is possible to do 
the matrix-vector product,Ax , very cheap. 
 
First consider very small subspace: 1 vector 
Well-known method is the Power method. 
 
( ) ( ) ( )1 /k k kv Av Av+ = , ( ) ( ) ( )1 1 /k k k

j jv vλ + +=  until convergence. 

 
Converges to eigenpair with largest absolute eigenvalue, if 
unique. May converge very slowly if dominant eigenvalue not 
well-separated (next one is close). 
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Power method

Assume A diagonalizable: 1A X X−= Λ and 1 jλ λ>  

Decompose ( )0v  along eigenvectors: ( )0
j jj

v x α= ∑  

( ) ( )0
1 1 1 1

1

k

jk k k k
j j j j jj j

v A v x x x
λ

λ α λ α α
λ>

⎛ ⎞⎛ ⎞ ⎟⎜ ⎟⎜ ⎟⎜= = = + ⎟⎜ ⎟⎜ ⎟ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
∑ ∑   

So, ( )
1

kv x→  since 1/ 0k k
jλ λ → . 

If 1 2 jλ λ λ> ≥ , then 2

1

λ
λ

 determines rate of convergence. 

Convergence may be slow if 2

1

1
λ
λ

≈ , and linearly at best. 
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Work with search space

Improve on the Power method by keeping all iterates. 
 
Krylov space: ( ) { }2 1, span , , , ,m mK A v v Av A v A v−= …  

Let 1 2m mQ q q q⎡ ⎤= ⎢ ⎥⎣ ⎦…  give orthonormal basis for ( ),mK A v . 

 
Approximate eigenpair ( ), mQ wμ  is called Ritz pair if  

* 0m m m m mAQ w Q w Q Q AQ w wμ μ− ⊥ ⇔ − =  
 
We find Ritz pairs from eigenpairs ( ),wμ  of *

m mH Q AQ≡ . 
 
This is a small eigenvalue problem that we can solve using 
standard software (e.g., QR algorithm in LAPACK). 
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Arnoldi

Generate an orthogonal basis for the Krylov subspace:
q1 = v(0)/æv(0)æ2;
for k = 1 : m,
q̃ = Aqk;
for  j = 1 : k,

 hj,k = qk&q̃; q̃ = q̃ − qkhk,j;
hk+1,k = æq̃æ2; qk+1 = q̃/hk+1,k;

end
Accurate orthogonalization required: (partial) reorthogonalization

,AQm = Qm+1Hm
where  and Qm+1 = [q1 q2 £ qm+1] Hm = [ hj,k ] j=1:m+1,k=1:m
with  and .Qm+1

& Qm+1 = Im+1 range(Qm+1) =Km+1(A, v(0))
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Arnoldi

Compute  approximate eigenpairs from :m Hm = Qm& AQm
 which gives approximate pairs:  of .Hmy = y ( , Qmy) A

To reduce costs we select after  steps  approximate eigenvectors,m k
get new , and discard the rest. Qk (k < m)
All Ritz vectors (Krylov space) have ‘same’ residual: .qm+1

AQmy = Qm+1Hmy = QmHmy + qm+1em
Tyhm+1,m

= Qmym + qm+1ymhm+1,m

We can use  to continue generating vectors from the Krylovqm+1
space.
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Lanczos

The Lanzcos algorithm is Arnoldi applied to a symmetric
system using short recurrence (two previous vectors).

, where  isAQm = Qm+1Tm Tm = [ tj,k ] j=1:m+1,k=j−1:j+1
tridiagonal and symmetric (even cheaper)
Use  to compute approximate eigenpairs. Tm = Qm& AQm

 which gives approximate pairs:  of .Tmy = y ( ,Qmy) A
If we only need eigenvalues (and do not re-orthogonalize) we
can discard the vectors and restarting is not necessary.
Special care required to avoid spurious copies of eigenvalues.

Otherwise, techniques for Arnoldi can be used.
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IRA

We need to restart from time to time to save memory and 
CPU time.  
 
This also holds for Lanczos if we want to compute 
eigenvectors or reorthogonalize (part.) for accuracy. 
 
Efficient and accurate implementation is so-called Implicitly 
Restarted Arnoldi (Lanczos).  
 
This method discards unwanted Ritz pairs using polynomial 
filter applied to Hessenberg matrix (tridiagonal).  
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IRA

Discard unwanted eigenpairs with polynomial filter. 
(Sorensen’92) 
 
The remaining vectors span new Krylov subspace with 
different starting vector ‘closer’ to wanted invariant subspace. 
 
Method builds search space of dimension m , discards m k−  
vectors, and extends again to m  vectors using the residual of 
the Ritz pairs (same vector; 1mw +  from 1m m mAW W H+= ) 
 
ARPACK from www.netlib.org, user guide from SIAM 
(Lehoucq, Sorensen, and Yang ’98) 
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Inverse Iteration

What if we want the smallest (magnitude) eigenvalue or any other one that is not
the largest in magnitude? Inverse iteration:

orxk = A−1xk−1 w solve Axk = xk−1
xk = (A − sI)−1xk−1 w solve (A − sI)xk = xk−1

Inverse iteration with  converges to smallest (in magnitude) eigenvalue if unique,A
and inverse iteration with  converges to eigenvalue/vector closest to .(A − sI) s
By choosing  more accurate we can improve convergence speed.s

 has eigenvalues  and so, assuming we want to approximate the(A − sI)−1 ( j − s)−1
eigenpair with (simple) eigenvalue  the rate of convergence is determined byk

maxj!k k−s
j−s

This can be made arbitrarily small if we know  sufficiently accurate.k
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Rayleigh Quotient Iteration

Let x be an approximate eigenvector for a real matrix . Then approximateA
eigenvalue is given by  linear least squares problem:n % 1

(Rayleigh quotient)x ˆ l Ax e xTx ˆ = xTAx e ˆ = xTAx
xTx

Let  and  be symmetric then  Av = v A æx − væ = O( ) e ˆ − = O( 2)

Let , where x = v + p v z p, ævæ2 = æpæ2 = 1

xTAx
xTx =

(v+ p)TA(v+ p)
(v+ p)T(v+ p) =

vTAv+2 pTAv+ 2pTAp
vTv+2 pTv+ 2pTp =

+ 2pTAp
1+ 2 l

( + 2pTAp)(1 − 2) = +O( 2)
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Rayleigh Quotient Iteration

So given  approximation to  we get  approximation to .O( ) v O( 2)
Cunning plan: Improve eigenvalue estimate  every step using Rayleigh quotient.s

 with  xk = (A − rk−1I)−1xk−1 w solve (A − rk−1I) xk = xk−1 rk−1 =
xk−1T Axk−1
xk−1T xk−1

This is called Rayleigh Quotient Iteration
For symmetrix matrices, close to solution, we have cubic convergence.

Let , where x = vk + p = vk + j!k v j j v z p, ævæ2 = æpæ2 = 1

normalization givesx = (A− ˆI)−1x = ( k − ˆ)−1vk + j!1 vj j( j − ˆ)−1

 and the norm of the error now givesx( k − ˆ) = vk + ( k − ˆ) j!1 vj j( j − ˆ)−1

æx( k − ˆ) − vkæ2 = æ( k − ˆ) j!1 vj j( j − ˆ)−1æ2 [ æ( k − ˆ) j!1 vj jæ = O( 3)
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Rayleigh Quotient Iteration

The Rayleigh Quotient iteration

rk−1 =
xk−1T Axk−1
xk−1T xk−1

solve (A − sI)xk = xk−1

requires repeatedly solving a (new) linear system.
We can make this cheaper by first reducing  to tridiagonal or Hessenberg formA
using unitary similarity transformations: A ∏ = QTAQ

This gives  is tridiagonal if  is symmetric, and  is (upper)T = QTAQ A H = QTAQ
Hessenberg if  is nonsymmetric.A

Solving a linear tridiagonal system (order n) takes only  operations.O(n)
Solving an upper Hessenberg system (order n) takes  operations, forO(n2)
n Givens rotations and backsubstitution . O(n2)
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(Approximate) Shift Invert Methods

Inverse iteration with shift and Rayleigh 
quotient iteration are examples of shift-invert 
methods
Very fast convergence, but require inverse of 
matrix
Expensive for large matrix, especially if shift 
changes every iteration
Hence, approximate shift invert methods 
(really, shift, approximate invert ...)
Approximate solution by one step 
approximation or few steps of iterative method
Davidson’s method, Jacobi-Davidson method
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Davidson

Davidson’s method also uses a search space and Ritz 
values/vectors from that space, but extension of search space 
is different. 
 
Let n m

mQ
×∈ \ , such that *

m mQ Q I= , *
m m mQ AQ H=  and 

mH y yλ= . We have residual m mr AQ y Q yλ= −  . 
 
Then extend search space as follows: 
Solve( )AD I t rλ− =  where AD  is diagonal ofA. 
 

( )*m mt I Q Q t= −  (orthog) and set 1m mQ Q t+
⎡ ⎤= ⎢ ⎥⎣ ⎦ . 

Compute 1mH +  and its eigenpairs, continue. 
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Davidson

Very effective for outer most (esp.) dominant eigenvalues. 
 
Various explanations for this have been given. In many cases 
the matrix ( ) ( )1

AD I A Iλ λ−− −  has only few outlying 
eigenvalues (1). Another interprets Davidson as an 
improvement to an old method by Jacobi (2). 
 
This method discards unwanted Ritz pairs using polynomial 
filter applied to Hessenberg matrix (tridiagonal).  
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Jacobi-Davidson

Linear eigenvalue problem: Ax xλ=  
Orthon. basis for search space: kQ , ( )* ,k k kH Q AQ xλ= → ,  
 
Ritz pair: ( ),uλ  where ku Q y=  and residual kr Au uλ= −  
Correction equation: 
Solve: ( )( )( )* *I uu A I I uu t rλ− − − = − ,   t u⊥  

 ( ) ( )* */k k k kt I Q Q t I Q Q t= − −  

 1k kQ Q t+
⎡ ⎤= ⎢ ⎥⎣ ⎦ , 

*
1 1 1k k kH Q AQ+ + +=  

Continue 
Discard unwanted eigenpairs with polynomial filter or using Schur 
decomposition of 

1k
H + . 

(Sleijpen and van der Vorst ’96) 
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Some literature

1.R.B. Morgan, Generalizations of Davidson’s method for  computing
eigenvalues of large nonsymmetr ic matr ices, J. Comput. Physics
101, pp. 287-291, 1992

2. Sleijpen and van der Vorst , A Jacobi-Davidson iteration method
for  linear eigenvalue problems, SIAM Review 42(2), pp. 267-293,
2000 (extension of SIMAX 1996).

(2) Provides many good references
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Quick Comparison

Implicitly restarted Arnoldi (IRA) and Davidson work 
well for eigenvalues on the boundary of the spectrum. 
Jacobi-Davidson also works for these, but may be less 
efficient. 

Jacobi-Davidson (JD) is superior for interior 
eigenvalues. Probably, because it is an approximate shift 
and invert technique and more effectively so than 
Davidson. To improve the 'invert' part preconditioning 
can be used in the linear solver. This may improve the 
effectiveness dramatically. (One can also use various 
linear solvers, e.g. multigrid to improve convergence)
IRA has some advantage in looking for several 
eigenvalues at once.


	Eigenvalue Solvers
	Similarity Transformation
	Similarity Transformation
	Approximation over Search Space
	Approximation over Search Space
	Power method
	Power method
	Work with search space
	Arnoldi
	Arnoldi
	Lanczos
	IRA
	IRA
	Inverse Iteration
	Rayleigh Quotient Iteration
	Rayleigh Quotient Iteration
	Rayleigh Quotient Iteration
	(Approximate) Shift Invert Methods
	Davidson
	Davidson
	Jacobi-Davidson
	Some literature
	Quick Comparison


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


