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A nocwed vector Spae (X, N-M) is called Banach space [t s complete,

Le., every Cauch7 sequence in X has g limit i X,

Pa/‘ticular’7 imPo(fant cxamPIz)g o§ B&mécln 6Pac€s RI¢ He Ub 5]3946%,
Dcf’.mtion 0.2 Qfsfmcs

Let 4<p<+pg. We define
[RY)= JF R € sock bt {5 cemmott gd 15T 1 o]

P §9¢t, one (other  cons ders 5}6 LPUEJ) Up to a sel of measue zeqo.
Ve should red¢Ling I,PUIZ") 3s Ehe <t a{: equivaleace  clasees of furclions
bhal  coincide op to 3 st ol meacue zero. We will wb do Lhis Ehovah
D(,p\/\.‘nj the norwm

\
P

P
I 1y = 150 5= (jw \c@)fax> ,

b toms ot Lhat (LPCIR“>/ ”H?) s o Banach space.

Unless, C¢P|'\ci“~’ mealioed e il a‘uays wor X with COM?|€>(-V8|u€A fnctions,
b is by far hetter fo( 3 number og aP\)\}Cations, avd Hee 15 baé"ca"j
Vo ivaée-ow. Just vemember  Elgt 1) dendtes khe wodylus ol g
COMP‘CK number Nat'\c'c alo H,.af we ust YP,J \oj s\mY\lab[‘ bt
all nsbims i this cection can be fe\)logecd WC”( )/r(_SZ, dp); where

Q 1S A mMEasie 6Pacc wi bh Posit\vc MeISuee f’

De finition 03 (L*)

—— — ————————————— ———



LOOUE&}: §JE 0’ € such Lhat £ s measuble ad K finite  such H/'gt@
1$62] ¢ K for almast every xeﬂzéﬁ

Ag)g » hete we shold gofualw Consder ec[uwekwce clases, Up to a <ct
01[ MEQW e Zevo.
\»\C L noim 75 Ae@@ as

”‘H)M‘.: '\/\«? %K suchy  Ehat H:(zé)léK J;c)( 2l wmost every Ke\’g{g,

V\JC state a gew 'nMPo(tant rCSqué,

LC{: PP be dual mJ:C% ie., —é— 1—)-’-':1. with HF“”(@"‘JHC“\[@’Q

\(P ¢ oo LC{: ‘FéLP(]z) SNJ SéLPO'ZJ) 1 hen Hde Pomtusc yfﬂddct ‘(66L(n2
and

) g,v’ J} (<) 9 dx \é Sv \Fd] Jol»)dx ¢ |\£)\f | %\\q‘

T\ne fc\&t\on \octween L e«l L? 'S &ctua 70\66 er E\nar\ U«;
aleady very mporbanl nequaliby. Lel us recall bh a’c bhe dual of
a COMP‘Q,é\) Banaol/l Spact s ke space D—F contiinvous |iaeat
ﬁunctian&lél i.e.

%* {L X | L lisear and Continuouﬁj

”j J\:u(ns Ol/t kLaf LF 5?9%5 algd Jua\ Lo each oblicr kln/ou L;
cldal lncl\(es "’O( Qf” /_[,4{)4-4-40 klnz AL)Q\ OF 1/?(”2) 15 1Some I)LL
bo L() , with  §rdieg,

(L)) = {L:Lf(nz“)—vfﬁ | L toear antinousy = LR,
n an 5en5¢ H/)at/ ]Cor every Lé Q,P(IYZJ) )* Ehere exists a



umTug V& LF'("?:? such Ehat @
L(F) - V Le LT,
(F) SMIVF fellt)

This 15 not beve for p=s0. The dua) of LOO(IQd) % 3
less nice Space . DCanAiﬂ3 on the presence or sbsence ol Lhe
AX\oM e{/ choice ik m]sh% bﬁ_ ,QfSC( kLQn LICIQd).

A Pron(f\{ D{/ H’It’. duél 0'{; o Banaoh éPaLC X X3 L/J,,at
> X.
1= s, IL] - Ve

hLis4.
B\/ MOC Gl:)o\;{ ﬁ)ro)::e/t\/ o_‘; duali IE‘{/

LED = 5,0 ‘Sn‘z" o |, VEel™(R), -

Hﬁ“bfl 1
Of obher wmc‘5, Ele )/? no  can L Olot;)i')ctl', 57 aluall\b/l
bastmﬁ QS@insb Lf' «Funot'laﬂs.

T\]JJCM U@tl jfor 14 plis, LP’UQJ) is bhe dual og L?(\l—ad}/;jgfq
10 -"Sﬁllsa. Bub bhis means Lhat LPGRY) is the dwl of
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2Ty K-h A

N
@ HE= € F(x)
19 Sc,grmj Pro?erb[ L given (%Mﬁ V<) = 'F(?X() . A>o ,»teﬂzd, QeL‘,

we  have

/N A
(560 = X § (1)

We peovt 2 only and lkae P othecs 25 execie.
We hase

CZ/K:() () = Séwmx@:hﬁ)m dx = jéﬁ'“('x §l¢-n) &

_ZT‘IK'(‘IH\) -Zn"\(.k’ ).
- A -
e fyy = €™ L0
X’hsj E



O‘Hrwef ?m?e(—bfé ar - @

P(o 051 ’L]m 1,3

A)

) fe (W)

5 Fel" (W) and 1E N < PN,
 (Pemsnn Lebesge L) F() 0 35 Koso
Proof

j} ‘*"'” b? ?rO\f” in o exerdie c\asses .

Vo Frave D, let Ko K ia )TZ,A Then
) ?(Kn) - ?(F\‘ (4 S'(e’ml (‘(n"q-x_ I) 4(/-) )A)(
We can ;P\)H Jom. nated Converaen(e d 356L‘(§Qé> such H\A{T

- 27 (Ko~ K) X
(™" 24) fuof < 5
L1 Lhe 'm{:qyano\ Conver ge Yo’.ntwise to 0.

A
Bot such & Condion 45 ai5.0)0ia). Hene £ (1) =509,

A
To Frove 2), 5ince «cGCo it 19 measurable. They

N/f)}bk, = Zﬁa[s ézﬂmx nc(ﬁ) dx] 4 iﬁuﬂ Sl?(@léy = ““C"/,‘ 4:_

/\—‘/f O‘€f’.ni‘\t1m o{; Fowie,r Jc\rans-gom makes Ce(‘Lam'j gk, as
S‘I\Owﬂ, 1Cor —(;6 L|(l$2">. Epr Mo)frf a\)\)‘i@t;ons ha«»cverk i would
be VC(T conveniedt to love A} ua‘-, @)Q Cons',éerins g/ Qo(‘
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Theorem 0.6 HO(COVG(/ \9&1 dominated convedgence M ke (§t5|1t havd side ve hae
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Theorem 1,4

for some 4¢¢<£7. The
/

/\ A
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-2 Ky
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e
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